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Abstract

The aim of this study is to establish some Chung-type strong laws of large numbers
and almost complete convergence for arrays of measurable operators under various
conditions. Some related results in the literature are extended to the noncommutative
context.
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1 Introduction

As is well known, the law of large numbers (LLN) is an essential theory in probability,
statistics and related fields. The strong LLN for arrays of random variables was consid-
ered by several authors. For example, Hu and Taylor [7] presented some Chung-type
strong LLN’s for arrays of row-wise independent random variables. Bozorgnia et al.
[2] also obtained strong LLN’s for Banach spaces under conditions similar to those
of Chung [4] and Hu and Taylor [7] with appropriate modifications for the geometric
condition type p. Hu et al. [6] gave the complete convergence for arrays of row-wise
independent random variables, and Gut [5] extended their results. When considering
the complete convergence for arrays of random elements in Banach space, Taylor [15]
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and Hu et al. [8] also derived some interested results without the geometry of the
underlying Banach space.

In noncommutative probability theory, there are several versions of LLN, e.g., Batty
[1], Jaite [9] and Luczak [12] have proved some weak and strong LLN’s for a sequence
of successively independent measurable operators. Some strong LLN’s for positive
measurable operators have been established by Quang et al. [13], and Choi and Ji [3]
gave estimates of the rate of convergence for weighted sums of measurable operators.
Recently, Quang et al. [14] established several LLN’s for the sequence of measurable
operators under some kinds of uniform integrability. Other versions of LLN can be
found in Chao and YouLiang [16], Klimczak [10], Lindsay and Pata [11] and the
references cited therein. However, the strong LLN for arrays of measurable operators
has not yet been studied in our knowledge.

The main purpose of this paper is to give some Chung-type strong laws of large
numbers and the almost complete convergence for arrays of measurable operators
under various conditions. To do this purpose, we establish some new properties and
use the “mean type of the Multinomial theorem" for measurable operators. The layout
of this paper is as follows: In Sect. 2, we summarize some basic concepts and related
properties. Section 3 will establish some Chung-type strong LLN’s. Finally, the almost
complete convergence for arrays of measurable operators will be considered in Sect. 4.

2 Preliminaries

Let H be a Hilbert space and B(H) be the algebra of all bounded linear operators on
H. A von Neumann algebra is a subalgebra A of B(H) which is self-adjoint (that is,
ifa € A, then a* € A), contains 1, and is closed in the weak operator topology.

The range R(T') and the null space N (T') of a operator T € B(H) are subspaces
of H; N(T) is closed, but R(T) is not necessarily closed. A bounded linear operator
U is called a partial isometry if for h € N'(U)*, |U(h)|| = ||h|. Let X be a densely
defined closed operator in H, |X| = (X*X Y/2 and let U be the partial isometry
in the polar decomposition X = U |X| of X. Then, X is said to be affiliated to the
von Neumann algebra A if U and all the spectral projections of | X| belong to .A. We
notate A for the set of all operators which are affiliated to the von Neumann algebra
A. An element of A is called a measurable operator. Let T be a faithful normal tracial
state on .A. For notational consistency, A will be denoted by L°(A, 7). Then, we have
natural inclusions:

A=L®UA 1) CLYA 1) C LP(A, 1) C ... c LA, 1) = A

for 1 < p < g < oo, where L?(A, 1) is a Banach space of all elements in LO(A, 1)
satisfying

X1, = [r(X|P)]7 < oo,

A densely defined closed operator X : H O D(X) — R(X) € H is called
positive, denoted by X > 0, if X is self-adjoint and (X(h), h) > 0 forall h € D(X),
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where (-, ) denotes the scalar product in Hilbert space H. Let S, T be densely defined
closed operators. We say that S < T if T — S > 0.

For two projection p, ¢ in A, p is called a subprojection of q if p < q. Note that
if p<gq,X € Aand Xp, Xq € A, then ||Xp||oO < HXq”OO Indeed, since p < g,
we first show that N'(p) D N(q). Let h € N(q). Then, g(h) = 0. By ||p(h)|> =
(p(h), p(h)) = (p(h), h) < (q(h), h) = 0, it follows that p(h) = 0,h € N(p), and
hence, N'(p) D N(q), which together H = R(p) PN (p) = R(q) PN (q), we
get R(p) € R(q), and it follows that

|Xp =sup {[xp(] : Il < 1} = sup {[ xq [p(1| = 11l < 1)
< sup {| Xq(k)| : Ikl < 1} = [ Xq] .

Two projections p and g are said to be equivalent, written p ~ g, if there exists
a partial isometry U in A such that U*U = p and UU* = q. Then, since t is
tracial, we have t(p) = t(q) when p ~ . For any projections p and ¢ in A, we
have (p Vg —¢q) ~ (p— p Agq), which implies that T(p VvV q) < t(p) + t(q).
We denote p < ¢ if p is equivalent to a subprojection of g. If p A ¢ = 0, then
p~(pVvqg—q) <1—g=gq" ie,p =gt andhence, t(p) < (gh).

Let {X,,n > 1} be a sequence in L°(A, 7) and X € L°(A, ). We say that

The sequence {X,,, n > 1} converges almost uniformly to X, denoted by X, Qi
X as n — oo if, for every ¢ > 0, there exists a projection p € A such that
T(pt) <€, (X, — X)p € A, and

Jim [ (X = X)p =0.

The sequence {X,,, n > 1} converges almost completely to X, denoted by X, i
X as n — oo if, for every ¢ > 0, there exists a sequence (g,) of projections in

o0
A such that Y " 1(1 — g,) < 00, (X, — X)gu € A, and | (X, — X)qu |, < e. for

n=1

n=1,2,..
Denote e (X) by the spectral projection of a self-adjoint operator X corresponding
(0.¢]

to the Borel subset B of the real line R. Obviously, if Z T [e(g,oo) (X, — X|)] < 00
n=1

for every ¢ > 0, then X, 2% X as n — oo. Indeed, for every ¢ > 0, by choosing

o0
1—gn = e,00) (IXn — X|), we easily can get Zr(l —qn) <00, (X —X)gn € A
n=1
and ||(X, — X)gqu |, <&
Let {Xuk, 1 < k < n,n > 1} be an array of measurable operators. The array
{Xuk, | <k <n,n > 1}is said to be uniformly bounded by a measurable operator X
if for all n, k and for every real number ¢ > 0,

T [e(t,oo)(|Xnk|)] =7 [e(t,oo)(|X|)] .

@ Springer



Journal of Theoretical Probability

For convenience, throughout of this paper, the symbol C will denote a generic
constant (0 < C < oo) which is not necessarily the same one in each appearance.

3 Chung-Type Strong Laws

In this section, Chung-type strong laws of large numbers are obtained for arrays of
measurable operators.
At first, we present some lemmas which we will use in the proof of our main results.
The following lemma is a slight generalization of the noncommutative version of
Chebyshev’ inequality.

Lemma 3.1 (See [13], Lemma 2.3) Let X € LO(A, 1), and let g : (0; 00) — (0; 00)
be a nondecreasing function such that T(g(|X|)) < oo. Then, for each ¢ > 0, we have

T(g(1X1]))

T (e[s,oo)(|X|)) . 2(2)

Lemma 3.2 Let X be a self-adjoint element of A. Then, for each a € R, we have
|X +al < [X]|+ lal.

Proof Suppose that the spectral representation of the self-adjoint element X is

+00
X=/)Ledx(X).
—00
Then, for all h € H, we have
+o00 +o00
(X1 + faly @, 1) = (1X +al (), 1) = / (1M + lal) deps - / 1%+ al dep
—00 —00
+00
= f [(21+1aD) = 12 + al |dep = 0.
—0o0

Hence, < IX +a| (b), h> < <(|X| + lal) (h), h), forall h € H.
This implies

|X +al < |X]|+|al.

(where ey, , is the positive measure on B(R), defined by ey 5 (B) = <e(B)(h), h> for
any Borel subset B of R). O
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Lemma 3.3 Suppose that r > 0 and X is a self-adjoint element of L" (A, t). Then, for
each a € R, we have

t(IX +al") < C [c(X|" +lal")], where C, = max{1,2"""}.
Proof As above, suppose that the spectral representation of the self-adjoint element
X is
+00

X:/)\edk(X).

—00

Using the elementary inequality |« + 8" < C, (la|" 4+ |8]"), for all , B € R, we
obtain
+o0 +oo
c(x+al) = [ rartlenco) ¢ [ (wr+lal)e(en)

—00 —00

= c,[z (1X1") + |a|’].

From now until the end of this section, we always suppose that {a,, n > 1} be a
sequence of positive real numbers such that a,,1| > a, and lima, = +0c0.

Lemma3.4 Let {X,;,1 <i < n,n > 1} be an array of measurable operators such
that

n

D 1 (etanoon) (1XniD) < o0, 3.1)

n=1i=1

- n n
Putting Yy; = Xnie[O,a,,](|Xni|)v Sp = Z Yoi, Su = Z Xni, we have
i=1 1

i=1

Sn_Sn a.u.
—> 0 as n— oo.

an

Proof Let ¢ > 0 be given.

o0 n
By (3.1), we can find an integer N such that Y~ > 7 (e(4,.00) (|1 Xni)) < g
Since Xi;, Yi; € LO(.A, t)foralll <k < N, 1 <i <k, there exist projections

p1, p2in A (p1, p> depend only on N) with ‘L’(pll) < g, r(pzl) < % such that

k k
> Xwipr €A Y. Xpipa € A

i=1 i=1

@ Springer



Journal of Theoretical Probability

Clearly, there exists an integer Ny, such that, for n > Ny,

<—and— <

an

ZZszpz

k=1 i=1

&
1

N k
— ZZ ki P1
k=1 i=1

]

Put p = p1/\p2A( A e[O,a,,](|Xn1|)> /\.../\( A e[O,a,,](IXnnD) = p1AP2APp3,
n>N n>N

where p3 = ( /\ e[(),a,,](|an|)) ZANTTIAN < /\ e[O,a,l](|Xnn|)) .

n>N n>N
We have

t(ph) < t(pp) + 1(py) + 1(py) < T(pt) + T(py)

+ i Xn:f(e(an,oo)(|xni|)><8.

n=N+1i=1

Then, for n > max{N, N},

S, — S,

dn

1
— Z(Xm - Yni)P
n i

/|

o0

n—1 k
|:Z Z(th - Ykl) - ZZ(th — Yy :|

k=1i=1 k=1i=1

o0
1 n k 1 n—1 k
<— ZZ(in - Yki)P +— Z(sz Yii)p
R P k=1i=1 00
2 N &k 1 n k
= 22Xk = Yep + > 2 Xu—Yap
k=1i=1 00 k=N+1i=1 00
| k
+— Z > X = Y)p
" lk=N+1i=1
5 |,k N k
= Xkip1 ZZ ki P2
" k=1 i=1 0 k=1 i=1 0
1 n k
+— Y (Xxi = Yii)ps
I k=nt1i=t 0o
Z Z(Xkl — Yii)p3
I fk=nt1i=1
- 4+-4+0+0=c¢.
< 3 + > +0+ €
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Hence,
Sn - Sn a.u.
—> 0 as n— oo.
dn
O
. . . Y(]) . .
Let ¢ (¢) be a positive, even, continuous function such that is amonotonically

|r]P

t
increasing function of |¢| and ;/t/|(l’—|+|3 is a monotonically decreasing function of |¢],
respectively, that is,
vzl vzl
and t 32
L 1and L as it (32)

for some nonnegative integer p.
Let{Xuk, | <k <n,n > 1}beatriangular array of self-adjoint measurable operators.
Consider the following conditions:

+ t(Xu) =0, (3.3)
o n
T X

+ Z (w( nk)) < 0. (3.4)

n=1 k=1 (a")

Yok — t(Yuk) ..
We define Y = X,ke€(0,4,] (| Xnk|) and W,y = ———————. For some positive
an

integer s, we have

dn

e

2s
)) < 00, (3.5)
and

2ps

t
[TWw, | =T]r (W), @+t ..+ =2ps) (36
j= i=1

where Wy, 1 < i <t are the distinguishing operators of the sequence {W,;, 1 <i <

2ps
n} and the operator W,,;; appears o;-times in [] W,,k]..
j=1
The conclusion of interest is
1 <
—ank—>0 as n — oo. 3.7
an —
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(3.4) is a necessary condition for strong law of large numbers (3.7) to hold in some
sense (see Chung [4]), even in the case of random variables. Different strong laws of
large numbers are obtained for the integers p > 2, p = 1, and p = 0. These strong
laws of large numbers are explicitly stated in Theorems 3.5, 3.8, and 3.9.

Theorem 3.5 Let {Xux, 1 < k < n,n > 1} be an array of self-adjoint measur-
able operators. Let ¥ (t) satisfy (3.2) for some integer p > 2. Then, the conditions
(3.3),(3.4),(3.5) and (3.6) imply (3.7).

Proof For eachn > 1, put
n n
Y:k = Xnke(a,,,oo)(|xnk|)s Sy = ank: Sn = Z Yuk.

We prove that, as n — o0,

Sn— Sn au.
_—

0, (3.8)
dap
Ky
ACTNNY (3.9)
dn
and
S =T au (3.10)
dn

Since ¥ (|t]) is an increasing function of |¢|, from Lemma 3.1 and condition (3.4), we
get

n n

o] X,
? [eapon (XuD] < 35 T2 jgan)k)] -

>

n=1 k=1 n=1 k=1

which together with Lemma 3.4 yields (3.8).
v (D)

To prove (3.9), since

is an increasing function of |z|, by conditions (3.3) and

(3.4), we get

n=I1 k=1

ZZ T(Ynk)

n=1 k=1

SRR
s rE
-3y air [1Xkletay 000 (1 Xt )]

n=lk=1" "
n

00 +o0
=YY [ rtendxa =

n=1 k=1

ZZ/ —r[edmxnkm

n=1 k=
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- Ty
< 2_:2[ et e (Xl

n=1 k=1
(because i < %, for A > a,)
a, a
e [T Y0 T (Y (X))
Xl‘l )
5,,21:;1:/00 et len (XDl = n§1jk§l TR <o

which implies that

n

T(Ynk)
Z —> 0 as n — oo,
=1 n

so the condition (3.9) holds.
We now prove (3.10); note that for sufficiently large n, conditions (3.4) and (3.5)

provide that
n n 2
(Z T(ﬁ—f’;"))> < 1land (Zr( )) <1. (3.11)

k=1 k=1
)= ()«
(ear 1 XuiD)

dn
v Xnkl® X A
):2%(' e nk|>>  [[
n 0 n
u
r(edmxnkn):z"r( )

el

Next, similar to the technique in Hu and Taylor [7], we have

Xk

an

By Lemma 3.3, for | < u < v, we obtain

Yok — t(Yuk)

n

Yok

dn

T (Ynk)
dn

T(Wu)" = t(1Wuil) = 7 (

52”1(
Aan

52”/
0

It means that

Yok

dn

u

Yuk

dn

n

Yk "

dn

Y,
T(Wu)? <21 ( L

) . (3.12)

dn

n 2ps 2ps
T <Z W,,k) = > o] Wu ] (3.13)
k=1

ki.k2,....kaps Jj=1

where the sum is extended for all 2ps-tuples (kq, ..., kops) with k; = 1,2, ..., n for
each j.
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It is very interesting that by the noncommutativity of the operators, in noncom-
mutative probability the “Multinomial theorem” is not true. However, using (3.6)
and proceeding as in [7], we get the “mean type of the Multinomial theorem" for

n 2ps
T (Z Wnk> .
k=1

2ps
For each | [] W ; in the sum on the right side of (3.13), since the condi-
j=1
tion (3.6) and T (W) = O, if there is a j with Wy, # Wnkj for all i # j, then
2ps
[T Wak ;| = 0. Therefore, using (3.6), (3.11), (3.12) and following the argument
j=1

)) &)
)

2ps

of Hu and Taylor [7], we obtain that

Xk

dn

Er(Em) =g (5

n=1 k=1

By applying Lemma 3.1, for any ¢ > 0, we get

00 n
Z‘L’ (e(g’oo) (
n=1 k=1
-
= 2 Z T
n=1
2ps
= 82[7? Z (Z Wnk) < 00,

n=1

nk

which implies that

n

a.u.
ZWnk—>O as n — 0o,
k=1

and hence, (3.10) holds. The proof is completed. O

Remark 3.6 1t is obvious that the condition (3.6) is satisfied for an array of row-wise
independent real-valued random variables. Moreover, the other conditions of Theorem
3.5 are the same as the ones of Theorem 2.1 of Hu and Taylor [7]. Hence, Theorem
3.5 is an extension of Theorem 2.1 of Hu and Taylor [7] to noncommutative context.

The following example shows a triangular array of self-adjoint measurable operators
satisfying the conditions (3.3-3.6), but its elements do not commute

Example 3.7 Let M, be the algebra of 2 x 2 complex matrices, I be the identity of
My, and 7 be the unique tracial state, and let ¥ (¢) = t1’+%.
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Fix

= 500) 56

01 0-1
an=(20). ma= (7)),

and for every positive integer k, we have that

Then,

A% = B — .

A2k+1 = A, BZkJrl — B,

(AB)y* = (BAY* = I,

(ABY+! = AB, (BA**! = BA,

(ABYH+2 — (BAYK+2 — _,,

(ABY*T3 = —AB, (BA*T3 = —BA. (3.14)

We consider the array of matrices {X,x, | <k <n,n > 1} as follows:
Forn = 1, we choose X1 = A.

Forn > 2,weput X,;; = A, X,; =Bfor2 <j<n.

Then, the condition (3.3) holds.

For each n, let

2
5 1 1/2
ap=max (n.Z". max I(W(X,,k))> p+ ,<n.2n.1mkax r(|Xnk|2)> ,n+1
<k<n

1<k=n

Then, the conditions (3.4) and (3.5) hold.

Since
10
Al = |B| = (01> =5

with the eigenvalue 1, then Y,y = X,;x for all n and k.
1 1 1
Therefore, W11 = —A, and for every n > 2, W1 = —A, W,; = —B for
ai danp an

2<j=n
2ps
Ineach [] Wy ;» assume that the operators A, B appear a-times and b-times (a +
j=1
b = 2ps), respectively.

@ Springer
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2ps
If the numbers a, b are odd, then by (3.14), it implies that [ W, ; can be equal to
Jj=1 '
2ps
Wk, | =Oand 7(A9).T(B") =
=1

(AB)**1 or equal to (BA)**!. In this case, T <
j

0, so the condition (3.6) holds.
2ps
If the numbers a, b are even, then by (3.14), it implies that [| W ; can be equal
j=I

2ps
to I, or equal to (AB)?*, or equal to (BA)%. In this case, T (l_[ Wnkj> = 1lor
j=1

2ps
T ( W,,kj) = —1, and also 7(A%).7(B”) = 1. So, the condition (3.6) holds.
j=1

n

However, if n is odd (n > 1), then [[ Wy,x = ABB...B = A, and
k=1

W, ﬁ Wi = BABB..B = BAB = — (_1_1)
i k= ...b = = —
njk:l,k;éj " V2 -1 1

A, forevery 2 < j <n.
# y J

n
Also, if n is even, then [[ Wy = ABB...B = AB, and
k=1

n

Waj [] Ww=BABB..B=BA# AB, forevery2 < j <n.

Therefore,
n n
HWnk # Wyj 1_[ Wy foreveryn >2and?2 < j <n.
k=1 k=1k#j
Theorem 3.8 Let {X,x, 1 < k < n,n > 1} be an array of self-adjoint measurable
operators. Let (t) satisfy (3.2) for p = 1. Then, conditions (3.3), (3.4) and (3.6)
imply (3.7).
Proof As in proof of Theorem 3.5, for each n > 1, we put
Yo = Xnke[(),a,,](|Xnk|)-
We can easily verify (3.8) and (3.9). It remains to prove (3.10), and we show that
1<
— Z [Yak —t(Yp)] —> 0 as n — ooc.
dn
k=1
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Observe that

+00 an
t(100) = [ VO (e ) = [ 96z (e X))
0

—0o0

+00
= [ v (enctw) = o(wxw).

(where 13 is indicator function of a Borel subset B of R),
which implies that

e (U (Vi) e (Y (Xnk)
2 ’(wan))fz 1’<w(an)><°°

n=1 k=1 n=1 k=

Thus, condition (3.4) holds for {Y,}.

By p = 1, condition (3.2) reduces to

w|(t||t|) 1 and 1/f|§||t2|) b as|t| 1.

Since y b

|1]?
T (

2 dn ) dn
_ [ AUA) _ (v
)-Of (D) <) w(an)r(edmxm))—r(w(an)).

Therefore, for all positive integer s, we have

is a monotonically decreasing function of |7, we have

Yok
dn

2s 2s
(& (| Y 2)) > ( <w<Ynk>>> = < (wmk))
Tl |— < T — < T —
e~ (Y (Xn)
S,gk:1’<w(an>><°°

This follows that condition (3.5) holds for {Y;,x}, and the proof of Theorem 3.8 follows
from the proof of Theorem 3.5. O

When condition (3.2) holds for p = 0, conditions (3.3), (3.5) and (3.6) are no longer
needed.

Theorem 3.9 Let {X,x, 1 < k < n,n > 1} be an array of self-adjoint measurable
operators. Let  (t) satisfy (3.2) for p = 0. Then, condition (3.4) implies (3.7).

Proof Condition (3.8) follows since ¥ (|¢]) is a monotonically increasing function of
|7].
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¥ (7))

If the condition (3.2) holds for p = 0, then T is a monotonically decreasing

function of |z].
Therefore,

Y\ [ 1A Fyaan ¥ (Y)
c (a—) —r(edmxnkn) / e 7(ear(Xmh) =7 <—w(an> ) :
0

and hence, by the condition (3.4), we have

ZT(Ynk) <ZZ T(|Ynk|) Z

n=1 k=1 n=1 k=1

T (Y (X))
2::; Y

o]

>l

n=1

n

T (Y (Yur))
1»”(an)

1
which implies that Z Z 7 (Y1) converges. Thus, by the Kronecker lemma, we

nl " k=1
get

—Zr(Ynk)—>O as n — oo,
" k=1

so the condition (3.9) holds.
In addition, using Lemma 3.1 and condition (3.4), we obtain, for arbitrary ¢ > 0,

Zf |:e(8,oo) <‘ai ZYnk )] <= ZZ ( ) ZZ T(lﬁgn)k))
n=1 " k=1 n=1 k=1 n

n=1 k=1
It follows that (3.10) holds, and the proof is completed. O

4 Almost Complete Convergence for Arrays of Measurable Operators

We need some more lemmas

Lemma 4.1 Let {X,,n > 1}, {Y,,n > 1} be two sequences of measurable operators
such that X, — Y, == 0 and Y, <= 0. Then, we have X, <> 0.

Proof Let e > 0 be given.

Since X,, — Y, £ 0, there exists a sequence (p,) of projections in A such that
o0

ZT(I — Pn) <00, (X, —Yy)pn € A and H(Xn —Y.)pn ~

n=1

&
< —.

2
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o0
Since ¥, =5 0, there exists a sequence (gp,) of projections in .4 such that Z T(1—

n=1

)
qn) < 00, Ypqn € A, and ‘ Y.qn < —.
o 2
o0 o0 o0
Putr, = py Age,wehave Y t(1—r,) <> (1= pp)+ Y 11— gy) < 00,
n=1 n=1 n=l1
Xurn € A, and
Hxnrn = H(Xn — Y)ra = H (Xn — Yu)pn + ‘Yﬂqn <
o0 o0 o0 o0 o0
f + i =&
2 2 ’
It follows that X, 2% 0. O

Remark 4.2 Lemma 4.1 yields that if {X,,n > 1} is a sequence of measurable oper-
ators and {a,, n > 1} is a numerical sequence such that X, 2% 0 and a, — 0, then
Xy +an =5 0.

Lemma4.3 For any r > 1, let X be a self-adjoint measurable operators such that
T (|X|’) < 00. Then, we have

20T (eon (IXD) < 7 (1XT).

Proof By direct computation using Fubini’s theorem, we have

T (IX1") /w (ear(1X))

oo o0

/"ldr leantxD) =r [ 7| [ eleaniixn) | a

[ [
5

n+1 o0 n+1 oo
=S [ fr e (1XD) dr>r2/ [ x|
n=0 y +1

1 00 n+1 [e'e]

=4 [ [ eaaxn dr+Z/ [ eadxi | ar

0 1 n +1

n=1

{r e(1,00)(1X 1)) +Zn 7 (eurt, oo)<|X|))}

n=2

7 (e(1,00(1X]) +Z(n—1>' 'z (e, oo>(|X|>)}
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ZLZ 7 (€m0 (1X])) -

m}

In this section, we will consider an array {X,x, 1 < k < n,n > 1} of self-adjoint
measurable operators such that for all n and k

T(Xnk) =0, 4.1

and such that { X4, 1 <k < n,n > 1}isuniformly bounded by a measurable operator
X with

7(1X|*?) < oo for some 1 < p <2 4.2)

Let Yuk = Xnkejo,n1/r] (1 Xukl) and Zpx = Yur — 7 (Ynk). In addition, for all positive
integer v

t
[12w | =[[7(25). (@ +e2+..4+a =2v) (4.3)
j= i=1

where Z,;, 1 <i <t are the distinguishing operators of the sequence {Z,;, 1 <i <
2v
n} and the operator Z,, appears o;-times in [ Zk ;-
j=t
Theorem 4.4 Let {X,x, 1 < k < n,n > 1} be an array of self-adjoint measurable
operators such that (4.1), (4.3) are satisfied and {X i} are uniformly bounded by a
measurable operator X satisfying (4.2). Then,

1

n
a.c.
—_ E X —> 0 as n — o0.
nl/P

k=1

Proof Let

1 n 1 n
Sp = m ankv Sp = m Yk
k=1 k=1

By Lemma 4.1, it suffices to prove that as n — oo,

S, — S, 2% 0, (4.4)
and
S, L% 0. 4.5)
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We first show (4.4). For any arbitrary ¢ > 0, we have

n
q = ee,00)(ISn — Snl) A (/\ e[o,nl/p](lxnkl)) =0

k=1

Indeed, if there exists & of norm one, h € g(H), then h € e[ ,1/p)(|Xnkl), for all
1 <k < n, and consequently X, (h) = Y,k (h), which yields that S, (h) = S, (h).
Thus, from the elementary properties of the spectral decomposition, we obtain

e=elhll =[Sy = Sulec.oo (|Sn = Sal) W] o = (S0 = Si) )], =

which is impossible, so ¢ = 0 and this implies that

n

e(s,oo)(|Sn - 3;n|) < \/ e(nl/ﬁ,oo)(|Xnk|)-
k=1

It follows that r(e(g ooy (|Sn — S, |)) Z (e(nl/p oo)(|Xnk|)>
k=
which together with Lemma 4.3 (with r = 2) yields

i'f(e(s o) (|Sn = §n|)) < izr(e(nl/p,oo)(ankl)> < inr(e(nl/p,oo)(le)>

n=1 n=1 k=1 n=1
o0
=Y nt(emen(1X1)
n=1
21(IX|*P) < o0,
so (4.4) holds.

To prove (4.5), by Remark 4.2, we will show that

n

7y Z‘L’ Yur) > 0 as n — oo, (4.6)
n
and
j— :
mzznk—aféO as n — oo. “4.7)
k=
Since

Yok = Xnkepon1/r) (I Xnk) = Xnk — Xnke1/r 00y I Xnkl) s

@ Springer



Journal of Theoretical Probability

and 7 (X,x) = 0, we have

1T V)| < T (I1Xnkl €ui/e.o0) 1 Xnk]) -

Thus,

=

> 1
Zm T (IXukl €t/ o0y (1 Xnk D)
n=1 k=1

o0
Z 1//
n=1 k

Z ,/p Zr(Ym

n=1

[e®]

nVPT (ein ooy (Xui) + / t (et (1 XniD) i

=1 nl/p

n

oo

<Y {07 (em o (IXD) + nl% / T (e (IXD)) dt ¢ == 1.

n=I1 al/p

Putting r = n'/?s and applying Lemma 4.3 (with r = 2), we get

=307 (oo 1XI17) + 3 / 7 (eutins oy (X)) ds
1

n=1 n=1

e¢]

o0
<2t |X|2” +/an (e(n,oo)(|s_1X|p)> ds

1 n=1

o0
<2t |X|2” +2f —2re |X|2”
1

4
= 4 ‘L'<|X|2p) < 0.
2p—1

It follows that

Z 1/,, Zr(Ynk)

n=1

< 00,

which together with Kronecker lemma yields (4.6).
We now prove (4.7). By Lemma 3.3, for | < g < 2p, we have

T (|an|q) =T (lYnk - T(Ynk)|q) = 27t (|Ynk|q) )
which implies that

1/2p

[r (2] < 2[5 (7a19)]"* < 2[x ()] < 2] ()]
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so that, by (4.2),

r(1Zul?) <29 [ (1x1)]" < 0. 48)
In addition, by Lemma 3.2,
|Zak| < 1Zuk + 1T (Zu)| < 2n'/P 4.9)
Let v denote the least integer such that
%”(%_1) - (4.10)

3
It is easy to see that v > Ep.
Following the arguments in proof of Theorem 3.5, we have

n 2v 2v
T (Z Z,,k> = > to|[]zw| 4.11)
k=1 j=1

ki.k2,....k2y

By using (4.3), (4.8), (4.9) and techniques as in Hu et al. [6], we get

n 2v n
T<ZZ""> =X (z)+ Z Z on¥ o (G2)
k=1 k=1

where Z(t) means that the sum is extended over all m-tuples (q1, ..., g, ) and l-tuples
(r1, ..., r7) such that m + [ = ¢ with conditions

l

m
2<gq; <2p, rj >2p, and Zq,- —|—er = 2v.
i=1 j=1

Using Lemma 3.1 and (4.12), we obtain, for any ¢ > 0,

Zf [% %) ( )] . i Tk (Z an>2v

n

1
1/p ZZ"

k=1

00
s () oy X o
n=1 k=1 =2 Glyeees@m T1seeell
00 v 00 N
- Z Z ( ) +y 3 ) Zn*’*’"(rz)
n=1 k=1 =2 GlyeeesQm T1seeell n=1
= C(Ih + ). (4.13)
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For I, by direct computation using Fubini’s theorem, we obtain that

o0 n
1
L < 2% E 2/p E T <|Ynk|zv>
n=1 k=1

k=1

o0
= 22UZ 2v/p ZT /kzvl[o,nl/l’]()‘)edk(|Xnk|)
0
00 s

00 n
1
= 22U Z n2v/p sz't / /‘t2vildt I[O,nl/P]()‘)ed)\ (I XnkD
n=1 k=1

0 0
nl/p

<22“Z — Z / 1 [eg.00) (Xui] di

nl/p

o0
l f—
<2% Z 220/p 2un / S [e.00) 1XD]d1 |- (4.14)
n=1

0

Putting 1 = n'/Ps'/2Y_ by applying Lemma 4.1 (with r = 2), we have

0 nl/p
2vn _
22 S /ﬂ” 17 [eq,00) (1X D] dt
n:ln 0

=

1
o0
=% Zn/\f[E(nl/pSl/Zu’oo) (|X|)] ds
=0
—1/2UX‘ )]

IOO
:ZZU/ZHT e(noo)(
0

n=1
1
22v+1/ -p/vg |X|2p>
0
e L (|X|2P)<oo. (4.15)

2
For I3, by noting that t + m (— — 2) > 1, we have the exponent of n which is less
p

than —1. Since the number of terms in each of Z(t) is finite, we get
I3 < oo. (4.16)
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Combining (4.13), (4.14), (4.15), and (4.16), for every ¢ > 0, we obtain

o 1 n
Z T | e(e,00) 7 Z Znk < 00.
n=1 k=1
It follows that (4.7) holds, and thereby completing the proof of Theorem 4.4. O

Remark 4.5 As in the Remark 3.6, the condition (4.3) is obvious for an array of
row-wise independent real-valued random variables. Hence, Theorem 4.4 is a non-
commutative version of Theorem 2 of Hu, Méricz and Taylor [6].
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