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CHI O THU GON CUA IDEAN THAM SO |
CUA MODPUN TUA BUCHSBAUM

THIEU DINH PHONG (@)

Tém tit. Trong bai bao nay, ching téi ching minh ring néu M la mdédun tua
Buchsbaum véi chidu d trén vanh Noether dia phuong (A, m), thi ton tai mot s& nguyén
| sao cho moi idéan tham s& caa M nim trong m! ¢ chi s8 thu gon khéng déi. Tt d6 dua
ra mot s6 hé qua vé médun gia Buchsbaum, mbdun Cohen Macaulay suy rong va vanh
Gorenstein. Céc két qua nay 1a md rong mot vai két qua gin day cua Goto va Sakural.

1. MO DAU

Trong toan bd bai viét, ching ta lubn gia thiét A 14 vanh giao hoan c6é don vi,
Noether dia phuong véi idéan t61 dai 14 m, truong théng du k = A/m va M 1a mot
A-m6dun hitu han sinh véi chidu Krull 1a dim M = d, H;,(M) 1a mddun dsi dong diéu
dia phuong thi i caa M. V6i N la mddun con caa M, chi s6 thu gon cua N dudc dinh
nghia 12 8 mbédun con bat kha quy xudt hién trong phén tich thu gon cua N nhu la
giao ctia cic mddun bat kha quy va chi sd nay la hing s6 d6i véi mbi médun con N.
(2 st ¢ = (23, .., 2,)A 12 mot idéan tham s6 cta M, ta dinh nghia chi s6 thu gon cla
idéan tham s g d6i v6i M 1a chi s6 thu gon ciia modun con gM, ki hidu 12 N4(q; M).
Nam 2003, S. Goto va H. Sakurai d& ching minh rang néu M 12 médun Buchsbaum
thi tdn tai mot 35 nguyén [ sao cho moi idéan tham s& cia M n&m trong m! ¢é chi
s6 thu gon bing nhau [5]. Tiép theo nhiing két qua nay, nam 2004, Jung Chen Liu
va Mark W. Roger da ching minh ring néu M 1a médun Cohen Macaulay suy rong
(mdt 1op modun md rong cua médun Buchsbaum) thdéa man tinh chét 13 hau hét cac
mbdun doi dong didu dia phuong H:,(M) cia M bang 0 trit cic gié tri i € {0,r,d}
véi 0 < r < d, khi d6 tdn tai mot s8 nguyén { sao cho chi s6 thu gon ctiia moi idéan
tham s6 ctia M nam trong m' 12 hang s6. K&t qua nay doi héi hau hét cic mbdun
d6i déng diéu dia phuong cia M déu triét tiéu. C6 mdt cau hoi duge dat ra la néu
6 nhidu médun dsi dong diéu dia phuong khac khong thi M cé con tinh chat nay
nita hav khong? Tit d6 ching t6i nghién ctu 16p modun c6 tinh chét 13 cac mbédun
d6i ddng didu cta né bi triét hoa bdi idéan t8i dai m (hay mHE(M) =008 i< d
¢a of chinh 14 modun tua Buchsbaum) dé kiém tra M c6 tinh chat la chi s6 thu gon
ctia moi idéan tham s6 ciia M nam trong mét luy thita nao dé ctia m 12 hing s6 hay
khong? Va ching téi da ching minh dudc ring trong truong hop nay cdu tra loi la
o,

K&t qui chinh 1a Dinh 1y 3.5, khang dinh ring: “Néu M la médun tua Buchsbaum
thi. M c6 chi s6 thu gon cua cdc idéan tham s6 ndm trong mot liy thita nao dé cia m
la hang s67. :

" Nhan b ngay 28/6/2007. Siia chiita xong ngay 20/10/2007.
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Tt d6 chiing ti c6 mdt s6 hé qua vé mddun gia Buchsbaum, médun Cohen Macaulay
suy rong va vanh Gorenstein.

9. CAC KHAI NIEM VA TINH CHAT CO BAN

Cho A la mot vanh Noether dia phuong véi idéan t61 dai 1a m, trtidng thang du
k = A/m, M 12 A-mddun hiiu han sinh, z = (z1,...,2q) & mot hé tham s cua M va
g=zAla idéan tham s6 tuong tng. Dat

Qum(q) = Qu(z) = U (Yt M e o)

t>0

on) =3 (471 ) et o),

00 = S 371 Jutie.

Ta xét cac ham theo z hoéc theo ¢ nhu sau
I(g; M) = I(z; M) = (M /qM) — e(z; M),

J(g; M) = J(z; M) = e(z; M) — {(M/Qum(z))-

Pinh nghia 2.1. Cho A4 13 vanh Noether dia phudng véi idéan to1 dai 1a m, truong

thang du k = A/m, M 12 A-m6dun hitu han sinh. ;

(i) Téng cta tat cd cic mddun con don cha M duge goi la dé cia mdédun M va ki
hiéu 14 Soc(M). Ta c6 Soc (M) = (0 :p m) va Soc (M) = HomA(k M). Do dé6 Soc (M)
c6 thé xem 1 modt khéng gian Vectd trén truong k va chiéu cua né duge ki hiéu 1a

- Socdim(M).

(i) Thanh phdn khong trén ldn cia moédun con N C M, ky hiéu la U(N), 1a giao

‘cta cic thanh phan nguyén so c6 chiéu Krull cia idéan nguyén td tuong tng la 16n
nhit va bang dim M/N trong phéan tich nguyén sd caa N va né khong phu thudc vao
bat ky su phén tich nguyén so nao cia N.

Pinh nghia 2.2. Cho A 13 vanh Noether dia phuong véi idéan to1 dai la m, M la
A-médun hiu han sinh.
(i) Hé tham s6 z = (z1,...,2q4) cua M dudc goi l1a hé tham sé “chuén tde néu

el el =0l ceald)

. A 2 5 : L S T A g 2 A ~ ; c 1A
(i) Idéan a ctia vanh A dude goi 1a idéan chudan tac cua mddun M néu moi hé tham

s6 (z1,...,x4) cha M chida trong a 12 hé tham s6 chuén tdc. Khi d6, véi 1 < r < d, ta

co

flmg, ;xr——_l)M-:M o) = ey, e M s )
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Ménh dé 2.3. (xem [10]) Cdc diéu kién sau la tuong duong

(i) M la médun Cohen Macaulay suy rong

(1) Tén tai mot idéan a la idéan chuén tic cia M va khi d6 moi idéan tham s6
ndm trong a cing la idéan chudn tdc cia M.

(iii) ¢(H: (M) <0 (0<i<d-1).

(iv) Tén tai z = (x1,... ,%q) la mot hé tham s6 chudn tdc cua M. Khi dé, ta c6

I(z; M) = I(M).

(v) Tén tai s6’ nguyén n sao cho I(g; M) = I(M) vdi moi idéan tham sé q nam trong

me,

Ménh dé 2.4. (xem [1]) Cho M.la médun Cohen Macaulay suy rongva z = (x1,... ,xq)
la mét hé tham s6 chudn tdc cua M. Khi dé ta cé
' J(z; M) = J(M).
Ménh dé 2.5. (xem [8]) Cho M la médun Cohen Macaulay suy réng va a la mot idéan

chuén téc cia M. Gig st z1, ... ,z, (0 <r < d) la mét phdn cia mot hé tham sé nao
dé cua M. Néu (zi,...,z,)A C a, khi do ta c6

U((.’El,... ,.’137--1) M) = ((.’L‘l,... ,IL‘T_l)M ‘M :Er).

Dinh nghia 2.6. Mot ddy cac phén tl 21, ... ,z, € m dugc goi 12 mot M-ddy yéu néu
véi moii=1,...,r ta o :
(:1,’1,... ,in_l)MtM IIIi:(ZCl,... ,"'L',;_l)MZM m. :
Cho a 1a mot idéan cua A. Day cac phan ti i, . .., z» € m dudc goi 12 mot M-day
a-yéu néu véi moéii=1,...,r ta cd

(1:1) cee $i~-1>M AT = (9317' ey 7':1:7:—1)M ‘M Q.

Wiénh dé 2.7. (xem [9]) Cho M li A-médun Noether vdi chiéu Krull dimM =d > 0.
Khi dé cac khdng dinh sau la tuong duong

(i) Ton tai moét hé tham sé cia M trong m? la mét M-day yéu.

(i) Moi hé tham s6 cua M trong m? la mét M-day yéu.

(iit) mH: (M) = 0 vdi moi i thoa mdn 0 < i < d -1

‘Pinh nghia 2.8. Médun M thda min mdt trong cac diéu kién tuong duong ciia Ménh
dé 2.12 dude goi 14 médun twa Buchsbaum. Vanh A dude goi 1a vanh twa Buchsbaum
néu A la modun tua Buchsbaum trén chinh nd. :

Cha y: Theo [9] ta ¢6 mbdun Buchsbaum 1& modun tya Buchsbaum va 16p modun
tua Buchsbaum chda thuc sy 16p mdédun Buchsbaum.

Dinh nghia 2.9. (xem [2]) Mot médun M duge goi 13 mbdun gid Buchsbaum néu véi
moi idéan tham s6 ¢ caa M, ta ¢6

J(g; M) = J(M).

i
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Dinh nghia 2.10. Vanh A dudc goi 12 Gorenstein néu A 1a vanh Cohen Macaulay va
tdn tai idéan tham s& cha A la idéan bat kha quy (khi d6 moi idéan tham sb cia A
cling 12 idéan bat kha quy). -

3. CAC KET QUA

B&E a8 8.1. (xem [7]) Chi s6 thu gon ctia médun con N C M duge cho bai cong thic
NA(N M) = dimy, Homa(k, M/N) = Socdim(M/N) = £(0 :pr m).
Ménh dé 3.2. (xem [8] Gid st W = HO (M). Khi d6 ton tai mot s nguyén n sao cho

véi moi idéan tham s6 q cua M ndm trong m®, chi s6'thu gon cua q dugc cho bai cong
thuc

‘Na(g; M) = Socdim(M) + Na(q; M/W).
Ménh dé 3.3. (xem [9]) Cho M la médun Cohen Macaulay suy rong va a la mét idéan

chuén tde cia M. Gid st z1,%2,... ,Zr (L7 < d) la mét phan cua mot hé tham 86
cua M. Néu (z1,z3,...,2-)AC q, khz dé véi moi s6° nguyen fe. T8 21 ta e
((I;““,... : "v+l) M 20 m) = <m1,... :z:r)M—i—ZU((:cl,... B 2 M),

Ménh de 34. Cho M la médun Cohen Macaulay suy rong VoL chleu Krull d > 0. Khi
dé6 tén tai mét s6 nguyén | sao cho vdi moi idéan tham s6 q C m!, chi 56" thu gon cua
q duoc cho bdi cong thiic

N a(g; M) = Socdim (}: o +q ) + Soc dim ,/H;‘fl(M)),
L )
trong do LE = U0y, o8 ,"-. e

Chu’ng minh. Do M 1a médun Cohen k& Aacaulay suy rOny vy ton tai a la LQCan‘

chuéin téc cta M [9]; tit db mo1 hé tham s6 cua M n ndm trong a la m 0t M-d diy a- yeu
[9]. Suy ra, v6i moi hé tham 6 1,... ,Lq clla M nidm trong « va mol s6 nguyén n >
bdi [9], ta cb

(@t e M (11 zg)" = (21,...,% M+Z( et xd)M ‘M @).

Mat khéé, do tinh chuén tic ctia idéan a nén ta cé
d d ;
(@1, s Z)M + S (@1, o Ty oy 2)M i0a @) = D (@100 By oy T)M a1 T3) + T M)
pi= | t=1
Dét Uz = U((ilil, Stesa ,ﬁ,... ,£d)]\/f) Do Ui = ((1131,. e ,ZI?,;,. i ,asd)M ‘M :Ci), ta co
(:L'"l"“, Sl ”“)M ST TR i(Ui +z;M).
_ i=1

Ny
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B&i [5], ta c6 thé chon mdt s6 nguyén | dli 16n sao cho véi moi idéan tham sd g
ndm trong m!, anh xa chinh téc ¢ : M/qM — HZ,(M) 1a toan anh trén dé&; tdc la
HomA(k':, .) 1a toan anh. Ta cling c6 thé chon ! du 16n sao cho m! C a.

Gia st g = (z1,. - ,z4) 12 mot idéan tham s8 cia M duge chtta trong m'. Goi K 1a
hat nhén ctia dong ciu chmh tdc ¢ tit M/qM vao HE (M). Theo dinh nghia cta gidi
han thuén, ta co :

K:

Un?l(‘l‘l:ylll—f-lv’ o gl Tl)]\’[ 1\’/ i it mz
qM e

Tac dong hém td Homy(k, . ) vao day kh6p
0 — K — M/qM —s He(M)
va st dung tinh chét toan anh trén dé€ cua ¢ ta c6 day khdép méi
0 — Soc(K) —» Soc (M/qM) — Soc(H% (M)) —» 0.
Do dé. :
Na(q; M) = €(Soc(M/qM)) = £(Soc(K)) + £(Soc(HE,(M))

2 Ui+ qM

= Secdim ( i

) + Soc dim (an(M)) ; O
i=1

Dinh ly 3.5. Cho M la médun tva Buchsbaum. Khi dé tén taL mét sé nguyén | sao
cho chi s6 thu gon cua moi idéan tham s6 q = (z1;... ,2q)A nam trong m' la bang
nhau va bang hang sé

d
Na(g; M) = Z < g ) Seedim(HE (M)).
=0

Chitng minh. Néu d = 0, khi d6 M 14 mdédun Cohen Macaulay nén dinh ly dugc
chitng minh. Néu d > 0 va depth M = 0, dat W = H%(M) va M = M/W Theo Ménh
dé 3.2, tdn tai mdt s6 nguyén n sao cho chi s§ thu gon caa cac idéan tham s6 ¢ nam
trong mi™ duge cho bdi cdng thic

Na(g; M) = Socdim(M) + N4(g; M).

Do T{%(M) H! (M) véi moi i > 0 nén ta c6 thé gia thiét s6 nguyén [ > n va thay M
bdi M. Vi vay khong mét tinh téng quat, gia st depth M > 0. Khi d6 theo Ménh dé
3.4, ta co

S U, +qM

S . . " ,
Na(g; M) = Socdim (2-:1 i ) + Soc dim (Hm(M)) ;

Mat khac, modun tua Buchsbaum 14 mddun Cohen Macaulay suy rong nén ap dung
Ménh dé 2.7 ta ¢c6 m? chinh 14 mot idéan chuén téc ctia M. Do d6, véil > 2, &p dung

59
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Ménh dé 3.3, suy ra

d
: Ui-}- M
iUﬁqMJ:Zl B Oule

L gM ~ qM M
Theo Ménh dé 2.5 va Dinh nghia 2.6 cia M-day yéu ta c6
Ui=U((z1,... iy ,2a) M) = ((z1,-- -, Ts - -- ,Tq) M iy i) ‘
= ((®1,... 1, Ziy---2a) M g m) (gM :pm).

DodémU; CgM,Vi=1,...,d. SuyramZU CthameM(q =0. Tu doé ta co

socam (3 H_Mﬂ> St (D) ¢ (0:g0m) = (22

i=1
Theo Ménh dé 2.3 va Ménh dé 2.4, ta ¢6 I(z; M) = I(M), J(z; M) = J(M). Suy ra

I(g; M) + J(g; M) = I(M) + J(M)

d—1

- (47 e+ S ( 47 )e<H (M)
d—-1 el
= (f)aHin(M)).
= N
Mat khéac .
' I(g; M) + J(g; M) = &(M/qM) — e(g; M) + e(g; M) — &(M/Qnr (q))
— &(M/qM) — €M/ Qu()) = £Qu()/aM)

Suy ra
- d—1

(Qu@/amn =Y ((§ ) (a0,

i==0 TE :
DomBLIM) =0,=1,.,d~ 1, nén Soc(H! (M)) = Hi,(M). Tu d6 ta c6

Nalg; M) = ¢ (Q]‘j\;q)> + Socdim (Hg(M)) i < ¢ ) Soc dim(Hi (M)

=0

Hé qua 3.6. C’ho M la médun Cohen Macaulay suy rong, gida Buchsbaum. Khi dé
ton tai mot s6 nguyen | sao cho chi s6'thu gon ctia moi idéan tham sé dugoe chiia trong
m! la hdng so.

Chitng minh. Theo [2] ta c6 M = M/ggo (1) 12 modun Buchsbaum. Do d6 Na(g; M) = ‘
‘const. St dung Ménh dé 3.2, ta c6 diéu phai chiing minh. : -
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Ménh dé 3. 7. Cho M la modun Cohen Macaulay suy rong sao cho c6 mét hé tham
s6 (x1,...,zq) théa man (z2,.. asd) la M- day yéu. Khi dé tén tai s6 nguyén | dé vdi
moi idéan tham s6"q C'm!, chi s6 thu gon cta q la hang s6 va d‘wac cho bdi cong thitce
" .
d b
Na(g; M) = 2 ( ; )Socdun(Hm(M)).
Chitng minh. Dude suy ra tryc tiép tit Ménh dé 2.7 va Dinh ly 3.5.

Hé qua 3.8. Cho A la vanh tua Buchsbaum. Khi dé A la vanh Gorenstein néu va chi
néw moi luy thita ctia m cé chita mét idéan tham sé bdt kha quy.

Chung minh. Ro rang n&u A 12 vanh Gorenstein thi A la vanh tua Buchsbaum va
moi idéan tham s6 cua A la bat kha quy. Nguge lal gid st moi luy thita cua m c6
chta mét idéan bat kha quy. Theo Dinh 1y 3.5, mbi idéan tham sd chia trong mot
liy thita d 16n ctia m cé chi s8 thu gon la

Z( ; )Soc dim(H? (A));

i=0
va chi s8 nay bang 1 (idéan tham s6 12 bt kha quy). Do H (A) 12 médun khéng Artin
nén c6 dé khac khong. Tu d6 Soc(H: (A)) =0 (i < d). Vi H!,(A) 1a mddun Artin c6 dé
bing 0 nén H! (A) = 0. Suy ra A chi c6 m6ét médun doi dong diéu dia phtidng khac
khong va do d6 A la vanh Cohen Macaulay. Mat khac, ton tai idéan tham s6 la bat
kha quy nén A la Gorenstein vanh.
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SUMMARY

THE INDEX OF REDUCIBILITY OF PARAMETER IDEALS ON
QUASI BUCHSBAUM MODULES

M is a quasi-Buchsbaum module with dimension d
then there exists an integer [ such that every para-
| has the same index of reducibility. Then, we give
sbaum modules, generelized Cohen Macaulay
lts are generalizations of Goto and Saku-

In this paper we prove that if
over Notherian local ring (A,m),
meter ideal of M contained in m
some corollaries about pseudo-Buch
modules, and Gorenstein rings. These resu

rai’s ones. A e
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