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A B S T R A C T

The spin–spin exchange interaction is an important observable that helps in understanding the magnetism
of materials. Topological materials are of particular interest due to their strong spin–orbit coupling, which
makes them promising for applications in valleytronics and spintronics. In this study, we have theoretically
demonstrated the ability to control the switching of ferromagnetic (FM) and antiferromagnetic (AFM) couplings
between two magnetic impurities on the (001) surface of the topological crystalline insulator SnTe. By
considering experimental parameters such as doping, strain, and gap opening at surface Dirac cones, we provide
a generic way to build the FM-AFM and clockwise–counterclockwise phase diagrams of SnTe(001), which are
still missing in the literature, especially for the spintronics community.
1. Introduction

spin–spin exchange interaction on the surface or in the bulk of a
material [1–3] is important for spintronic applications [4,5]. One spe-
cific type of such interaction is the indirect Ruderman–Kittel–Kasuya–
Yosida (RKKY) coupling between two classical magnetic impurities
doped on a conductor [6–8], which strongly depends on the behavior
of electrons of the host material [9]. Magnetic moments of the doped
impurities form ferromagnetic (FM) and antiferromagnetic (AFM) cou-
plings. RKKY coupling oscillates between FM and AFM [10–15] phases
with increasing the distance between impurities.

A new class of materials, so-called topological insulators, have
introduced a new phase where insulating and metallic phases coexist
in the bulk and on the surface, respectively. Their bulk states are
gapped, while their surface states are gapless. Additionally, these ma-
terials have strong spin–orbit coupling due to the presence of heavy
atoms. A notable characteristic of topological insulators is their time-
reversal symmetry [16–19], which adds to their unique properties
and is responsible for protecting the gapless surface states. However,
there exist considerable topological materials such as weak topological
insulators [20–23] and topological crystalline insulators (TCIs) [24–29]
in which the gapless surface states are additionally protected by the
crystal symmetries. Unlike topological insulators, TCIs have an even
number of gapless states. This property makes them potentially useful
for transport applications in both valleytronics and spintronics.
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Controlling the electronic properties is an effective way to tune the
physical properties of systems. This is because other degrees of freedom
can be easily affected through a connection to the charge degree of
freedom. As an example, the anisotropic ferroelectric distortion has
been shown to modulate the RKKY interaction on the SnTe(001) sur-
face, which is a well-known TCI. This modulation can switch the FM
and AFM couplings [30]. Moreover, research has also shown that a
weak Floquet optical driving can form a noncollinear twisted RKKY
interaction on the doped SnTe(001) surface [31].

It is crucial to control magnetic orders in topological materials for
spintronics applications such as magnetic data storage devices [32]. In
this study, we have successfully achieved the switching of FM and/or
AFM coupling of magnetic impurities on the surface of TCIs through
the implementation of doping (due to the presence of an electron or
hole bath), strain (due to mechanical stress or pressure), and gap (due
to substrate effects, electrical gating, nanoscale sculpturing, etc.). It is
important to note that the term ‘‘gap’’ refers to the energy gap (or band
gap) that can appear at the Dirac point on the surface. This approach
provides new and valuable physical and practical insights that have not
been explored before.

This paper is structured into four sections. In Section 2, the Hamil-
tonian model of the pristine and strain- and gap-induced SnTe(001)
surface is presented, and the RKKY interaction is calculated in the
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Fig. 1. (a) The pristine Dirac cone in the low-energy limit around the 𝑋 point of the
SnTe(001) surface is located at the 𝑥 and 𝑥′ points. (b) When doped, the Dirac cone
undergoes changes in its electronic properties. (c) When strained, the Dirac cone is
displaced. (d) When gapped, the Dirac cone’s electronic properties and carrier density
can be modified.

presence of doping, strain, and gap opening. Section 3 presents the
results for switching between FM and AFM couplings. Finally, the paper
is summarized in Section 4.

2. Theoretical background

In this section, we present a continuum model for the Dirac
fermions (gapless states) on the SnTe(001) surface [26–29,33,34]. The
model is constructed using 𝑝 orbitals of sublattices Sn and Te, and
spin–orbitally coupled states |1⟩ = (|↓,Sn⟩ + |↑,Te⟩)∕

√

2 and |2⟩ = (|↑
,Sn⟩ + |↓,Te⟩)∕

√

2. The ground states are formed by two spin–orbitally
coupled coaxial Dirac cones, which are separated in the low-energy
limit, see Fig. 1(a). These cones, located around the 𝑋 point on the
projected Brillouin zone (BZ) of SnTe(001) surface, are denoted as 𝑥 =
√

𝑛2 + 𝛿2∕𝑣𝑥 and 𝑥′ = −
√

𝑛2 + 𝛿2∕𝑣𝑥 [30,33–36]. The Fermi velocity
along the 𝑥-direction is found to be 𝑣𝑥 = 3.53 eV. Å [35,37], while
the intervalley scattering parameters are 𝑛 = 0.055 eV and 𝛿 = 0.04
eV [33,35,35,37]. There are also two Dirac cones (not shown here),
𝑦 and 𝑦′, located around the 𝑌 point with a Fermi velocity of 𝑣𝑦 =
1.91 eV. Å. To obtain the Hamiltonians of the 𝑦 and 𝑦′ Dirac cones
around the 𝑌 point on the SnTe(001) surface, 𝐶4 symmetry should be
applied on the 𝑋 point.

Let us focus on the non-pristine states. We start with the effects of
doping on the system. When we add or remove electrons from a solid,
the band structure is affected, and the Fermi level shifts accordingly.
This change in energy level is known as the chemical potential (𝜇), see
Fig. 1(b). We can incorporate the effects of doping by including it in
our model’s Fermi energy, which will affect the RKKY couplings.

In the case of the strain effect, the orbital degrees of freedom are
modulated as the main origins of the electronic properties in solids [38,
39]. It is achieved by shifting the momentum space due to a lattice
displacement 𝑢 with components 𝑢𝓁𝓁′ = (𝜕𝓁𝑢𝓁′+𝜕𝓁′𝑢𝓁)∕2 (we neglect the
shear terms 𝑢𝑥𝑦 and 𝑢𝑦𝑥 as an approximation) along the {𝓁,𝓁′} ∈ {𝑥, 𝑦}
direction. To analyze the strain effect in the momentum space, a gauge
field vector potential 𝐴 = �̃� − 𝑥 is employed, where �̃� represents the
strained Dirac cone, as illustrated in Fig. 1(c). This results in 𝐴 =
(𝑐1𝑢𝑥𝑥 + 𝑐2𝑢𝑦𝑦, 𝑐1𝑢𝑦𝑦 + 𝑐2𝑢𝑥𝑥) [40], where strained momenta (compared
to the pristine ones (𝑘𝑥, 𝑘𝑦)) are given by �̃�𝑥 = 𝑘𝑥 + 𝑐1𝑢𝑥𝑥 + 𝑐2𝑢𝑦𝑦 and
�̃�𝑦 = 𝑘𝑦 + 𝑐1𝑢𝑦𝑦 + 𝑐2𝑢𝑥𝑥; 𝑐1 = 0.3∀−1 and 𝑐2 = 1.4∀−1 refer to orbital
nature of the strained electronic bands [38].

In the case of the gap effect, we employ a universal description of
various effects such as substrate effects, electrical gating, and nanoscale
sculpturing to open a band gap 𝛥 at each Dirac cone, see Fig. 1(d).
2

𝑧

Eventually, the strained and gapped Hamiltonian reads

𝐻𝑥∕𝑥′ (�̃�, 𝛥𝑧) = �̃�𝑥(�̃�𝑥 ∓ 𝑥)𝜎𝑦 − 𝑣𝑦�̃�𝑦𝜎𝑥 +
𝛥𝑧
2 𝜎𝑧 , (1)

where �̃�𝑥 = 𝛿∕𝑥 [35] and {𝜎𝑥, 𝜎𝑦} are the sublattice Pauli matrices. In
what follows, we neglect the weak anisotropicity in the Hamiltonian
and use �̃�𝑥 = 𝑣𝑦 = 𝑣F ≃ 2 eV. Å.

Now, we consider two magnetic impurities (𝑆1 ∶= moment, �⃗�1 ∶=
position) and (𝑆2, �⃗�2) on the SnTe(001) surface [6–8]. Also, we consider
the host itinerant electron 𝑠. The interaction Hamiltonian between
magnetic impurities and the itinerant electron is given by 𝐻int =

∑2

𝑖=1 𝑆𝑖 ⋅ 𝑠𝑖, where  is the bare exchange interaction. Assuming
�⃗� = �⃗�2 − �⃗�1 as the impurity separation, the second-order perturbation
theory gives rise to the following RKKY Hamiltonian

𝐻𝛼𝛽
RKKY(�⃗�) =  2

∑

𝓁,𝓁′
𝑆𝓁𝛼
1 𝜒𝛼𝛽

𝓁𝓁′
(�⃗�)𝑆𝓁′𝛽

2 , (2)

where 𝛼 and 𝛽 refer to the sublattices Sn and Te and {𝓁,𝓁′} = {𝑥, 𝑦, 𝑧}.
Importantly, 𝜒𝛼𝛽

𝓁𝓁′
(�⃗�) depicts the spin susceptibility, which can be calcu-

lated from the retarded Green’s functions in the spin space [11–13,41]:

𝜒𝛼𝛽
𝓁𝓁′

(�⃗�) = − 2
𝜋
ℑ∫

𝐸F

−∞
𝑑𝐸 𝜂𝛼𝛽

𝓁𝓁′
(𝐸, �⃗�) , (3)

where 𝜂𝛼𝛽
𝓁𝓁′

(𝐸, �⃗�) = Tr [𝜎𝓁 𝐺𝛼𝛽 (𝐸, �⃗�) 𝜎𝓁′ 𝐺𝛽𝛼(𝐸,−�⃗�)] and 𝐸F = 𝜇 is
the Fermi energy and/or the chemical potential at zero temperature.
The presence of spin–orbit coupling on the SnTe(001) surface has a
significant impact on the retarded Green’s functions, which results in
the spin contribution of sublattices. This consequently implies that
every element of the Green’s function is non-zero. In contrast, without
spin–orbit coupling, the off-diagonal terms vanish. This finding is
crucial in understanding the behavior of Dirac materials and can lead
to significant advancements in the field of spintronics. Therefore,

𝐺𝛼𝛽 (𝐸, �⃗�) =

⎛

⎜

⎜

⎜

⎝

𝐺↑↑
𝛼𝛽 (𝐸, �⃗�) 𝐺↑↓

𝛼𝛽 (𝐸, �⃗�)

𝐺↓↑
𝛼𝛽 (𝐸, �⃗�) 𝐺↓↓

𝛼𝛽 (𝐸, �⃗�)

⎞

⎟

⎟

⎟

⎠

. (4)

To cover the entire BZ of the surface with an area of 𝛺SBZ and enable
cross-talk between all the Dirac cones, it is necessary to consider all
directions. Thus,

𝐺𝑠𝑠′
𝛼𝛽 (𝐸, �⃗�) = 1

𝛺SBZ ∫ 𝑑2�̃� 𝑒𝑖
⃗̃𝑘⋅�⃗�

[

𝑒𝑖�⃗�⋅�⃗�𝐺𝑠𝑠′
𝛼𝛽 (

⃗̃𝑘 + �⃗�, 𝐸)

+ 𝑒𝑖𝑌 ⋅�⃗�𝐺𝑠𝑠′
𝛼𝛽 (

⃗̃𝑘 + 𝑌 , 𝐸)
]

,
(5)

where {𝑠, 𝑠′} = {↑, ↓}. Rewriting the above equation results in 𝐺𝑠𝑠′
𝛼𝛽

(𝐸, �⃗�) = 𝑒𝑖𝑋 𝑅𝑥
(

𝑒𝑖𝑥𝑅𝑥𝑠𝑠′
𝛼𝛽 (𝐸, �⃗�) + 𝑒−𝑖𝑥𝑅𝑥𝑠𝑠′

𝛼𝛽 (𝐸, �⃗�)
)

+ 𝑒𝑖𝑌 𝑅𝑦
(

𝑒𝑖𝑦𝑅𝑦𝑠𝑠′
𝛼𝛽

(𝐸, �⃗�) + 𝑒−𝑖𝑦𝑅𝑦𝑠𝑠′
𝛼𝛽 (𝐸, �⃗�)

)

, where 𝑅𝑥 = 𝑅 cos(𝜑𝑅) and 𝑅𝑦 = 𝑅 sin(𝜑𝑅)
with 𝜑𝑅 being the direction between two impurities. By defining 𝐸 +
𝑖𝑜+ = 𝑖𝜀 for 𝑜+ ≪ 1, we make use of the relation

𝑠𝑠′
𝛼𝛽 (𝜀, �⃗�) =

1
𝛺SBZ ∫

∞

0
�̃� 𝑑�̃� ∫

2𝜋

0
𝑑𝜑�̃�𝑒

𝑖 �̃� 𝑅 cos(𝜑�̃�−𝜑𝑅) 𝑠𝑠′
𝛼𝛽 (�̃�, 𝜀) , (6)

where 𝜑�̃� = tan−1(�̃�𝑦∕�̃�𝑥) and we have 𝑠𝑠′
𝑥∕𝑥′ (�̃�, 𝜀) = 1∕[𝑖𝜀 −𝐻𝑥∕𝑥′ (�̃�, 𝛥𝑧)]

around the 𝑋 point. Incorporating the strain effect into the angle
between two impurities through the phase factor in Eq. (6) is an
interesting scenario, resulting in �̃�𝑅 = 𝜑𝑅+𝜃𝑢, where 𝜃𝑢 = tan−1(𝐴𝑦∕𝐴𝑥)
with 𝐴𝑥 = 𝑐1𝑢𝑥𝑥 + 𝑐2𝑢𝑦𝑦 and 𝐴𝑦 = 𝑐1𝑢𝑦𝑦 + 𝑐2𝑢𝑥𝑥.

Thereby, the Green’s functions for the 𝑥 and 𝑥′ Dirac cones are based
on hybrid states |1⟩ and |2⟩ [31] read

11(22)(𝜀, �⃗�) = − 
(

𝑖𝜀 + (−) 𝛥𝑧2
)

𝐾0(�̃� 𝑅∕𝑣F) , (7a)

12(21)(𝜀, �⃗�) = − (+) �̃� 𝑒−(+)𝑖�̃�𝑅 𝐾1(�̃� 𝑅∕𝑣F) , (7b)

where  = 2𝜋∕𝛺SBZ 𝑣2F, �̃� =
√

(𝜀 − 𝑖𝜇)2 + 𝛥2
𝑧∕4, and 𝐾0∕1 is the modified

Bessel function. As for the Dirac cones around the 𝑌 point, similar
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expressions can be obtained following the 𝐶4 symmetry. The follow-
ing relations are valid between s: 11∕22(𝜀,−�⃗�) = 11∕22(𝜀, �⃗�) and
12∕21(𝜀,−�⃗�) = −12∕21(𝜀, �⃗�). Finally, we obtain

𝐻𝛼𝛼,𝜈
RKKY(�⃗�) =

∑

𝓁

𝐽𝓁(�⃗�)𝑆𝓁
1 𝑆

𝓁
2 + 𝜈𝐽s,𝑥𝑦(�⃗�)[𝑆𝑥

1𝑆
𝑦
2 + 𝑆𝑦

1𝑆
𝑥
2 ]

+ 𝐽 𝜈
as ⋅ (𝑆1 × 𝑆2) , (8a)

𝐻𝛼𝛽,𝜏
RKKY(�⃗�) = 𝐽𝑥(�⃗�)𝑆𝑥

1𝑆
𝑥
2 − 𝐽𝑦(�⃗�)𝑆

𝑦
1𝑆

𝑦
2 − 𝐽𝑧(�⃗�)𝑆𝑧

1𝑆
𝑧
2

+ 𝐽 𝜏
as ⋅ (𝑆1 × 𝑆2) , (8b)

where 𝜈 = +1 (−1) and 𝜏 = +1 (−1) refers to the TeTe (SnSn) and
TeSn (SnTe) sublattices, respectively, and

𝐽 𝜈
as = (𝐽as,𝑥, 𝜈𝐽as,𝑦, 0) , (9a)

𝐽 𝜏
as = (−𝐽as,𝑥, 0,−𝜏𝐽s,𝑥𝑦) . (9b)

The full expression of the RKKY components can be found in Ap-
pendix; the 𝐽𝑥∕𝑦∕𝑧 couplings represent the XYZ-Heisenberg interaction,
while 𝐽s,𝑥𝑦 and 𝐽as,𝑥∕𝑦 correspond to the symmetric and Dzyaloshinskii–
Moriya (DM) asymmetric interaction, respectively [31].

3. Results and discussion

It is worth noting that our band model and spin susceptibility (nor-
malized by a factor of 10−5) are limited to energies between −𝑛 and 𝑛
which is important for meeting the criterion of meaningful separation
of Dirac cones. On the other hand, our theory is valid for all directions
𝜑𝑅 and impurity separations 𝑅. From Eq. (A.1), it is evident that
𝐻RKKY(𝜑𝑅) = 𝐻RKKY(𝜑𝑅+𝑚𝜋), where 𝑚 is an integer number. Focusing
on the in-plane direction of 𝜑𝑅 = 𝜋∕3, to keep the system stable
mechanically and phenomenologically, we set the upper limit of strain
modulus to ±10%, where 𝑢 > 0 (𝑢 < 0) stands for the tensile (compres-
sive) strain. Lastly, we comment that all RKKY components are even
under 𝛥𝑧 → −𝛥𝑧.

It is necessary to note that the paper only considers two magnetic
impurities residing on the same sublattices TeTe. For the impurities on
the same sublattices SnSn, the components 𝐽s,𝑥𝑦 and 𝐽as,𝑦 switch their
signs for the FM/AFM and clockwise/counterclockwise (CW/CCW) cou-
plings, following Eqs. (8) and (9). Lastly, we note that for the impurities
on different sublattices, the components 𝐽𝑦 and 𝐽𝑧 in the Heisenberg
coupling as well as 𝐽𝑥 and 𝐽s,𝑥𝑦 in the DM coupling switch their signs.

In Fig. 2, it is shown how the RKKY couplings behave for differ-
ent scenarios (when the chemical potential is inside and outside the
induced gap) as a function of the impurity separation. The effects of
a uniform biaxial strain 𝑢𝑥𝑥 = 𝑢𝑦𝑦 = ±5% and the induced gap are
considered simultaneously. The results indicate that, for long impurity
separations 𝑅∕𝑎 > 40, the couplings approach zero due to small
values of modified Bessel functions and the competition between the
gap and chemical potential, which tunes the available states in the
system for RKKY responses. However, oscillations appear for short and
intermediate separations, which are responsible for characterizing the
FM and AFM couplings depending on the RKKY component. The 𝐽𝑥, 𝐽𝑦,
𝐽𝑧, 𝐽s,𝑥𝑦, 𝐽as,𝑥, and 𝐽as,𝑦 components display AFM, FM, FM, AFM, CCW,
and CW couplings between magnetic impurities, respectively, when
𝛥𝑧 < 𝜇, i.e., when the chemical potential is outside the gap. When the
chemical potential is inside the gap, i.e. 𝛥𝑧 > 𝜇, it is observed that the
𝐽as,𝑥 and 𝐽as,𝑦 couplings disappear. This is because there are no states
in the gap that are involved in the response. As a result, a Heaviside
step function can be defined for the asymmetric DM interaction to
emphasize that it requires doping. This requirement has been confirmed
both theoretically and experimentally in previous studies [31,42]. This
can be understood from Eqs. (A.1e) and (A.1f) in which the imaginary
of integral vanishes for 𝛥𝑧 > 𝜇. For the biaxial strain 𝑢𝑥𝑥 = ±5%
and 𝑢𝑦𝑦 = ∓5%, i.e., when the strain components are applied along
different directions (compressive/tensile or tensile/compressive), we
have 𝐽 (±𝑢 ,∓𝑢 ) = −𝐽 (±𝑢 ,±𝑢 ).
3

𝓁 𝑥𝑥 𝑦𝑦 𝓁 𝑥𝑥 𝑦𝑦
Fig. 2. The behavior of the RKKY couplings on the SnTe(001) surface with respect
to the impurity separation 𝑅∕𝑎 along the direction 𝜑𝑅 = 𝜋∕3, strain 𝑢𝑥𝑥∕𝑦𝑦 = ±5%,
a chemical potential 𝜇 = 𝑛∕2, and induced gap (a) 𝛥𝑧 = 𝑛∕4 and (b) 𝛥𝑧 = 𝑛. The
results show that the asymmetric DM components are active only when 𝛥𝑧 < 𝜇, while
the symmetric and Heisenberg components remain almost unchanged in both regimes
𝛥𝑧 < 𝜇 and 𝛥𝑧 > 𝜇.

Fig. 3. The RKKY couplings as a function of the chemical potential and biaxial
strain (including 𝑢𝑦𝑦 = +5%) at the impurity separation 𝑅∕𝑎 = 10 along the direction
𝜑𝑅 = 𝜋∕3. The induced gap is 𝛥𝑧 = 𝑛∕4. Various switching of FM/AFM and CW/CCW
couplings are evident due to the interplay between doping, strain, and gating effects.

Depending on the biaxial strain strength (considering 𝑢𝑦𝑦 = +5%)
and doping in a certain gap strength 𝛥𝑧 = 𝑛∕4, different responses
can be extracted. Redistribution between the host states involved in
the RKKY response via the chemical potential indicates an interesting
magnetic moment flipping. The main observation is that the results of
the DM components are consistent with the previous finding such that
asymmetrical 𝐽as,𝑥 and 𝐽as,𝑦 components vanish for 𝜇 < 𝛥𝑧 independent
of the strain strength, see Figs. 3(e) and 3(f). Additionally, we find
𝐽as,𝑥∕𝑦(−𝜇) = −𝐽as,𝑥∕𝑦(+𝜇), in agreement with Refs. [31,42], while
for Heisenberg and symmetric components, we have 𝐽𝑥∕𝑦∕𝑥𝑦(−𝜇) =
+𝐽𝑥∕𝑦∕𝑥𝑦(+𝜇), see Figs. 3(a)–(d). For all components, however, the
translational symmetry for the strain field (𝑢 → −𝑢) is broken. In-
terestingly, various switching between FM to AFM couplings occurs,
which is the main aim of the present research. For 𝑢 = −5%, we
𝑦𝑦
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Fig. 4. The RKKY couplings as a function of induced gap and the chemical potential at
a biaxial strain of 𝑢𝑥𝑥 = ±5% and 𝑢𝑦𝑦 = ±5%, with an impurity separation of 𝑅∕𝑎 = 10,
and the direction 𝜑𝑅 = 𝜋∕3, it is observed that FM/AFM and CW/CCW couplings do not
switch for 𝛥𝑧 > 𝜇. These findings shed light on the complex nature of RKKY couplings
and the importance of considering multiple factors when analyzing their behavior.

Fig. 5. The RKKY couplings between the two magnetic impurities are analyzed in the
presence of different induced gaps and strains at specific conditions. At 𝑢𝑦𝑦 = +5%,
the chemical potential 𝜇 = 𝑛∕2, the impurity separation 𝑅∕𝑎 = 10, and the direction
𝜑𝑅 = 𝜋∕3, the analysis revealed that the gap and strain did not affect the FM
coupling of the 𝑧-component of the RKKY interaction. However, the study finds various
FM/AFM and CW/CCW couplings for other components, indicating the complexity of
the interplay between different fields and the rich physics of spintronic applications.

again find the previous relation 𝐽𝓁(±𝑢𝑥𝑥,∓𝑢𝑦𝑦) = −𝐽𝓁(±𝑢𝑥𝑥,±𝑢𝑦𝑦). The
overall achievement of the study is the ability to control magnetic
orderings FM/AFM and CW/CCW in a doped-strained-gapped phase of
the SnTe (001) surface, which was previously not well-documented in
the literature of RKKY physics in Dirac materials. This finding proposes
significant advances in spintronics compared to the pristine phase of
matter.

Next, in Fig. 4, we turn to the role of coexisted gap and doping at
fixed 𝑢𝑥𝑥 = ±5%, 𝑢𝑦𝑦 = ±5% with the same set of parameters 𝑅∕𝑎 = 10
and 𝜑𝑅 = 𝜋∕3. As we discussed before, the RKKY interaction vanishes
for asymmetric DM components for 𝜇 < 𝛥𝑧. It is also the case for
−𝜇 > 𝛥 , i.e., 𝐽 = 0 for |𝜇| < 𝛥 , as presented in Figs. 4(e)
4

𝑧 as,𝑥∕𝑦 𝑧
and 4(f). In addition to the relation 𝐽as,𝑥∕𝑦(−𝜇) = 𝐽as,𝑥∕𝑦(𝜇), we observe
the following relation 𝐽as,𝑦∕𝑥(−𝜇) = −𝐽as,𝑥∕𝑦(𝜇). The susceptibility in
Eqs. (A.1a)–(A.1d) is directly related to the physics of the system.
Upon careful consideration, it appears that the final response of the
susceptibility is determined by the competition between the chemical
potential and the induced gap. It turns out that the Heisenberg and
symmetric components switch their initial FM and AFM couplings only
when |𝜇| > 𝛥𝑧, as shown in Figs. 4(a)–(d). Interestingly, this behavior
is independent of the gap size. By analyzing the spatial symmetries in
the strained model, it is found that

𝐽𝑥∕𝑦∕𝑧(±𝑢𝑥𝑥,∓𝑢𝑦𝑦) = 𝐽𝑦∕𝑥∕𝑧(±𝑢𝑥𝑥,±𝑢𝑦𝑦) , (10a)

𝐽s,𝑥𝑦(±𝑢𝑥𝑥,∓𝑢𝑦𝑦) = − 𝐽s,𝑥𝑦(±𝑢𝑥𝑥,∓𝑢𝑦𝑦) , (10b)

𝐽as,𝑥(±𝑢𝑥𝑥,∓𝑢𝑦𝑦) = 𝐽as,𝑥(±𝑢𝑥𝑥,∓𝑢𝑦𝑦) , (10c)

𝐽as,𝑦(±𝑢𝑥𝑥,∓𝑢𝑦𝑦) = − 𝐽as,𝑦(±𝑢𝑥𝑥,∓𝑢𝑦𝑦) . (10d)

Now, we focus on the competition between the gap and strain in
tuning or switching the FM/AFM and CW/CCW couplings, as shown in
Fig. 5. This configuration is presented for pedagogical and comprehen-
sive purposes to further our understanding of the interplay between
gap, strain, and magnetic couplings in TCIs. First, we argue that for
a fixed 𝑢𝑦𝑦 = +5% and 𝜇 = 𝑛∕2, all RKKY components behave as
𝐽𝓁(−𝑢𝑦𝑦) = −𝐽𝓁(+𝑢𝑦𝑦). In this phase, the asymmetrical treatments
mentioned before hold for the strain dependencies. For 𝛥𝑧 ≥ 0.055 eV,
i.e., for 𝛥𝑧 > 2𝜇, 𝐽𝑧 and DM couplings approach zero. In contrast to the
two previous systematic investigations in Figs. 3 and 4, there is no FM
and AFM switching between magnetic moments of impurities for the 𝐽𝑧
component, while both FM/AFM and CW/CCW couplings can appear
for the other five components. To mimic the sensitivity to the gap and
strain in the experiment, a gate along with applying the ferroelectric
distortion to control the low-energy orientations has been applied, as
reported in previous studies [35,43]. These techniques can ultimately
be linked to the RKKY interaction on the surface of TCIs in the way we
proposed here.

4. Conclusions

Assessing the magnetic structure of topological materials that have
strong spin–orbit coupling due to the presence of heavy atoms in their
compounds, is challenging to do so because their surface density of
states is high. However, we used real-space Green’s function and linear
response theory techniques to reveal the evolution of ferromagnetic
(FM) and antiferromagnetic (AFM) couplings as well as clockwise (CW)
and counterclockwise (CCW) between two magnetic impurities on the
doped, strained, and gapped (001) surface of a topological crystalline
insulator SnTe. We also derived the FM-AFM and CW-CCW phase dia-
grams of this compound in the low-energy limit, which was previously
unknown. We argue that the magnetic cross-talk between impurities on
the SnTe(001) surface can be differently impacted by various electrical
and mechanical fields. Therefore, the interplay between them should
be fully accounted for in reality when their rich physics is considered
for spintronic applications.
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Appendix. RKKY components

By defining 𝐽𝓁(�⃗�) = 𝐽𝓁(�⃗�)∕𝜋 22, we have

𝐽𝑥(�⃗�) = 𝜋 22𝜉(�⃗�)ℑ∫

∞

𝑜+
𝑖 𝑑𝜀 �̃�2

[

𝐾2
0 (�̃� 𝑅∕𝑣F) + cos(2�̃�𝑅)𝐾2

1 (�̃� 𝑅∕𝑣F)
]

, (A.1a)

𝐽𝑦(�⃗�) = 𝜋 22𝜉(�⃗�)ℑ∫

∞

𝑜+
𝑖 𝑑𝜀 �̃�2

[

𝐾2
0 (�̃� 𝑅∕𝑣F) − cos(2�̃�𝑅)𝐾2

1 (�̃� 𝑅∕𝑣F)
]

, (A.1b)

𝐽𝑧(�⃗�) = 𝜋 22𝜉(�⃗�)ℑ∫

∞

𝑜+
𝑖 𝑑𝜀 �̃�2

[

𝐾2
0 (�̃� 𝑅∕𝑣F) +𝐾2

1 (�̃� 𝑅∕𝑣F)
]

−
𝜋 22𝛥2

𝑧

2
𝜉(�⃗�)ℑ∫

∞

𝑜+
𝑖 𝑑𝜀𝐾2

0 (�̃� 𝑅∕𝑣F) , (A.1c)

𝐽s,𝑥𝑦(�⃗�) = 𝜋 22𝜉(�⃗�)ℑ∫

∞

𝑜+
𝑖 𝑑𝜀 �̃�2 sin(2�̃�𝑅)𝐾2

1 (�̃� 𝑅∕𝑣F) , (A.1d)

𝐽as,𝑥(�⃗�) = − 2𝜋 22𝜉(�⃗�) sin(�̃�𝑅)ℑ∫

∞

𝑜+
𝑑𝜀 �̃�

√

�̃�2 − 𝛥2
𝑧∕4K0(�̃� 𝑅∕𝑣F)K1(�̃� 𝑅∕𝑣F) ,

(A.1e)

𝐽as,𝑦(�⃗�) = − 2𝜋 22𝜉(�⃗�) cos(�̃�𝑅)ℑ∫

∞

𝑜+
𝑑𝜀 �̃�

√

�̃�2 − 𝛥2
𝑧∕4K0(�̃� 𝑅∕𝑣F)K1(�̃� 𝑅∕𝑣F) ,

(A.1f)

here the intersection between Dirac cones along all directions on the
nTe(001) surface with the lattice constant 𝑎 ≈ 6.3 Å is given by

(�⃗�) = cos2(𝑥�̃�𝑥) + cos2(𝑦�̃�𝑦) + 2 cos(𝑥�̃�𝑥) cos(𝑦�̃�𝑦) cos
( 𝜋
√

2𝑎
[�̃�𝑥 − �̃�𝑦]

)

,

(A.2)

where �̃�𝑥 = 𝑅 cos(�̃�𝑅) and �̃�𝑦 = 𝑅 sin(�̃�𝑅).
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