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Abstract—The purpose of this paper is to give some strong laws of large numbers for arrays of 2-
exchangeable random sets and fuzzy random sets in a separable Banach space. To get convergence
theorems for multi-valued random variables, we also improve some results in the case of single-
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DOI: 10.1134/S1995080224604843

Keywords and phrases: Banach space, random variable, random set, fuzzy random set, ex-
changeable, strong law of large numbers

1. INTRODUCTION

In recent years, the laws of large numbers, as well as other limit theorems, for random sets and fuzzy
random sets, gave rise to applications in several fields, such as optimization and control, stochastic and
integral geometry, mathematical economics, statistics and related fields.

The multivalued strong law of large numbers was first proved in 1975 by Artstein and Vitale [3] for
independent and identically distributed (i.i.d.) random variables whose values are compact subsets of
R, with the Hausdorff metric convergence. It was extended in two directions: to random compact
sets and to random closed (possibly unbounded) sets. For the first direction, we refer to Cressie [6],
Hiai [15], Artstein and Hansen [1], Colubi et al. [5], Terdan and Molchanov [25], Fu and Zhang [10],
Giap, Quang, and Ngoc [11], etc. According to the second direction, the strong law of large numbers
(SLLN) was first proved by Artstein and Hart [2] with the Kuratowski convergence for i.i.d. random
variables having values in the closed subsets of R and applied it to a problem of optimal allocations;
and later was extended by several authors with respect to the topologies Mosco and Wijsman (see Hiai
[14], Hess[13]). However, most of the results for laws of large numbers was concerned with i.i.d. random
sets. While it is not always possible to assume that the random sets are independent, they can be oiten
dependent. In many statistical analysis some kind of dependency of random variables may be required,
and exchangeability as an alternative to the random sample with i.i.d. random variables gives the study
of asymptotic properties of random variables. On the other hand, statistical estimators are expressible
of the linear form of random variables, which involves possibly random weights and possibly functions
of dependent random variables which are permutation invariant with respect to distributions. Therefore,
the SLLN for exchangeable random variables has been interested in studying by many authors and has
been extended to random sets such as in [17—19]. Recently, the SLLN was proved in [23] for triangular
array of row-wise exchangeable random sets and fuzzy random sets. The exchangeability is an extension
of independency and identically distributed. In the classical strong law of large numbers, the assumption
of independence can be weakened to that of pairwise independence. In [8], Etemadi et al. introduced the
concept of 2-exchangeability which provided a unified treatment of the SLLN for both exchangeable and
pairwise independent random variables. They also showed that, under 2-exchangeability, to preserve
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the Glivenko—Cantelli’s theorem sometimes refereed to as the fundamental theorem of statistics—it is
necessary that the random variables be pairwise independent. In this paper, we extend above result to
random sets and fuzzy random sets. If one only uses the method as in Hiai [14, Theorems 3.2 and 3.3]
or in Hess [13], then it is not available. We stress that the usual convexification technique developed
in previous studies is no longer applicable because we deal the SLLN with double array. Thus, to give
main results, we have to build structure of double array of selections to prove the “lim inf” part of Mosco
convergence.

The organization of this paper is as follows. In Section 2, we summarize some basic concepts and
related properties. Section 3 is concerned with the SLLN for arrays of 2-exchangeable random sets
and fuzzy random sets with respect to the topologies Mosco and Wijsman. Some typical examples
illustrating are provided in this section.

2. PRELIMINARIES

Let (©2,.A4,P) be a complete probability space, (X,]].||) be a separable Banach space and X* be its
topological dual. In the present paper, R (resp., IN) will be denoted the set of all real numbers (resp.,
positive integers).

Let ¢(X) be the family of all nonempty closed subsets of X. For each A, B C X, clA, ToA denote the
norm-closure and the closed convex hull of A, respectively; the distance function d(., A) of A, the
norm || A|| of A and the support function s(., A) of A are defined by

d(x, A) = nf{[|z —y[[ :y € A}, (z € X),  [[A]| = sup{||z|| : z € A},
s(x*, A) = sup{(z*,y) 1y € A}, (a* € X*).

Let P(X) be the family of all nonempty subsets of X. In P(X), one defined Minkowski addition
and scalar multiplication as follows: A+ B={a+b:a€ A,b€ B}, N\A={)a:a € A}, where A, B €
P(X), A € R.

Let By be the Borel o-field on X and B.x) be the o-field on ¢(X) generated by the sets U™ =
{C € ¢(X): CNU # 0} taken for all open subsets U of X. A mapping F from Q to ¢(X) is said to
be measurable if F is (A, B.(x))-measurable, i.e., for every open set U of X, the subset F~1(U~) :=
{weQ: Fw)NU # 0} belongs to A. Such a mapping F is called a random set or multivalued
(closed-valued) random variable.

Given the random set F, we define a sub-o-field A of A by Ap = {F~1(U) : U € B.(x)}, where
FYU)={weQ: Flw) eU}, ie., Ap is the smallest sub-o-field of A with respect to which F is
measurable. The distribution of F' is a probability measure Pr on Bx) defined by Pp(U) =
P(F~Y(U)), U e Bc(x). Random sets F;, i € I, are said to be independent it Ap,, i € I, are inde-
pendent, identically distributed if all P, are identical, and i.i.d. if they are independent and identically
distributed.

A random element f: Q — X is called a selection of the random set F' if f(w) € F(w) for almost
allw € Q. An F : Q — ¢(X) is measurable iff the graph Gr(F) = {(w,z) e @ x X 1z € F(w)} of F'is
A ® Bx-measurable.

For every sub-o-field F of Aand for 1 < p < oo, LP(Q2, F, P, X) denotes the Banach space of (equiv-
alence classes of) F-measurable random elements f : Q — X such that the norm || f||, = (E||f|[?)"/?
is finite. In special case, LP (2, A, P, X) (resp. LP(Q2, A, P,R)) is denoted by LP(X) (resp., LP). For each
F-measurable random set F', define the following closed subset of LP(Q2, 7, P, X),

Sh(F)={f € L*(Q,F,P,X) : f(w) € F(w) as.}.
II F = A, then SL.(F) is denoted for shortly by S%. The expectation of F over Q, with respect to

F,is defined by E(F, F) ={Ef : f € Sp(F)}, where Ef = [, fdP is the usual Bochner integral of f.
Shortly, E(F, A) is denoted by EF'. We note that EF is not always closed (see [20, p. 1386]).

Arandom set F' : Q — ¢(X) is called integrable if the set S} is nonempty, and it is called integrable
bounded if the random variable || F|| is in L!. A random set F is integrable iff d(0, F'(-)) is in L!.
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Let N¢ = {n = (ny,na,...,ng) : n; € N,1 < i <d} be the set of positive integer d-dimensional
lattice points, where d is a positive integer. We will keep “=<” (or =) for the usual partial ordering on
N% ie.m=<nifim; < n;, 1 <14 < d. Denote

d
|1’l| = Hni, Nax = HlaX{’I’Ll,’I’LQ,... ,’I’Ld}, Nmin = min{nlan%"' ,’I’Ld}.
i=1
Also, 1 and 2 are assigned to (1,1, ...,1) and (2,2, ..., 2), respectively.
Let  be a topology on X and {A,, : n € N?} be an array in ¢(X). We put

t— liminf A, = {m eX:x=t— lim xn, Tn € An,Vn e Nd},

Nmax—>00 Nmax—00

Nmax— 00 Kinax—00

t—limsupAn:{xE%:aj:t— lim =gk, :EKEAnK,VKENd},

where { Ay, : K € N9} is a sub-array of {4, : n € N%}.
The subsets t— liminf A, and ¢— limsup A,, are the lower limit and the upper limit of {Ay :

Nmax —>00 Nmax—>00

n € N?}, relative to topology t. We obviously have t— liminf A, C t— limsup A,. An array {4, :

Nmax —00 Nmax —> 00
n € N7} converges to A, in the sense of Kuratowski, relatively to the topology t, if the two following
equalities are satisfied
t— limsup A, = t— liminf A, = A.

Nmax—> 00 Nmax —>00

In this case, we shall write A = t— lirr_l> Ap; this is true if and only if the next two inclusions hold

t— limsup A, C A C t— liminf Ay.

Nmax—00 Nmax —>00

Let us denote by s (resp., w) the strong (resp., weak) topology of X. It is easily seen that
s— liminf A, C w— limsup A, and s— liminf A, € ¢(X)
Nmax—>00 Nmax— 00 Nmax—>00

unless it is empty. A subset A is said to be the Mosco limit of the array {A, :n € N?} de-
noted by M- lim A, = A if w— limsup A, = s— liminf A, = A which is true if and only if

Nmax— 00 Nyax — 00 Nmax—00

w— limsup A, C A C s— liminf A,.

Nmax—>00 Nmax—00

The Wijsman convergence on ¢(X) is the pointwise convergence of distance functions. This means
that an array {4, : n € N9} in ¢(X) converges to A € ¢(X) with respect to Wijsman convergence,
denoted by W- lim A, = A asnyax — ooif, foreveryxz € X, one has d(z,A) = lim d(x, An).

Nmax—>00 Nmax —00

The convergence relatively to n;, — oo is stated similarly. The corresponding definitions of
pointwise convergence and almost sure convergence for an array { F, : n € N?} of multivalued functions
defined on € are clear. In fact, in the above definitions, it suffices to replace A, by Fj,(w) and A by F(w)
for almost surely w € €.

Concerning expectations, conditional expectations, martingales, Mosco convergence and Wijsman
convergence of random sets we refer to Hess [13], Hiai and Umegaki [16].

An array {fn:n € N9 of random elements is called uniformly integrable if and only if
E (| fallZ(|fa]j>a)) = 0 as a — oo uniformly in n.

Next, we introduce some concepts of 2-exchangeability. An array of random sets {F}, : n € N} in d-
dimensional time is said to be 2-exchangeable in distributions, or simply 2-exchangeable, if (F;, Fj)

has the same distribution as (Fy, F2) for all different i’s and j’s in N9 that is, P{F; € By, Fj € By} =
P{F, € By, F3 € By}, forall By, By € B, (x) and for every i # j.
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An array of real-valued random variables { f, : n € N?} is said to be 2-exchangeable up to second
moments it E(fif;) = E(f1f2) foralli# j, E(f2) = E(f]) and E(f;) = E(f1) foralli € N4.

The array {f, : n € N} of random elements in a Banach space is called converges in r-mean
(or: in L") (r > 0) to the random element f as nyax — 0o (resp., Ny, — o0) iff E||fn — f||" — 0 as
Nax — 00 (resp., Ny — 00).

In the following, we describe some basic concepts of fuzzy random variables.

A Juzzy set in X is a function u : X — [0,1]. For each fuzzy set u, the a-level set is denoted by
Lou={zx € X:u(r) > a},0 <a <1 ltiseasytosee that, forevery a € (0,1], Lou = ﬂﬁ<a Lgu. We
also define Ly+u={z € X:u(zx) >a},0<a < 1.

Let F(X) denote the space of fuzzy sets u : X — [0, 1] such that

(1)u is normal, i.e., the 1-level set Lyu # 0,

(2) uw is upper semicontinuous, that is, for each « € (0, 1], the a-level set Lyu is a closed subset of X.

A linear structure in F/(X) is defined by the following operations

u(A"lz), it A #0,

I{O}(IL’), it A= O,

where u,v € F(X), A € R. Then, for each a € (0,1], Lo(u +v) = cl{Ly(u) + Lo(v)} and Ly (Au) =
ALq(u).

A function w in F(X) is called convex if it satisfies u(Az + (1 — A)y) > min{u(z), u(y)} for every
x,y € X and X\ € [0,1]. It is known that u is convex in the above sense iff, for any o € (0, 1], the level set
Lou is a convex subset of X.

The closed convex hull o u of u € F(X) is defined as follows

cou(z) =sup{a € [0,1] : 2 € To Lyu},

so that L, (co u) =<0 Lau forall a € [0, 1].

The concept of fuzzy random set as a generalization for a random set was extensively studied
by Puri and Ralescu [22]. A fuzzy-valued random variable (or fuzzy random set) is a mapping

F : Q — F(X) such that Lo F is a random set for every a € (0, 1].
The expected value of any fuzzy random set F, denoted by EF, is a fuzzy set such that, for every
a € (0,1], Ly, (Eﬁ) =E (Laﬁ> . A fuzzy random set Fis called integrable il it has expected value.

(u+v)(z) = sup min{u(y),v(z)}, ()\u)(x):{

Yy+z=x

The 2-exchangeability of array {Fvn ‘n € Nd} of fuzzy random sets is defined to be one of array
{La(ﬁn) ‘n € Nd} of random sets, for each a € [0, 1].

For notational convenience, the logarithms are to the base 2, for a € R, log(max{a,1}) will be
denoted by log™ a.

3. MAIN RESULTS

To prove main results, we need the following some lemmas.
Lemma 3.1. Let {F,:n € N9} be an array of 2-exchangeable random sets in c(X) and
¢ c(X) = X be a (Byx), Bx)-measurable function. Then, {p(Fy):n € N} be an array of 2-
exchangeable random elements.
Proof. Since the 2-exchangeability of {F,, : n € N}, we have that for any i # j in N¢ and any Borel
subsets { By, B} of By,
=P ([ e (B

Fy) € By) =P (K € o '(B1), F; € ¢ '(Bo))
JFp e 9N (By))  (by ¢ N(Bi) € Byxy, i =1,2)
P (p(F1) € B1,p(F2) € By).

~—
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Therefore, {¢(Fy) : n € N} is an array of 2-exchangeable random elements. O

Lemma 3.2. (1) Let {F, :n € N%} be an array of 2-exchangeable random sets. For each
f1 € Sk (AR,), there exists an array {fn :n € N of fn € Sk (Ap,) such that {fn : n € N9} is
an array of 2-exchangeable random elements.

(2) Let {Fy, : n € N} be an array of 2-exchangeable random sets with Sp, # 0. Then, E(F, Ap) =
E(F1,Ar,), foralli e N9,

Proof. (1) Since X is separable and f1 is Ap, -measurable, there exists a (B,x), Bx)-measurable
function ¢ : ¢(X) — X satisfying f1(w) = p(F1(w)) for every w € . Define fi(w) = ¢(Fi(w)) for every
we Qandic N Since 2-exchangeability of {F}, : n € N?} and by virtue of Lemma 3.1, the array
{fa : n € N%} is also 2-exchangeable, and so they are identically distributed.

Because the function (z, A) = d(z, A) of X x ¢(X) into R is Bx ® B,x)-measurable, the array of
random Variables {d(fu(-), Fa(+)) : n € N%} is identically distributed. Hence, d(f1(w), F1(w)) = 0 a.s.
implies d(fn(w), Fu(w)) = 0 a.s. for all n € N?. Combining this with

/Ilfn IIdP—/IIw )||dPs, = /Ilso J||dP g, — /||f1 J|dP < oo,

(%)

we obtain fn € S}, (Ar,) for every n € N9, (2) follows immediately from (1). O

Remark. Hiai[15, Lemma 6] showed that if F' is an integrable random set and EF = {z} (z € X),
then F(w) = {f(w)} a.s., where f € L'(X). Thus, the condition “mean zero” in the single-valued
random variable case is usually extended by 0 € E(F, Ar). This is used by Ezzaki (see [9]) to define
the multivalued martingale difference, and is also used by Quang and Thuan to obtain the SLLN for
adapted arrays of fuzzy-valued random variables in Banach space (see [24]). The following example will
show that the condition 0 € EF is not equivalent to the condition 0 € E(F, Ar) where F' is a random
set.

Example 3.3. Let (©2, A, P) be nonatomic and Q = Q; U Qq, where P(€Q;) = P(Q2) = 1/2. Define
F:Q— ¢R) by

Flw) = {{—1/2; 1} i weo,
{-1/2}, i weQo.

Therefore, f € St iff f only takes the values in {—1/2;1} such that P(f =1) =p and P(f =
—1/2) =1 — p with some arbitrary p € [0,1/2]. Then, Ef = (3/2)p — 1/2 and so EF = [-1/2,1/4].
Thus, 0 € EF.

Furthermore, since Ap = {0,Q1,Q9,Q}, for each f € S};(AF), there is there is only one of the
following situations: f(w) = —1/2for allw € Q which implies Ef = —1/2, or

12, i we
f(w)_{L if we

which yields Ef = 1/4. Hence, E(F, Ar) = {—1/2;1/4} and so 0 ¢ E(F, Ap).

In [8], Etemadi et al. proved the SLLN for 2-exchangeable real-valued random variables. Later, in
[7], Etemadi extended an important part of [8, Theorem 2] to the case where random variables are taking
values in a separable Banach space by using the appropriate modification given in Padgett and Taylor
[21, pp. 42—44]. In the following, we complete the extension of [8, Theorem 2] for Banach space valued
random variables case.

Theorem 1. Let {f,:n € N%} be an array of 2-exchangeable random elements in d-
dimensional time, d > 1, taking values in the separable Banach space X, and Sy, = Y ;4 fi. Then,

B (IAlltog™ 1Al)*) <co= tim %= f as andinL,

Nmax—>00 | |

where f is a random element with Ef = E f;.
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Proof. By virtue of [7, Corollary 1], there exists a random element f such that li]rr_l> % = fa.s.

Next, by applying [8, Theorem 2] for array {||fua|| : n € N%} of 2-exchangeable random variables,
we have that the array {‘—l}q SRl - n € N9} of integrable random variables converges almost sure
and in L' to a random variable g as nyax — co with Eg = E|| f1|| < 2+ E (|| f1||(log™ || f1|)*!) < oc.
Thus, by [12, Theorem 5.2, the array {pr 321y ||fill : n € N} of random variables is uniformly

integrable. This implies that the array {% :n € N?} of random elements is uniformly integrable.
Moreover, the array {%"‘ :n € N} converges a.s. to f as nya — co. Hence, by applying [12,
Theorem 5.2] again, we get that the array {% :n € N?} converges in L' to f. Consequently, Ef =

lim ES—“‘ = Ef1. The theorem is proved completely. O

Nmax —>00 |n

Combining above theorem with [8, Corollary 1], we obtain the following theorem that the limit of the
average will be a constant.

Theorem 2. Suppose that the array {fn :n € N%} of 2-exchangeable random elements in
L?(X) with the separable dual space X* satisfying Cov({x*, f1), (z*, f2)) = 0 for every z* € X*.
Then,

Sn
n|

Proof. For each 2* € X*, set S}, = > "', (z*, fi). It is not hard to prove that there exists a positive
constant C such that (logJr m)d_l < Cxzxforall z > 0, which is suffices to show that the assumption f; €
L2(X) yields E (|| f1||(log™ || f1][)~!) < oo. Therefore, the array {f; : i € N?} satisfies all conditions of

Theorem 1. By using this theorem, we get li]or_l> %“‘ = fa.s. and in L. It implies

lim Sn _

Nimax—>00 |n‘

—Efi as.andin L' as npya — oo.

(z*,f) as.andin L'

It follows from f; € L?(X) that (z*, f;) € L2, for every 2* € X*. Thus, the array {(z*, f) : n € N%}
is 2-exchangeable up to second moments. Using [8, Corollary 1], we have (x*, f) = E(z*, f1) a.s., it is
equivalent to (z*, f —Ef1) = 0 a.s. forevery z* € X*. Since X* is separable, there exists a dense subset
{7 1 j > 1} of X*. It follows that (z}, f — Ef1) =0 as. forall j > 1. So there exists a negligible set
N € Asuch thatforeachw € Q\N, (27, f(w) —Ef1) = 0,forall j > 1. Letx = f(w) — Ef1. lfx #0,
then ||z|| > 0. Then, by Hahn—Banach’s theorem, there exists z* € X* such that (z*, ) # 0, that is

|(z*,x)| > 0. (3.1)
For every e > 0, there exists &, ||2* — 27| < ﬁ Therefore,
(2%, 2)| < (2", 2) — (g, 2)| + (g, o) = [(27 — 2, 2)| < a7 — ap][|]2]] <e.
This is inconsistency with (3.1), and so = 0. This means that f = Ef; a.s. O

The following theorem is a generalization of Theorem 1 for multivalued random variables case. To
obtain the desired result, we need to use the method as in Hiai[14] and some other calculations.

Theorem 3. Suppose that {F;; : i > 1,j > 1} is a double array of 2-exchangeable random sets
with Sp,, # 0 and E (||Fi1|[log™ [|Fu|]) < oco. Let Spn =l X% 375 Fyj. Then, we obtain the
following conclusions:

Smn (W) .

mn

(a)coEF; C s—  liminf CIE% and coOEFy, C clEF, where F(w) = s— liminf

min{m,n}—oo min{m,n}—oco
(b) If X is reflexive and sup ||Fpnn(w)|| < oo a.s., then clEG C coEF); where G(w) =

m,n>1

w—  limsup Smn(w)

mn
max{m,n}—o00
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Proof. (a) Let x € COEF}; and € > 0, by [14, Lemma 3.1(1)] and [4, Lemma 3.6], there ex-
ists fj € Sp (Ary,), 1 <j <k such that H% Z?zlEfj — a:H < e. By Lemma 3.2, we can choose
fij € S};i], (Afr;), 1 <4,j < ksuch that

_ Efi—i—j—b if Z+] Sk—i—lv
Efij = LT
Efi—i—j—l—ka il 4 +7 > k—+1.

Letz; =Ef;,1 <j <kandletx;; :Efij,l <i<k1 <j < k. Itis easy to check that

= Zl’z ) szm (3.2)

=1 j=1

By Lemma 3.2(1), there exists a double array {f;; :4 > 1,5 > 1} of f;; € S}%j (Af,;) such that
{fs=1)ki,(t—1)k4j * 8 > 1,t > 1} is 2-exchangeable for each i, j = 1,2,... k.
Foreveryi,j > 1, we get
E (IIfi;lllog™ [Ifi51l) < B ([|1F;5ll1og™ [|1F5ll) = B (|| Fu1[log™ [[F11]]) < oc.

Hence, for each 7, j = 1,..., k, applying Theorem 1 for double array { f(s_1)k44,t—1)ktj : § = 1,£ > 1}
of integrable random elements, we have

— sz(l Dkti,(r—1)k+5 (W) = gij(w) a.s. and in L' as max{s,t} = oo, (3.3)

=1 r=1

where g;; is a random element with Eg;; = Ef;; = ;5.
Iim=(s—1)k+pandn = (t — 1)k + ¢, where 1 < p,q < k, then the following estimation holds

1 m n 1 k st kK k s t
—ZZfZ] ——2 Zgij(w) _—ZZ Z Ja-1k+i,r—1)k+5 (@) — gi5(w)
M= i=1 j=1 mn A= =1 r=1
po bk
+%'Z Z;ZW(S ke, (r—1)k-+ (@ HJF%Z Z ZHfz ki (t- Dkt (@] |
i=p+1j=1 r=1 i=1 j= q+1 =
(- B)Ege|
=1 j=1
We obtain from (3.3) that
st k k 1 st
mn Z Z ot Z Z f(l—l)k+i7(r—l)k+j(w) = gij(w)|| =0
i=1 j=1 I=1 r=1
as.andin L' as max{m,n} — occ. (3.5)

Since { f(s—1)k+i,(r—1)k+;j : 7 = 1} is a sequence of 2-exchangeable random elements for each s > 1,

by virtue of Theorem 1, it follows that + ZT 1 Hf (s—1)ki, (r—1)k+5 (W) — gij(w)H — 0a.s. and in L' as
t — oo. Hence,

~& | =

k k 4
# Z Z ZHfs 1)k+i,(r— l)k’-‘r]( )H

i=p+1j=1 r=1

k t t
S LS o) - @l 4 3 LS e

1j=1 r=1 i=p+1j=1 r=1

| =

(2

" k
S%:Zp:
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TR |
S%EP:Z?

i=p+1j=1 r

M)~

Hf(s 1)k+i,(r— l)k—i-] gl] H""% Z ZHQU

i=p+1 j=1

Il
—

—0 as.andin L' as min{m,n} — oo. (3.6)
Similarly, we get
%; Zrl ZHf(l Dk, (t—1)k+j(@)|| = 0 a.s.and in L' as min{m,n} — co. (3.7)
) 7j=q =1

Further, in view of

. st . 1 1 p 1 1 q 1
| - = 1 R Lo q s .
min{ni,rg}—)oo mn min{ngizl}—)oo <k‘ + m mk,‘> <k; - n ’I’Lk‘> k27 (3 8)
we have
st 1 P E . . .
12 Z Zgij(W) —0 as.andin L' as min{m,n} — oo. (3.9)
i=1 j=1

Combining (3.4)—(3.7) and (3.9), we get

m n k k
1 1 . 1 .
p Z Zfij(w) — 3 ZZgij(w) as.andin L° as min{m,n} — occ.
=1 j=1 =1 j=1
Combine this with (3.2), we obtain (a).

(b) Let X =co EFy;. Invoking the fact that X has the Lindeloff property: given a family of open
sets, there is a countable family having the same union. Consequently, there is a sequence {x;‘ 1 >1}

such that X = j(_]l {x €X:(z,2) < s(a:;,X)}. The function X — s(z7, X) of ¢(X) into (—o0, 00} is
(Be(x), Br)-measurable and E(s(z7, F11)) = s(z}, X) < o0, j > 1.
By using Lemma 3.1, the double array {s(z}, Finn) :m > 1,n > 1} of 2-exchangeable random

variables satisfies all conditions of Theorem 1 for real-valued random variables case for each j > 1, so,
by applying this theorem, there exists a negligible set N € A such that for every w € Q\N and j > 1,

s (mj, STZZT(:))> = % ZZS (23, Fru(w)) = Yj(w) as max{m,n} — oo,

k=11=1

where Yj is some random variable satislying EY; = s(z7, X). By [14, Theorem 2.2(2)], we get that

Y =w— limsup 2=z isarandom set. If f € SL, then f,5(w) = f(w) as max{r, s} — oo for some
max{m,n}—o0

frs(w) S M and, hence,

MyNg

(2, f(w)) = lim (77, frs(w)) < lim s <a:;k, M) =Yj(w), j>1

max{r,s}—00 max{r,s}—00 MyNg

This yields (z7, Ef) = E(z}, f) < EY; = s(x}, X), j > 1, which implies Ef € X. Thus, we obtain
c(EY) C X as. O

Next, we establish the multivalued SLLN for double array of 2-exchangeable random sets that the
limit of the average is a non-random set. The idea behind the proof is to utilize Theorem 2 and combine
it with extending the convexification technique to double array case to establish the “liminf” part of
Mosco convergence.

Theorem 4. Assume that {Fj; : 1 > 1,j > 1} is a double array of 2-exchangeable random sets
in ¢(X) with the separable dual space X* and S};H # (. I] the following conditions are satisfied:
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(a) for every x* € X*, Cov ({(z*, g(F11)), (v*, g(F22))) = 0,
(b) E[|F11||* < oo,
then

m n

1
—CZZZEj(w) —ct0EF;; as.as max{m,n} — oo,

mne =
with respect to the topologies Mosco and Wijsman, where g : c(X) — X is some measurable
function.

Proof. Let X = COEFy; and G (w) = el Y1 > i1 Fij(w),w e Q,m > 1,n > 1. Atfirst, we
provethat X C s— liminf G,,,(w) a.s. To do this, we will use [4, Proposition 3.5]. Foreach x € X

max{m,n}—o0
and e > 0, the random elements f;, f;; and the constant elements z;, z;; (4,7 € {1,2,...,k}) defined as
in the proof of Theorem 3, it is easy to check that

k k
k ;%2 >ic1 ijl Ligs
Z:pi = %Zle xy; foreach j=1,2,... k, (3.10)
i=1 z Z§:1 z;; foreach i=1,2,... k.

e

We will show that

k
%Z@-Es— liminf  Gpp(w) as. (3.11)
=1

max{m,n}—oo

is enough to prove the “lim inf” part of Mosco convergence.

Indeed, since X is separable, there exists a countable dense set Dx of X. For each fixed 2 e Dy
and forevery e, = % (s > 1), by(3.11), there exists z5 of X, which depends on 29 and e, such that z5 €
s— liminf  Gpn(w) a.s. Therefore, for each s > 1, there exists a negligible set Ny € A such that

max{m,n}—oco

zs € s— liminf Gy (w)forallw € Q\N;. Letting N = ;2| N5, then P(V) = 0. Foreachw € N,

max{m,n}—oco

it follows from the set s— li{m ir]}f Gn(w) is closed, z5 € s— li{m i%f Gun(w) forall s and zg —
max{m,n — 00 maxym,n —oo
) as s — oo, that ) € s— li{m i]gf Grmn(w). This means that z0) € s— li{m i%f Grn (W)
maxyim,n —0Q maxym,n —0Q

a.s., for each fixed j > 1. Noting that Dx is a countable set, we obtain Dx C s— liminf G, (w)

max{m,n}—oco

a.s. Since the set s— li{m ir]}f Gn(w) is closed for each w, by taking the closure of both sides of the
max{m,n — 00
above relation, we have X C s— liminf G, (w) a.s. Therefore, the above statement is proved.

max{m,n}—o0
By Lemma 3.2(1), there exists a double array {f;; : 4> 1,7 > 1} of fi; € Sllﬂ-j (Ar,;) such that for
eachi,j € {1,2,...,k}, {f(s_l)k+i7(t_1)k+j s> 1,t> 1} is 2-exchangeable.
[fm=(s—1)k+p,n=(t—1)k+q, where 1l < p,q <k, then the following estimations hold

m n k m n k kK
Y @ - ] = [ Y ) = YD (by(310)
=1 j=1 =1 =1 j=1 =1 j=1
st k k 1 s t
<—> > |7 22 2 S (@) — i (3.12)
il | R —
" k k 1 t
+— Z ZZZHJC(S 1 k+i,(r— 1)k’+] Z Z ZHfl 1)k+i,(t— 1k’+] H (3 13
mn i=p+1j=1 r=1 mn i=1 j= q+1 =1
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k k
(3.14)

+<st %> e

mn ‘ -
=1 j=1

Now we prove the desired estimations that constitute the main technical part of the proof

For (3.12), it follows from the condition (b) that the double array { f(s_1)k+s,(t—1)k45 : s = 1,¢ > 1} is
k}. Combining the above statements and by Theorem 2 to each array

in L?(X) for each i, j € {1,2,
{fls-nhsi(e-vpry 5> 1,8 > 111 <4, j < k, we get

S t
1
o SN Famvbti - (@) — @

=1 r=1

— 0 as.as max{s,t} = 0.

Thus,
max{m,n} — oo.

S

t
1
o Z Ju=Dk+i,r—1)k4j (W) —

—0 as. as

k k
i ZZ
n 4 -
=1 j=1 =1 r=1

For(3.13), foreach s > 1, since {f(s Dk, (r—Dk4j 2 T 2 1} is a sequence of 2-exchangeable random
elements in L?(X), it follows from Theorem 2 that 1 Dot Hf(s Dk, (r— k45 (W) — mZ]H — 0 as. as

¢ k k 1 t
o Z Z n D =1,k (@)

=1

t %||+— Z Z%i\lmijl\

t — oo. Hence,

LA
S =2 fs—vkri—nn
mnizzp:lgz:;trzl TR +J i=p+1lj=1 r=1
" k k 1 t
<— >0 D> 7 D M nmrii-vpai @) — |
i=p+1j=1  r=1

kok
t
+— Z Z||:1:Z-j||—>0 a.s. as min{m,n} — oc.

mn . -
1=p+1 j=1

Similarly, we get >~ ZZ 1 ZJ —g+1s Zl 1 Hf(l Dk, (t—1)k-+5 (W
For (3.14), by (3.8), we obtain (;2% — HZZ ) ZJ 1 Tij
the above limits, we get

1 m n
o 22 2 Fa(@)

i=1 j=1

H—>Oas as min{m, n} — oc.

— 0 as min{m,n} — oco. Combining

— 0 as.as min{m,n} — oco.

??'I*—‘

:(3—1)k+p,1<p<k: then

Next, foreachn = (t — 1)k + 4,1 < j < k,ifm
1 1< 1
E;fmw—ggxi = E;fm kz% (by (3.10))
s k 1< s b 1
< E3 2D fnprin(@) + = 3 lfevkrinl >||+(———) wa
j= h=1 i=p+1

=1
For1 <4 <k, since {f(s Dktin 8> 1} is a sequence of 2-exchangeable random elements in L?(X)
mZ]H — 0 a.s. as s — oo, and, hence,

then aéain by Theorem 2, || 375 1 fo—1)ktin(w)
1
| fa-prin(@)]]
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s s—1
1 s—1 1 1
= (g Z f(h—l)k+z‘,n(w) - $ij) T (s 1 Z f(h—l)k+z',n(w) - afij) + gl'ij
h=1 h=1
—0 a.s. as s — oo.
Therefore, || 37 fin(w) — %zle 7

Similarly, we have that for each m > 1, H% Z?:l fmj(w) — % Zle T

Combining the above statements and [4, Proposition 3.5], we get

— 0a.s. asm — oo.

— 0 a.s. as n — oo.

m n k
% szij(w) — %Z:pz a.s.as max{m,n} — oo.

i=1 j=1 i=1
Hence, % Zle x; € s— liminf  Gpn(w)as. Thus, X € s— liminf G, (w) a.s.
max{m,n}—o0 max{m,n}—oo
Since X is separable, there is a countable dense subset D of X. From X C s— liminf G, (w)

max{m,n}—oco

a.s., there is a negligible set N € A such that forevery w € Q\ N, X C s— liminf G (w). Fix

max{m,n}—oco
w € Q\ N. Then, for any a € D and p € N, there exists b € X satisfying ||a — b|| < d(a, X) + %.
Therefore, for each m,n > 1, we have g,,;, € Gy (w) such that g, — b as max{m,n} — oo. Thus,
1
limsup d(a,Gmn(w)) < lim lla = gmnl| = |la —b|| < d(a,X) + —.
max{m,n}—co max{m,n}—oo D

Letting p — oo, we get
limsup d(a,Gmn(w)) < d(a, X). (3.15)

max{m,n}—oco

Next, we recall that the function d(-, A) : X — R (A C X)is 1-Lipschitz, i.e., forevery z,y € X,
|d(xz, A) — d(y, A)| < d(x,y). (3.16)
For any z in X, there exists a sequence {xj : k > 1} C D satisiying kli}ngo xr = x. Then, for each
m,n>land k > 1,
d(z, Gnn (w)) = d(z, X) < [d(z, G (@) = d(@k, Gn ()] + {d(2; Grn (W) — d(ak, X)}
+ ld(wy X) — d(w, X)| < 2d(z, 2) + {d(wg, Gonn (@) — dlwp, X)) (by (3.16)).
Letting max{m,n} — oo, we have limsup {d(z,Gpn(w))—d(z,X)} < 2d(z,xr) (by (3.15)).

max{m,n}—o00

Then, letting k — oo, we obtain  limsup  d(z, Gmn(w)) < d(zx, X).

max{m,n}—oo
Now define {xj 1y > 1} as in proof of Theorem 3. Since the conditions (a) and (b) and by applying

Lemma 3.1, {s(:pj, Fop) :m>1n> 1} is a double array of 2-exchangeable random variables satis-

fying all conditions of Theorem 2 for real-valued random variables case, and so, by using this theorem,
there exists a negligible set N € A such that for every w € Q\N and j > 1,

s(2}, Gun(w)) = % ZZS(m;,Fkl(w)) — sz}, X) <oo as max{m,n} — oo.

k=1 =1
If 2 €w— limsup Gpup(w) for w € Q\N, then z,, = 2 as max{r,s} — oo for some z,, €
max{m,n}—oo
Gm,n,(w) and hence (z7,z) = lim (2}, 2p5) < lim  s(z}, Gy, (W) = s(2}, X), j > 1,

max{r,s}—o00 max{r,s}—oco

which implies z € X. Thus, w— limsup Gpp(w) C X as.

max{m,n}—o0
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Next, the closed unit ball of X* is denoted by B*. It is known that for any closed convex subset A of X
and for any z € X, we have d(z, A) = sup,«¢p- {(z*, z) — s(z*, A)}. By using [13, Lemma 3.1], there
exists a countable subset D* of B* such that, forany z € X, d (z, X) = sup,-cp- {(z*, z) — s(z*, X)}.

Therefore, by virtue of Theorem 2 for each double array {s(z*, F,;,) : m > 1,n > 1}, 2* € D*, we
have that for every z € X,

liminf  d(z,Gpp(w)) > liminf  d(x,¢0 Gpn(w))

max{m,n}—oo max{m,n}—oo

= liminf <sup {(x*,x>—s(x*,Gmn(w))}>

max{m,n}—o00 \ z*cB*
1 m n
> sup lim inf ¥, ) — — s(x*, Fyi(w
z*EB* {max{m,n}—mo (< > mn iz:;jzl ( ]( ))) }
> sup lim inf (x*, ) ! Zm: ” s(x*, Fij(w))
9 - , i \W
" zreD* | max{mn}—co mn =11 J
= sup {{(z*,x) —Es(z*, F11(-))} a.s. (by Theorem 2)
xz*eD*
= sup {(z",x) —s(z", X))} =d(z,X) as.
x*eD*

Since the set having probability one in above statement doesn’t depend on z, we obtain that
liminf  d(z, Gmn(w)) > d(x, X) forall z € X, a.s. Hence, the theorem is proved completely. O

max{m,n}—oo

Next, we extend the above result to the fuzzy random sets whose level sets may be unbounded.
Theorem 5. Assume that {E] 1>1,5 > 1} is a double array of 2-exchangeable [uzzy
random sets in F(X) with the separable dual space X* such that Sé (F) # (Qand L, (@ Eﬁll) =
1 11

cl {La+ (co Efn)} for every o € [0,1] \ Q. If the following conditions are satisfied:
(a) for every x* € X* and every « € (0, 1], Cov ((x*,g(Laﬁu)), <x*,g(LaFv22)>) =0,

(0) E|| Lo+ Fu1 |2 < o0,
then
1 S~ _
max{nlll,g}%oo mn Z Z ) (w) co 11 a.S.,

i=1 j=1

where g : ¢(X) — X is some measurable function.

1

Proof. Let Gpun(w) = T D1 21 E](w) From the assumptions of theorem, we have that

for each « € (0,1], the double array of random sets {Laﬁij i >1,5> 1} satisfies all hypothesis of
Theorem 4. Therefore, by using Theorem 4, we obtain that

~ 1 mo>n ~
M — lim LoGrn(w) =M — lim —cl L, F;;
max{m,n}—oco ( ) max{m,n}—oco0 MN ; ]Z:; J
=coE <Laﬁ11) = La (@ Eﬁ11> a.s.
for every fixed @ € [0, 1], in particular, for every a = r € Q. Since countable set Q is dense in [0, 1], there
exists a negligible subset NV of 2 verilying

M- lim LTémn(w):LT<aEﬁ11),

max{m,n}—oco
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forevery re€[0,1]NQ andevery we€ Q\ N. (3.17)

Fix w € Q\ N in the rest of proof. For shortly, we put w,,, = émn(w) (m,n>1)andu = EEﬁll.
[t is easy to see that u;,,, m > 1,n > 1 are the fuzzy sets and « is the convex fuzzy random set.

Givenany a € (0,1) \ Q. Let {ry : £ > 1} bein Q N [0, 1] such that r;, * avas k — oo. Then,

Lov = ﬂ L, v foranyfuzzyset wv. (3.18)
k=1
Indeed, it is clear that Lov C L,, v for every k. Consequently, Lov C (\yey Ly, v. For every x ¢ Ly,
there is an integer kg such that v(z) < ri, < a. Thisimplies z ¢ erov, sox ¢ (gey Ly, v. Thus, (3.18)
is proved.

On the other hand, by (3.17), we obtain
w— limsup Lo(umn) Cw— limsup Ly, (umn) C Ly, u, Tforevery k> 1.

max{m,n}—oco max{m,n}—oo

This with (3.18) implies

w—  limsup  La(umn) C ﬂ L, u= Lau. (3.19)
k=1

max{m,n}—oco

Next, let {s : £ > 1} bein QN [0, 1] such that s, \, cvas k — oo. Itis easy tosee that Ly, u C L+u
for every k, which yields ;2 Ls,u C Lo+u. Also, for each x € L+u, there exists an integer k1 such
that o < s, < u(z). Then, z € Lsklu, and so z € |Jpo | Ls,u. Therefore, Lo+u = Jpo; Ls, u. Hence,
Lou = cl(Uge; Ls,u).

Further, by virtue of (3.17), we deduce that

Lsu Cs— liminf  Lg, (upmyn) C s—  liminf Lo (umn),
max{m,n}—oco max{m,n}—oco
for every k > 1. Combining this with the closeness of s—  liminf Ly (tmy ), we have that

max{m,n}—oco

Lou C s—  liminf Ly (tmn)- (3.20)

max{m,n}—o0

Hence, M — lim Lo (tmn) = Lau follows from (3.19) and (3.20). O

max{m,n}—oo

ACKNOWLEDGMENTS

The author would like to thank the anonymous referees for very careful reading of the paper and
valuable comments.

FUNDING

This work was supported by ongoing institutional funding. No additional grants to carry out or direct
this particular research were obtained.

CONFLICT OF INTEREST

The authors of this work declare that they have no conflicts of interest.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 45 No.9 2024



4110 GIAP

—_—

1.

12.
13.

14.
15.
16.
17.

18.
19.

20.
21.
. M. L. Puriand D. A. Ralescu, “Fuzzy random variables,” J. Math. Anal. Appl. 114, 409—422 (1986).
23.
24.

25.

REFERENCES

. Z. Artstein and J. C. Hansen, “Convexification in limit laws of random sets in Banach spaces,” Ann. Probab.

13, 307—309 (1985).

Z. Artstein and S. Hart, “Law of large numbers for random sets and allocation processes,” Math. Oper. Res.
6, 482—492 (1981).

Z. Artstein and R. A. Vitale, “A strong law of large numbers for random compact sets,” Ann. Probab. 3,
879—882 (1975).

. C. Castaing, N. V. Quang, and D. X. Giap, “Mosco convergence of strong law of large numbers for double

array of closed valued random variables in Banach space,” J. Nonlin. Convex Anal. 13, 615—636 (2012).

A. Colubi, M. Lépez-Diaz, J. S. Dominguez-Menchero, and M. A. Gil, “A generalized strong law of large
numbers,” Probab. Theor. Relat. Fields 114, 401—417 (1999).

N. Cressie, “A strong limit theorem for random sets,” Suppl. Adv. Appl. Probab. 10, 36—46 (1978).

N. Etemadi, “Criteria for the strong law of large numbers for sequences of arbitrary random vectors,” Stat.
Probab. Lett. 33, 151—157 (1997).

. N. Etemadi and M. Kaminski, “Strong law of large numbers for 2-exchangeable random variables,” Stat.

Probab. Lett. 28, 245—250 (1996).

F. Ezzaki, “Mosco convergence of multivalued SLLN,” Vietnam J. Math. 24, 399—416 (1996).

K. A.Fuand L. X. Zhang, “Strong laws of large numbers for arrays of rowwise independent random compact
sets and fuzzy random sets,” Fuzzy Sets Sys. 159, 3360—3368 (2008).

D. X. Giap, N. V. Quang, and B. N. T. Ngoc, “Some laws of large numbers for arrays of random upper
semicontinuous functions,” Fuzzy Sets Sys. 435, 129—148 (2022).

A. Gut, Probability: A Graduate Course (Springer, New York, 2005).

C. Hess, “The distribution of unbounded random sets and the multivalued strong law of large numbers in
nonreflexive Banach spaces,” J. Convex Anal. 6, 163—182 (1999).

F. Hiai, “Convergence of conditional expectation and strong law of large numbers for multivalued random
variables,” Trans. Am. Math. Soc. 291, 613—627 (1985).

A. Gut, “Strong laws of large numbers for multivalued random variables,’
grands, Ed. by G. Salinetti, Lect. Notes Math. 1091, 160—172 (1984).

F. Hiai and H. Umegaki, “Integrals, conditional expectations and martingales of multivalued functions,”
J. Multivar. Anal. 7, 149—182 (1977).

H. Inoue, “Randomly weighted sums for exchangeable fuzzy random variables,” Fuzzy Sets Syst. 69, 347—
354 (1995).

H. Inoue, “Exchangeability and convergence for random sets,” Inform. Sci. 133, 23—37 (2001).

H. Inoue and R. L. Taylor, “Law of large numbers for exchangeable random sets in Kuratowski—Mosco
sense,” Stoch. Anal. Appl. 24, 263—275 (2006).

S.Liand Y. Ogura, “Convergence of set valued sub- and supermartingales in the Kuratowski-Mosco sense,”
Ann. Probab. 26, 1384—1402 (1998).

W. G. Padgett and R. L. Taylor, Lect. Notes Math. 360, 1 (1973).

Ll

in Multifunctions and Inte-

N. V. Quang and D. X. Giap, “Mosco convergence of strong laws of large numbers for triangular array of
row-wise exchangeable random sets and fuzzy random sets,” Stochast.: Int. J. Probab. Stoch. Process. 94,
86—110 (2022).

N. V. Quang and N. T. Thuan, “Strong laws of large numbers for adapted arrays of set-valued and fuzzy-
valued random variables in Banach space,” Fuzzy Sets Sys. 209, 14—32 (2012).

P. Teran and I. Molchanov, “The law of large numbers in a metric space with a convex combination operation,”
J. Theor. Probab. 19, 875—898 (2006).

Publisher’s Note. Pleiades Publishing remains neutral with regard to jurisdictional claims in

published maps and institutional affiliations.
Al tools may have been used in the translation or editing of this article.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.45 No.9 2024



