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Negative Refractive Index in an Inhomogeneously
Broadened Four-Level Inverted-Y Atomic Medium

Nguyen Huy Bang

Abstract—In this paper, we present the study on negative refrac-
tive index in an inhomogeneously broadened four-level inverted-
Y atomic medium based on electromagnetically induced trans-
parency (EIT). The expressions of the relative permittivity and
the relative permeability are derived under Doppler broadening.
For this four-level system, we have found two frequency bands of
negative refractive index in an optical region corresponding to two
EIT windows. The influences of coupling and signal laser fields
as well as temperature on frequency bands of negative refractive
index are investigated. Our research can be convenient for exper-
imental implementation with real atomic media under different
temperatures.

Index Terms—Negative refractive index, electromagnetically
induced transparency, doppler broadening.

I. INTRODUCTION

HE EIT is a quantum interference phenomenon which ren-

ders a medium transparent for a weak probe field induced
by a strong coupling field [1], [2]. In addition to vanishing
absorption, EIT material also possesses a controllable high
refractive index, so it has many novel interesting applications
such as slow light, lasing without inversion, giant nonlinearity,
controllable optical bistability, and so on [2]. Thanks to such
unusual properties of the EIT material, it is of great interest
to realize a negative refractive index in isotropic atomic gas
media. In principle, negative refractive index can be obtained in
EIT materials because the magnetic dipole moment can possibly
have the same order of magnitude of the electric dipole moment.
This allows relative permittivity and relative permeability to be
negative simultaneously. Using EIT effect, Oktel et al. [3] and
Shen et al. [4] first proposed a scheme for realization of the
negative refractive index in a three-level lambda-type atomic
medium. Later, Krowne et al. [5] realized a negative refractive
index using dressed-state mixed parity transitions of atom. Stud-
ies have shown that the generation of negative refractive index
based on the EIT effect has the following advantages: first, the
negative refractive index is easily obtained in an optical region
without absorption; second, the amplitude and the frequency
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band of the negative refractive index are also easily controlled
by external fields.

In addition to the three-level atomic configurations, several
other studies on negative index materials have been carried out
in four- and five-level atomic systems that can create multiple
frequency regions of negative refractive index. For example,
Thommen et al. [6] and Kastel et al. [7] achieved left-handed
electromagnetic properties in four-level atomic systems. Liu
et al. [8] showed that left-handed properties can be electromag-
netically induced in A-type four-level scheme on the Er’*:YalO3
crystal. Zhang et al. [9] proposed a scheme for realization
of the negative refractive index in a V-type four-level atomic
system. Zhao et al. [10]-[12] produced a negative refractive
index with vanishing absorption in the four-level system and
showed negative refraction can be controlled by an incoherent
pump field. Zhang et al. [13] showed the negative permittivity
and the negative permeability of the medium can be achieved
simultaneously in a wider frequency band in a closed V-type
four-level dense atomic vapor. Othman et al. [14] demonstrated
that a negative index of refraction can be achieved over a wide
wavelength range with minimal absorption in a five-level atomic
system. Very recently, Al-Toki et al. [15] studied negative
refractive index in a double quantum dot and obtained a high
negative refractive index corresponding to neglected absorption
under applied electric fields between quantum dot-quantum dot.

However, the above studies on negative refractive index in
EIT materials have often ignored Doppler broadening and thus
they can only be suitable for ultra-cooled atoms confined in
a magneto-optical trap (MOT). In order to be able to apply
EIT materials in practice operating under different temperature
conditions, Doppler effect has been included in some recent
studies on EIT [16]-[23], group velocity of light [24]-[27], pulse
propagation [28], [29], Kerr nonlinearity [30]-[34]. It showed
that the influence of Doppler broadening on the EIT and related
phenomena at room temperature should be considered.

In this work, we present the realization of negative refractive
index in a Doppler broadened four-level inverted Y-type atomic
medium. This four-level inverted-Y scheme is consisted of two
sub-systems A + =, so it can exhibit two transparency windows
for the probe laser field [35]. These transparency windows can be
manipulated by the intensity and the frequency of the coupling
and signal fields. From the physics point of view, this scheme is
favorable to generate negative refractive index at two frequency
regions corresponding to the two transparency windows and can
shift these frequency bands by the control two laser fields.
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Fig. 1.  Four-level inverted-Y atomic system induced by probe, coupling and
signal laser fields.

II. THEORETICAL MODEL

A schematic diagram of the four-level inverted-Y atomic sys-
tem considered in the present work is shown in Fig. 1. The ground
states |1) and |2) are coupled with the intermediate excited state
|3) by weak probe and strong signal fields, respectively. Mean-
while, a strong coupling field is applied to the transition between
the intermediate excited state |3) and the uppermost excited state
|4). Thus, this composite system consists of two sub-systems as
lambda-type and ladder-type connected by common state |2).
The transitions from the two ground states to the intermediate
state |3) and from the intermediate state |3) to the uppermost
level |4) are electric-dipole allowed. The transition between
the two ground states 1) and [2) is magnetic-dipole allowed.
So, we use the electric-dipole allowed transition |1)<+|3) and
the magnetic-dipole allowed transition |1)<+|2) to expect that
the negative permittivity and permeability are simultaneously
negative for the probe field.

The probe, coupling and signal fields have the frequency de-
tunings A, = wp — w31, Ae = we — waz and Ay = wy — waa,
respectively. The Rabi frequencies of the probe, coupling and
signal fields are Qp, = d31 E,/h, Qe = d joE J/h and Qg = dg9Fs/h,
respectively, where d;; is the electric-dipole matrix elements. We
denote +y;; are the decay rate of the atomic coherences pj;.

The master equation describing the dynamical evolution of
atoms in laser fields is given by:

) 1

p = [H, pl
+ Ap, (D

where H is the total Hamiltonian and Ap represents decaying
processes.

In dipole and rotating-wave approximations, the density-
matrix equations of motion for this four-level system are derived
from Eq. (1) as follows:

P23 = [—lAs - 732] p23 + iQs(Pss — p22)

) 1
- §Qpp21 - §QcP24 )

poa = [—i(Ac+ Ar) — Yaz] poa + 595034 - §Qcp23 3)
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pag = [—iAg — va3] p3a — §(Qpp14 + Qgpoa)
1
+ §QC(P44 — p43) “4)
pa1 = [((Ap — Ag) —y21] p21 — §Qpp23 + §QSP31 5
p31 = [iAp —v31] p31 — §Qp(f>33 —pu) + 593021
7
+ §Qcp41 (6)
pa1 = [i(Ap + Ac) — Ya1] par — 5%043 + 590,031 (N

Now we need to find the solutions of density matrix elements
p31 and po; that related to the electric and magnetic polarizabili-
ties of the atom for the probe field, by solving the density matrix
equations (2)—(7) under the steady-state condition. We assume
that the coupling laser field (€).) and the signal laser field (£)s)
are much stronger than the probe laser field (€2,,) and that the
atoms initially populate in the ground state [1), i.e., p11 = 1,
P22 = p33 = paq = 0. Under these assumptions, the expressions
of p31 and po; are found below:

pn = —— i ®
v31 — 18y + A a1 A, a0
- Q,/2
e Va1 — 1By + m—fzi/f—m 74175(22/;:44-&)
0./2

X . ©)
Y21 — i(Ap — Ay)
Thus, the expressions for the macroscopic electric- and
magnetic-polarizabilities of the atomic medium to the probe filed
are determined by [8]-[12]:

2
0 = 2Nd31,031 — 2Nd31p31 (10)
EoEp E()th
o, = 2N poma1pa1 _ 2N cpomaidsy pa1 (11
B, hQ,

here we used E,, = hi),/ds; and E,, /B, = c; ds; and mg; are
respectively the electric and magnetic dipole matrix elements,
€o and p denote the permittivity and the permeability of free
vacuum, respectively and N denotes the atomic density of the
vapor.

The above calculations were performed with the atoms at rest.
However, for atoms moving with thermal velocities at room tem-
perature we need to include the Doppler effect in the expressions
of the electric- and magnetic-polarizabilities. In the experiment,
to eliminate the first-order Doppler effect for this four-level
configuration, the probe and signal fields are usually arranged to
propagate in the same direction into the atomic medium, while
the coupling field is counter-propagating with the probe field
[30]. In this arrangement, when an atom moves with velocity v
in the direction of the probe field, it will see the frequencies of
the probe, coupling and signal fields shifted by w,, + (v/c)wp,
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Real parts of relative permittivity (¢,) and relative permeability (1) as a function of probe laser detuning for different values of coupling Rabi frequency:

(a) Qe =0, (b) Q. =20 MHz, (¢) Q2. = 40 MHz and (d) 2. = 60 MHz. Other parameters are scaled as A. = 10 MHz, Ag = 0, Q3 = 60 MHz and T = 340 K.

we — (v/c)we and ws + (v/c)ws respectively. Thus, the fre-
quency detunings of the probe and coupling laser beams are
also changed tobe A, — A, + (v/c)wp, A = Ap — (v/c)we
and Ay — Ay + (v/c)ws, respectively. Considering the atoms
moving along the axis of the laser beams, then the atomic
velocity distribution follows the Maxwell distribution:

No
u\/m
where u = /2kpT /m with m being the mass of an atom, kp is
Boltzmann’s constant and 7 is the absolute temperature.

In this way, the Doppler effect can be included in the expres-
sions of the electric- and magnetic-polarizabilities as follows:

dN (v) = eV dy (12)

1)2

id? Noe(fﬁ)dv
L(v)dv = 31 d 13
aclvldy = o = Y (13)
0,/2
am(v)dv = — Choma1dy, s/

huy/m gy — i(A, —A) — j Wp—ws)v

C

v2
Nge(ff"‘)dv
>< e —

2 dv (14)
A =g — i, — i<y
C
02 /4
Y21 — i(Ap - As) - i—(wp_c%)v
02 /4

(15)
Va1 — i(Ap + Ac) + iw

C

After integrating with respect to v from -0 to 400, the
expressions of the electric- and magnetic-polarizabilities in the
presence of Doppler broadening as:

_ lNOd%l\/E a?
Oée( = W |:€ (1 - erf(a))} (16)
am(D) _ NQC‘LLOmgldgl\/TT QS/Q

h(%2%) Yo1 — i(Ap — Ay)
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x [ea® (1 - erf(a))} a7
where
c
a4 =—
wpll
02/4 02/4 )
X — 1A, + S <
<731 v V21 — 'L(Ap - As) Va1 — Z(Ap + Ac)

(18)

and erf(a) is the error function.

Taking into account the local field effect, the electric- and
magnetic- susceptibilities of the atomic medium can obtain from
Clausius-Mossotti relations [36] as follows:

(D)

——y (19)
a.(D)
1 - T

e =

am (D)

1— OfméD) (20)

m

The relative permittivity and the relative permeability of the
atomic medium reads

_ _ 1+ 2/3a.(D)
Er—1+Xe—m 2D
fr = 1+ = 14 2/3a,(D) 22)

1—1/3am (D)

In negative index material, the expression of refractive refrac-
tion is defined by

n = —v/&Erpr

III. RESULTS AND DISCUSSION

(23)

For specificity, we realize negative refractive index in 3’Rb
atomic vapor [37], where level |1) is the hyperfine level F = 1 of
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Real parts of relative permittivity (e,) and relative permeability (x,) as a function of probe laser detuning for different values of coupling and signal laser

detunings: (a) A; = Ag =0, (b) Ac =0and Ay = 10 MHz, (¢) A. = —10 MHz and A = 0, and (d) A = 0 and Ag = —10 MHz. Other parameters are scaled

as Q. = Qs =60 MHz and T = 340 K.

the ground state 5S/2; level |2) is the hyperfine level F = 2 of
the ground state 5S1 /2; level |3) is the hyperfine level F' = 1 of
the state 5P3/2; and level |4) is the hyperfine level F/ = 1 of the
state 5Dj /2. The corresponding decay rates are 31 = 6.1 MHz,
32 = 5.9 MHz and 743 = 0.5 MHz; N = 10% atoms/m’; d3; =
1.6 x 1072 C.m, mg; = 7.26 x 10723 Am?.

Firstly, we fix the parameters of signal laser field at A; =
0 and )y = 60 MHz and consider the dependence of relative
permittivity (¢,) and relative permeability (4,) on the coupling
laser intensity. In Fig. 2 we have presented the graphs of the
relative permittivity and the relative permeability at different
values of coupling Rabi frequency 2. = 20 MHz (a), Q. =
40 MHz (b), Q2. = 60 MHz (c¢) and €2, = 80 MHz (d). From
Fig. 2(a), it shows that when 2. = 0 (without coupling laser),
only one EIT window induced by the signal laser field appears
at position A, = 0. At the same time, we also find that the real

parts of relative permittivity (¢,) and the relative permeability
(py) are simultaneously negative in the frequency detuning range
[2 MHz, 9 MHz]. From Fig. 2(b) with 2. = 20 MHz and
A. = 10 MHz, a second EIT window induced by the coupling
laser appears at position A, = —10 MHz, however, negative
refractive index has not appeared at this EIT window yet. In
Fig. 2(c) with Q. = 40 MHz, the EIT window at position A, =
—10 MHz becomes clearer and negative refractive index begins
to appear at this EIT window. When 2, = 60 MHz (Fig. 2d),
the two EIT windows have similar depth and width, the real
parts of relative permittivity and the relative permeability are
simultaneously negative in two ranges [—8 MHz, —6 MHz] and
[2 MHz, 13 MHz].

Next, we fix the parameters of the coupling laser at 2, =
60 MHz and A. = 10 MHz and study the dependence of the
relative permittivity and the relative permeability on the signal
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Real parts of relative permittivity (¢,) and relative permeability (y,) as a function of probe laser detuning for different values of temperature: (a) T =

100K, (b) T=200K, (c) T =300 K and (d) T = 400 K. Other parameters are scaled as 2, = Qs = 60 MHz, A, = 10 MHz and Ag = 0.

laser intensity. From Fig. 3(a) with (25 =20 MHz, the negative re-
fractive index appears in two ranges [—8 MHz, —4 MHz] and [0,
4 MHz] corresponding to two EIT windows at A, = —10 MHz
and A, = 0, however, the frequency band and the amplitude
of negative refractive index corresponding to the EIT window
at A, = 0 are smaller than those at A, = —10 MHz. As the
intensity of the laser signal is increased, the frequency range and
the amplitude of the negative refractive index corresponding to
the EIT window at A, = 0 are also increased (see Figs. 3(b)—(d)).
Meanwhile, the frequency range of the negative refractive index
corresponding to the EIT window at A, = —10 MHz becomes
narrower as the signal laser intensity increases. In particular, in
Fig. 3(d) with Q)3 = 80 MHz, two ranges of negative refractive
index corresponding to the EIT windows at A, = —10 MHz and
A, = 0 are now [-8 MHz, —7 MHz] and [4 MHz, 20 MHz].
In Fig. 4 we consider the influence of laser frequency on the
frequency band of negative refractive index. The investigation
in Fig. 4(a) with A, = Ay = 0 shows that the two EIT windows
(induced by the coupling and signal fields) overlap, so that the
depth and the width of this dual EIT window are larger than that

in Fig. 3(c). As a consequence, the frequency band of negative
refractive index is wider than that in Fig. 3(c). In this case, the
negative refractive index occurs in range [3 MHz, 17 MHz]. In
Fig. 4(b) we have chosen A. = 0 and A; = 10 MHz, so that the
EIT window induced by the coupling laser is located at A, = 0,
while the EIT window at A, = 10 MHz is induced by the signal
laser. Thus, the position of the EIT windows has been shifted on
the axis A, and hence the frequency bands of negative refractive
index are also shifted on the axis A}, by the same amount. In
this case, the negative refractive index appears in two ranges
[2 MHz, 4 MHz] and [12 MHz, 24 MHz]. In Fig. 4(c) with
A. = —10 MHz and A = 0, the position of the EIT window
induced by the coupling laser is located at A;, = 10 MHz, while
the EIT window induced by the signal laser is still located at
A, = 0, so that the two ranges of negative refractive index are
now [2 MHz, 4 MHz] and [12 MHz, 24 MHz]. In Fig. 4(d),
we have chosen A, = 0 and Ay = —10 MHz, the positions of
the EIT windows induced by the coupling and signal lasers are
located at A, = 0 and A, = —10 MHz, respectively. In this
case, the ranges of negative refractive index are at [-9 MHz,
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—6 MHz] and [2 MHz, 15 MHz]. Thus, we can shift the bands
of negative refractive index by varying the frequency detuning
of the coupling and/or signal lasers.

Finally, in Fig. 5 we investigate the influence of temperature
(Doppler width) on the negative refractive index by plotting
the relative permittivity and relative permeability at different
temperatures T = 100 K (a), T = 200 K (b), T = 300 (c) and
T = 400 (d) when fixed the laser parameters at ). = Qg =
60 MHz, A, = 10 MHz and A, = 0. We can see that the
amplitude and the frequency bands of negative refractive index
decrease markedly as the temperature of the medium increases.
It is because increasing temperature reduces the efficiency of
EIT [19].

IV. CONCLUSION

Negative refractive index in an inhomogeneously broadened
four-level inverted-Y atomic gas medium is achieved in two
optical frequency bands. The frequency bands of negative re-
fractive index are controlled by the intensity and the frequency
of coupling and signal laser fields. The frequency width of the
negative refractive index can be extended with increasing laser
intensity, while its frequency band can be shifted by changing
the laser frequency. The amplitude and the frequency bands of
negative refractive index are also significantly changed with an
increase in atomic temperature. Our research can be convenient
for experimental implementation with real atomic media under
different temperature conditions.
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