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Abstract
In this paper, a novel degenerate two-level model is proposed to study the behavior of optical
bistability (OB) and optical multistability (OM) under the effect of the magnetic field and
relative phase. We show that the behavior of the OB can appear in the resonant regime by
changing the strength of the external magnetic field. Especially, the result has shown that it is
possible to easily convert between OB and OM by adjusting the strength of the external
magnetic field or coupling field in the presence of the relative phase. In addition, the influence
of the probe detuning and the atomic cooperation parameter on the OB behavior have also been
considered. The studied results may be helpful for optical communication applications in
optical switching processing and optimization.

Keywords: degenerate atomic medium, optical switching, optical bistability and multistability,
electromagnetically induced transparency, polarization
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1. Introduction

Optical bistability (OB) is an engaging topic and has always
attracted the attention of scientists because of its potential
applications in all-optical switching, optical transistors, and
quantum information [1]. Almost of the research on OB have
been conducted in two-level atomic systems both theoretic-
ally and experimentally [2, 3]. However, due to the passive
optic nature of the two-level medium, the behavior of the
bistability curves of the received signal beam at the output
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is controlled by the input beam itself. Recently, there has
been a significant trend in the research interest of scientists
to multilevel atomic systems related to quantum coherence
phenomena [4]. Especially with the advent of the electro-
magnetically induced transparency (EIT) effect [5, 6] has cre-
ated many new phenomena such as lasing without population
inversion [7], enhancement of Kerr nonlinearity [8–11], ultra-
slow light propagation [12–17], OB and all-optical switching
[18–23]. Therefore, OB and optical multistability (OM) beha-
viors in multilevel systems have also been studied theoretic-
ally and experimentally [24–38]. The advantage is that it is
possible to create a large nonlinear medium inside an optical
cavity at low light intensity compared to a two-level system
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[24]. Furthermore, external coupling fields can change the
optical characteristics of the multilevel system [25]. In this
case, the underlying mechanisms for tailoring the properties of
the medium are quantum interference and coherence effects.
From these antecedent studies, Harshawadhan and Agarwal
[26] proved that the threshold intensity of the OB is con-
siderably attenuated by quantum interference and coherence
effects. In addition, the great width of the OB can be reached
in a three-level atomicmodel via the enhancement of the initial
coherence [27].

Besides, the behavior of OB in a three-level Rb atomic
medium was also experimentally demonstrated by Joshi et al
[28, 29]. These works also found that it is possible to use the
intensity of the coupling laser field or the frequency detuning
to control the properties of OB. Also, the behavior of single
OB, double OB, and optical tristability in a three-level V-
type atomic systemwithout considering coherent control by an
incoherent pump field, microwave field, or spontaneously gen-
erated coherence (SGC) can be obtained [30]. They clarified
the physical principles of various bistable and tristable states,
particularly switching from absorptive to dispersive charac-
teristics. Other proposals also found that the threshold and
the hysteresis loop of OB can be dramatically modified under
the quantum interference effect [31], the relative phase [32],
and spontaneously generated emission [33]. Furthermore, the
properties of OB and OM via the incoherent pumping and
magnetic field have also been studied [34–38]. The results
of these studies have shown the possibility of controlling the
behavior of the OB and conversion from OB to OM and vice
versa by relative phase.

In this paper, we use the degenerate two-level EIT medium
to investigate the properties of OB and OM based on the
magnetic field’s strength variation and polarization-dependent
phase difference ϕ. The bistability behavior is manipulated by
using the external magnetic field, control field, probe detuning,
relative phase, and atomic cooperating parameter. Moreover,
in the presence of a relative phase, we can convert between
OB and OM by changing the strength of the magnetic field.
The results obtained are useful for optical switching and stor-
age applications. Furthermore, the model can be experiment-
ally generated easily because of using a single laser source for
both probing beam and coupling beam in different frequency
regimes.

2. Model and basic equations

We consider a degenerate two-level atomic system under the
effect of the probe and coupling laser fields, as depicted in
figure 1(a). Here, the transition |2⟩ ↔ |1⟩ coupled by the
σ− polarized probe field Ep has the Rabi frequency Ωp =
µ21Ep/2ℏ. At the same time, the transition |2⟩↔ |3⟩ is coupled
with the σ+ polarized strong coupling field Ec has the Rabi
frequency Ωc = µ23Ec/2ℏ. In this model, the probe field is
traveling in the direction parallel to both the polarization of
the coupling field and the direction of the applied longitud-
inal magnetic field B, which is used to remove the degener-
acy among the ground-state sublevels |1⟩ (mF = − 1) and

|3⟩ (mF = + 1). The Zeeman shift of the levels |1⟩ and
|3⟩ is given by ∆B = µBmFgFB/ℏ, where µB and gF are the
Bohr magneton and the Landé coefficients corresponding, and
mF = ± 1 is the magnetic quantum number of the respective
states. All the atoms are assumed to be optically pumped to
the states |1⟩ and |3⟩, which therefore have the same incoher-
ent populations equal to 1/2, i.e. ρ11 = ρ33 = 1/2 [19, 38].
The probe and control fields are directed towards a quarter-
wave plate (QWP) to produce right- and left-circularly polar-
ization components before interacting with the atoms [19,
38, 39]. Thus, the amplitude and phase difference of the
two polarization electric field components can be varied by
the QWP. Therefore, the Rabi frequencies have form Ωp =
µ21Ep/2ℏ =Ω0p (cosϕ− sinϕ)e−iϕ, and Ωc = µ23Ep/2ℏ =
Ω0c (cosϕ+ sinϕ)eiϕ, where, ϕ is the rotated angle between
the two polarization components. The denoted∆c = ω23 −ωc
and ∆p = ω21 −ωp are the frequency detuning of the coup-
ling and probe fields, respectively. Following the electric
dipole approximation and the rotating wave approximations,
the interaction Hamiltonian of the system can be given by
(ℏ = 1) [19, 38]:

Hint = (∆p+∆B) |2⟩⟨2 | +(∆p−∆c+ 2∆B) |3⟩⟨3 |
−
(
Ωp |2⟩ ⟨1 |+Ωc |3⟩⟨2 |+H.c

) . (1)

The Liouville equation describes the dynamic evolution of
the system:

∂ρ

∂t
=−i [Hint,ρ] +Λρ, (2)

and the relevant density matrix equations obtained for this sys-
tem are given as follow [38]:

ρ̇11 = γ31 (ρ33 − ρ11)+ γ21ρ22 + iΩpρ21 − iΩpρ12, (3a)

ρ̇22 =−(γ21 + γ23)ρ22 − iΩpρ21 + iΩpρ12 − iΩcρ23 + iΩcρ32,
(3b)

ρ̇33 =−γ31 (ρ33 − ρ11)γ23ρ22 + iΩ∗
cρ23 − iΩcρ32, (3c)

ρ̇21 =−(γ+ i(∆p+∆B))ρ21 − iΩp(ρ22 − ρ11)+ iΩcρ31,
(3d)

ρ̇31 = (−γ31 + i(∆c−∆p− 2∆B))ρ31 − iΩpρ32 + iΩ∗
cρ21,

(3e)

ρ̇23 = (−γ+ i(∆B−∆c))ρ23 + iΩc (ρ33 − ρ22)+ iΩpρ13,
(3f )

where, ρ11 + ρ22 + ρ33 = 1; ρij = ρ∗ji, γ = (γ21 + γ23 + γ31)/2,
and γij is the decay rate between levels |i⟩ and |j⟩, respectively.

Now, we put the ensemble of N degenerate two-level atoms
into a one-dimensional ring cavity, as shown in figure 1(b).
For simplicity, mirrors 3 and 4 are assumed 100% reflectiv-
ity, whereas R and T (with R + T = 1) are the reflection and
transmission coefficients of mirrors 1 and 2, respectively. Fur-
thermore, here only the probe field Ep is propagated through
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Figure 1. (a) The degenerate two-level atomic system under the interaction of coupling, probe, and external magnetic fields; (b) the
unidirectional ring cavity contains an atomic sample of length L, EIp and E

T
p is the incident and transmission fields, respectively.

the cavity, whereas the coupling field Ec is not. The total elec-
tromagnetic field is represented by:

E= Epe
−iωpt+Ece

−iωct+ c.c., . (4)

Under the slowly varying envelope approximation, the
probe field propagation is given by:

∂Ep
∂t

+ c
∂Ep
∂z

= i
ωp
2ε0

P(ωp) . (5)

where P(ωp) is induced polarization in transition |1⟩ ↔ |2⟩:

P(ωp) = Nµ21ρ21. (6)

From equations (5) and (6), we have:

∂Ep
∂z

= i
Nµ21ωp
2cε0

ρ21. (7)

With parameters of the perfectly tuned cavity and under the
steady-state limit the boundary conditions between the input
field EIp and the transmitted field ETp are as [38]:

Ep (L) = ETp/
√
T, Ep (0) =

√
TEIp+REp (L) . (8)

The reflection mechanism of mirror M2 causes the bista-
bility behavior, so if R = 0, there is no bistability. We can get
the input-output relationship using equation (8) combining the
mean-field limit and boundary conditions

y= x− iCρ21, (9)

where y= µ21EIp/ℏ
√
T and x= µ21ETp/ℏ

√
T are the normaliz-

ation of the fields, and C=
ωpNL|µ21|2
2ε0ℏcT is the cooperation para-

meter. The behavior of OB and OM under the influences of
system parameters is considered in the following section by the
numerical solving of equation (9) combined with equation (3)
in the steady state, as displayed in figures 2–6.

3. Results and discussion

We apply the model for the cold 87Rb atomic medium with
the levels |1⟩, |3⟩, and |2⟩ chosen corresponding to states:
5S1/2 (F = 1, mF = −1), 5S1/2 (F = 1, mF = + 1), and
5P1/2 (F = 1, mF = 0). The parameters are selected [19, 37]:
γ23 = γ21 = 2π × 5.3 MHz, γ31 = 0.1γ21, N = 4.5 × 1017

atoms m−3, µ21 = 1.6 × 10−29 cm. The Landé and Bohr
magnetron coefficients are respectively: gF = −1/2 and
µB = 9.27401 × 10−24 JT−1. Here, the Zeeman shift ∆B

also calculated in units of γ21, so the strength of the mag-
netic field B will be given in units of the combined constant
γc = ℏµ−1

B g−1
F γ21.

First, we analyze the influence of the coupling laser intens-
ity Ωc on the behavior of the OBfor ϕ = π/6 as shown in
figure 2(a). Figure 2(a) shows that the threshold of OB initially
significantly increases and then decreases although the coup-
ling field continues to increase. Admittedly when the coupling
laser fieldΩ0c increases from 0.5γ21 to a value in the approach
of Ω0c = 2γ21, the OBthreshold can reach the maximum
value (dotted line in figure 2(a)) because the probe absorp-
tion reaches the saturation state, and at the same time multista-
bility appears. However, the threshold of OBthen decreases if
we continue to increase Ωc. Physically, as the strength of the
coupling field increases, the probe absorption in the transition
between states |2⟩ and |1⟩ dramatically reduces and the non-
linearity of the medium is enhanced, which leads to a change
in the behavior of the optical bistability. As a result, by con-
trolling the coupling field intensity Ωc, the threshold intens-
ity of the OB can be manipulated. The effect of coupling laser
field intensity on the OB for ϕ= 0 is also shown in figure 2(b).
In this case, it can be seen that the threshold intensity increases
when the coupling field Ωc is increasing and reaches a satura-
tion value and then decreases gradually asΩc continues to rise
[36, 38].

Next, the behavior of the OB under the influence of the
magnetic field B for∆p = 0 and∆p = 4γ21 at the ϕ= 0 is dis-
played in figure 3. As designated in figure 3(a), the threshold
intensity of OB first inflated significantly, and the OB curves
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Figure 2. The bistability behavior at the different values of the coupling field Ωc: for ϕ= π/6 (a) and for ϕ= 0 (b). The selected parameters
are: ∆c = ∆p = 0, C = 200, ∆B = 2γ21 or B = 2γc and γ23 = γ21, respectively.

Figure 3. The bistability behavior at the different values of the magnetic field B:∆p = 0 (a) and ∆p = 4γ21 (b). The variation of the probe
absorption versus magnetic field strength (c). The selected parameters are: ϕ= 0, Ωc = 3γ21,∆c = 0, C = 200, and γ23 = γ21, respectively.

width became greater as the magnetic field B increased but
then decreased gradually although the magnetic field B con-
tinued to increase. Physically, increasing the strength of the
magnetic field B causes the Zeeman level separation between
the levels |1⟩ and |3⟩ to increase. As a result, the quantum inter-
ference between the two displacement channels |2⟩ ↔ |1⟩ and
|2⟩ ↔ |3⟩ is reduced, so the probe absorption at the line center
increases [36–38]. This absorption behavior is demonstrated
through the probe absorption spectrum variation versus the
magnetic field [see the blue solid line in figure 3(c)]. It shows

that the magnitude of the probe absorption first increases rap-
idly from zero to a maximal value corresponding with the
increase of the magnetic field intensity and then reaches the
steady-state value when the magnetic field intensity continu-
ously increases. The impact of magnetic field B on the beha-
vior of OB for ∆p = 4γ21 is also shown in figure 3(b). The
threshold of OB decreases as the magnetic field B is enhanced.
Physically, when the magnetic field is non-zero, the probe
absorption is reduced due to the shifting of the EIT window
[38]. As a result, the probe absorption decreases and trends to a
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Figure 4. The bistability behavior at the different values of the magnetic field B for ϕ = π/6. The selected parameters are: Ωc = 3γ21,
∆c = ∆p = 0, C = 200, and γ23 = γ21, respectively.

Figure 5. (a) The bistability behavior at the different values of the relative phase ϕ; (b) The probe absorption as a function of the ϕ. The
selected parameters are: Ωc = 3γ21, ∆B = 2γ21 or B = 2γc, ∆p = ∆c = 0 and γ23 = γ21, respectively.

small steady-state value [see the red dashed line in figure 3(c)].
Thus, the threshold of OB is decreased and we barely obtain
OB when magnetic field B= 5γc or more extensive [the green
dot–dash line in figure 3(b)]. Consequently, by adjusting the
magnetic field B and the probe detuning to the proper value,
the threshold and the width of the OB can be manipulated.

In figure 4, we present the shape of the OB curves for dif-
ferent values of the B when ϕ = π/6. The result in figure 4
showed that we can convert from OB to OM (red dashed line)
by changing the strength of the magnetic field B. The import-
ance of this result leads to the practicality of multi-channel
all-optical switching devices that are required for multiple out-
puts. Figure 5 displays the input-output relationship of the |x|
versus |y| for different values of ϕ. It is shown that the beha-
vior of the OB is changing versus relative phase ϕ because the
probe absorption varies depending on the period versus the
ϕ [36]. To clarify this, we plot the probe absorption versus
the relative phase ϕ in figure 5(b). It can be seen that OM
can appear at absorption peaks versus the relative phase. For
example, at the ϕ = 17π/18 (corresponding to the maximum

absorption peak in figure 5(b)), the OB converted to optical
multistability. The appearance of the OM in these cases can
be clarified by reconsidering the equation (8). The quantity y
in equation (8) is not proportional to a cubic polynomial for
variable x in the regions of investigated parameters. Therefore,
the existence of OM depends on the optical characteristics of
the atomic medium under the impact of the external magnetic
field B and the relative phase ϕ. From the results obtained
above, it is apparent that multistability in this model is pos-
sible only if the magnetic field B and the relative phase ϕ are
co-existing. Thus, we can switch the OB to OM and vice versa
by adopting proper magnetic field strength and the value of the
polarization-dependent phase difference ϕ.

Finally, we present the dependence of the OB curves at
the different values of the cooperation parameter C. From
figure 6, it can be seen that the OB threshold is proportional
to parameter C. This can be seen clearly in the relationship
between parameter C and density N through an expression
C= ωpL|µ21|2N/2ℏε0cT. Hence, the increase in parameter C
goes along with increasing the atomic number density so that
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Figure 6. The bistability behaviors for different values of the
parameter C. The selected parameters are: Ωc = 3γ21,∆B = 2γ21 or
B = 2γc, ∆c = ∆p = 0 and γ23 = γ21, respectively.

the probe absorption will increase and increase the threshold
of optical bistability.

4. Conclusion

In summary, we have realized OB and multistability in a
degenerate two-level EIT medium under the impact of the out-
side magnetic field and the relative phase. Bymanipulating the
strength of the magnetic field, we can change the threshold
and width of the OB in different spectral domains of the probe
field.Moreover, by changing the magnetic field intensity in the
presence of the relative phase, OB can be easily converted to
OM and vice versa. In addition, the effects of the control light
intensity, the probe detuning, and the cooperation parameters
on the properties of the OB also have been performed. The
proposed model helps realize all-optical and optical-magnetic
switches for applications in optical communications.
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