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In this work, we study the in°uence of Doppler broadening on cross-Kerr nonlinearity in a four-

level inverted-Y atomic system under electromagnetically induced transparency (EIT) condi-
tion. The ¯rst- and third-susceptibilities in the presence of Doppler e®ect are derived as a

function of probe, signal and coupling beams and temperature of medium. Under EIT condition,

cross-Kerr nonlinearity is enhanced several orders of magnitude compared to that without EIT.

The Doppler e®ect leads to a reduction in the transparent e±ciency and thus reduces the
amplitude of cross-Kerr nonlinear coe±cient. For hot atomic gaseous medium, such consider-

ation of the Doppler e®ect may be useful for experimental observations and apply to photonic

devices operating at di®erent temperature conditions.

Keywords: Electromagnetically induced transparency; Kerr nonlinear e®ect; Doppler e®ect.

1. Introduction

The cross-Kerr nonlinearity or the so-called cross-phase modulation (XPM)1 refers to

the phenomenon that the phase of an optical ¯eld is modulated by another ¯eld, it

has received more attention due to its potential important applications in quantum

information processing such as quantum phase gate,2,3 deterministic optical quan-

tum computation,4 manipulation of quantum information,5 entanglement of single

photons,6 controlled-NOT (CNOT) gate7,8 and so on. However, the weakness of Kerr

nonlinearity in conventional media becomes an obstacle of its applications in pho-

tonic devices. The advent of electromagnetically induced transparency (EIT) deli-

vers media of reduced absorption and giant nonlinearity for a weak probe light.9

Using the EIT technique, Schmidt and Imamoglu10 was ¯rst proposed an N-type

four-level system to obtain giant cross-Kerr nonlinearity under EIT condition. This
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scheme was experimentally demonstrated in cold Rb atoms by Kang et al.11 Later,

Joshi and Xiao12 found large cross-Kerr nonlinearity in cold Rb four-level inverted-Y

atomic system without Doppler e®ect and can be used for realizing polarization

quantum phase gates. Whereas, Xiao et al.13 was ¯rst measured the enhanced self-

Kerr nonlinear coe±cient in three-level �-type atomic system of hot Rb atoms. Since

then, there are a lot of experimental and theoretical studies in the literature dealing

with the enhancement of the Kerr nonlinearity via the EIT e®ect are proposed.14–21

Although experimental observations of Kerr nonlinearity in hot atomic media

have been implemented and explained with numerical simulations,13–17 however,

there was still a lack of analytical description of the cross-Kerr nonlinearity. In most

applications of nonlinear medium, a precise knowledge of the Kerr nonlinear coe±-

cient as a function of light ¯elds and the temperature of medium is needed to opti-

mize nonlinear optical processes and to study related applications. Recently, we have

developed an analytical method to study the Doppler e®ect on self-Kerr nonlinearity

in three-level �-type atomic system and compared to experimental results with a

good agreement.20 Such expression of self-Kerr nonlinear coe±cient was used to

study the control of optical bistability under Doppler e®ect.22

In this paper, we derive the ¯rst- and third-susceptibilities for both probe and

signal beams and cross-Kerr nonlinear coe±cient of four-level inverted-Y atomic

system under the Doppler e®ect. The in°uences of EIT and Doppler broadening on

cross-Kerr nonlinearity are studied. Analytical results of cross-Kerr nonlinearity can

apply to related applications in photonic devices operating at di®erent temperatures.

2. Theoretical Model

We consider the interaction of three light ¯elds with a four-level inverted-Y atomic

system as shown in Fig. 1. A weak probe laser beam (with frequency !p and Rabi

frequency �p) applies to the transition j1i $ j3i, an intense coupling laser beam

(with frequency !c and Rabi frequency �c) couples the transition j3i $ j4i, and a

Fig. 1. Four-level inverted-Y atomic system.
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weak signal laser beam (with frequency !s and Rabi frequency �s) drives the tran-

sition j2i $ j3i. In this con¯guration, the coupling beam will produce an EIT e®ect

for the probe beam (and signal beam), while the signal beam will create a cross-Kerr

nonlinear e®ect for the probe beam.

The frequency detuning of the coupling, probe and signal light beams is,

respectively, de¯ned as

�c ¼ !c � !43; �p ¼ !p � !31 and �s ¼ !s � !32: ð1Þ
In the framework of the semiclassical theory, using the dipole and rotating wave

approximations, the evolution of system can be represented by the following density

matrix equations:

�
:
11 ¼ �31�33 þ i�pð�13 � �31Þ; ð2Þ

�
:
22 ¼ ��23�22 þ i�sð�23 � �32Þ; ð3Þ

�
:
33 ¼ ��31�33 þ �43�44 þ �23�22 þ i�pð�31 � �13Þ þ i�cð�34 � �43Þ; ð4Þ

�
:
44 ¼ ��43�44 þ i�cð�43 � �34Þ; ð5Þ

�
:
21 ¼ ½ið�s ��pÞ � �21��21 þ i�p�23 � i�s�31; ð6Þ

�
:
31 ¼ ½i�p � �31��31 þ i�pð�33 � �11Þ � i�c�41 � i�s�21; ð7Þ

�
:
41 ¼ ½ið�c þ�pÞ � �41��41 þ i�p�43 � i�c�31; ð8Þ

�
:
23 ¼ ½i�s � �32��23 � i�sð�33 � �22Þ þ i�P�21 þ i�c�24; ð9Þ

�
:
24 ¼ ½ið�s ��cÞ � �42��24 þ i�c�23 � i�s�34; ð10Þ

�
:
43 ¼ ½i�c � �43��43 þ i�p�41 þ i�cð�44 � �33Þ; ð11Þ
�ki ¼ ��

ik; ð12Þ
�11 þ �22 þ �33 þ �44 ¼ 1; ð13Þ

where �p ¼ 2d31Ep=}, �c ¼ 2d42Ec=} and �s ¼ 2d32Es=} are Rabi frequency for the

probe, coupling and signal ¯elds, respectively; dkl is element of dipole moment of

the jki � jli transition and �kl is the decay rate of the atomic coherence �kl, given by

�kl ¼
1

2

X
Ek<Ej

�jk þ
X

Em<El

�lm

0
@

1
A; ð14Þ

with, �kl is the decay rate of population from level jki to level jli.
Now, we solve the density-matrix equations under the steady-state condition to

¯nd the solutions for density matrix elements related to the probe and signal

responses up to third order. Under the assumption that the coupling light intensity

�c is much stronger than the probe light intensity �p and signal light intensity �s,

therefore from Eqs. (6) and (8) we obtain

�41 ¼ � i�c

�41 � ið�c þ�pÞ
�31; ð15Þ

�21 ¼ � i�s

�21 � ið�p ��sÞ
�31 þ

i�p

�21 � ið�p ��sÞ
�23: ð16Þ

In°uence of Doppler broadening on cross-Kerr nonlinearity
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From Eqs. (9)–(11), we ¯nd the following relationship:

�23 ¼ � i�sð�33 � �22Þ
�32 þ i�s þ � 2

c

�42þið�sþ�cÞ
þ i�P

�32 þ i�s þ � 2
c

�42þið�sþ�cÞ
�21: ð17Þ

By substituting Eq. (17) into Eq. (16) we have

�21 ¼ � i�s

�21 � ið�p ��sÞ
�31

� �p�sð�22 � �33Þ
�21 � ið�p ��sÞ
� �

�32 þ i�s þ � 2
c

�42þið�sþ�cÞ
� � : ð18Þ

Substituting Eqs. (15) and (18) into Eq. (7) we ¯nd the solution for density

matrix element related to the probe response up to third order as

�31 ¼ � i�pð�11 � �33Þ
A

þ i�p�
2
sð�22 � �33Þ

ð�21 � ið�p ��sÞÞA1A2

; ð19Þ

where

A ¼ �31 � i�p þ
� 2

s

�21 � ið�p ��sÞ
þ �2

c

�41 � ið�p þ�cÞ
; ð20Þ

A1 ¼ �32 þ i�s þ
�2

c

�42 þ ið�s þ�cÞ
; ð21Þ

A2 ¼ �31 � i�p þ
�2

c

�41 � ið�p þ�cÞ
: ð22Þ

Similarly, the solution for density matrix element related to the signal response up

to third order is found as

�32 ¼ � i�sð�22 � �33Þ
B

þ i�s�
2
pð�11 � �33Þ

ð�21 þ ið�p ��sÞÞB1B2

; ð23Þ

where

B ¼ �32 � i�s þ
� 2

p

�21 � ið�p ��sÞ
þ �2

c

�42 � ið�s þ�cÞ
; ð24Þ

B1 ¼ �31 þ i�p þ
�2

c

�41 þ ið�p þ�cÞ
; ð25Þ

B2 ¼ �32 � i�s þ
�2

c

�42 � ið�s þ�cÞ
: ð26Þ
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The total susceptibilities can then be determined by the following relations:

�p ¼ �Nd31
"0Ep

�31 ¼
iNd2

31

"0}

ð�11 � �33Þ
A

� �2
sð�22 � �33Þ

�21 � ið�p ��sÞ
� �

A1A2

 !
; ð27Þ

�s ¼ �Nd32
"0Es

�32 ¼
iNd 2

32

"0}

ð�22 � �33Þ
B

� �2
pð�11 � �33Þ

�21 þ ið�p ��sÞ
� �

B1B2

 !
: ð28Þ

For hot atoms, it is necessary taken into account Doppler broadening. In order to

eliminate the ¯rst-order Doppler e®ect, we consider the signal beam is co-propa-

gating with the probe beam while the coupling beam is counter-propagating with the

probe beam in the medium. Therefore, an atom with velocity � moving towards

probe beam will see an up-shift frequency of the probe and signal lasers as !p þ
ðv=cÞ!p and !s þ ðv=cÞ!s, and see the down-shift frequency of the coupling beam as

!c � ðv=cÞ!c. In such case, the frequency detuning of the laser beams are adjusted

accordingly as � 0
p ¼ �p þ ðv=cÞ!p, �

0
s ¼ �s þ ðv=cÞ!s and � 0

c ¼ �c � ðv=cÞ!c. The

numbers of atoms having velocity v which lie along the beams obey a Maxwellian

distribution:

dNðvÞ ¼ N0

u
ffiffiffi
�

p e�v2=u2dv; ð29Þ

where u ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT=m

p
, is the root mean square atomic velocity and N0 is the total

atomic density of the atomic medium. So, the susceptibility expressions must be

modi¯ed to

�pðvÞdv ¼ iN0d
2
31

u
ffiffiffi
�

p
"0}

ð�11 � �33Þ
AðvÞ � �2

sð�22 � �33Þ
�21 � ið�p ��sÞ
� �

A1ðvÞA2ðvÞ

 !
e�v2=u2

dv; ð30Þ

AðvÞ ¼ �31 � i �p þ
v

c
!p

� �
þ �2

s

�21 � ið�p ��sÞ � i vc ð!p � !sÞ

þ �2
c

�41 � ið�p þ�cÞ � i vc ð!p � !cÞ
; ð31Þ

A1ðvÞ ¼ �32 þ i �s þ
v

c
!s

� �
þ �2

c

�42 þ ið�s þ�cÞ þ i vc ð!s � !cÞ
; ð32Þ

A2ðvÞ ¼ �31 � i �p þ
v

c
!p

� �
þ �2

c

�41 � ið�p þ�cÞ � i vc ð!p � !cÞ
: ð33Þ

In°uence of Doppler broadening on cross-Kerr nonlinearity
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Since !p is close to !s and !c, so terms i v
c ð!p � !cÞ, i v

c ð!s � !cÞ and i vc ð!p � !sÞ
can be neglected, so the expression (30) becomes

�pðxÞdx ¼ iN0d
2
32

u
ffiffiffi
�

p
"0}

ð�11 � �33Þ
ð!pu=cÞ

e�x2

ða� ixÞ
�

� � 2
sð�22 � �33Þ

ð�21 � ið�p ��sÞÞð!su=cÞð!pu=cÞ
e�x2

ða1 þ ixÞða2 � ixÞ
�
dx; ð34Þ

where x ¼ v=u and

a ¼ c

!pu
�31 � i�p þ

�2
s

�21 � ið�p ��sÞ
þ � 2

c

�41 � ið�p þ�cÞ
� �

: ð35Þ

a1 ¼
c

!su
�32 þ i�s þ

�2
c

�42 þ ið�s þ�cÞ
� �

; ð36Þ

a2 ¼
c

!pu
�31 � i�p þ

�2
c

�41 � ið�p þ�cÞ
� �

: ð37Þ

By integrating the expression (34) over the velocity v from �1 to þ1, we obtain

�p ¼
iN0d

2
31

u
ffiffiffi
�

p
"0}

ð�11 � �33Þ
ð!pu=cÞ

ea
2 ½1� erfðaÞ�

�

� � 2
sð�22 � �33Þ

ð�21 � ið�p ��sÞÞ
ea

2
1 ½1� erfða1Þ� þ ea

2
2 ½1� erfða2Þ�

ð!su=cÞð!pu=cÞða1 þ a2Þ

!
; ð38Þ

where erf is error function.

Similarly, the susceptibility for the signal beam under Doppler e®ect is found as

�s ¼
iN0d

2
32

u
ffiffiffi
�

p
"0}

ð�11 � �33Þ
ð!su=cÞ

eb
2 ½1� erfðbÞ�

�

� �2
pð�22 � �33Þ

ð�21 þ ið�p ��sÞÞ
eb

2
1 ½1� erfðb1Þ� þ eb

2
2 ½1� erfðb2Þ�

ð!pu=cÞð!su=cÞðb1 þ b2Þ

!
; ð39Þ

where

b ¼ c

!pu
�32 � i�s þ

�2
p

�21 � ið�p ��sÞ
þ � 2

c

�42 � ið�s þ�cÞ
� �

; ð40Þ

b1 ¼
c

!su
�31 þ i�p þ

�2
c

�41 þ ið�p þ�cÞ
� �

; ð41Þ

b2 ¼
c

!pu
�32 � i�s þ

�2
c

�42 � ið�s þ�cÞ
� �

: ð42Þ
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In order to extract the ¯rst- and third-order susceptibilities we can be expressed

the susceptibilities for the XMP between probe and signal beams as

�p ¼ � ð1Þ
p þ 3E 2

s�
ð2Þ
p ; ð43Þ

�s ¼ � ð1Þ
s þ 3E 2

p�
ð2Þ
s : ð44Þ

Therefore, the expressions for ¯rst- and third-order susceptibilities under Doppler

e®ect for the probe light ¯eld are determined by

� ð1Þ
p ¼ iNd2

31

}"0

ð�11 � �33Þ
ð!pu=cÞ

ea
2 ½1� erfðaÞ�; ð45Þ

� ð3Þ
p ¼ � iNd 2

31d
2
32

3}3"0

ð�22 � �33Þ
ð�21 � ið�p ��sÞÞ

ea
2
1 ½1� erfða1Þ� þ ea

2
2 ½1� erfða2Þ�

ð!su=cÞð!pu=cÞða1 þ a2Þ
: ð46Þ

Similarly, the expressions for ¯rst- and third-order susceptibilities under Doppler

e®ect for the signal light ¯eld as

� ð1Þ
s ¼ iNd2

32

}"0

ð�22 � �33Þ
ð!su=cÞ

eb
2 ½1� erfðbÞ�; ð47Þ

� ð3Þ
s ¼ � iNd2

31d
2
32

3}3"0

ð�22 � �33Þ
ð�21 þ ið�p ��sÞÞ

eb
2
1 ½1� erfðb1Þ� þ eb

2
2 ½1� erfðb2Þ�

ð!pu=cÞð!su=cÞðb1 þ b2Þ
: ð48Þ

From the ¯rst- and third-order susceptibilities, we ¯nd the linear dispersion n0

and cross-Kerr nonlinear n2 coe±cients under Doppler e®ect for the probe light as1:

n0 ¼ 1þ Reð� ð1Þ
p Þ

2
; ð49Þ

n2 ¼
3Reð� ð3Þ

p Þ
2"0n

2
0c

: ð50Þ

3. Results and Discussion

As a recommendation for an experimental realization of the four-level inverted-Y

system, we apply the calculation results to the 87Rb atomic vapor.23 Two ground

levels j1i and j2i are assigned to the states 5S1=2, F ¼ 1 and F ¼ 2, respectively.

The states, j3i and j4i are chosen as 5P3=2, F
0 ¼ 1 and 5D5=2, F

00 ¼ 1, respectively.

The atomic parameters are given by: N ¼ 1012 atoms/cm3, �32 ¼ �42 ¼ � ¼
0:97MHz, �31 ¼ �32 ¼ 6MHz, d31 ¼ 1:6� 10�29 C.m, d32 ¼ 1:6� 10�29 C.m, !p ¼
3:77� 108 MHz. For simplicity, all quantities related to frequency are given in

units �.

First of all, in order to see XPM occurring between the probe and signal beams, we

plot probe susceptibility �p versus probe detuning �p=� and signal susceptibility �s

versus signal detuning �s=� at di®erent temperatures, as shown in Fig. 2. It is sees

In°uence of Doppler broadening on cross-Kerr nonlinearity
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that: ¯rst, in the presence of strong coupling beam the EIT e®ect appears for both

probe and signal ¯elds. Correspondingly, normal dispersion curve are also present in

the EIT window, so the group velocity will be manipulated at this frequency region;

second, the depth and width of the EIT window decreases as the temperature

increases and thus reduces the height of normal dispersive curve inside the EIT

window; third, under two photon resonant condition or equal detunings, the position

of the EIT window for the probe beam is identical to that for the signal beam.

(a) (b)

(c) (d)

Fig. 2. Change of probe susceptibility �p versus probe detuning �p=� when �c ¼ �s ¼ 0 (a) and (c).
Change of signal susceptibility �s versus signal detuning �s=� when �c ¼ �p ¼ 0 (b) and (d). Other used

parameters are �p ¼ �s ¼ 1 �, �c ¼ 40 � and T ¼ 100K for (a) and (b) and T ¼ 300K for (c) and (d). The

dashed and solid lines correspond to absorption and dispersion.
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Therefore, the group velocity matching can also be realized and cross-Kerr nonlin-

earity is also enhanced as shows in Fig. 3.

In Fig. 3, we plot cross-Kerr nonlinearity n2 for the probe beam with the respect to

probe frequency detuning in two cases of the absence (dashed line) and the presence

(solid line) of EIT e®ect as illustrated in Fig. 3. The parameters we have chosen for

Fig. 3 are �c ¼ 0 (dashed line), �c ¼ 40 � (solid line), �p ¼ �s ¼ 1 �, �c ¼ �s ¼ 0

and T ¼ 300K. From ¯gure one can see that cross-Kerr nonlinearity is signi¯cantly

enhanced around transparent spectral region at �p ¼ 0. Namely, a nonlinear dis-

persive curve appears corresponding to the transparent spectral region and therefore

there is a pair of positive–negative peaks of n2 around�p ¼ 0. Moreover, comparison

between the two cases shows that cross-Kerr nonlinearity n2 is enhanced by several

orders of magnitude when the EIT presents. This phenomenon is similar to that of

self-Kerr nonlinearity which experimentally demonstrated by Xiao et al.13

In order to see the in°uence of Doppler broadening on cross-Kerr nonlinearity, we

plot n2 versus probe detuning at di®erent temperatures T ¼ 100K (dashed line) and

T ¼ 300K (solid line) as displayed in Fig. 4. Other parameters used in Fig. 4 are

�c ¼ 40 �, �p ¼ �s ¼ 1 � and�c ¼ �s ¼ 0. It is clear that the amplitude of the Kerr

nonlinearity decreases as the temperature of atoms increases. This can be explained

by the fact that the increase in temperature leads to a decrease in the atomic co-

herence and thus reduces the EIT e±ciency we have seen in Fig. 2.

Finally, in Fig. 5, we ¯xed the parameters of laser beams at �p ¼ �5�,

�c ¼ �s ¼ 0, �c ¼ 40 � and �p ¼ �s ¼ 1 � which is corresponding to a positive peak

of n2 in Fig. 2, and plotted cross-Kerr nonlinear coe±cient versus the temperature.

Again shows that the maximum value of n2 decreases as the temperature increases.

Fig. 3. Cross-Kerr nonlinear coe±cient n2 as a function of probe detuning when �c ¼ 0 (dashed line),

�c ¼ 40 � (solid line), �p ¼ �s ¼ 1 �, �c ¼ �s ¼ 0 and T ¼ 300K.
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For example, at temperature T ¼ 100K the value of n2 ¼ 2:55� 10�6 cm2/W, while

at T ¼ 500K the value of n2 ¼ 1:92� 10�6 cm2/W.

4. Conclusion

We have studied the in°uence of Doppler broadening on cross-Kerr nonlinearity in

four-level inverted-Y atomic medium under the EIT condition. The expressions for

Fig. 4. Cross-Kerr nonlinear coe±cient n2 as a function of probe detuning at di®erent temperatures
T ¼ 100K (dashed line) and T ¼ 300K (solid line) when �c ¼ 40 � (solid line), �p ¼ �s ¼ 1 �, �c ¼
�s ¼ 0 and T ¼ 300K.

Fig. 5. Variation of Kerr-nonlinearity versus the temperature when �c ¼ 40 �, �p ¼ �s ¼ 1 �, �c ¼
�s ¼ 0 and �p ¼ �5 �.
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the ¯rst- and third-susceptibilities and cross-Kerr nonlinear coe±cient are found as a

function of parameters of the light ¯elds and the temperature of medium. It is shown

that in the presence of strong coupling ¯eld the EIT e®ect appears for both ¯elds.

The position of the EIT window for the probe beam is identical to that for the signal

beam. Therefore, the group velocity matching can also be realized and cross-Kerr

nonlinearity is also enhanced greatly around transparent spectral region. The

Doppler e®ect leads to a reduction in the transparent e±ciency and thus reduces the

amplitude of cross-Kerr nonlinear coe±cient. The analytical result not only gives

su±cient knowledge on cross-Kerr nonlinearity, but is also convenient to make direct

comparisons with experiments and supports future studies related to cross-Kerr

nonlinear e®ect under di®erent temperature conditions. We also hope that a such

cross-Kerr nonlinear coe±cient will be measured directly similar to what was done

for self-Kerr nonlinearity.
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