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MSC: This paper presents an exposition of Rio’s proof of the strong law of large numbers and
60F05 extends his method to random fields. In addition to considering the rate of convergence in the
60F15 Marcinkiewicz—Zygmund strong law of large numbers, we go a step further by establishing (i)
60F25 the Hsu-Robbins-Erdés-Spitzer-Baum—Katz theorem, (ii) the Feller weak law of large numbers,
Keywords: ] and (iii) the Pyke-Root theorem on mean convergence for dependent random fields. These
Dep‘?“de“_t ra"d‘{m field results significantly improve several particular cases in the literature. The proof is based on
Maximal inequality new maximal inequalities that hold for random fields satisfying a very general dependence

Law of large numbers
Complete convergence
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structure.

1. Introduction and main results

Consider a sequence {X,,n > 1} of square integrable, mean zero random variables. Let .S, = X; + -+ + X,,, n > 1 be the partial
sums. Many dependence structures possess the following inequality:

n
ES2<C Y EXZ n>1. an
i=1
Here and hereafter, the symbol C denotes an absolute constant which is not necessarily the same one in each appearance. To prove
strong laws of large numbers (SLLN), we usually need a stronger inequality which will be referred to as a Kolmogorov-Doob-type
maximal inequality:

n
E(ggﬁ,f) SCIZ;IEX[?, n>l. (1.2)
However, (1.2) is not available for some interesting dependence structures, such as negative dependence, extended negative
dependence or various mixing sequences. It is even invalid for pairwise independence or pairwise negative dependence. Therefore,
stronger conditions are usually required for the SLLN under these dependence structures compared to the independence case (see,
e.g., Csogo et al. [15] and Martikainen [35]). In 1981, Etemadi [19] proved that the Kolmogorov SLLN still holds for the pairwise
independent and identical distribution (p.i.i.d.) case. The Etemadi subsequences method, however, does not seem to work when the
norming sequences are of the form b, = o(n), as in the case of the Marcinkiewicz-Zygmund SLLN (see Remark 3 of Janisch [29]).
Csogo et al. [15] showed that under pairwise independence, the Kolmogorov SLLN for the non-identical distribution case does not
hold in general.

In some cases, it may be necessary to bound moments of order higher than 2 for either the partial sums or the maximum of the
partial sums. Let p > 2 and let {X;,1 <i < n} be a collection of independent mean zero random variables. The Rosenthal inequality
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states that

n
>
i=1

P
E

n n p/2
< C(pmaxq Y E|X, |7, <z IEX,?) . (1.3)
i=1 i=1

Hereafter, C(p) is a constant depending only on p. Johnson et al. [31] proved that if the random variables X;, 1 < i < n are

independent and symmetric, then (1.3) holds with C(p) = (J—”p)p, where K is a constant satisfying 1/(e V2) < K <7.35. Recently,
Chen et al. [13] used Stein’s method and obtained the bound K < 3.5 without assuming the symmetry of the random variables. It

is noteworthy that the rate p/log p in the expression of C(p) is optimal, as shown by Johnson at al. [31]. A stronger version of (1.3)

1S
E [ max
k<n

which plays a crucial tool in the proof of many limit theorems (see, e.g., [16,36,40,59]). We will refer to (1.4) as a Rosenthal-type
maximal inequality. Rosenthal-type maximal inequalities have been established for various dependence structures, such as stationary
sequences (Merlevede and Peligrad [36], Peligrad and Utev [40]), p-mixing sequences (Shao [47]), negatively associated sequences
(Shao [48]), and p*-mixing sequences (Peligrad and Gut [38], Utev and Peligrad [59]), etc.

Let {X,.n > 1} be a sequence of independent and identically distributed (i.i.d.) random variables. Hsu and Robbins [28] proved
that if EX; =0 and EX 12 < oo, then the sample mean converges to 0 completely, i.e.,
[s+] n
(R

n=1 i=1

k

>

i=

P n n p/2
> < C(p) max ZE|X,.|P, (Z EX?) 1.4

i=1 i=1

> 5n> <o forall € >0. 1.5

Erdos [18] proved that the converse also holds, i.e., (1.5) implies EX; = 0 and EX 12 < oo. This famous result was extended to the
case where EX f can be infinite by Baum and Katz [2]. The Baum-Katz theorem reads as follows.

Theorem 1.1 (Baum and Katz [2]). Let p > 1,1/2 < a < 1,ap > 1 and let {X,,n > 1} be a sequence of i.i.d. random variables. If
EX, =0 and E|X;|’ < o, (1.6)

then

n

3

i=1

i n®P=2p <

n=1

> en”) < oo forall >0, 1.7

and
> en") <oo forall £>0. (1.8)

k
3
i=1

Conversely, if one of the sums is finite for all € > 0, then (1.6) holds.

(s
Z 2P | max
k<n

n=1

The implication (1.8) = (1.7) is trivial and the implication (1.7) = (1.8) is a direct consequence of the Lévy inequalities (see,
e.g., [25, Theorem 3.7.1]) as noted by Gut and Stadtmiiller [26, Page 447]. The equivalence of (1.6) and (1.7) for the case where
p=1and a = 1 was proved by Spitzer [50]. The case where p > 1, 1/2 < a <1 and ap > 1 is the first part of Theorem 3 of Baum
and Katz [2], and it reduces to the Hsu-Robbins-Erdos theorem when p =2 and a = 1. The case where 1 < p <2 and a = 1/p is the
second part of Theorem 1 of Baum and Katz [2], and it is of special interest because each of (1.6), (1.7) and (1.8) is equivalent to
the Marcinkiewicz—Zygmund SLLN. For the case 0 < p < 1, Peligrad [37] proved that the second half of (1.6) implies (1.8) without
assuming any dependence structure (see Peligrad [37, Theorem 1]).

In [42], Pyke and Root proved that if 1 < p < 2, then the condition (1.6) is also necessary and sufficient for convergence in L,
of the partial sums.

Theorem 1.2 (Pyke and Root [42]). Let 1 < p <2 and let {X,,n > 1} be a sequence of i.i.d. random variables. Then

"X c
z’_.l/p - 0asn— oo 1.9)
n

if and only if (1.6) holds.

The Hsu-Robbins-Erdos-Spitzer-Baum-Katz theorem was extended in various directions. We refer to [17,23,26,33,38,39,43,
47,52] and the references therein. In all these papers, the maximal inequalities play a crucial step in the proofs. It was shown that
if a sequence of random variables satisfies a Kolmogorov-Doob-type maximal inequality, then the Baum—-Katz theorem holds for the
case where 1 < p < 2 (see, e.g., [56]). On the Pyke-Root theorem, however, no maximal inequality is needed and the result holds
for sequences of p.i.i.d. random variables (see, e.g., Chen, Bai, and Sung [11]).
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In [44], Rio developed a new method to prove that the Baum-Katz theorem (for the case 1 < p < 2 and a« = 1/p) still holds
for sequences of p.i.i.d. random variables. Although the maximal inequalities are somewhat concealed in Rio’s proof [44], his
method provides an elegant way to bound the tail probabilities of the maximum of partial sums of pairwise independent random
variables. Rio’s method has recently been applied by Thanh [54,55,57] to derive laws of large numbers with regularly varying
norming constants. In this paper, we give an exposition of Rio’s proof by showing that his method can lead to a Rosenthal-type
maximal inequality for double sums of dependent random variables. This result is then used to prove various limit theorems for
two-dimensional random fields. In addition to extending Rio’s result on SLLN for dependent random fields, we also obtain the
Feller weak law of large numbers (WLLN) and the Pyke-Root theorem on mean convergence for the maximum of double sums of
dependent random variables. Furthermore, the Hsu—Robbins-Erdos SLLN for the maximum of double sums from double arrays of
dependent random variables is established. It is important to note that the Hsu—Robbins—Erdos theorem does not hold in general if
the independence assumption is weakened to the pairwise independence, even when the underlying random variables are uniformly
bounded (see Szynal [53]). We note further that in the proof of the Pyke-Root theorem and the Feller WLLN for partial sums, as
mentioned before, no maximal inequalities are required and the results hold for p.i.i.d. random variables. However, if one considers
convergence of the maximum of partial sums, a Kolmogorov-Doob-type maximal inequality would be needed, and the existing
methods do not seem to push through for the case of p.i.i.d. random variables.

Wichura [60] was apparently the first to establish the following multidimensional version of the Kolmogorov—-Doob-type maximal
inequality (1.2) for the case of independent random variables. Let {X,, ,.m > 1,n > 1} be a double array of independent mean zero
random variables and let S,,, = ¥, ¥"_, X;; be the partial sums. Then

m n
E(ksx?nipxys,f» < 16;;;“3]., m>1,n> 1 (1.10)
For moment inequalities of the partial sums (1.1) and (1.3), it is clear that the case of the single sums is the same as its double
sums counterpart. However, there is a substantial difference between (1.10) and (1.2) because of the partial (in lieu of linear)
ordering of the index set {(i,;),i > 1,j > 1}. Wichura’s [60] results had a great impact on the investigation of limit theorems
for random fields. For the case of i.i.d. random variables, we refer to a survey paper by Pyke [41] which covers many important
topics such as fluctuation theory, the SLLNs, inequalities, the central limit theorems, and the law of the iterated logarithm for the
multidimensional sums. For a comprehensive exposition on the limit theorems for multiple sums of independent random variables,
we refer to a monograph by Klesov [32].

The Hsu-Robbins-Erdos-Spitzer-Baum-Katz and the Pyke-Root theorems were extended to independent random fields by
Gut [23,24] and Gut and Stadtmiiller [26], and to dependent random fields by Peligrad and Gut [38], Giraudo [22] and
Kuczmaszewska and Lagodowski [33], among others. The dependence structures considered in Peligrad and Gut [38], Giraudo [22]
and Kuczmaszewska and Lagodowski [33] are, respectively, p*-mixing random fields, martingale differences random fields, and
negatively associated random fields, all possessing a Kolmogorov-Doob-type maximal inequality. When working with limit theorems
for the maximum of multidimensional sums of dependent random variables, we encounter the following difficulties:

(i) The Kolmogorov-Doob-type and the Rosenthal-type maximal inequalities are not valid, even in the case of dimension one
(e.g., pairwise independence, pairwise negative dependence). This is due to the fact that the Kolmogorov SLLN for the non-
identically distributed case does not necessarily hold if the underlying random variables are only pairwise independent (see,
e.g., Csogo et al. [15, Theorem 3]).

(ii) For some dependence structures, the Kolmogorov-Doob-type and the Rosenthal-type maximal inequalities are not available for
the multidimensional setting (e.g., the p’-mixing random fields, negatively dependent random fields).

The advantage of our approach is that we only assume that the underlying random variables satisfy (1.3) for some fixed p > 2.
Therefore, we can avoid the above difficulties, and the main results can be applied to all aforementioned dependence structures.

For the sake of clarity, especially due to the complicated notation, we shall establish the results for double-indexed random
fields. The results would be able to extend to d-dimensional random fields for any integer d > 2 by the same method.

Throughout this paper, C(-), C,(:), ... denote generic constants which are not necessarily the same one in each appearance, and
depend only on the variables inside the parentheses. For a,b € R, max{a, b} will be denoted by a v b, and the natural logarithm of
aVv 2 will be denoted by loga. For a set .S, 1(.S) denotes the indicator function of S, and |S| denotes the cardinality of S. For x > 0,
and for a fixed positive integer v, we let

log, (x) := (log x)(loglogx) ... (log --- log x), (1.11)
and

log(vz)(x) := (log x)(loglog x) ... (log -+ log x)?, (1.12)
where in both (1.11) and (1.12), there are v factors. For example, log,(x) = (log x)(log log x), and logéz)(x) = (log x)(log log x)(log log log

x)?, and so on. For positive sequences {u,,n>1} and {v,,n > 1}, we write u, < v, to mean

. u, . u,
0 < liminf — < limsup — < oo.
Uﬂ Un
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The Hsu-Robbins-Erdos-Spitzer-Baum-Katz theorem, the Feller WLLN and the Pyke-Root theorem were originally stated for
identically distributed random variables. A natural extension of the identical distribution condition, known as stochastic domination,
is defined as follows. A family of random variables {X,, 2 € A} is said to be stochastically dominated by a random variable X if

sup P(1X;| > x) <P(|X| > x), xeR.
IeA

Some interesting properties concerning the concept of stochastic domination as well as relationships between stochastic domination
and uniform integrability were recently established in [46]. If {X,, A € A} is stochastically dominated by a random variable X, then
for all » > 0 and a > 0,

juR]E(|x,l|’1(|xj|>a)) <E(IXI'1(X]| > a)) (1.13)
€

and

supE(X,"L(X,] < @) <E(XI"1(X| < ) + d'P(X] > a) <E|X[". (1.14)
A€EA

We will use (1.13) and (1.14) in our proofs without further mention.

In this paper, we consider a very general dependence structure, defined as follows:

Condition (Hyy)- Let g > 1 be a real number. A family of random variables {X,, 1 € A} is said to satisfy Condition (Hyg) if for
all finite subset I c A and for all family of increasing functions {f,, 1 € I}, there exists a finite constant C(q) depending only on ¢
such that
2q

E| Y (f:(X)-Ef(X))

i€l

<C@ <|I| max E|£;(X )" + 17 max (Eff(xm") (1.15)

provided the expectations are finite.

It is easy to see that if {X,,4 € A} is a family of pairwise independent (resp, quadruple-wise independent) random variables,
then it satisfies Condition (H,) (resp., Condition (H,)). We would like to note that for most of the results on laws of large numbers,
we only need to assume that the underlying random variables satisfy Condition (H,). By Theorem 2.1 of Chen and Sung [14],
we see that if a collection of random variables satisfies Condition (H,,) for some q' > g > 1, then it satisfies Condition (Hyp).
Various dependence structures satisfy Condition (H,,) for all ¢ > 1 such as negative dependence, extended negative dependence
(see Lemmas 2.1 and 2.3 of Shen et al. [49]), p*-mixing (see Theorem 4 of Peligrad and Gut [38]), and p’-mixing (see Theorem
29.30 of Bradley [6]). A more detailed discussion of these dependence structures will be provided in Section 5.3. It is worth noting
that pairwise negative dependence satisfy Condition (H,), but it does not meet Condition (H,,) for ¢ > 2 (see Example on pages
145-146 in Szynal [53] and the discussion on page 2 in Thanh [55]). To our best knowledge, (1.15) is not available for a-mixing
random variables even for ¢ = 1. We refer to Chapter 1 of Rio [45] for several bounds of variance of the partial sums of a-mixing
random variables.

The following theorem is the first main result of this paper. Theorem 1.3 is the Hsu-Robbins-Erdds—-Spitzer-Baum—Katz theorem
for the maximum of double sums of random variables satisfying Condition (H,,).

Theorem 1.3. Letp>1,1/2<a <1, ap>1andlet {X,,, m>1 n> 1} be a double array of random variables. Assume that the
array {X,,,, m > 1, n> 1} satisfies Condition (H,,) withq=1if 1 <p<2andg> (ap-1)/Qa—-1)if p22. If {X,,,, m21, n>1}is
stochastically dominated by a random variable X satisfying

E (|X|”log |X]) < oo, (1.16)
then
0 [s+] u v
2 Z(mn)“”_ZIF’ max z Z(X"J -EX; ;)| > e(mn)® | < oo for all € > 0. (1.17)
m=1n=1 ol P

Conversely, if X,,,, m > 1, n> 1 have the same distribution as a random variable X and for some u € R,

u

v
(mn)*2P| max z Z(X" )]
I<usm | eed 4 »

1 1<v<n |i=1j=1

then EX = u and (1.16) holds.

The proof of Theorem 1.3 will be presented in Section 3. Similar to the case of dimension one (see, e.g., Remark 1 in [17]), we
have the following remark.

> e(mn)* | < oo for all e > 0, (1.18)

Ms
M

I
3
I

m

Remark 1.4. For arbitrary array {X,,,,m > 1,n > 1} of integrable random variables, by writing

mn>

Zu: i(xi,j - ]EXi,j)

0 [se]

Z Z(mn)“p’ZIF’ max > e(mn)*®

m=1 n=1 I<v<n =1 j=1
o oo 2k-1 27-1 u v

= Z Z Z z (mn)*™~2P max Z Z(Xw' —EX, ;)| > e(mn)* |,
k=1£=1 m=2k=1 p=2¢-1 1<v<n |i=1j=1
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we easily prove that (1.17) is equivalent to

(s
3 akteXap-Dp ( max

= u<2k v<2?

v

Z Z(Xi,j - EXi,j)
i=1j

=1

Mg

> ez<k+f>a> < oo forall e > 0. (1.19)
k:

Since ap > 1, (1.19) together with the Borel-Cantelli lemma imply

u v
i MaxXy <y <2k, 1<0<2? ’Zi:l Zj:l(XiJ - IEXLJ)‘
m

kVE—co0 2(k+f)tx

=0 almost surely (a.s.),

which, in turn, implies

max; <u<m,1<v<n

, Y XX —EX, )|
lim =0

mvn—oo (mn)“

a.s. (1.20)
If 1 < p <2, then by choosing « = 1/p in (1.20), we obtain the Marcinkiewicz—Zygmund SLLN.

We will now present the Feller WLLN and the Pyke-Root theorem for the maximum of double sums of random variables satisfying
Condition (H,). For the Feller WLLN for partial sums from sequences of i.i.d. random variables, we refer to Feller [20, Theorem 1,
Section VII.7]. The proofs of Theorems 1.5 and 1.6 are presented in Section 4.

Theorem 1.5. Let 1 < p < 2 and let {X,,,, m > 1, n > 1} be a double array of random variables satisfying Condition (H,). For
n>1,i>1,j>1, set

b, = 4

iy = Xi1(1Xi;1 <b,).
If {X,,,» m>1, n> 1} is stochastically dominated by a random variable X satisfying
nP(|X| > n'/?) > 0 as n — oo, (1.21)

then

21;:1 Z;'}zl(Xifj - ]EZmn,i,j) P
L —0asmvn— oco. (1.22)
mn

maxuﬁm,ugn

Conversely, if X, ,,m > 1,n > 1 are symmetric and have the same distribution as a random variable X, then (1.22) implies (1.21).

Theorem 1.6. Let1 < p < 2 and let {X,,,, m > 1, n > 1} be a double array of random variables satisfying Condition (H,). If

{Xpn» m>1, n>1} is stochastically dominated by a random variable X satisfying
E|X|” < e, (1.23)

then

T T (X —EX, )
77 ->0asmvn-— . (1.24)
mn

maxugm,usn

Conversely, if the random variables X,, ,.m > 1,n > 1 have the same distribution functions as a random variable X and
Y Zj:l(Xi,j —H)
(mn)l/P

for some real number u, then EX = u and (1.23) holds.

maxugm,vﬁn ﬂp

—-0asmvn— oo (1.25)

Remark 1.7. Since quadruple-wise independent random variables satisfy Condition (H,), by applying Theorem 1.3 for the case
where p =2, « =1 and ¢ = 2, we obtain the Hsu—Robbins-Erdos theorem for the maximum of partial sums from a double array of
quadruple-wise independent and identically distributed (q.i.i.d.) random variables, that is, if {X,, ,, m > 1, n> 1} is a double array
of q.i.i.d. random variables, then

EX,, =0 and E(x1211og|x1,1|) <o

if and only if

o0
Z P max
us<m,v<n
m=1

Similarly, we can apply Theorems 1.3, 1.5 and 1.6 to obtain the necessary and sufficient conditions for (i) the Baum-Katz theorem
(for the case where 1 < p < 2), (ii) the Feller WLLN, and (iii) the Pyke-Root theorem for double arrays of p.i.i.d. random variables.

u v

22Xy

i=1 j=1

Ms

> smn) < oo for all € > 0.

n=1
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Remark 1.8. The Reviewer kindly raised a question about the possibility of obtaining additional results for 2g-tuplewise
independent random fields (see, e.g., [8] for the definition) when g > 3. To establish the validity of Theorem 1.3 for double arrays of
2g-tuplewise independent random variables, we would need to show that a collection of 2¢-tuplewise independent random variables
satisfies Condition (H,,). Unfortunately, we are unable to achieve this even in the case of ¢ = 3. We present it here as an open
problem for future research.

The rest of the paper is organized as follows. In Section 2, we use Rio’s technique to establish some maximal inequalities for
double sums of dependent random variables. The proof of Theorem 1.3 is presented in Section 3. Section 4 contains the proof of
Theorems 1.5 and 1.6. Section 5 presents some corollaries and remarks. Finally, some technical results are proved in Appendix.

2. New maximal inequalities for double sums of dependent random variables

As mentioned in Section 1, although the maximal inequalities are “almost hidden” in the proof of Rio [44], his method can lead
to a new maximal inequality for pairwise independent random variables. A brief discussion about Rio’s technique in dimension one
is given as follows. For simplicity, we assume that {X,,n > 1} is a sequence of p.i.i.d. integrable random variables. Let 1 < p < 2,
b, =n"/? and X,,; = X;1(|X;| < b,), | <i <n, n> 1. When proving limit theorems such as the Baum-Katz theorem or the Pyke-Root
theorem, it suffices to control the tail probability of the form

P max
1<j<2n

where ¢ > 0 and S,; = Z{ZI(X on; —EXpn;), n> 0. Since the random variables are only assumed to be pairwise independent, we
would not be able to apply the Kolmogorov maximal inequality. In [44], Rio used the telescoping sums:

Sy

> sb2n> , (2.1)

n n
S = 2 Sty = Smetiy) + DS = Sty = Sy, + Smer g, 1 SJ<200<m<nn>1, (2.2)
m=1 m=1

where S, , =0 and j,, = |j/2"]| x 2™. For the first term on the right hand side of (2.2), we have

jm+2m—l
St = Smetin] S| 2 (Koot = EXgomr )| 2.3)
i=jpt1

From (2.2), (2.3) and the definition of j,, we can address the problem of bounding the tail probability in (2.1) by bounding

n k2m42m=1
I=P max Y (Xowe1; = EXpnt )| 2 ey | 2.4

s
w1 0K

By writing by» = ), _; A,,, with suitable choices of 4, ,,, and using Chebyshev’s inequality and the p.i.i.d. assumption, we have

- 1 2
2mmoy kamgom

n
T<e?Y 52 Y El D (Xow1;—EXpno))
m=1

k=0 i=k2m+1

n
<e? Z 242 E (X2 X, < byue)) -
m=1
Using a similar estimate for the second term on the right hand side of (2.2), we will finally obtain the following bound for the tail
probability in (2.1):

n
-2 -2 2 .
P <12}§§" )Sn,j| > eb2n> <Cs¢ mz;‘l 2" A mE (X31(1X,] < byn-1)) + a negligible term. (2.5)
Inequality (2.5) will play the role of the Kolmogorov maximal inequality in proving the Baum-Katz theorem (for the case where
1 <p<2anda=1/p). We refer to Rio [44] and Thanh [54,55,57] for detailed arguments.

In this section, we use Rio’s technique to establish some maximal inequalities for double sums of dependent random variables.
The following theorem presents a Rosenthal-type maximal inequality. We would like to note that in Theorem 2.1, the underlying

random variables are not necessary integrable.

Theorem 2.1. Let {X;;, i > 1, j > 1} be a double array of nonnegative random variables satisfying Condition (H,,) for some q > 1,
let {b,,n > 1} be an increasing sequence of positive constants and let {1 1<i<ml<j<nm>1n>1} bean array of positive
constants. For s >0, m> 1,n > 1, set

m,n.i.j>

m

n
A = Z Z Amnij and Xsmn =Xl (Xm,n < b2") + byl (Xm,n > b2") :
=1 =1

i=
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Then for all m > 1,n > 1,

2q n 2q

u v m
E| max ZZ(XmHJJ_EXmMJJ) <C(g) 222 "bysti [max, ]P’(X > byeria)
1=1

1<u<om | 4 { — 1
I<v2n [1=1y= = |<_/<2"
(2.6)

m n
2 metn =24 (s+0(q-1) 2 )
+C@a, 3, ¥ 2, | max EXCY, 42 max (Bx2,, )|
s=11=1 1<j<an 1<j<on

The next theorem is a maximal inequality for double sums of dependent integrable random variables.

Theorem 2.2. Let the assumptions of Theorem 2.1 be satisfied. Assume further that the random variables X,, ,, m > 1,n > 1 are integrable.
Then for all e >0, m > 1, n > 1, we have

2)" 2)1
P| max Z Z b —EX )| 2 3a,,e [ <D Y P (X, > by
1<v<on |i=1 j=1 i=1 j=1
2.7
m n
—2 mn =24 u (s+0(g=1) 2!
+C@e Y, F 2 | max EXTY, 42 max (Ex2,,)' [,
s=11=1 1<j<2n 1<j<an
provided
m an
XY E(X 1 (X, > bynn)) < €0, (2.8)
i=1 j=1
and
m n
6, 2 2 by max P (X ; > byia) < edy 2.9)

s=1

=1 1<j<m

Remark 2.3. Before presenting the proof of Theorems 2.1 and 2.2, we would like to provide some comments on these results. The
maximal inequality (2.6) can be regarded as a Rosenthal-type maximal inequality for double sums of truncated random variables.
Theorem 2.2 may be compared to Theorem 1.2 of Shao [47], which establishes a Rosenthal-type maximal inequality for p-mixing
sequences. In proving the laws of large numbers for the maximum of the partial sums, we first choose 4,,,,; ; such that aym n < bymn.

Then, under some moment conditions, (2.8) and (2.9) are satisfied, and the first term on the right-hand side of (2.7) can be shown
to be negligible. We are left with the last term on the right-hand side of (2.7), which can be controlled using moment calculations
as in the usual proofs of laws of large numbers.

Proof of Theorem 2.1. For m,n,i,j > 1, set

X* =X, —X,

ni,j ni,j n—L,i.j>
Y =X* —EX*

ni,j nlj n,i,j’

Seij = Z Z (Xirtuw = EXpreun) s Ske0g = Skrio =0, k20,6 20,

u=1v=1

k254251 214011

Ri(m,n) = Z Z (e Z 2 K125 ~EXgpr045)|»

S=1 =1 gepogn—t |i=k25+1 j=¢2i+1

k254251 poty0t

Ry(m,n) = 2 2 0<k<2m_x Z Z Y;y—l,u ’

s=1 =1 gcpepn—t | i=k25+1 j=£2'+1
m n k25425 2142
—_ *
Ryomm =3 % max | > X Yil
s=11=1 0<K<2n/ i=k25+1 j=£21+1

k25425 £2142!

Ry(m,n) = z Z 0<k<2’" s 2 Z ()];Hlj + Y;—t—l,i,j) :

s=1 =1 gcpen—t |i=k25+1 j=¢2!41

Since the sequence {b,,n > 1} is increasing and X;; are nonnegative,
0<X <b2n1(X > byn-1), n,i,j 2 1. (2.10)

For simplicity, we write R; for R;(m,n). We will need the following claim whose proof is postponed to Appendix.
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Claim 1. Forallm>1,n>1,

4 m n
max [S,,,0] < DR +6D Y 2V by max P (X ;> byia). (2.11)
1<lé<<2” i=1 s=11=1 1<,<2"

Now, we return to the proof of the theorem. For all real numbers x|, ..., x,, we have the following elementary inequality:
[g + - 4 x, 120 < n27 (g |2 4 o+ |x, 129, (2.12)

By using (2.11) and (2.12), we obtain

2q

4 m n
2q 2q Z S+t
E| max, |Sunel™| < C@| L ER + 2% by max P (X;; > byz) | |- (2.13)
1<r<2n i=1 s=11=1 1<j<2n
Form>1,n>1, set
m n
— 2q/(29-1)
- Z Z }“m,n,s,t '
s=1t=1
Then
2
m K25 +25=1 #2141 q
2q _
ER =E Z Amnst mngt 052221,),‘( s Z Z (Xx+t—2,i,j - ]Exs+t—2,i,j)
s=1 1=1 O<penn—i | i=k25+1 j=£2t41
m n k2542571 £21 4011 2
S X G-
= '1 Z Z }‘m 1,5, t 0!,22,’,1(,3 (XS-H—Z,[,j IEXs+t—2,i,j)
s=1 t=1 O<p<an—t | i=k25+1 j=£2'+1
2
m on s oniog|k2s2sl o2l 4
2g-1 -2q
LA YD D YD IR | I YRRD YRC SVRIVEL S ST
=] 1= = £= i=k2S i=£21
s=11=1 k=0  £=0 i=k25+1 j=£2+1 (2.14)
m n q
2g—-1 Z Z =29  Hmtn—s—t | Hs+t (s+1)q 2
<
- C(q)}”m,n }“mnstz 2 l‘l}ﬂzm IEX:H 2,i,j +2 Ig}fz’in EXert—Z,i,j
s=1t=1 I<j<2n 1<j<2n
m n q
_ 2g-1 Z Z m+n ,—2q (s+1)(g—1)
- C(q)}‘m,n 2 )”mfn,s,t lrgfz)fﬁ IEXy+r 2,i,j +2 lggz)fn EXY+I 2.i.j
s=1t=1 1<j<2n Igj<2n
m n q
2q-1 Z Z m+n ;=24 (s+1)(g—1) 2
< C(q)/lmn 2 j'm,rl,s,t 11232)&” EX N +2 12’,132)&” EXY+I!_[ ’
s=1t=1 1<j<an 1<j<on

where we have applied Holder’s inequality in the first inequality, and Condition (H,,) in the third inequality. The last inequality
follows from the fact that X,,,; ; > X;,,,;; 2 0. Now, for nonnegative real numbers a, ...,a,, we have the following elementary
inequality:

Z" (Z )r”Zl- (2.15)

i=1

Applying (2.15), we obtain

m n 29-1 m n 2q
2¢-1 2q/(29-1) 2
20 = (Z 3 e > < <Z zm,,s,> =a2. (2.16)
s=1t=1 s=1t=1
It follows from (2.14) and (2.16) that
q
R2q < C(q)an Z 22m+n/1mn” Efz)fn EXsix + 2(s+N(@=1) lg}gﬁ (EXs+ru) . 2.17)
s=1 r=1 1<j<on 1<j<2n
By proceeding in the same manner as (2.17) with noting that 0 < X, - < X, ; ;, we have
2q 2q mtn —Zq 2q (s+0(g=1) 2 a
ZER < C(q)a* Z Z et | max EXYY 42 max, (EXHW) . (2.18)
s=1r=1 I<j<an 1<j<2on

Combining (2.13), (2.17) and (2.18) yields (2.6). []
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Proof of Theorem 2.2. We use the notations in the proof of Theorem 2.1. Let £ > 0 be arbitrary. By using (2.8), (2.9) and (2.11),
we have

st om on
P| max Z Z i —EX )2 3a,,e [ <) Y P (X, > bynin)
l<i<on |i=1j=1 i=1 j=1
st om on
+P[ max Y Koninij = EX i )|+ D Z E (X > bywin)) 2 3a,,,€
1<r<an |i=1j=1 i=1 j= (2.19)
om on 4 m
<Y NP (X, > bywen) +P| Y R 46 22 by max P (X, ;> byia) 2 2ay €
i=1 j=1 i=1 s=1 t=1 1</<2n
om on 4
<ZZP (X, >b2m+n)+]P’<z ’n£>.
i=1 j= =1
By applying Markov’s inequality, (2.12), (2.17) and (2.18), we have
4 4 2q
P <2 R, > a,,,,ne) <e Mg MR <Z )
i=1 i=
< 424718721;“;’2’7 Z IERI.Z" (2.20)

i=1
m

2q m+n =29 (s+1)(g—-1) 2 q
< Clge” z Z 2 Am ,n,s,t lrl,‘i‘z"m EX Sy +2 12}32’& EXert,i,j :
s=1 1= 1<j<2n Isj<2?

Combining (2.19) and (2.20) yields (2.7). [

In the following corollary, we do not assume the underlying random variables are nonnegative. The proof is done by using the
identity X = X — X~ for every random variable X and then applying Theorems 2.1 and 2.2. We omit the details.

Corollary 2.4. Let {X;;, i > 1, j > 1} be a double array of integrable random variables satisfying Condition (H,,) for some q > 1,
let {b,,n > 1} be an increasing sequence of positive constants and let {4 1<i<m1<j<nm>1,n>1} bean array of positive

constants. For s >0, m> 1,n > 1, set

mni.j>

n

Z Y Ammsa @ X = =byed (X, < =bs) + Xy 1 (1X,00] < bys) + by 1 (X, > b ).

s=11=1
Then for all m > 1,n > 1 and for all € > 0, the following two inequalities hold:
®

2q m n 2
E| max, Z Z winig = EXpini )| | < C@[ X X2 b max P (1X;1 > byswr-2)
L<oen |i=1 j=1 s=11=1 [
q
2 2 1(g-1 2
+C(g)a Z Z 2 | max EIX P04 26406070 max (EXs+,,i,j) :
s=11= 1<j<2n 1<j<2n
(ii)
st 2m 2"
P| max DY Xy —EX )| 2 6a,,e| < Y P (1X ;1> bymin)
1<<on |i=1j=1 i=1 j=1
m n q
—2q m+n ;=29 2q (s+0)(g—1) 2
+ C(q)e Z Z 2 lm,n,s,t r<n§z)§n E[ X017 +2 113,1';12)5'1 (EXH_MJ.) s
s=11=1 1<j<2n I1<j<on
provided
om on

ZZE |X; ;11 i,j|>b2m+n))§eam’,,

i=l j=

and

n

6

M=

2 by max, P (|X,-’j| > byeria) < €y,

s

1 1=1 1<j<om
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3. The proof of the Hsu-Robbins-Erd6 s-Spitzer-Baum-Katz theorem for dependent random fields

In this section, we will prove Theorem 1.3. The proof is based on a Rosenthal-type maximal inequality in Theorem 2.2.

Proof of Theorem 1.3. Firstly, we prove the sufficiency part. Since the arrays {X* , m> 1, n> 1} and (X , m>1, n > 1}

mn’ mn’

also satisfy the assumptions of the theorem, we can assume, without loss of generality, that X,,, > 0 for all m > 1, n > 1. For

s>0, m>1,n>1, set
by=n% and X, =X, ,1(X,, <by)+byl(X,,>by).
Form>1,n>1,1<s<m1<t<n,let

28 G <@, Ay, = 204D,

and

B

Ms

m,n,s,t

K

Then

b2m+n = ’lmnmn

— pa(m+n) Z 2 p(@=a)(s+1) 3.1)

s=1 1=
< Ci(a,a)bymin, m>1,n> 1.

Let € > 0 be arbitrary. The proof of (1.17) will be completed if we can show that

z i(xi,j - EX:‘J)

i=1 j=1

> 3C(a, a)ebymn | < 0. (3.2)

||M8

oo
2 omtmap=Dp| max
I<u<2m
n=1 I<v<2

By using (1.16) and the Lebesgue dominated convergence theorem, we have

lim B (1X|P1(X| > x)) =0. (3.3)

Since ap > 1, it follows from the stochastic domination assumption, the first inequality in (3.1), and (3.3) that

) 212:1 Z,Zn:l E (Xi,jl (Xi,j > bymen))) C O 2"PE (IX1(|X] > 2imEme))
lim < lim o
mvn—oo [ mvn—oo 2 ) (3.4)
E (]1X]71 (| X]| > 20m+ma
< lim (l | (l > )) =0
mvn—oo 2(m+n)(ap—1)

It is clear that (1.16) implies lim,_, ,, nP(|X| > n%) < lim,,_, , nP(|X| > n'/?) = 0. It thus follows from the stochastic domination and a

double sum analogue of the Toeplitz lemma (see Lemma 2.2 in [51]) that

m no s+t
Zs:l Zt:l 28 b23+1 maX15i<2m,15j<2n P (X,-,j > b25+1—2)

\}im
mvn—oo a
m n (s+ha S+Ifr2n,n (s+1-2)a (35)
< 43" S 26t0apsH2p (1 x] > 2 ) —o
= e 2(m+na -

It follows from (3.4) and (3.5) that there exists n, such that (2.8) and (2.9) holds for all m v n > n,. We will now consider the

following two cases.

10
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Case 1: 1 < p < 2. In this case, the array {X,,,,m > 1,n > 1} satisfies Condition (H,,) with ¢ = 1. Applying (3.1), Theorem 2.2

with ¢ = 1, and the stochastic domination assumption, we have

Z 2mtm(ap=Dpl pax

Z Z(X -EXi))

> 3C\(a, a)ebymn

minsny i ==
(m+n)(ap—1) —
< )2 P max 2 Z(x EX; )| > 3a,,,¢
mvnn I<v<on |i=1 j=
2m "
< Z 2(m+n)(ap=1) Z Z P (X;,j > b2m+n)
mvn>ng i=1 j=1 (36)
-2 (m+n)(ap—1) m+n 2
+ CE Z 2 Z Z 2 Am n,s,t l<’<2,,, s+t,i,j
mvnzng s=1 1= I1<j<on
<)) 2P (1X] > by )
mvnzng

+Ce2 Y plmimer Z Z A2 ( E (X1 X| < bysr)) + b2, P(X| > bzm)) .

mvnn s=1 1=

By using (1.16) and Lemma A.2, we have

3 2R (1X] > bnen) = Y, 2P (|X] > 2) < oo, G7)

mvn>ng mvn>ngy

From (3.6) and (3.7), the proof of (3.2) will be completed if we can show that

I, := Z o(m+map Z Z imn:f X 1(1X] < bzm)) < 0o, (3.8)
mvnzng s=1 1=
and
I, = Z o(m+n)ap Z z imn“ 23+1P(|X| > bys+r) < 00. (3.9
mvnzng s=11=

Note that in the case where 1 < p < 2, we have ¢ = 1 and thus ap < 2a. Therefore, by using (1.16) and Lemma A.2 again, we have

m n
2(m+n)(ap—20) 2—2(a—a)(s+t)E (XZI (IXl < bzs+r))

2(m+n)(ap2¢z)> 272(a7a)(:+t)E (XZI (le < b2:+1 ))

n
M
M

3
Il
3
Il

I
M
M

~
M
M

n
i
T
3
i
4
=
1

2(s+t)(ap72a)272(a7a)(s+t)E (XZI (le < b25+r))

o

Q

)

s
e
M

4
Il
Il

2+ (X1 (1X] < 20+07)) < oo

Il
a
=
B
R
=

)

oL
M

4
Il
Il

and

m n
H(m+n)(ap=2a) 22EHIP (|1X| > bysar )

<i Z 2(m+n)(ap2a)> 22a(s+t)IF> (le > b2:+1)
m=
oo

S}
n=i
©

M
Mg

3
Il
3
I

M

©
[
Il
@

=C(a,a,p) 2sHap=2022aHDP (| X| > byt )
s=1 t=1
=C(a,a,p) Z Z 26097 (x| > 26H07) < oo
s=1t=1
thereby proving (3.8) and (3.9).

11



L.V. Thanh Stochastic Processes and their Applications 171 (2024) 104313

Case 2: p > 2. In this case, we have from (1.16) that EX? < co. By applying (3.1), Theorem 2.2 and the stochastic domination
assumption, we have

u v
-1
20mer=Dp | max. Y (X,; —EX, )| > 3C(a, @)ebynsn
mvVn>ngy 1;:;<2" i=1 j=1
u v
(m+n)(ap-1)
< Z 2 P max, Z(X -EX; ;)| 2 3a,,
mvn>n I<v<2n i=1 j=1
om on
< 2 o (m+n)(ap=1) 2 ZP (Xi,j > bymin)
mvn2ng i=1 j=1 (3.10)
-2 (m+n) -2 2q (s+1)(g-1) 2 4
IR Zam | mas BXCL + 2000070 may (BXC,,,,)
mvnzng s=1 1= ISJ<2" 1<j<2n
<Y 2P (1X] > by )
mvn>ng

+C Y ommae z Z P <E|X|2"1(|X| < byse) + B2, P(X| > byseo) + 2<S+’><4—'>(EX2)4) .

mvn>ng s=1t=

By using (1.16) and Lemma A.2 again, we have (3.7) still holds in this case. From (3.7), (3.10) and the fact that EX? < oo, the proof
of (3.2) will be completed if we can show that

(o] o
Z Z 20m+map Z Z A2 E(1X1P1(1X] < bysi)) < o0, (3.11)

m=1 s=1t=

gy

[oo] 0
Jy = Z 20mtmap Z Z A B0 (1X] > by ) < oo, (3.12)

m=1 s=1t=

and

Jy = i iz(ern)ap Z Z A—Zq 2(S+?)(q D ¢ . (3.13)

m=1 n=1 s=1 1=

a—qz_—1<a<a. (3.19)

The proofs of (3.11) and (3.12) are the same as that of (3.8) and (3.9), respectively. Finally, by using (3.14) and noting again that
(2a — 1)g > ap — 1, we have

n

m

(m+n)(@p-2qa) (s+0)(g—1-29(a—a))

Jy= Zl Z 2 2‘1 Z:, 2
m n= 5 I

© o
<C Z Z 2(m+n)(ap+q7172aq) < o

m=1 n=1

thereby proving (3.13). The proof of the sufficiency part is completed.
Now, we will prove the necessity part. Assume that (1.18) holds. Without loss of generality, we can assume that 4 = 0. It is clear
that this implies that for all € > 0,

Z Z:(mn)“””_ZIPJ < max  |X, .| > e(mn)") < o0 (3.15)

1<k<m,1<6<n

m=1 n=1

and that

lim ( ma | Xy e| > 8(mn)”’) =0. (3.16)
mvVn— oo 1<k<m,1<f<n
Since {X m > 1, n > 1} satisfies Condition (H,), we obtain from (3.16) and Lemma A.1 that

m,n?

mnP (1X ;| > (mn)®) < CP < max | X, .| > (mn)") (3.17)

1<k<m,1<¢<n

12
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whenever m v n > n; for some positive integer n,. Combining (3.15) and (3.17), we have

>y PUX] > () =Y, )PP (1X 4] > (mn)®)

mvnzn; mvnzn|
<C 2 (mn)“”_2P< max | Xy el > (mn)") (3.18)
1<k<m,1<f<n o~
mvn>n;
< 0.

Applying Lemma A.2, we have from (3.18) that E (| X|” log(|X|)) < oo thereby establishing (1.16). Since (1.16) holds, we can apply
the sufficiency part to conclude that (1.17) holds. By using Remark 1.4, we obtain from (1.17) that

Y 2o (X —EX; ) T X X
lim i Do gim (ZELEEUY ) tEX ) =0 as. (3.19)
mvn— oo (mn)‘l mvn— oo (mn)"’
Similarly, (1.18) (with u = 0) implies
XL X X
SELSE Y ) as. (3.20)
mvn—co (mn)*

Since « < 1, we obtain from (3.19) and (3.20) that EX = 0 thereby completing the proof of the necessity part. []

4. The proof of the Feller WLLN and the Pyke-Root theorem for dependent random fields

In this section, we present the proof of Theorems 1.5 and 1.6. In these theorems, the underlying random variables are only
required to satisfy Condition (H,). Therefore, we can apply the results for pairwise independent random variables and pairwise
negatively dependent random variables.

Proof of Theorem 1.5. We first prove the sufficiency part. Assume that (1.21) holds. As in Section 3, it suffices to consider the
case X, , >0 forall m>1,n> 1. Set

Xymn =Xl (Xpn S bos) + by (X, > bys), s20m>=1,n>1.
Form>1, n>1,let k> 1,£ > 1 be such that 2¥-! <m < 2k, 2/-1 < n <27, Then

Ziny Xt (X — IEZ,,,,,,,-Y/-)|  AmaXecatear ‘ZL i (Xiy - Xk+f,i,j)‘

maxugm,ugn

by bok+e
4 max, ok yor ‘Z?:] Z;;] E(Xyyrij— Zmn.i,j)‘
* byerr 4.1)
N 4 max, ok yor ‘ZL Z;-]:](ka,i,j - ]EXk+f,i,j)‘
bok+e

=4 (K (k,?) + Ky(k, 2, m,n) + K3(k, 7)) .
The rest of the proof of the sufficiency part will be divided into three steps.
Step 1: Prove

lim K, (k,#)=0 in probability. 4.2)
kvE—o0

Let € > 0 be arbitrary. By (1.21), we have

2k of

P (K (k,0)>€) <P||JJX0, # Xpari)
i=1 i=1

2k of

<Y Y P(X,y > by

i=1 j=1

<P (1X| > byre) > 0 as kVZE -
thereby establishing (4.2).
Step 2: Prove

max Ky(k,¢,m,n) =0. 4.3)

lim a
kvE =00 2k=1 <m<k 261 <n<2?
For all 2k=! < m < 2k, 271 < n < 27, it is clear that
0< Xisrij— Zmnij
<X jAbgkse—2 < X j < byke) + bore WX j > byese)
< byrre 1(X j > byrre2).

13
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It thus follows from the stochastic domination assumption and (1.21) that

k
Ky(k£.m,m) < 1 Zin base Py > by )
2K, 0, m,n) <

max
2k=1 <m<2k 26 =1 <p<2? byk+e

S 2MHP(X| > byere—2) > 0 as kVE = oo

thereby establishing (4.3).
Step 3: Prove

kvl}rgm K;5(k,£) =0 in probability. 4.49)
This is the most difficult part. For m > 1,n > 1,1 <s <m,1 <t <n, set

1/2 <a< l/p, A o= 2a(m+n)+(l/p—a)(s+t)’

m,n,s,t

and

n
Z Am,n,s,t'

=1

||
M=

K

Then, similar to (3.1), we have
bymin < @y, < Ci(a, p)bymin, m>1,n> 1. (4.5)

By using the second inequality in (4.5) and Theorem 2.1 with g = 1, we have

v oo 2
)
0< by B max (Z D Kieyeij = EXkJrl’,i,j))

i=1 j=1

1<v<2?
u v 2
<cionaze| m (3 Tt -2 8
1<L<2f i=1 =1
2
k ¢ k ¢
-1 s+t k+t —2
< ||t 3 S 2 b max B 06,5 by | + 3 22, may |
s=1t=1 ’ s=1t=1 ’
1<j<2¢ 1<j<2¢

By applying the first inequality in (4.5) and the stochastic domination assumption, we have

k ¢
0<al, Y ¥ 2% by max  P(X,; > byus)

1<i<2k,1<j<2?

=1 1=1
K ¢ “4.7)
B3 D by 2P (IX] > bysaiz)
s=1 t=1
It is clear that
kK ¢
sup b7} bysti < C. (4.8)
k>|tP>1 Ll Szf; >
We also have from (1.21) that
Jim 2P (|1X| > byswia) = 0. 4.9
N — 00
By using (4.8) and (4.9) and a double sum analogue of the Toeplitz lemma (see Lemma 2.2 in [51]), we obtain
kK ¢
Jim b3l s 20D by 2P (IX] > bysia) = 0. (4.10)
s=1 =1
Combining (4.7) and (4.10) yields
k ¢
li 1 25H s P(X,; > byssi2) =0. 4.11
Koo Tkt Z Z by 1<i<;}‘1,al);j<2f (Xij > byswiz) =0 @10

s=1 t=1

14
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By applying the stochastic domination assumption again, we have

k
Z 2 P42 max EXZ,, <Y Z 22 <]EX21(|X| < byuwr) + B2, PX| > b2:+z))

<i<2k
=1 1= 1<i<2

1<j<af s=1t=1

3
z 2 (k+£)(1-2a) 9 =2(1/p=a)(s+1) <IEX21(|X| < bys+r) + b2:+rIP(|X| > b2s+r)>

M»

s=1 t=1 (4.12)
k ¢
= 20120 31 Y pQ@aDistn) < 2 EXP1(X] < byeer) + 2HP(X| > b2:+,))
s=1r=1 23+1
kK ¢
— plk+£)(1-20) (2a- 1)(S+T) (31(5.0) + ya(s.1)) .
where
yi(s,0) = IEIX 1(|X| < byste) and y,(s,1) = 257 P X| > byssr).
2;+r
By applying the Toeplitz lemma and (1.21), we have
s+t
(5.0 = = ( S EX21(byr < [X] < by) + EX?10 < |X| < b))
iD= e \ 4 1 2! =P L
iz
1 s+t
2 2
< 2(s+02/p=1) (Z{ by BAUXT > by-1) + b1> (4.13)
1 s+t
_ Jj(2/p=1)nj ) 2
= e <Z‘I 2 2P(X| > byjo1) + b1>
=
-0 as sVt — oo.
Applying (1.21) again, we have
»(s,1) >0 as sV — oo, (4.14)
Similar to (4.10), we conclude from (4.13), (4.14) and the double sum analogue of the Toeplitz lemma that
kK ¢
lim 20k+6)1-2a) HQa=1)(s+) f ) =0 4.15
R Y
Combining (4.12) and (4.15) yields
. k+t 2 =
letl”rEw Z Z 2 Ak 75t l<i<;1’;1f})ﬁ(j<2f EXSJr”i’j =0. (4.16)

From (4.6), (4.11) and (4.16), we obtain (4.4). Combining (4.1)-(4.4) yields (1.22). The proof of the sufficiency part is completed.
We will now prove the necessity part. Since the random variables X,, ,,m > 1,n > 1 are symmetric, (1.22) becomes

YD EP

Y —0asmvn— oo.
mn

MaX,<mp<n

This implies
maxl<mj<n |le| P
(mn)l/ﬂ

Applying Lemma A.1, we obtain from (4.17) that

-0 as mvn— . 4.17)

lim mnP (|X| > (mn)l/”) = lim mnP (|X1 > (mn)l/p) =0,
mvn— oo mvn—oo ’
or, equivalently, (1.21) holds. []
Remark 4.1. In the proof of the sufficiency of Theorem 1.5, we obtain from (4.6), (4.11) and (4.16) that
c
Ky(k,£) 30 as kv — oo (4.18)
which is stronger than (4.4).

Before proving Theorem 1.6, we state the following result which may be of independent interest. The result involves the concept
of regularly varying functions which is presented as follows. A real-valued function R(-) is said to be regularly varying with index of
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regular variation p € R if it is a positive and measurable function on [0, o), and for each 4 > 0,
R(Ix)
1m =
X—00 R(x)
A regularly varying function with the index of regular variation p = 0 is called slowly varying. Let L(-) be a slowly varying function.
Then by Theorem 1.5.13 in Bingham et al. [3], there exists a slowly varying function L(-), unique up to asymptotic equivalence,
satisfying

p

Jim L(x)L (xL(x)) =1 and Jim L)L (xL(x)) = 1.

The function L is called the de Bruijn conjugate of L (see p. 29 in Bingham et al. [3]). If L(x) = log” x or L(x) = log’ (log x) for some
y €R, then L(x) = 1/L(x). By Proposition B.1.9 in [27], we can assume, without loss of generality, that x” L(x) and x” L(x) are both
strictly increasing for all y > 0. Thereafter, for a slowly varying function L(-) defined on [0, o), we denote the de Bruijn conjugate
of L(-) by L(-).

Proposition 4.2. Let p > 0, let {X;, 1 € A} be a family of random variables and let L(-) be a slowly varying function and L(x) the de
Bruijn conjugate of L(x). Then the following statements hold.

(i) If {X,, 4 € A} is stochastically dominated by a random variables X satisfying
E (IXIPL(X|?)) < oo, (4.19)
then {|X,|’L(|X,;|"), A € A} is uniformly integrable.
(i) If {|X;|’L(1X,|?), A € A} is uniformly integrable, then there exists a random variable X with the distribution function
F(x)=1-supP(|X,|>x), xeR (4.20)
J€A
such that {X,, 2 € A} is stochastically dominated by X, and
lim xP (1X1 > x/PLY/P(x)) = 0.
>iii) If
sup E (X7 L(1X; 1) logl? 1X;1) < oo,

for some positive integer v, then there exists a random variable X with distribution function F(x) as in (4.20) such that {X,, 1 € A}
is stochastically dominated by X, and (4.19) holds.

Proof. The proof of Proposition 4.2 is similar to that of Theorem 3.1 in [56]. We omit the details. []

We will now present the proof of Theorem 1.6.

Proof of Theorem 1.6. We first prove the sufficiency part. As before, we can assume that X,,,,m > 1,n > 1 are nonnegative. Set

mn>

b, =n'?, X = X, 1(X 0 < 2Y7050) + 2P0 1(X,,, > 2/Pby0), 2> 0,52 0,m > Ln> 1.

= P
) J <<mn>”” £ 7E >
1
= P X, —EX, )| >z
/0 (mn)l/P '4<<': ps i ]( i i/) (4.21)
+/ P ; >zV/P dz
1 (mn)l/p u<m

v<n
By Proposition 4.2(i) and (ii) with L(x) = 1, there exists a random variable X such that the array {X,, ,,m > 1,n > 1} is stochastically
dominated by X and (1.21) holds. Applying Theorem 1.5, we obtain the WLLN

z,8,m,n

For m > 1,n > 1, we have

Z Z(x,j EX; ;)

i=l j=

u v

[ D (X, —EX, )

i=1 j=1
v

E
7p
<(’""> e

u

u

x| Y (X, —EX,))
1

i=1 j=

= R (m,n) + Ry(m, n).

v

L max ZZ(XW-—]E(X (X, < (mn)'/7)))

P
-0 as mvn— oo. (4.22)
(mn)l/l’ usm,v<n P

By applying the stochastic domination, (1.23) and the Lebesgue dominated convergence theorem, we have

u v

— E(X;  1(X, ; > (mm)'/?
i 8 ;; (X j1(X; ;> (mn)'/P)

5E(|X|p1(X,~’j >(mn)1/”)) -0 as mvn— . (4.23)
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Combining (4.22) and (4.23) yields

ZZ 1~ EX)

By (4.24) and the Lebesgue dominated convergence theorem, we have lim,,,,,,_,, R;(m, n) = 0. Therefore, in view of (4.21), it remains
to prove that lim,,,_,o, Ry(m,n) = 0. For n > 1, m > 1, let k,# be integer numbers such that 2=! <m < 2% and 2/~! < m < 2. Then

Rymm = [P <m
z Z(le - ]Ele)

[se]
< / P max
1 u<2k p<2? ==

< Ry (k, &) + Ry (k, €) + Ry5(k, 0),

P
—0 as mvn— co. (4.24)
(mn)l/P u<m U<ﬂ

u v

2 Z(Xi,j - IEXiJ)
i=1j

Py

> zl/”(mn)l/”) dz

u

(4.25)

>z /pb2k+f/4> dz

where
o u v
= P L. 1/p
R, (k,7) /1 P <u<£i§y Z{Z{(x,’j X prri))| > 2 b2k+t’/12) dz,
o0 u v
R (k,zf’):/ P max E(X;; = Xz pri)| > 21/Pbyiee /12 ) d 2,
> 1 u<2k p<2? ;Z}l L 2k 0] okt /|
© u v
R23(k,f)=/ P max X kaij —EX o kprij) > 2YPhye /12 ) d 2.
? 1 u<2k p<2? =1 =1 o
By applying the stochastic domination, (1.23) and the Lebesgue dominated convergence theorem, we have
o 28 2f
/1 P {2321])(( 2 Z(X,/ X, ki) > 2Py /12 |d 2 S/I Z ZIP’ X;;>z YPhywr ) dz
verl i=1 j= i=1 j=
2k of
ZZE<X‘” > byer))
2k+t i=1 j=

<E(IXIP1(1X] > byksr))

—-0askVv? — oo,

and
2k o
sup ——— E(X; i su E|X; y
z>Il) Zl/pb2k+f u<2" u<2f Z z ( W Zkﬂﬂ’w) p l/pb2k+f ; ]Z | v Zkﬂy”’]l
2k o
< IE j>b
b2k+/’ ; ]z 2k+i))
2k 2f
<~ ZZE(X” X, >b2k+f)>
2k+(’ i=1 j=

<SE(IX[P1(X] > byiar))
—0askVv?l > o0

which, respectively, yield lim;,,_, Ry (k,#) = 0 and R,,(k,#) = 0 for all large k v . Finally, by using Tonelli’s theorem and
proceeding in a similar manner as the argument in the proof of (4.18), we obtain lim,,,_, Ry5(k,6)=0. Therefore, (4.25) ensures
that lim,,,,,,_,, R,(m,n) = 0 which ends the proof of the sufficiency part of the theorem.

We will now prove the necessity part. Assume that (1.25) holds. Then

1 1 -1 P
E|X —ul” _ E ‘Zi=1 Z;:l(XiJ - - X Z;=1(Xi,j - ”)|
n - n
P _ p
E|Zi T Xy - E|ZL T, -
+

n n

—0asn— oo,
and therefore E|X — u|? < oo, which, in turn, implies that (1.23) holds. Applying the sufficiency part, we obtain

2112]1 ’

177 (mn)l_l/"EX —0asmvVvn— co. (4.26)
mn

17
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By using (1.25) and (4.26), we have

DHED WD OF ’
(mn)"VPEX — ,4)(” <2-E % — ()~ VPEX
mn
(4.27)
oYX, p
+2r 1R e i mm)'=VPyl S 0asmvn— .
(mn)!/p

Since 1 —1/p > 0, (4.27) ensures that EX = u. The proof of the necessity part is completed. []

5. Some corollaries and further remarks
5.1. Limit theorems under bounded moment conditions

From Proposition 4.2, it follows that certain bounded moment conditions on the random field can accomplish the stochastic
domination condition. This illustrates the flexibility of the stochastic domination condition in comparison to the identical distribution
condition. Specifically, by using Proposition 4.2 and the results in Section 1 (Theorems 1.3, 1.5 and 1.6), we obtain the following
corollaries. Details of the proof will be omitted.

Corollary 5.1. Let p > 1, « > 1/2 and let {X,,,, m > 1, n > 1} be a double array of random variables. Assume that the

{X, m > 1, n > 1} satisfies Condition (H,,) withg=1if l <p<2and qg>(ap-1)/QRa— 1D if p22. If

m,n?

sup E (|X,,,1”log]X,,,|l0g? |X,,,I) < co

m>1,n>1

for some positive integer v, then (1.17) holds.

Corollary 5.2.
Let 1 < p<2andlet{X,,, m>1, n>1} be a double array of random variables satisfying Condition (H,). If

sup E (1X,,,1710g? | X,,,1) < 0o

v
m>1,n>1

for some positive integer v, then (1.24) holds.

Corollary 5.3. Let1 < p < 2 and let {X,,,, m > 1, n > 1} be a double array of random variables satisfying Condition (H,). If
{IX,.lP, m>1, n> 1} is uniformly integrable, then

Y XXy —EX )| e

maxuﬁm,ugn
—-0asmvn— . (5.1)
(mn)!/p

Open Problem 5.4. In Corollary 5.3, if the random variables X,, ,, m > 1, n > 1 are independent, then by the method in Pyke
and Root [42], we can obtain convergence in mean of order p in (5.1). If we only assume X,, ,, m > 1, n > 1 satisfy Condition (H,),
then we do not know whether or not the convergence in mean of order p prevails in (5.1). To our best knowledge, this problem is
unsolved even in the case of dimension one.

5.2. Limit theorems for dependent random fields with regularly varying norming constants

Theorems 1.3, 1.5 and 1.6 can be extended to the case where the norming constants are regularly varying. For instance, we have
an extension of Theorem 1.3 as follows. The proof employs some properties of slowly varying functions presented in [1,54,55,58]
as well as the technique developed in Sections 2 and 3. We leave the details to the interested reader.

Theorem 5.5. Letp>1,1/2<a <1, ap>1andlet{X,,, m>1, n> 1} be a double array of identically distributed random variables.

Let L(x) > 1 be an increasing slowly varying function and L(x) the de Bruijn conjugate of L(x). Assume that the array {X,,,, m> 1, n > 1}
satisfies Condition (Hy,) withgq=1if1<p<2and q> (ap—1)/Q2a—1)if p > 2. Then

o oo
E E (mm)*2P  max
1 1 u<m,v<n
m=1 n=

if and only if

X
1

i

u
=1j

v

> e(mn)"i((mn)")) <ooforalle>0

EX,;;=0and E(|X;|PL7(|X;])log|X]) < co.
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5.3. Further remarks on limit theorems for mixing random fields and negatively dependent random fields

In this subsection, for any two o-fields A, B C F, we define the maximal coefficient of correlation

| Cov(XY)|
(Var(X) Var(Y)!/?’
where the sup is taken over all pairs of random variables X € £,(A) and Y € £,(B), and 0/0 is interpreted to be 0.

The concepts of p*-mixing and p’-mixing random fields were introduced by Bradley and Utev [10] (see also in Bradley [7],
Bradley and Tone [9]). Let Z, be the set of positive integers and let d € Z, . Let Z% denote the positive integer d-dimensional lattice
points. The notation m < n (or n > m), where m = (m;,m,, ..., myz) and n = (n;,n,, ...,ny) € Z‘i, means that m; < n;,1 <i <d. For
n=(n,ny,...,ng) € Z4, let ||n|| = (n% +~+n§)1/2 denote the Euclidean norm. Let X = {X,,,n € Z% } be a d-dimensional random field.
For two nonempty disjoint subsets S, and S, of Zi, denote

p(A, B) = sup

dist(S,,.S,) = inf n—m|,
(51,82) neS],meSzll [

and
p(S1,8,) 1= plc(X,,n € S)),0(X,,n ES))).
For n > 1, we define
p*(X,n) = sup{p(S}, S,) : dist(S;,S,) > n}
and
p'(X,n) = sup p(S|, S,), (5.2)
where in (5.2), the sup is taken over all pairs of nonempty disjoint subsets .S; and .S, of Zi of the form
Sy ={n=(n.n,....ny € Zi im €04}
and
S, ={n=@my,ny,...,ny) € Zi i €01,

where i = 1,....d, and Q, and Q, are two nonempty disjoint subsets of Z! satisfying dist(Q,,0Q,) > n. As noted by Bradley and
Utev [10], p* is based on “general” disjoint sets S| and S, whereas p’ is based on disjoint “one-dimensional cylinder sets” S, and
S,. Itis clear that 0 < p/(n) < p*(n) < 1 for all n > 1. The random field X is said to be p*-mixing (resp., p’-mixing) if lim,_, , p*(X,n) =0
(resp., lim,,_,, p'(X,n) = 0). If lim,,_, , p*(X,n) < 1, then the array X satisfies Condition H,, for all ¢ > 1 (see Theorem 4 of Peligrad
and Gut [38]). If lim,_,, p'(X.n) < 1, then the array X satisfies Condition H,, for all ¢ > 1 (see Theorem 29.30 of Bradley [6]).

Limit theorems for mixing random fields were studied extensively by various authors. We refer to Bradley [4,5], Bradley and
Tone [9] for the central limit theorems for p*-mixing and p’-mixing random fields, Kuczmaszewska and Lagodowski [33], Peligrad
and Gut [38] and the references therein for the Hsu-Robbins-Erdos-Spitzer-Baum-Katz-type theorem and SLLNs for p*-mixing
random fields. However, to our best knowledge, there are no results in the literature on complete convergence or SLLNs for p’-
mixing random fields. Let X = {X,.,n € Zi} be a d-dimensional random field. A Rosenthal-type maximal inequality for the random
field X under the condition lim,_,, p*(X,n) < 1 was provided by Peligrad and Gut [38] but such an inequality is not available for
the p’-mixing case. This prevents us from using existing methods to establish laws of large numbers for the maximum of multiple
sums for p’-mixing random fields.

As mentioned in the above, if lim,_, o, p'(X, n) < 1, then X satisfies Condition Hy, for all ¢ > 1. Therefore, all results in Sections 1-2
hold true for dependent random fields satisfying lim,_,, o'(X,n) < 1. For the case where d = 1, we have p'(n) = p*(n) for all n > 1
and thus there is no difference between p*-mixing sequences and p’-mixing sequences. However, for the case where d > 2, It was
shown by Bradley [7, Theorem 1.9] that for all nonincreasing sequence {c,,n > 1} C [0, 1], there exists a strictly stationary random
field {X,.n € Z%} such that p*(n) = 1 for all n > 1 and p'(n) = c, for all n > 2. Therefore for the case of dimension d > 2, our
result on the Baum-Katz—Erd6s—Hsu-Robbins-type theorem under condition lim,_, , p'(X,n) < 1 significantly improves the Peligrad
and Gut [38] result in the sense that it cannot be derived from the Peligrad and Gut [38] result for dependent random fields with
condition lim,_,  p*(X,n) < 1.

Kuczmaszewska and Lagodowski [33] used the method in the Peligrad and Gut [38] to establish the Hsu—Robbins—-Erdds—Spitzer—
Baum-Katz-type theorem for negatively associated random fields. It is well known that negative association is strictly stronger than
pairwise negative dependence (see, [30, Property P3 and Remark 2.5]). The Rosenthal-maximal inequalities also hold for negatively
associated mean zero random variables (see, e.g., Shao [48], Giap et al. [21]) but for pairwise negatively dependent mean zero
random variables, (1.2) is not valid even in the case of dimension one. By Lemma 1 (ii) and Lemma 3 of Lehmann [34], pairwise
negatively dependent random variables satisfy Condition (H,). Therefore, Theorem 1.3 for the case 1 < p < 2, and Theorems 1.5
and 1.6 can be applied to the pairwise negatively dependent random fields. As stated in Section 1, these results are new even when
the underlying random variables are pairwise independent.

There is another dependence structure called extended negative dependence (see, e.g., Chen et al. [12]), which is strictly weaker
than negative association. Lemmas 2.1 and 2.3 of Shen et al. [49] ensure that extended negative dependence possesses Condition

19



L.V. Thanh Stochastic Processes and their Applications 171 (2024) 104313

(H,,) for all g > 1. Therefore, our result in Sections 1-2 can also be applied to this dependence structure. We note that a Kolmogorov-
Doob-type maximal inequality or a Rosenthal-type maximal inequality is not available for extended negatively dependent random
variables and negatively dependent random variables, even in the case of dimension one. Theorems 1.3, 1.5 and 1.6 for these two
dependence structures have never appeared in the literature. Chen et al. [12] were apparently the first to establish the Kolmogorov
SLLN for extended negatively dependent random variables in the case of dimension one.

Finally, we remark that even for the p*-mixing case with condition lim,_,, p*(X,n) < 1, the Rosenthal maximal inequality
provided by Peligrad and Gut [38] is not sharp since the bound of the second moment of the maximum d-index sums has an
additional factor (log|n|)?? (see Corollary 2 in Peligrad and Gut [38]). Therefore, the Peligrad and Gut [38] result on the Hsu-
Robbins-Erd6s-Spitzer-Baum-Katz-type theorem has to require « > 1/p, and so we cannot derive the Marcinkiewicz-Zygmund
SLLN for random fields from their result. In Peligrad and Gut [38], the authors only obtained the Kolmogorov SLLN (i.e., the case
p = 1 in the Marcinkiewicz-Zygmund SLLN) by using the Etemadi subsequences method (see [38, Theorem 6]). Similar to Peligrad
and Gut [38], Kuczmaszewska and Lagodowski [33] also required « > 1/p in their result (see [33, Theorem 3.2]).
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Appendix

In this section, we will present two technical lemmas and prove Claim 1.

{by.n»m > 1,n > 1} be a double array of positive constants. If

Lemma A.1. Let {X,,,,m > 1,n > 1} be a double array of identically distributed random variables satisfying Condition (H,) and let

maxX;<j<m1<j<n |Xi,j| P

-0 as mvn-— oo, (A.1)
bm,n
then for all € > 0, there exists n, such that
< : y 3 > .
mnP(|X, (| > b, ,€) < CP <1SiSI2,di§an 1X; ;1> bm,n'S) foral mvn2>ng, (A.2)
and so

mnP(|1 X, | > b, ,e) >0 as mVn— co.
Proof. Let £ > 0 be arbitrary. It follows from (A.1) that

m n
: + — 1 + -
i (s, X > ) = mézfﬁmﬂ’@yl (¥t > bm,nf)> =0 .3

Since the array {X,,,. m > 1, n> 1} is comprised of identically distributed random variables and satisfies Condition (H,), we can
apply Proposition 2.5 in [55] for events {(Xl:rf > b, ,€),1 <k <m,1<¢ < n} to obtain

2 m n
(1 -P (ksmm?fxy Xy, > bm,,,e>> kzi ) llP’(X;fj > by n€) < CP <k£f‘nf’fx5n Xi, > bm,ne> . (A.4)
It follows from (A.3) and (A.4) that there exists a positive integer n; such that
m n
+ _ + +
mnP(X{ | > by, ,€) = kzi P P(X}', > b, ) < CP <k51&x9 Xt > bm,,,e> (A.5)
whenever m V n > n;. By using the same arguments, we also have
mnP(X | > b, &) < CP <ksrzln%fxsn X o> bm’ne> (A.6)

whenever m Vv n > n, for some positive integer n,. Letting n, = max{n;,n,} and combining (A.5) and (A.6), we obtain (A.2). [

20



L.V. Thanh Stochastic Processes and their Applications 171 (2024) 104313

Lemma A.2. Leta >0, ¢ >0, 0<p<q and let X be a random variable. Then the following statements are equivalent:

@ E(IX|”log|X]) < co.

GD) Yo X2, (mm)* P (| X| > (mn)) < oo

(iii) Yoo, > | 20mtmarp (| x| > 20mtma) < oo,

Av) X, X2 mn) PO E (1X|91(1X| < (mm)®)) < co.

(W21 2D e 2(m+ma(p=a)[|g (|X|q1 (|X| < 2('"+”>“)) < oo.

Proof. The equivalence of (i) and (ii) is a special case of Lemma 2.1 in Gut [23]. The proof of the equivalence of (i) and (iv) is

similar. The equivalence of (ii) and (iii), and the equivalence of (iv) and (v) are obvious. []
Finally, we present the proof of Claim 1 which was used in the proof of Theorem 2.1.
Proof of Claim 1. Form>1, n>1,1<u<2" 1<v<2",0<s<m, 0<1t<n, set
ku,x = Lu/szv va,t = LU/ZIJ’ us = ku,szs’ Uy = fu,rzt’
Ty—l,t,us,],u = Ss—l,t,us,],u - Ss—l,t,us,u (s=1),
and
T:t,u,v = Ss,t,u,u - szl,t,u,v - Ss,t,us,u + Ss—l,t,us,u (S > 1)~
Then ug =u, vy=vandu, =v,=0.Forallm>1,n>1,1<u<2"1<v<2" we have
Sm,n,u,u = Z (Ss—l,n,u:,l,u - Ss—l,n,ux,u)
s=1
m
+ Z (Ss,n,u,u - Ss—l,n,u,v - Ss,n,us,u + Ss—l,n,u:,v> (A'7)
s=1
m m
= Z Tv—l,n,us_l,v + Z T;jn.u,v'
s=1 s=1
Applying the above decomposition again for the second and the fourth indices, we have
n
Ty—l,n,us,l,u = Z (Tv—l,t—l,us,l,u,,l - Tr—l,t—l,us,l,ur)
=1 . (A.8)
+ Z <T¥—I,l,u5_|,u - Tr—l,t—l,us_l,v - Tt—l,t,us_l,v, + Tr—l,t—l,us_l,u,) )
=1
and
n
* _ * *
Ts,n,u,v - z (Ts,t—l,u,v,,l - Tx,t—l,u,u,)
=1 . (A.9)
* * * *
+ z (Ts,t,lu) e~ Ts,t,u,u, + Ts,t—l,u,u,) :
=1
Combining (A.7)-(A.9) yields
m n
Sm,n,u.v = Z z (TS—I,I—I,us_],v,_] - Ts—l,t—l,us_l,u,)
s=1 t=1
m n
+ Z Z <Ts—l,t,ux_l,u - Ts—l,t—l,us_l o Ts—l,t,u,_l Uy + Ts—l,t—l,us_l,v,>
s=1 t=1
m n
(A.10)
* *
+ z Z (Ts,r—l,lw,,l - Ts,t—l,u,v,)
s=1 t=1
m n
+ Z Z ( stuv T;x—l,u,u - Ts,t,u,u, + Ts,r—l,u,u,)
s=1t=1
=1 (m,n,u,v) + I,(m,n,u,v) + I3(m, n,u,v) + I,(m, n,u, v).
By definitions of u, and v,, we have either u,_; = u, or u,_; = u,+ 257! and v,_; = v, or v,_; = v, + 2""1. It is also easy to see that

0<ug <u<ug+25,0<v, <v<vy +2'. Hereafter, the sum Z;‘; A4+1(); is interpreted to be 0. Keeping these facts and conventions in
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mind, we have forall 1 <u<2",1<v<2"m>1,n>1,

m.n U1 U=
max |1 (m,n,u.0)| = max Z} 1 ~21 Dy 1 (Xosi-2ij —EX i a)
I<v<2n 1<v<on |s=11=1 Ni=us+1 j=v+
(A.11)
m n k2542571 214211
< Z ooaX s Z Z Kopr—2ij ~EXp0:)|-
s=11=1 gepon—t |i=k25+1 j=¢2141
Similarly, for all 1 <u<2",1<v<2",m>1,n>1, we have
m n ug_| v
[ (m, n,u, v)| = Z Z Z Xswrtij = Xswr—2,j = B X o1 = Xx+t—2,i,j)>
s=1 t=1 i=ug+1 j=v,+1
moon w25l o2t
*® *
S Z Z (Xr+t 1[}+EXS+I 11,/)
s=1t=1 i=ug+1 j=v,+1
(A.12)

B

ug 251 42!

Z (Y:H 11,/+2EX:+I llj)

1 i=ug+1 j=v+1

Ms

©
Il
Il

moon |ugk2sTh 42! m n ugt2sTh 2!
5303 530 YRS IED 35 3 M HESECTE S s
s=1t=1 | i=u;+1 j=v,+1 s=1 t=1 i=ug+1 j=v,+1

where we have applied (2.10) in the first and the last inequalities. Now, by recalling definitions of u; and v,, we have from (A.12)
that

k2542571 242!

m n
*
PRIRCRRNCIED 35 09 1D YD VR

s=1t=1 —t | i=k25+1 j=¢2+1
e 0zr<2n J (A.13)
m
+ Z z 2S+tb2s+r max P (X,j > b25+t 2)
s=1t=1 _l<2n

Similarly, we have

k25425 204211

n
®
DIDINE- A IDVRED IR AR

max |I3(m,n,u,v)| <

||Ms

et =k +1 j=e2i+1
1<v<2? <f on—t |I= J=
v ” n< (A.14)
Z ZZ“”bzm max, P (X > bysria)
s=1r=1 _/<2"
and
m n k25425 £21 42!
<X DY ;
s Hammw ol < 2, 2 o, | 2y 2y \Vebway # Voo
I<p<an s=1 1= n—t |i=k25+1 j=£2+1
<v< 0<r<2! Jj= (A.15)

n
25+’b2r+t max P (X > b25+r 2)

s=1r 1 <2n

Combining (A.10), (A.11), (A.13)—(A.15) yields (2.11). O

_Eils
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