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We study optical bistability (OB) in a controllable giant self-Kerr nonlinear atomic gaseous medium placed in a unidirectional ring
cavity.Themedium is coherently excited by strong controlling field and a weak probe laser field under electromagnetically induced
transparency (EIT) and Doppler broadening. In a weak field limit of the probe light, an analytic OB equation for the probe light
field is derived as an analytic function of parameters of the controlling field and temperature of the medium. It is shown that OB
characters can be manipulated with the parameters due to the controllable properties of the self-Kerr nonlinearity. Furthermore,
enhancement of the Kerr nonlinearity reduces the switching intensity threshold and width of the OB.

1. Introduction

The OB is one of the most interesting fields of research in
nonlinear optics because it has a large number of potential
applications in both optical sciences and photonic technol-
ogy, for example, all-optical switches, all-optical memories,
optical transistors, and all-optical logic gates [1–3]. For the
OB systems using Kerr nonlinear materials, a large nonlin-
earity is a fundamental need to gain sensitivity. In the early
years of the OB research for atomic media, a great interest
was focused on the two-level atomic system due to resonantly
enhanced nonlinearity [1, 2]. However, applications of the
two-level atomic system are limited due to strong resonant
absorption and only one optical field being employed for both
applying and switching, thus lacking control for switching
intensity thresholds.

The advent of EIT [4] offers coherent media of vanished
resonant absorption [5–8] and controllable giant Kerr non-
linearity [9–11]. Wang et al. performed a direct measurement
of self-Kerr nonlinear coefficient in a three-level lambda EIT
medium in the presence of Doppler broadening by using a

cavity scanning technique. The measurement shows a great
enhancement of the Kerr nonlinear index of refraction in
several orders of magnitude around atomic resonance [12].
Recently, Doai et al. [13] have developed an analytical model
of EIT enhanced self-Kerr nonlinearity with controllable
parameters of a light field and temperature of atomic sample
which is in good agreement with the experimental obser-
vations [12]. The studies showed that the Kerr nonlinearity
is greatly enhanced and depends on temperature of the
medium. Furthermore, the magnitude, slop, and sign of the
Kerr nonlinear coefficient can be controlled by tuning fre-
quency and/or intensity of the coupling light or by changing
temperature of the medium. Such controllable giant Kerr
nonlinear media are used for controllable optical bistability
[14], generating four-wave mixing beams [15] which exploit
newways in designing devices for optical switching in optical
communication and all-optical signal processing.

Therefore, owing to the controllable giant-nonlinearity of
the EIT medium, switching intensity thresholds and width of
the OB can be manipulated. For the first time, Joshi et al. [14]
demonstrated experimentally the controllable atomic optical
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bistability in the three-level EIT system inside an optical
ring cavity in the presence of Doppler broadening. Since
then, aspects that influence OB hysteresis loop have been
extensively investigated [16–26]. Similar optical bistability
and vacuum Rabi splitting of ring cavity in EIT medium are
well known theoretically and experimentally [27–29]. Several
reviews [1, 2] and monographs [3] on this field of the OB
are available, which give a deeper insight into the topic and
provide lists of original references.

In the OB studies related to the EIT atomic gaseous
medium, it can be categorized into two types of OB which
concern the dispersive and absorptive properties of the
medium, respectively [3]. The dispersive OB type arises
from the linear and nonlinear contributions, among which
the giant Kerr nonlinearity often dominates because it is
enhanced by atomic coherence [12, 13]. However, study of
OB concerning Kerr nonlinearity and temperature of such
medium is still quite modest. Furthermore, in several cases, a
precise knowledge of the relationship of the input and output
intensities as a function of the controlling light and tem-
perature of the medium is crucially needed to optimize the
operating processes and to choose experimental parameters.
With the growth of this interest, in this work, we studied
controllingOB of the three-level EIT atomic gaseousmedium
under presence of giant self-Kerr nonlinearity and Doppler
broadening by using an analyticmethod. Using the weak field
approximation of the probe light, a relationship of output and
input intensities of OB is derived in the presence of Doppler
broadening. The influences of Doppler broadening and the
controlling light on switching intensity thresholds and width
of the OB are investigated.

2. The Mater Equation of OB

We consider an atomic medium (with length 𝐿) composed
of three-level Λ-type atoms with density 𝑁 placed in unidi-
rectional ring cavity, as shown in Figure 1(a). A weak probe
laser field with frequency 𝜔𝑝 and electric field amplitude 𝐸𝑝
drives the transition |1⟩ ↔ |2⟩, whereas an intense coupling
laser field with frequency 𝜔𝑐 and electric field amplitude 𝐸𝑐
couples a transition between the states |2⟩ and |3⟩.

For simplicity, we assumed both mirrors 1 and 2 are
perfect reflectors; each has a reflectivity 𝑅 and transmittivity𝑇, with 𝑅 + 𝑇 = 1. In the unidirectional ring cavity, a
part of the probe field 𝐸𝑝 is circulated in the cavity but not
the coupling field 𝐸𝑐. The coherent field 𝐸𝐼𝑝 enters through
mirror 𝑀1, interacts with the atomic medium of the length𝐿, circulates in the cavity, and partially comes out of the
mirror 𝑀2 as 𝐸𝑇𝑝 . Part of the output intensity reflected back
into the medium provides the feedback which is essential for
generating OB.

The relationship of the output and input intensities of the
unidirectional ring cavity ormaster equation ofOB due to the
self-Kerr nonlinearity is given by [30]:

𝐼out = [12 + 12 cos(2𝜋𝐿𝜆 𝑛2𝐼out + 𝜑)] 𝐼in, (1)

where 𝑛2 is the Kerr coefficient, 𝜆 is wavelength of the probe
light, 𝐼in ∝ (𝐸𝐼𝑝)2 and 𝐼out ∝ (𝐸𝑇𝑝)2 are incident and
transmitted intensities of the probe light, and

𝜑 = 2𝜋𝐿𝜆 𝑛0 + 𝜑0 (2)

is the round-trip phase of the probe light, 𝜑0 is the initial
phase, and 𝑛0 is the linear index of refraction.

The self-Kerr coefficient 𝑛2 can be determined by using
the density matrix formalism. Under the framework of the
semiclassical theory and dipole and rotating wave approx-
imations, the evolution of the three-level system can be
represented by [13]

̇𝜌11 = 𝛾31 (𝜌33 − 𝜌11) + 𝛾21𝜌22 − 𝑖2Ω𝑝𝜌21 + 𝑖2Ω𝑝𝜌12,
̇𝜌22 = − (𝛾23 + 𝛾21) 𝜌22 − 𝑖2Ω𝑝𝜌12 + 𝑖2Ω𝑝𝜌21 − 𝑖2Ω𝑐𝜌32

+ 𝑖2Ω𝑐𝜌23,
̇𝜌33 = 𝛾31 (𝜌11 − 𝜌33) + 𝛾23𝜌22 + 𝑖2Ω𝑐𝜌32 − 𝑖2Ω𝑐𝜌23,
̇𝜌21 = − (𝛾 − 𝑖Δ𝑝) 𝜌21 + 𝑖2Ω𝑝 (𝜌22 − 𝜌11) − 𝑖2Ω𝑐𝜌31,
̇𝜌23 = − (𝛾 − 𝑖Δ 𝑐) 𝜌23 + 𝑖2Ω𝑐 (𝜌22 − 𝜌33) − 𝑖2Ω𝑝𝜌13,
̇𝜌31 = − [𝛾31 − 𝑖 (Δ𝑝 − Δ 𝑐)] 𝜌31 + 𝑖2Ω𝑝𝜌32 − 𝑖2Ω𝑐𝜌21,

(3)

where Δ 𝑝 = 𝜔𝑝 − 𝜔21,
Δ 𝑐 = 𝜔𝑐 − 𝜔23, (4)

is frequency detunings of the probe coupling lasers, respec-
tively; Ω𝑝 = 𝑑21𝐸𝑝/ℏ and Ω𝑐 = 𝑑23𝐸𝑐/ℏ are the Rabi
frequencies associated with the probe and coupling beams,
respectively; 𝑑𝑙𝑚 represents the dipolemoment of the |𝑙⟩−|𝑚⟩
transition; 𝛾𝑙𝑚 is represented with the decay rates Γ𝑙𝑚 from |𝑙⟩
to |𝑚⟩ as follows [13]:

𝛾𝑙𝑚 = 12 (∑
𝑘<𝑙

Γ𝑙𝑘 + ∑
𝑗<𝑚

Γ𝑚𝑗) ,
𝛾 = 𝛾21 + 𝛾31 + 𝛾232 .

(5)

In (3), the diagonalmatrix elements 𝜌𝑚𝑚 (𝑚 = 1÷3) represent
population in the state |𝑚⟩, whereas the off-diagonal matrix
elements 𝜌𝑙𝑚 (𝑙 ̸= 𝑚) represent the coherence between the
states |𝑙⟩ and |𝑚⟩. Using perturbation theory, the matrix
element 𝜌21 is calculated up to third order as [13]

𝜌21 = −𝑖Ω𝑝2𝐹 (1 − 2𝛾312𝛾 + 𝛾21)
+ 𝑖Ω𝑝2𝐹

Ω2𝑝2𝛾 + 𝛾21 (
1𝐹 + 1𝐹∗ ) ,

(6)
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Figure 1: Schematic setup of a unidirectional ring cavity (a) containing a three-level atomic sample (b), where 𝐸𝐼𝑝 and 𝐸𝑇𝑝 denote the incident
and transmitted probe field, respectively, and 𝐸𝑐 represents the coupling field that is not circulated inside the cavity.

where

𝐹 = 𝛾 − 𝑖Δ𝑝 + Ω2𝑐/4𝛾31 − 𝑖 (Δ𝑝 − Δ 𝑐) , (7)

and 𝐹∗is the complex conjugation of 𝐹.
For matrix element 𝜌21, the total susceptibility 𝜒 for the

probe light is determined by

𝜒 = −2𝑁𝑑21𝜀0𝐸𝑝 𝜌21. (8)

In alternative form, the total susceptibility 𝜒 can be repre-
sentedwith the first-order and the third-order susceptibilities
(𝜒(1) and 𝜒(3)) by the following way:

𝜒 = 𝜒(1) + 3𝐸2𝑝𝜒(3). (9)

For a gaseous phase, it is necessary to take into account
Doppler broadening. In such case, the linear and third-order
nonlinear susceptibilities can be derived as [13]

𝜒(1) = 𝑖𝑁0𝑑221√𝜋
𝜀0ℏ (𝜔𝑝𝑢/𝑐) (1 − 2𝛾312𝛾 + 𝛾21) 𝑒𝑧2 [1 − erf (𝑧)] ,

𝜒(3) = − 𝑖𝑁0𝑑4213√𝜋𝜀0ℏ3 (𝜔𝑝𝑢/𝑐)2 (
12𝛾 + 𝛾21)

× {{{2√𝜋(−1 + √𝜋𝑧𝑒𝑧2 [1 − erf (𝑧)])

+ 𝜋 (𝑒𝑧2 [1 − erf (𝑧)] + 𝑒𝑧∗2 [1 − erf (𝑧∗)])
𝑧 + 𝑧∗ }}} ,

(10)

where 𝑢 = √2𝑘𝐵𝑇/𝑚 is the root mean square velocity, 𝑁0 is
the total atomic density of the vapor,

𝑧 = 𝑐𝜔𝑝𝑢 (𝛾 − 𝑖Δ𝑝 + Ω2𝑐/4𝛾31 − 𝑖 (Δ𝑝 − Δ 𝑐)) = 𝑐𝜔𝑝𝑢𝐹, (11)

𝑧∗ is the complex conjugation of 𝑧, and erf is the error
function.

Having the linear and third-order nonlinear susceptibili-
ties, a nonlinear Kerr index of refraction n2 is determined by
the following relations:

𝑛2 = 3Re (𝜒(3))
4𝜀0𝑛20𝑐 , (12)

where 𝑛0 = √1 + Re(𝜒(1)) is the linear index of refraction.
The self-Kerr nonlinear coefficient given be (12) repre-

sents a function of the intensity and frequency detuning
of the coupling light and temperature of the medium. By
substituting expression (12) into master equation (1) the OB
behaviors can be investigated with the parameters.

3. Analysis of OB

In order to analyze the analytic result of OB, we consider the
87Rb atomic gaseous medium. In this case, the states |1⟩, |2⟩,
and |3⟩ are chosen as 5𝑆1/2 (𝐹 = 1), 5𝑃1/2 (𝐹 = 2), and 5𝑆1/2
(𝐹 = 2), respectively. We used values for the parameters as
follows (in which the frequencies and decay rates are given in
the unit of 2𝜋) [12, 31]: 𝜆 = 780×10−9m, 𝜔𝑝 = 377×1012Hz,𝛾21 = 3MHz, 𝛾31 = 1.1MHz, 𝛾 = 3.5MHz, and 𝑁 = 4.5 ×1017 atoms/m3, 𝑑21 = 1.6 × 10−29 C⋅m.

In the first step, we plotted a surface of OB atΔ 𝑐 = 0,Ω𝑐 =70MHz and 𝑇 = 300K and plotted OB curves at particular
values of the probe frequency, as shown in Figures 2(a) and
2(b). It is shown that the threshold intensity and width of OB
decrease as the probe frequency moves to the blue side. To
explain this case, we plotted the Kerr nonlinear coefficient𝑛2 with the respect to the probe frequency detuning Δ𝑝
(Figure 2(c)).

Indeed, the value of 𝑛2 is given at Δ𝑝 = −10MHz,−15MHz, and−20MHz is 7.2×10−6 cm2/W, 5.1×10−6 cm2/W,
and 3.2 × 10−6 cm2/W, respectively. The results show that,
in the region of Δ𝑝 from −20MHz to 10MHz, amplitude
of the Kerr nonlinearity increases as frequency of the probe
field moves to the blue and thus lowers the OB threshold
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Figure 2: (a) Surface plot of the OB; (b) OB curves at particular values of the probe frequency detuning; (c) variation of the Kerr nonlinear
coefficient 𝑛2 versus the probe detuning. All the plots given at the fixed values Δ 𝑐 = 0,Ω𝑐 = 70MHz, and 𝑇 = 300K.

and OB width. Furthermore, for the given parameters of
the coupling light and temperature of the medium, one can
find a frequency region from Δ𝑝 = −35MHz to 0MHz
with positive value of the self-Kerr nonlinearity which can
be used for OB (see Figure 2(c)). It is worth emphasizing
that the magnitude of self-Kerr coefficient here reaches order
10−5 cm2/W that is much larger than that of the conventional
Kerr materials [26].

Next, we investigated influences of the frequency and
intensity of the coupling field by making plots of OB curves
at particular values of these parameters, as shown in Figures
3 and 4, respectively. In the first case, the threshold and width
of the OB change with variation of frequency of the coupling
field. This can be attributed (see Figure 3(b)) to changing the
Kerr nonlinearity. Indeed, the values of 𝑛2 at Δ 𝑐 = 3MHz,
7MHz, and 15MHz are determined as 3.7 × 10−6 cm2/W,
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Figure 3: OB curves at particular values of frequency detuning of the coupling field (a) and variation of Kerr coefficient 𝑛2 versus the coupling
detuning (b). The parameters are Ω𝑐 = 70MHz, Δ 𝑝 = 0, and 𝑇 = 300K.
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Figure 4:OB curves at particular values of intensity of the coupling field (a) and variation of Kerr coefficient 𝑛2 versus intensity of the coupling
field (b). The parameters are Δ 𝑝 = −5MHz, Δ 𝑐 = 0, and 𝑇 = 300K.
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Figure 5:The OB curves at particular values of the temperature (a) and variation of Kerr nonlinear coefficient 𝑛2 versus the temperature (b).
The parameters are Δ 𝑝 = −5MHz, Δ 𝑐 = 0, and Ω𝑐 = 70MHz.

8.5 × 10−6 cm2/W, and 5.9 × 10−6 cm2/W, respectively. The
case of maximum value of the Kerr nonlinearity corresponds
to the lowest threshold and width of the OB. Consequently,
the threshold and width of the OB decrease as growing
magnitude of Kerr nonlinearity. This behavior is as same
as the second case which is indicated in Figure 4. Here,
the lowest threshold and width of the OB are obtained atΩ𝑐 = 60MHz corresponding to the largest value of the Kerr
nonlinearity.

Finally, we studied influence of Doppler broadening
by plotting OB curves at particular values of temperature
and plotted variation of the Kerr nonlinearity, as shown in
Figure 5. Similar to the cases in Figures 2–4, the results here
show that growing temperature leads to reduction of Kerr
nonlinearity and thus increases the threshold and width of
the OB.

4. Conclusion

We have studied the OB behaviors of a unidirectional
ring cavity containing an EIT enhanced self-Kerr nonlinear
medium under Doppler broadening. In a weak field limit of
the probe light, an analytic OB equation was derived as a
function of controllable parameters. It is shown that, owing
to the controllable Kerr nonlinearity, the characters of the
OB can be manipulated with intensity and frequency of the
coupling field and temperature of the medium. Furthermore,
enhancement of the Kerr nonlinearity leads to reduction of
the switching intensity thresholds and width of the OB. The
analyticmodel is helpful to understandOB phenomena using

Kerr nonlinear gaseous material, and it is suitable for finding
the related OB applications at low light intensity.
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