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pollutants in rivers or streams. Stability for the considered CIP is proved using global Carleman estimates. The
CIP is solved using the least-squares approach accompanied with the adjoint equation technique for computing
the Fréchet derivatives of the objective functional. Lipschitz-type error estimates of the reconstructed coefficients
are proved. Numerical tests are presented to illustrate the performance of the proposed algorithm.

1. Introduction

Several mathematical models have been developed for simulating water quality in rivers, streams, lakes, and estuaries [1]. In water quality
management, these models can be used for policy making and enforcement. For example, in the planning phase of an economical development,
water quality models can be used for simulating the effect of a new wastewater system on a local water system. The simulation enables policy
makers to set water quality standards for the new wastewater system. In policy enforcement, these models may be used in the determination of
pollution sources [2].

Dissolved oxygen (DO) and biochemical oxygen demand (BOD) are among the most important water quality indicating factors. DO is the amount
of oxygen present in a unit volume of water. Maintaining a sufficient level of DO is critical for the preservation of the aquatic ecosystem in rivers
and lakes. DO in water is affected by several biological and chemical processes. While photosynthesis and oxygen diffusion from air (superficial
reaeration) increases the DO in water, organic waste is the primary factor which reduces the DO in water. The term BOD is used to quantitatively
describe the amount of DO per unit volume required to decompose organic waste [2—4,1]. That is, the BOD can be used as an indicator of water
pollution.

One of the earliest water quality model was developed by Streeter and Phelps for the Ohio River in 1925 [5]. They proposed a one-dimensional
(1-d) steady-state model which describes the DO and BOD along a river section. The model was later extended to include the time-dependent DO
and BOD, see, e.g., [6,7,1,8]. More complex models, such as QUAL2E [9] or WASP [10], include more state variables such as ammonia, nitrites,
nitrates, organic nitrogen, organic phosphorus, and orthophosphates.

The extended non-dispersive Streeter-Phelps model is described by the following advection-reaction equations [2,1,8]
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for (x,1) € Q :=(0,L) x (0,T), where b(x,t) and d(x,?) are the BOD and DO, respectively; v(x,?) is the water velocity; k,(x) and k,.(x) are the
deoxygenation and reaeration coefficients, respectively; and s(x,7) represents the sources of BOD, i.e., pollution sources. We note that although
equation (1) is independent of (2), it describes the relation between the pollution source, represented by s(x,?), and DO data. In this paper, we
assume that the coefficients k, and k, vary in space but are independent of time. In addition, the water is assumed to flow in only one direction,
that means, the velocity v(x,t) does not change sign in Q. Without loss of generality, we assume that v(x, ) > 0 for all (x,7) € Q. The above equations
are coupled with the following initial and boundary conditions:

b(x,0) = f(x);  d(x,0) = f;(x), (3)
b0, =gy®); d(0,1) =g, (€3]

where f,, f4, &, and g, are given functions.

We note that the above model neglects the dispersion of DO and BOD. Some analyses concerning the validity of this non-dispersive model have
been carried out in the literature, see e.g., [11,1,12]. The common qualitative conclusion from these analyses is that the dispersion is negligible
if the water velocity is large enough, which is usually the case for rivers and streams. In contrast, the dispersion may dominate the advection of
pollution in lakes and estuaries subject to tidal action [13].

The biggest challenge in using water quality models in practice is that their parameters may vary greatly from one river to another. Even for
a river, these parameters may depend on weather and hydraulic conditions. As a result, using these models requires a time-consuming parameter
selection procedure. For model (1)-(4), while the velocity v is usually computed using hydraulic model described by the so-called Saint-Venant
equation [2,1], the space-dependent coefficients k,(x) and k,(x) are much harder to model or choose. Although there are some empirical formulas
for the coefficient k, proposed in the literature (see, e.g., [14], chapter 10), a systematic approach for estimating k, and k, from in-situ measurements
has not been considered. Therefore, in this work we propose a method for automatically estimating the parameters k,(x) and k,(x) from DO and
BOD data measured at the downstream boundary x = L. Let k% () and k’(x) be the exact coefficients to be determined and (b*(x,1),d*(x,1)) be the
corresponding solution of the forward problem. Suggested by the stability estimates for the coefficients k, and k, (see Theorem 3.2 below), we
assume that we know two functions 6,(¢) and 6,(¢) such that

* *
16,@) - w 207 <6, 1040 — w lr200.7) < 8. %)
where § is a positive constant representing the measurement error.

The CIP of determining the coefficients k; and k, from the above boundary BOD and DO data is stated as follows.

Problem 1. Assume that the functions v, s, f}, f,4, g, and g, are given. Determine k,(x) and k,(x) in model (1)-(4) given the functions 6, and 6,.

If noisy measurements of »*(L,) and d*(L,t) are given instead of the above data, numerical differentiation methods can be used to approximate
ﬂf’” and %. However, error bounds of the form (5) can only be proved under additional conditions on the smoothness of the functions b*
and d*. We do not discuss this issue in this paper.

Contributions of this paper are as follows. First, we prove stability estimates for the coefficients k, and k, using a global Carleman estimate. For
similar CIPs for first-order scalar hyperbolic equations, stability results have been obtained in [15-18] and a uniqueness result was proved in [19].
We note that if the velocity v(x,7) does not depend on time, stability estimates for k, and k, from boundary data of both b and d can be obtained
by converting (1) and (2) into Volterra integral equations of second kind (see more details in Remark 3.4). To the best of our knowledge, stability
results for the system of the form (1)-(2) with velocity varying with space and time have not been reported in the literature. Second, we prove error
estimates of Lipschitz type for the solution of Problem 1 using the least-squares minimization method. The adjoint equation approach is used for
computing the gradient of the discretized objective functional. We use the quasi-Newton’s method for solving the resulting minimization problem.

The rest of the paper is organized as follows. Section 2 presents some energy estimates for the solution of the forward problem (1)-(2). In
Section 3 we state and prove stability estimates for Problem 1. In Section 4 we present the least-squares method for solving the inverse problem,
prove error estimates, and derive the gradient of the corresponding objective functional. In Section 5 we show numerical examples to illustrate its
performance. Conclusions are drawn in Section 6.

2. Energy estimates for the forward problem
For mathematical analyses, we need the following assumption.

Assumption 1.

1. The velocity function v(x,?) is bounded and continuously differentiable in O and there are positive constants vy, v; such that v(x,) > vy >0 and
du(x,t
oux. 1) ‘} <u,.

ox

2. The coefficients k,(x) and k,(x) are non-negative and belong to L*(0, L) n L*[0, L].
3. The functions f,(x), f,(x) belong to H'(0,L) and g,(?), g,(¢) belong to H'(0,T). Moreover, they are consistent, i.e., f,(0) = g,(0) and f,(0) =
84(0).

max_ { lo(x, 1),
(x.NEQ

du(x,t)
ot |’

Remark 2.1. Assumption 1 is based on physical reasons. For example, if the river flows in one direction only, the velocity does not change sign.
Moreover, if there are no shocks in the water flow, the assumption about the boundedness of the partial derivatives of v(x,?) is also reasonable. The
other functions listed in Assumption 1 represent physical quantities, which should be bounded.
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To simplify notation, we rewrite model (1)-(4) in the following vector form:

0 0
P R Kp =5, (€O,
ot ox

p(x,0)=p,(x), x€[0,L], ©)
pO.0)=py(), 1€[0,T],

where p = [b,d]” and the vector-valued functions p;(x) = [f,,(x), f;()17, Po(t) = [g,(1), 8417, and s(x,t) = [s(x,),0]" represent the initial condition,
the boundary condition at x =0, and the source term, respectively. The matrix K is given by

K() = [ kyx) 0 ] .

—ky(x)  k.(x)

We introduce the L2-norm of p as

2 5 1/2
Bl 20y 1= [ 1812, g, + NI |

As in [16], we assume that problem (6) has a solution p € H2, where
H:=H'0,T; H'(0,L))n H*(0,T; L*(0, L)).

Then p satisfies the following energy estimates.

Lemma 2.1. Let p € H? be a solution of (6).

1. Assume that s belongs to [L*(Q)]?. Then, there exists a constant C* > 0 depending on T, L, v and K only such that

2 * 2 2 2
IBI g) < C [IBiI22 0 1, + B0 12 0, + 8122 |- @

2. Assume that % belongs to [L*(Q)]>. Then, there exists a constant C** > 0 depending on T, L, v and K only such that for all t € [0,T] we have

op 2
[T
2 9P > 2 s o ®
<c* [np,-nm(o,m FIS2 )+ ISC O, +115 ||L2(Q)] :
Proof. To prove (7), we multiply 2p” to both sides of the first equation of (6) and integrate the result over [0, L]. We obtain
L L L L
d 0
/ 2p” a—‘t’dx + / 20(x, t)pTa—pdx n / 2p” Kpdx = / 2p7sdx.
X
0 0 0 0
; Tp _ dlpl* 7 _ olp
Since 2p = = o and 2p = o We have
L L R L L
7]
4 / pl2dx + / L / 2p” Kpdx = /2stdx.
dt ox
0 0 0 0
Applying the integration by parts to the second term and the Cauchy-Schwarz inequality to the last term, we have
L L
d 2 2 2 ov 2
7 [pl“dx =—|v(L,t)|p(L,t)|* — v(0,1)|p(0,1)|” — a(x, Hlpx,t|“dx
0 0
L L
- / 2p(x, )T K(x)p(x, t)dx + / 2p(x, )7 s(x, 1)d x.
0 0
L L (C)]

<00 Dlpo®P + / % (x lplPdx - / 200,07 K(Op(x. Ddx
0

0
L L
+/|p(x,t)|2dx+/|s(x,t)|2dx.
0 0

It follows from Assumption 1 that there exists a constant C depending only on L, v, and K such that

L L L L

/ % (x lplPdx - / 27 Kpdx + / pPdx<C / IpPdx.
pe
0 0 0

0
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Substituting this inequality into (9), we obtain

L L L
d
E/|p|2dx§C/|p|2dx+u(0,t)|p0(t)|2+/|s|2dx.
0 0 0

Using Gronwall’s inequality, we have

L
/ Ip(x,1)|%dx
0
t

L L
<e¢ /|p(x,0)|2dx+/ U(O,r)|p0(7)|2+/|s(x,r)|2dx e Cdr
0 0 0

{ ”pz ”LZ(O L) +u I|p0”L2(0 T) + ”S”LZ(Q)}

Integrating both sides over [0,T], we obtain the estimate (7).

To prove (8), we first differentiate both sides of the first equation of (6) (this can be done since p € H?). Then, multiplying ng—j to both sides of
the resulting equation, we have

L L
op” o%p op” 9%p op” dp op” os
2——d 20(x,t)— ——dx 2—K d 2— —dx.
/ o o x+/ VD5 Gt +/ o / o ot
0 0 0 0
Using similar manipulations as in the proof of the first part, we can show that

ap( 0 5 op(-,0)  » 9Py
1= 120y S {n sy + 05 10 1% g (- ()

where C is the same constant as above. Since p € U-I], 0 is continuous with respect to ¢ up to 1 = 0 due to the Rellich-Kondrachov Theorem (see, e.g.,
chapter 6 of [20]). Hence, we can take the limit of the first equation of (6) when ¢t — 0 to obtain

a"(a’;’ D —x.0) ap’ 0 KR, () - 5(x.0).
Hence,
B0,
I 12200, <C [IR21 01, +ISCOI, | an

where C is a positive constant depending only on v, and K. Inequality (8) follows from (10) and (11). The proof is complete. []
The following energy estimate for the scalar case is also needed in the proof of the stability estimates presented in the next section.

Lemma 2.2. Let k(x) be a function in the same space as k, and k,. Assume that z(x,t) € H is a solution of the problem

L 4o E +kz=fQrxD, (LHEQ,
2(0.)=0, t€[0,T], a2
z(x,0)0=0, x€][0,L],

where r(x, 1) satisfies

max_ { or } <E,
wneg L0t

where E is a given constant. Then there exists a constant C > 0 depending only on T, L, v, k, and E such that

L L
az|? -
/( o z2> dxgc/|f|2dx.
0 0

Since Lemma 2.2 is a special case of Lemma 2.1, we do not repeat the proof here. Also, see the proof of Lemma 3.4 of [16].

3. Stability analysis for Problem 1 using global Carleman estimates

In this section we state and prove stability estimates for both k,(x) and k,(x). These estimates are based on a global Carleman estimate. Using
Carleman estimates in analyzing the uniqueness and stability of inverse problems has been extensively discussed in the last few decades, see e.g.,
[21,22]. The results we obtain here are similar to that of [18]. However, in [18] only a scalar equation was considered. Since in (2) both k, and k,
are involved, the stability estimate for k, is more complicated than that of the case considered in [18].

In addition to Assumption 1, we also need the following property in the stability estimates.

Assumption 2. There exists a positive constant p such that f;(x) > p and f,(x) > p> 0 for all x € [0, L].
We note that Assumption 2 is commonly used in deriving Carleman estimates, see e.g., [16,18,19].
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3.1. Carleman estimate

Let o, a, f, C, be positive constants satisfying the following conditions
Co—pT >0, aL<pT, avy—p>o. 13)
In the following, we define the Carleman weight function ¢(x, 1) as:

o(x,1) :=ax — ft + Cy. a4

Remark 3.1. We note that if T is large enough, the existence of the positive constants ¢, «, f, C, satisfying conditions (13) holds. Indeed, if T
satisfies the condition that T > L /v, then there exists a constant « satisfying /v, < a < T /L. In this case, the second inequality in (13) is satisfied.
The first and the third inequalities in (13) are satisfied for 0 < ¢ < avy — f and C, > pT.

From (13), we have ¢(x,t) >0 for all (x,7) € Q. Let L be the operator defined by Lz := % +o(x, t)g—Z for z € H'(Q). From condition (13) it follows
X
that

[L(p=a—(p+v(x,t)a—(p=—ﬁ+av20. (15)
ot ox

Remark 3.2. From here on, in our proofs we will denote generic constants by C, C,, C;,C,,... which depend only on the known parameters
a,p,Cy,T,L,0,v;,p and E.

In this section, we need the following Carleman estimate.

Lemma 3.1. Let z(x,t) be a function in H'(Q) such that z(0,1) =0, t € [0,T]. Then there exists a constant C; > 0 such that for s > 0 large enough the
following inequality holds:

T
s/
0

<G

L
eZS(p(x,l) szxdt +s / e2xw(x.0)22(x’ 0)dx
0

O\q O\”N

L T
/ PPN Lz 2dxdt + Cy s / 9N 2L 1ydt
0 0

L

+Cis ezs‘”("’T)zz(x,T)dx, ae)

o —

with the Carleman weight function ¢ defined by (14).

Proof. The Carleman estimate (16) is rather standard and its proof follows the same technique as that used in the literature. For example, see
Lemma 1 in [18] for a similar Carleman estimate. However, in (16) the condition on function z is different from that in [18]. Therefore, the proof
is slightly different. For the convenience of the reader, we prove (16) here.

Let w=¢*?z and Pw = e’?L(e™*?w), we have

ow . odw dp  Jp
Pw=(22 1% s (22 4052 17
w (ar+”ax) Sw(az+”ax an

Therefore,
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T L
2 o 0 0 dp op p)
+S//[dx <U<0t +v 6x>>+01 <<6t +vax>>]wdxdt.
0 0

From Assumptions 1 and 2 and (14), with s > s, large enough, there exist constants C,,C; > 0 such that

T L
//le|2dxdt
0 0

T
dx—s/v(a—¢+ 0_(p> 2 dt
1=0 or ox x=L
0 0
T L L
>C sz//wzdxdt—C3s/w (x,T)dx
0 0 0
L T
+os / w*(x,0)dx — Cys / w?(L,1)dt.
0 0
Therefore,
T L L T L T
c2s2//w2dxdt+as/ w?(x, 0)dx<//|Pw| dxdt+C3s/w (L,t)dt
00 0 0
L
+Css / w?(x,T)dx. 18)

0

Hence, the lemma is proved. []
3.2. Stability estimates for k,(x) and k,(x)

Theorem 3.2. Assume that Assumptions 1 and 2 are satisfied. Let (b ,d;) be the solution of the forward problem (1)—(4) with coefficients k, :=k, ; and

k, :=k,;, j=1,2. Assume that the following condition is satisfied:
db, | | dd,
— |, |— <E, k , |k <E. 19
(xrzaéa{ pral M v } xg}fﬂ]“ a1 [k (Ol 19

Then there exist positive constants C; and C, depending only on the given input functions and constant E such that

L T
db db
/(kd2 —ky)2dx < cd/ 1 2 (20)
0 0
and
L T
/(er - krl)zdx < Cr/ ‘
0 0
T
ad]
+C, 1)
0
Proof. It is clear that the function u := b, — b, satisfies the following problem:
3—” + u(x, t)— +kgu= (kg —ky1)by, (x,1)€EQ, (22)
u(0,0=0, €[0,T], (23)
u(x,0)=0, x [0, L]. (24)
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Differentiating (22)-(24) with respect to ¢ and setting z :=u,, we obtain

0z 0z  0v(x,t) du
=+ H—=
ot v, )dx

of ox
2(0,1) =0, t€[0,T),

z2(x,0) = (kyp — ky1) fp(x), x €[0, L].

By Lemma 3.1, there exists a constant Cy such that

T

[
0

<G

L
20D 22 dxdt + s/ POk gy — kgy)* f7 ()dx
0

O\q C\h
\h o\w

T
0D |z |2 dxdt + Cys / > LD (L, 1)dt
0

+ Cgs 29T 22(x T)dx.

0
Since f,(x) > p for all x € [0, L], it implies from (28) that
T L
sz/ 200D 2 g xdt + p*s / X0 (e o — k) dx
0 0

I/\
a~

O\\] C\h

L T
/ 2:(/7(xt)||Lz| dxdt+C6s/625(”(L")Z2(L,t)dt
0 0

L
+ Cgs / 29T 22(x, T)d x.
0
From equation (25), there exists a constant C; > 0 such that

2

9u(x,1) du 0b,
Lz|? = | o E_kdlz"'(kdz kdl)w
ov(x,1) ou |? _ b, |2
<3 Ta +3kd1z +3 (kdz_kd1)7
<C @|2+z2+(k —kgp)?
=G\ 2~ kq1)” |-

Therefore, there exists a constant Cg > 0 such that

T

2 [
0

<Gy

L
200D 2 g xdt + p*s / X0y — k) dx
0

L T L
/ 259D 2 dxdt + Cy / / 50D (e 1y — kg1 Y dxdt
0 0 0

T
+C8s/ezs"’(L")zz(L,t)dt+C8s/ezW(x‘T)zz(x,T)dx
0

0

T L
+C8//e2sw(xt)

00

O\q C\h

dxdt.

_“
ox

T L

2sp(x,t) L

e v(x,t
// v(x TR
00

T L
<L / / o0 |1 19 gedr
vy dx 0x
0 0
T L
1 25@(x,1) ou Ju
=— e — | |——=— =k u+ (kg —ky)b,|dxdt
% // ox | 797 ~Kan (kgy = kq1)by
0 0

= +kdlz—(kd2_kd1)_ x.neQ,

dxdt

Computers and Mathematics with Applications 148 (2023) 126-150
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T L
< L eZs¢(x,t)
20,
0 0

614
ox

1

u
= —kgru+ (kgy — kq1)by
Vo

ot

2
]dxdt

T L
dxdt+C9// 25000 (22 4 1% + (kg — kg))?) dxdt.
0 0

T L
/ / eZS(p(x 1)
00

Therefore,

T L
dxdtSZCQ//ezw(x’) 22+ u? + (kgy — kgy)?) dxdt.
0 0

L

T L
sz//ez“"("")zzdxdt+pzs/ez“"’(x‘o)(kdz—kdl)zdx
00

0

T L T L
<Cy / / 59D 224 xdt + Cy / / PPN (ke 4y — k gy dxdt
0 0 0 0

0
T
+Cjg / PN 2 dxd. (32)

Since @(x,1) < ¢(x,0) and for s > s, large enough, we obtain

L

T L
sz//e25¢(x*’>zzdxdt+p2s/ez“"(x'o)(kdz—kdl)zdx
00

0
T

L
<Cyys / PPN 2L 1dt + Cyy s / 250 22 (x, Tydx
0 0

T L
Cll//ez“"("")uzdxdl.
00

On the other hand

L L L
9 BN 2 gy = 2 dox.1) BN 205 42 ezs"’(x”)u@dx
ot ot ot

0 0

0

L L
:—2ﬂs/e2s¢(x”)u2dx+2/ezs“’("")ua—udx
ot
0

0
L L
1 25(x,1) 6u 1 25 (x,1) ,2
L dx=5— [ 22
=% / *T s .
0 0
This inequality implies that
L 1L
25PN 2 gy < i / / 250D 22 xdt
2sp
0 0 0
or, equivalently,
T L T L
PPN 2dx < L 259 22 g xdt. 33)
2sp
0 0 0 0

Hence, for s > s, large enough we have

L

T L
s//e2w<x”)z2dxdt+p2/ezs“’("’o)(kdz—kdl)zdx
00

0
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T L

<Cp / HULD2(L, 0)dt + Cyy / #5050 22 (x, T)d x
0 0
T

L

<Cp, / 250D 22 ([, 1)dt + C e @L=PT+C0) / 22(x, T)dx.
0 0

Note that z(x,T) = %(x, T). By Lemma 2.2 there exists a constant C;; > 0 such that

T L L
s / / ? 90D 22 dxdt + p* / 0 ke gy — kygy)dx
0 0 0
T L
<Cp / e2W(L’t)Z2(L, Hdt + C13eZS(aL—ﬂT+Co)/(kd2 _ kdl)zdx~ (34)
0 0
Therefore,
L T
o / BP0 (ke — kg )2dx < Cpy / PPN (L, 1dt
0 0
L
+Cpye LT+ /(kdz —kgp)*dx. (35)

From (13), we have oL — T < 0. Thus, for s > s, large enough we have
2
C13e2s(aL—ﬂT) < p_eZasx. (36)
-2

From (35) and (36) we obtain

L
pZ/CZS(p(x,O)(kdz _kdl)zdx
0
T L
SZCg/ 250(L0 21, 1)dt + %/ 23(0!x+C0)(kd2_kdl)2dx
0 0
h pe
=Cj / LD 2L i+ 2 > / BP0 (ke 1y — ke gy ) dx. 37)
0 0

Therefore, there exists a constant C, > 0 such that

L T
/ BP0 (k) — kg Pdx < Cyy / > LD Z22(L,1dt.

0 0

Since ¢(x,0) > Cy and @(L,t) < aL + Cy, let C, := Cy,e*G0+tDe Tt is clear that C, is independent of s and we obtain

L T
ou 2
/(kd2 —kg)Pdx < cd/ o dt
0 0
ob ob
—-c, / I i (38)
Thus, the stability estimate (20) for k,(x) is proved. To prove the stability estimate (21) for k,(x), we denote u :=d; — d,. We have
o
a—“ +o(x, z)— kT =k — k) + ke gy + (kg — kgo)by, (39)
u0,1=0, t€[0,T], (40)
(41)

u(x,0)=0, x [0, L],

where u=b; — b,. Setting w =1, and differentiating (39)—(41), we obtain

ow Jw  ov(x,t) ou ad,
— 1) — — +k k —_—
ot + ( )0)( ot ox + = ( 2= ) ot

w(0,1)=0, t€[0,T],

ou 6b2
+kgy i (kg1 — kdz)?s

w(x,0)=(k,n, — k1) fy(x)+ (kg = kgp) fr(x), x€[0,L].
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By Lemma 3.1, we have

L

T L
5% / / 200D 2 dxdt + s / BP0 (ks — k) f4(X) + (kgy = Kgo) f,,(x)]zdx
0 0

0

T L T
<Cs / / 0| Lw|*dxdt + Cyy s / LD (L, dt
0 0 0

+Ciss [ 225Dy (x, Tdx.

o\:[“*

Applying the inequality (a + b)? > a — b? for arbitrary real numbers a and b, we have

L

s/e2 PO (kg — k) f4 (%) + (g —kdz)fb(x)] dx

0

L L
N ; ;
235 / 2P0 (e — ko Y f2(x)dx — s / 2P0 (e — ko) FE(x)dx.
0 0
Therefore,

L

T L
52 / / ez“”("">w2dxdt+% / BP0 (k) — k)2 f2(x)dx
0 0

0

T L T
_C15//ezs"’("")l[Lwlzdxdt+C155/ez“”(’“”)wz(L,t)dt
0 0 0

L L
+Cs8 / 29D 2(x, TYdx + s / BP0 (ke — ko) FE(x)dx.
0 0
Furthermore, we have

2

du(x,1) ou ou db,
||]-w|2—| or i_klw"'(kﬂ_krl) +kd10_+(kd] kd2)_
ov(x.1) o |* > 2|94y |7
SS Ta +|k,lw| +(kr2—k,1) 7
ou\? 0b2
+k§1 (E) + (kgy — kgp)?
ot |* ou\2

gcm< ﬁ‘ +w2+(k,2—k,])2+(a—l:> +(kd1—kd2)2>. (42)

This inequality implies, that there exists a constant C;; > 0 such that

L

T L
52 / / ez“”("")wzdxdl+% / BP0 (k) — k)2 f2(x)dx
0

0 0

T L T L
Cy / / 20Dy dxdt + Cyy / / 20D (e ) — kg1 Y dxdt
0 0 00
T L T L
Ciy / / ezw(m ‘)" dxdt+C,7 / / 2P0k , — k)P dxdt
0 0 t 00

T
+Cyqs / PP 2(L, Hydt + Cyys / 20Ty (x, TYdx
0 0
L T L 5
+s / BP0 ey — ko fR(x)dx + Cyq / / ezw(xf)( ) dxdt. (43)
0 0 0

Note that ¢(x,1) < ¢(x,0), with s > s, large enough then
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L

T L
Ciy / / ezw(x'[)(krz_krl)dedtS% / PN e — k) f7(x)dx.
00 0
Therefore,

/

7

L

BN 2 asar 4 % / eZw(x,O)(er _ krl)zfj(x)dx
0

L T L
/ Q2. '>(‘;‘t‘ dxdi +Cy; / / P (ko — kg dxd
0 0

SIS

I/\

o\m O\H*

0
T L
+Cy78 / 2oLy 2 (L, 1)dt + Cyqs / 250D 2 (x, Tydx
0 0

L T

L
o 2
+s / BP0 ey — ko fR(x)dx + Cyq / / eZW(’”)( ) dxdt
0 0

0
L

T L
8// 2W’<“’) al;) a’xa’t+C18s/ L0k o — k) dx
0 0

0

+Cigs

—~—

L
PPN Y2(L Hydt + Cgs / 29D 42 (x, T)dx
0

~

~\ 2
+Cig e2setn) <g—z> dxdt. (44)

0

°S— =

Since u is the solution of (22)—(24), applying Lemma 2.2 and choosing s large enough, we have

L L
Clg/(%)zdxsclg/(kdz—kdl)zdx. (45)
0 0
It follows from (44) and (45) that
T L L
2s / / PNy dxdt + / BP0 (ko — k) f2(x)dx
0 0 0

L T
< Gyt / (kygy — kg1 )?dx + Cy / PP Y2 (L, fdt

0
L T L 5
+Cyy / D 2 (x, Tydx + Cyy / / 2"ﬂ(“>< ) dxdt
0 0 0

L
= CypeZe L0 / (kgp — kg )*dx + Cy / PP Y2 (L, )t
0
L a~ 2 T L 2
+Cy / 2ot a—’:(x,T)' dx +Cy / / eM(“)( ) dxdt. (46)
0 0 0
Note that
T L T L
// 25p(x,1) =//62.qu()¢)‘) dxdl
v(x, I)
0 0 00
T L

<L / / 250 (50) v(x, z)— dxdt

0]

0 0
T L

1 25@(x,1) ou o
= — e N =|-— =k u+k;u+ (k,, — k,;)d,| dxdt

UO// ox ot rl dl ( r2 r]) 2

0 0
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T L
//eZs(p(x %))
00
o, 2
— kg0 + kgyu+ (kyp — k)b | dxdt

T L
b L [ [ a8
2v
0 0

2
0

dxdl

m—

o |?

L
e2swxn | 24
ox

0

T L
+Cy / / 2P0 |2 + T+ u? + (kyy — k)| dxt.
0 0

dxdt

IA
=
S —

Hence,
T L
o |?
//62“”("") = | dxdt
ox
0 0

I\

T L
C / / 20D [ + T2 + 12 + (kyy — kypy)?| dixdt.
00

Therefore, for s > s, large enough there exists a constant C,; > 0 such that
L

T L
2s / / 259Dy dxdt + / 200k s — k)2 f2(x)dx
0 0

0
L T

< Gy B0 / (kygy — kg1 )?dx + Cyy / PPy 2(L, fdt
0

T L
~ 2
Z—I:(X,T)' dx+C21//e2“"(X’) +u?) dxdt.
00

L
+ C21 /ezS(p(X,T)
0
Similar to (33), we have

L T L
/ 2500 (2 4 u )dxdt<C22// 2500 (w? + 2%) dxdt.
0 0 0

On the other hand,

L
it
ot

0

= (kyp = kyy)dy = kgyu = (kg = kg2)by }dx

L L

:_2/ o (0 du dx—2/k,1

or \ o ox

0 0

L

/% aU(X 1) au (k,z

0

o\~ o
) L L ) L
+/a 9 g — z/k”% dx+/a
0 0 0

St~

L
‘ ou o ou ~
—(x, t)‘ dx=— 2/823(#(&’)55{”()"’)6: + kU

0

~ 2

dx

+2 ,1) 2 4oy 2+ (kg - kdz) >x

ot| ox

k kg —k 0b2 d
2+ dlat""( a1~ dz) x

L
Av(x, 1) o od,
/(_ ot ox Tk kS5

0

La~2 r ad, |? La( 1 aul|?

5c23/ = dx+4/(k,2—k,1)2 = dx+4/ ”a’;’ =
0 0 0
L L
2 auz

+4/kd1 = dx+4/(kd,

0 0
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Lo
ou
< C23/ 5
0

L

r ot |
dx + Cyy /(k,2 —k,)dx + C24/ =
0 0

L
du 2 2
+Cy o dx+Cyy [ (kg —kgo) dx. (49)
0
From (45) and (49), we obtain
L L
9 o |* )
> (x 1) dx<C25 dx+Cys [ (kp — k. ) dx
0 0 0
L L 5
+Cys / (kgy = kgp)?dx + Cys / ‘g—z dx. (50)
0 0
We have
L 2 L 2
ou x < L U(x,t)% dx
0x 02 0x
0 0%
L 2
1 o ~
== / <_E —ku+ (k= kp)dy + kgyu+ (kg — kdz)b2> dx
UO o
r (10 :
sc%/ < e + P+ (kyy — k) + 1% + (kyy —kd2)2> dx (51)
0
and
2
ou (52)

From (50)—(52), we have

L L
9 a—E(xz)2+a2 dx<C (xt) +3% ) dx
ot ot =7

0 0
L L

L
+Cyy /(k,z —ky1)?dx + Cyy /(kd1 — k) dx+Cyy / uldx.
0 0 0

From this inequality and the 1dent1ty (x 0) = (kgy — kg) fo(x) + (kg — k) f4(x), with f(x) and f,(x) being bounded functions on [0, L], we obtain

[ ([Foso] )

L L L

<Cy //uzdxdt+/(k,z—krl)zdx+/(kdl — k) ?dx (53)
0

0 0 0

for some positive constant C,g. Thus,

L L
~ 2
/ et %(x, T)‘ dx < X @ PT+C) / Zx, T)' dx (54
0 0
T L L
< Cpge¥@l=AT+C) / / utdxdt + / (kyp = kyp)2dx + / (kygy — kgp)* | dx.
00 0 0
Since a L — BT <0, for s > s, large enough there exists a constant C,q > 0 such that
L L
C
/e25(aL7ﬁT+C0)(kr2 —k, ) dx < ﬁ eZS(ax+C0)(kr2 —k, )de
0 0
L
C
= % / PO (o — ko Ydx. (55)
0
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Since f,(x) > p, from (47), (48), (54) and (55), there exists a constant C;; > 0 such that

L

T L
s / / 2Dy 2 dxdt + p? / 200 (e — e, ) 2dx
00

0
L T

< CypeZ e / (kgy — kg )*dx + Cy / LD YL, 1)dt
0 0
L

T L
+ 80 [ potO g, Pax+C 00 22 d xdt
P r2 rl 30
0 0 0

T L
+ Cype2@L=FT+Co) / / wtdxdt.
0 0

From (45), we have

L L L L 5
i/uzdx:2/ua—udx§/u2dx+/ %
ot ot d
0 0 0 0

L

L
s/uzdx+C31 /(k,,2 — kgy)?dx.
0 0

Hence,

L

L
2 2
/u dx§C32/(kd2—kd1) dx.
0 0

2
For s > s large enough we have — 0 < % Therefore,

L

T L
2
s / / B 2 gt + % / 2O (o — k) 2dx
0 0

0
L

T
< Cype¥el0 / (kgy — kg1)?dx + Css / YLD (L, 1dt
0

T L
+C33//e2“"("”>22dxdt.
0 0

L L

/ BP0 (ko — k, )P dx < Cyye?s o0 / (kgy — kgy)?dx
0 0

Hence,

T
+Cyy / XL (L, 1.
0

Let C, = C3,e?t00+De_ Since ¢(x,0) > Cy and ¢(L,1) < La + C,, we obtain

L T
/(k,z—krl)zdxgcr/‘ (L.t
0 0

T
/ ad,
+C, ‘
0

The theorem is proved. []
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(56)

(57)

(58)

Remark 3.3. Theorem 3.2 provides qualitative estimates of the stability of the CIP. It is worth mentioning that although the constants C, and C,
only depend on the given functions and constants, it is not easy to obtain quantitative estimates of the upper bounds of these constants. Fortunately,

knowledge of these constants is not needed in our numerical computation.
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Remark 3.4. If the velocity does not depend on time, i.e., v(x,?) = v(x) > vy > 0, by using the transformation y := /0 o g)dé, the forward problem

(1)-(4) is equivalent to the following equations.

oy,H) | db(y,H) - - 3

o T oy = kaWb0n0 + 50, (59)
ad(y, od(y,t) -~ .- L.

S 4 SD 00~ K0, ©0)
b(,0)= £,(», d».0)=f,(»), y€[0,L], (61)
13(0, 1) = by(1), 40,0 = dy(®), t€[0,T], (62)

for (y,1)€ Q :=(0,L)x (0,T), where L = /0 ( 5 —d¢ and b(y,t) = b(x, ). The other functions in the above equations are defined in the same way.

Using the method of characteristics, we obtain the solution of (59)-(62) as follows.
F=Dmy—1

+ S(é E+i—yum©dé, 1<y,
H1(¥) m» o 63)

L2 T t>y,
1 (y) 1y

b(y,n= ho(t

Fay =Dy (y - n, 1

f kg©bE,E+1 =Yy (OdE, 1<y,

(y.1) = 4 2 (¥) (),
o e y) 1 (64)
() ”2( ¥ f k(OB & +1— p)uy(&)dE, >y,
where
Hi (y) = o O 1 o,

If b(L,t) = b(L,?) is given, then we have

L
5 = FoL=Duy(L—1) 1 /~ = =
b(L,t)= = + = E+t—1L) ydé, t<L.
(L, (D) MI(L)L 5¢,¢ uy(&)dé

- - Ly - [
Changing the variable 7 := L —t and ,(?) := u;(#)/u,(L) = e~ Jy Ka®4d¢ ang dividing both sides of the above equation by f,(7) (recall that f,(f) > p>0
under Assumption 2), we obtain the following Volterra equation of the second kind for j,:

i

LD . /5(5,5+t L) . .
— = j,(f) — ——— 1 (&)dE, t<L. (65)
o o

Similarly,

d(L,D) _ i / kq@©b. £ +1=L) 2
— d t<L, (66)
7.0 () — 7.0 i (6)de,

for fi,(?) := p,(F)/ up(L). From (65), we can derive a stability estimate for ji;, and hence k,, using a measurement of b(L, 7). However, since the kernel
of (66) depends on the data, it is more difficult to obtain a stability estimate for f,.

4. Solving Problem 1 using the least-squares approach

To determine the coefficients k,(x) and k,(x) (or equivalently, matrix K), we minimize a least-squares objective functional which measures the
misfit between the solution (b(L,7),d(L,1)) of the forward problem (1)—(4) and the measured data in an appropriate norm.
Given the data functions 6, and 6, in (5), we minimize the following objective functional:

T
ab(L,
Jy(ky k) = J,(K) :=%/ H% —0,(1)
0

We would like to mention that weight coefficients can be used to account for possible different effects that the two terms in (67) have on the
accuracy of the reconstruction of the coefficients k,; and k,. In some particular practical cases, suitably chosen weight coefficients may improve the
efficiency of numerical computation.

To minimize J;, we use a gradient-based iterative algorithm. Suppose that the noise level § is known. Then, we stop the iterative process using
a Morozov-type discrepancy principle, i.e., we stop the algorithm when a pair of coefficient functions (k,, k,) satisfying the following condition is
determined:

2 2
n ' ad;L’t) ] d. 67)

J (kg k) <7682, (68)

where 7 is a positive constant larger than one. The existence of the pair (k,, k,) satisfying (68) is obvious since the pair (k*, k3) satisfies this condition.
We now prove error estimates between k,, k, and the exact coefficients ki and k3.
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4.1. Error estimates for the reconstructed coefficients

Theorem 4.1. Let k), and k' be the coefficients associated with the noiseless data and the pair ( k4, k,) satisfies Morozov’s discrepancy principle (68). Then
the following error estimates holds:

kg — kil < 84/2C,(1 +27), (69)
k. — kXl <284/C,(1 + 1), (70)

where § is the noise level defined in (5) and C,; and C, are the constants in the stability estimates (20) and (21).

Proof. We first prove (69). Let (b, d) be the solution of the forward problem associated with the coefficients k, and k,. Using the stability estimate
(20), the Cauchy-Schwarz inequality, we have

6b*(L D db(L DI

Wy = K512, < Cal [

0b*(L 2 0b(L )2
szcg{u — 00, 105 = 202 b

It follows from (5) that || 22 — g, |2

L2(0,L) —

< 82. On the other hand, from (68) we have that ||6, — ’)b(L 12 =2J,(ky,k,) <276%. Hence,

L2(0,L) —

<2C,(8 +218%).

L2(0,L)
7 *
Iy = k5015, <
Thus, (69) is proved. Using a similar derivation, we obtain
ab*(L,") 0b(L ad*(L,") 0d(L
L20,L) = <Gl ot ”L2(0 L) +Gl ot ”L2(0 L)
ob*(L,") ad*(L,-) 7T
SZCV{” Y 6dI|L2(0L)+2‘]1(kd7kr)

ot
<2C,(28% + 2152).

Ik, = k11

03112201, + |

From this inequality, we obtain (70). The proof is complete. []
4.2. Discretized objective functional and its gradient

To formulate the discretized objective functional, let us first discretize the forward problem (1)-(4). For this purpose, we use a second-order
finite difference scheme constructed from the integral form of the forward problem. Consider the uniformly distributed grid points along the x- and
t-coordinates:

O=xp<x; <= <xy =L 0=f<ty<--<ty=T. 71)

Denote by Ax and At the grid sizes in the x- and 7-directions. Integrating equation (1) with respect to x over the interval [x;_;, x;], we obtain

Xi Xi Xi

4 / b(x. t)dx + / o, z)ab(x D gx+ / kg (x)b(x, dx = / sGe.n)dx. (72)

Xi-1 Xi-1 Xi-1 Xi-1

To obtain the discrete equation with respect to x, we approximate the second integral in the above equation by

L ob(xt
/ v(x,1) ;x )dx R U;_1 pO1b;(®) = b (1]
Xi-1
and the other integrals using the trapezoidal rule. We have

Ax

Bl Bi_ () + B(O1 + v ;OB (6) = by 1(1)]+—[kd, 1hi1 (O + kb (D]

= T[S,-_l(t)+sl-(t)].

Dividing both sides by % and approximating the time derivative using the central finite difference, we obtain the following scheme:

+1 +1 +1
b = b LA im1lbr = b 1+ Ul — b
At At Ax
1

+§kd,-_1[b + 1+ = kd,[b" AR E [ st s s s 73)
fori=1,2,....,N, and n=0,1,.. — 1. In this numerical scheme, b! represents an approximation of b(x;,,), v vl 1/2 =0((x;_ +x;)/2,1,), kg; :=
kq(x;), and s? :=s(x;,t,). The above numerlcal scheme is coupled w1th the following initial and boundary conditions:

by =gy(t,), n=1,2,....N,, 74

B0 = fu(x), i=0,1,....N,. (75)

We can rewrite (73) as follows:

141



D.N. Hao, N.T. Thanh, N.V. Duc et al. Computers and Mathematics with Applications 148 (2023) 126-150

(1 +a 4 %kdi) B 4 (1 —a™ 4 %kd,._l ) bl

At At
- (1 - de,._l)bf_l - (1 - 7kd,.)b;?
_ At n n+1 n n+1 i=1.2 N (76)
_T[Si—l+si—l+si+si l, i=L2,...,N,,
where @" := 2Ly . Taking into account the availability of the boundary condition at i = 0, we can compute 5" sequentially fori=1,2,..., N, at
: axVic12 g y y p i q y x

each time step because all the other terms are known.
Similarly, we obtain the following numerical scheme for d(x, ).

At At
(1 +aml 4 7k,,-) art 4 (1 !+ Sy ) ar)

i i i—

At At
(v = Sk )ty = (1 = k)
= %[kd,.,lb;’_l +hgi b kg b+ kb, =12, N, 77)

with the corresponding initial and boundary conditions

Al =gy(t,), n=1,2,....N,, 78)

d¥= fy(x), i=0,1,...,N,. (79)

Remark 4.1. It is possible to prove that the order of approximation of the above numerical scheme is O(Af? + Ax?), given appropriate smoothness
conditions on the input functions.

Concerning the monotonicity and conservativity, we note that it was proved by Godunov in 1959 [23] that monotone schemes are of at most
first order. Therefore, the above scheme is not monotone. In addition, it is conservative only if the velocity v is independent of x. Although the
monotonicity and conservativity are important in numerical schemes for PDEs with advection, we still obtained an accurate numerical solution for
our model since the exact solution is assumed to be smooth.

To simplify the notation, in the discrete problem setting we use k; and k, again to denote the discrete parameter vectors, i.e., k, :=
[kgoskgps-- kg NX]T and k, :=[k,g. k., ...,k,NX]T. Given the discrete forward problem (74)-(79), we determine k, and k, by minimizing the fol-
lowing discrete objective function:

2 2

N-1 bn+| _pt N,-1 dn+| —_gn

At N, N, At N, ~ N,
Filkak) =5 X | =g 0| +5 XL | =g
n=0 n=0
1 N,—1 5 N,—1 R
= { DM@ b = A"+ Y (M@ - a") - Are]] } (80)
n=0 n=0

0,(t,) + 0,
where M =0, ..,0,1], 9;=Mandag=

To minimize the objective function 7, (k,, k,), we use gradient-based methods. For this purpose, we use the adjoint equation method for calcu-
lating the gradient of F,. There are two approaches for using the adjoint equation method. The first approach finds the Fréchet derivative of the
continuous objective functional, then both the forward problem and the adjoint problem are discretized. The second approach is to formulate the
adjoint equation for the discrete forward problem and discrete objective function. Although both approaches provide exact formulas of the gradient
of the objective functional, the first approach introduces approximation errors when the objective functional and its gradient are discretized for
numerical implementation, whereas the second approach avoids this issue. For this reason, we use the second approach in this paper. It is worth
mentioning that due to round-off errors, numerical computation of the gradient of the objective functional may not be exact. However, round-off
errors are usually much smaller than approximation errors introduced by the discretization of the continuous objective functional and its gradient
in the first approach. Based on our observations with numerical tests, we believe that round-off errors do not have significant effect on the result of
the minimization problem.

To simplify the mathematical derivation, we rewrite the discrete forward problem (74)—(79) as follows:

B=rfy d°=14 61
AT 4 Bk (" + b = Cb" = F, (82)
AL L Bk, )(d" + d"H) = Cd"™ = Bk )(b" + b + P, (83

forn=0,1,....,N, -1,

where f, :=[f,(xg), fr(x), ... 7fb(xNx)]T» fa 1= fa(xg), fa(x), ... ,fd(xNX)]T. The matrices A" and C” are of size (N, + 1) X (N, + 1) and defined by

1 0 0 0 0
l—a'l1 1+a’l7 0 0 0
A= 0 l—a) 1+a) - 0 0
0 0 0 1+a’]’vx_] 0
0 0 0 -1 _a’]'\/, 1+a'1'vx
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0 0 0 0 0
l+a’1’ l—a'l’ 0 0 0
p 0 1 +ag 1 —a; 0 0
0 0 0 l—a'I’VX_l 0
0 0 0 1+a'1“vx l—a']‘vx

Matrix B(k,) is also of size (N, + 1) X (N, + 1) and defined by

0 0 0 - 0 0
kjo kg O 0 0
t| 0 &k k 0 0
Bhkp=5| . e T T &
0 0 0 w ky_y O
0 0 0 - kyny-1 kan,

Matrix B(k,) is defined similarly. The vectors " and d" are given by
- T . T
= (b b By 1T, d" = (dg ] dy T

Finally, the vectors F' : 1" and F} : F" 1T are given by

[bO’ 1> bN [dO’ d1’ """’ T dNy

At
Fi = &(ty1)s Fb",.=7[s +s"+1+s +s"+1] i=1,...,N_,

X

Fl =gty FIi=0,i=1,....N

x*

We remark that it is possible to exclude b} and djj from the above equations by moving them to the right-hand side in (73) and (77) at i = 1.

However, doing so makes the right-hand side vectors depend on the unknown coefficients. This makes the derivation of the gradient of the objective
function more complicated.

To obtain the gradient of 7, consider two pairs of parameter vectors (k,, k,) and (k,, k,) and let (5°, ...,bN:,d0, ..., dNi) and (87, ...,6N:,dY, ..., d"r)
be the corresponding solutions of the discrete forward problem associated with these pairs of parameter vectors. We also denote by k,; =k, — kg,
6k, =k, —k,, 6b" =b" — b", and 6d" = d" — d". From (80) it follows that

Fi(ky k) —F, (kg k,)

Ny—1 No—1
- ﬁ { 3 [MEH -5 - am) + Y (M@ - - ] }
n=0

n=0

N,-1 N1
_%Az { Z (M@ =6 - 8007) = Y [ M@ —am) - A6 }

n=0

N,— N,—1
= { Y [M@bm - 56m) ¥ Y [M(sd! —5d”)]2}

n=0
1 & T
+ n; [M(@b™! = 5b")]" [MB™! = b") — Ar6)]
N,-1

+— 2 [M(sam' —sam]" [M@™ —d") - aw6!]

N,—1
- 2 (5bn+l §bn)TMT [M(bn+1 bn Ate”]

N,-1
Z(&d"“ 8d"yT MY [M(d@™! — d") — A10"] + o(5k,). (85)

In obtaining the last equality, we have used the property that 65" = O(6k,) and éd" = O(6k,) for n=0,1, ..., N,. We note that (689, ..., 8bN1) satisfies
the following equations:

ALSE 4 Bk, )(8b" + b)Y — C"6b" = —B(6ky)(B" + B, n=0,N, - 1,

(86)
560 =0.
Similarly, (6d°,...,8d™) satisfies the following equations:
A"L5am L 4 B(k,)(8d" + 6d"T1) — C"6d" — B(ky)(8b" + b
= B(6k,)(B" +b"™*") — B3k, )(d" +d"™*"), n=0,N, - 1, (87)

5d° =0.

Let " and &", n=1,...,N, be column vectors in RNx+1, Taking the transpose of (86) and (87) and multiplying both sides by #"*! and &"*!,
respectively, and taking the sum from n=0 to N, — 1, we obtain:
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N,-1
Z [(5bn+l)T(An+l)Tr]"+l +(8b" + 5bn+l)TBT(kd)l1n+l _ (5bn)T(Cn)TI’]n+l]
n=0
N,-1
+ Z [(5dn+1)T(An+l)T§n+l + (5dn + 5dn+l)TBT(kr)§n+l _ (5d")T(Cn)T§n+l]
3
_ Z (5b" +5bn+1)TBT(kd)§"+l
n=0
Ny—1 N-1
—_ Z [B(&kd)(l;n +l_7”+1)]T(i’[n+l _§n+1) _ Z [B(sz,)(d_” +d‘n+1)]T§n+1.
n=0 n=0

We want to determine the vectors 7" and &", n=1,..., N, such that

N,-1
Z (5bn+l _ 5bn)TMT [M(bn+l —b")— 92]
n=0
N,-1
+ ) (6d"™! = 6a") M" (M@ - a") - 07 (89)
n=0
N,-1 N,-1
— z [B(ékd)(l_)" +l_)"+1)]T(r]”+l _§n+1)+ Z [B(ﬁk,)(d_” +d‘n+1)]T§n+1_
n=0 n=0

If (89) holds, then by substituting this equality into (88), we obtain

Ny—1
z [(5bn+1)T(An+1)T”n+l + (5" +5b"+1)TBT(kd)7]"+l _ (5bn)T(Cn)T”n+l]
n=0
Ni—1
+ Z [(ﬁdn+l)T(An+l)T§n+l + (5d” +§dn+1)TBT(kr)§"+l _ (5dn)T(Cn)T§n+l]
n=0
N,-1
_ Z 8" +5bn+1)TBT(kd)§n+l
n=0
N,-1
- _ Z (5b"+1 _ 5b")TMT [M(bn+l — b — 0[!;]
n=0
N-1
_ Z (5d"+l —5dn)TMT [M(dn+1 —d")—G;] .
n=0

Rearranging the terms in the above equation, taking into account the fact that §5° = 6d° = 0, we have

N, N—1 N, N—1
2(5bn)T(An)Tr’n + Z (5bn)TBT(kd)l’]n+l + Z(ébn)TBT(kd)nn _ 2 (5bn)T(Cn)T”n+l
n=1 n=1 n=1 n=1

N, N,—1 N, N,-1

+ 2 @6anT (AT + Y (6d" BT (ke + Y 3d") BT (k)e" — Y (3d")T (€T g
n=1 n=1 n=1 n=1

1

Nt
@6"" BT )& = 3" (56" BT (hey)e"
n=1

N;—
n=1

N; N;-1
== 26" M M@= —0p ]+ Y 66" MT M@ - b") - 0]
n=1 n=1
Ny N,-1
= Y @ M" (M@ —d"H -5+ Y (@d M M —dm - 07].
n=1 n=1

Hence,

(6™ { (AN 0™+ B (k™ = BT (k)™ + MTLMGN =N = 67}
N,-1
+ 2 66 (AN 0" + BT (k)" + 1) = (€ "™ = BT (k)" + ™)
n=1
—MIIM@™ = 26" + ") — 07 + 07711}
+@EdNT {(AN’ TEN 4 BT (k)N + MT M@ — d Ny - 05]”‘]}

N,-1
+ ) 6dM (AT E" + BT (k)" + & — (€ e
n=1

-MI M@ = 2d" +d") -0+ 6571}
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=0.
From the last equation we can see that (89) holds if #" and £", n=1, ..., N, satisfy the following problems:

ANEN 4 BT (k)N = — MT [ M@ - a7y -0, (90)

(An)Tgn + BT(k,.)(fn +§n+l) _ (Cn)T§n+l
= MT M@ —2d" +d") -0+ 077", n=N, - 1,....1. (91)
AN+ BT (kn™t = BT (k)eNt = —MTIMBN - bV — 67", 92)

(A”)Tr]" +BT(kd)(r]" +’1n+l)_(cn)Tnn+l _ BT(kd)(én +5n+1)

= MIIM@G™! = 20" + 6" =07 + 077", n=N, - 1,.... 1. (93)
Now it follows from (85) and (89) that
o 1 Nt o
Fikg: k) = Filkg k)= ; [B(Sky)(B" + B D] (! — gty
N,—1

+— Z [B(Sk,)(d" +d" )T e + o(8k,) + o(5k,)

N1
Z [B(ékd)(bn +bn+l)] (77"+1 §n+l)

N,-1
1 L )
+ ;) (B(6k,)(@" + d"™ DT €™ + o(6k,) + o(5K, ). on

In obtaining the last equality, we have used the property that 5" — b" = O(6k,) and d" — d" = O(5k,) + O(5k,). It follows from (84) that
Ar Ny—1
(Blw v = 5> D kit (v + v + Ky g vy
i=1

for vectors u = (i, ... ’”NX)T and v = (vg, ... ,UNX)T. Hence,

67:'1 _ Nle(bn bn+1)(nn+1 o el ey, i=0O.N_ —1 (95)
oy P i & 1) Nx T b

aZdF;X _1 Zl(b" . b"+l)('1"+l g’]i]tl)’ (96)
2:1 :éNil(dn+dn+1)(§n+1+§n+l) i=0N. T, 97)
a(]i:\l,x _ % rg(dn dn+1)(é:n+l (98)

Thus, we have proved the following theorem concerning the gradient of the objective function J, (k;.k,).

Theorem 4.2. The objective functional F,(k,, k,) defined by (85) is differentiable and its partial derivatives are given by (95)-(98), where  := (n',...,7n™)
and & := (&', ..., &Nt) are the solutions of the adjoint equations (90)—-(93).

Remark 4.2. The adjoint equations (90)-(93) can be written in a similar form as the discrete forward equations (76) and (77). Therefore, their
solutions can be explicitly computed without solving linear systems. Indeed, by direct calculations, we obtain the following problem for &:
e« Forn=N,:

<1+ N +A )5 =~y —dy =00,

<l+aN +%k”).§ +(1—a1]i‘1+A2tk );H_o i=N,-1,0,
eForn=N,—-1,N,-2,...,1:

<1+a’1’v +£k,N )gg’v +<1—a’;vx+%k,NX>§"N“:(d"“—2d”+d”‘1)—0§+93‘1,

<1+a += ,,)é:” ( alf'+1+A2tk ) L <1+a ——k,,).f"“

<l_az+1 )5;":11 0, i=N,-LO0.

Similarly, the adJomt problem for # is written as follows.

145



D.N. Hao, N.T. Thanh, N.V. Duc et al. Computers and Mathematics with Applications 148 (2023) 126-150

e Forn=N,:
(1+aN + Sthan, ) vt = S kaw nt -0 — N =0,
(1+a +A7kd,> N (1—a’fl+%kd,.)nﬁfl=%kd,.(§i +eM). i=N, - 1.0,
eForn=N,—-1,N,-2,...,1:
<1+anNX+%dex)”;le+(1_arll\fx+%dex>”nNtl__de (sN +.§"+1)

=" -2+ b -0+ 0r,
At At At
<1+a;'+7kd,»>nl’.’+(l—a+l jkdi+1>’7?+l_(1+a —del> n+l
At At o
~(1-dy = Sha )t = Sk (g g g ). =N -1,

Remark 4.3. We remark that the discrete adjoint problem was constructed for the discretized forward problem and objective functional. Therefore,
we do not consider the convergence or approximation of this discrete adjoint problem.

4.3. Using the L? data

For comparison, we also consider the case of L? data. That means, assume that the following data are available:

by () :=b(L,1), dp (1) :=d(L,1).

In this case, we consider the following objective function:
At NE 2y
Fatkyke) =51 [b';vx - b;] ) [d;'vx - d;] + LRy k)
n=1 n=1

N, N,
= % Z [Mb" - 5] % Z [Ma" —d"]* + %R(kd,k,), (99)
where by =b.(t,), and d} =d,(t,), and %R(kd, k,) is a regularization term. Note that M is the same as in the previous case, i.e., M =10,...,1].

We remark that due to the error estimates (69) and (70), the first minimization problem with data 6, and 6, is stable. However, the second
minimization problem with the L2 data b, and d, is not stable. Therefore, we add the regularization term to stabilize J,(k,, k,). We use Morozov’s
discrepancy principle to find the regularization parameter y and stop minimization algorithms for J,(k,, k).

Using a similar derivation as in obtaining Theorem 4.2, we also obtain the following result concerning the gradient of F,(k,, k,).

Theorem 4.3. Assume that R is a differential function of (k,.,k,). Then, the objective functional F,(k,, k,) defined by (99) is differentiable and its partial
derivatives are given by

N 1
oF. 4 5 - - IR
adei - z (b" b"+1)( n+| zn:l] dfin+| 5::;1)+ Vak (100)
N 1
oF, : ;

— b bn+1 ~n+1 n+1 , 101
T 2( HD - D e (101)
oF, aR

2 _ n n+l n+1 n+1
= Z(d +IDET G+ g (102)
N -1
oF, 4 IR
dn dn+1 gn+1 103
o, = Z( ERD 75 (103)
fori=0,...,N, -1, where ij=(ii',...,7i") and € = (!, ...,ENr) are the solutions of the following adjoint equations
ANEN: 4 BT (1 )EN = —AtMT[MdN — a1, (104)
(ANE + BT (k)@ + & — (€ EH = — MM [Md" - df], (105)
AN 4 BT (k)i — BT (k8N = —AtMT M — b)), (106)
A"+ BT (k)@ + ™) — (€T = BT (k)@ + &)
=—AMT[Mb" - b} ], (107)

forn=N,-1,....1.
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Fig. 1. Water velocity (a) and water depth (b) in the considered section of the Nhue-Day river.

4.4. Parametrization of the coefficients k, and k,

To reconstruct the coefficients k,(x) and k,.(x), we parametrize them as follows.

Ny
kg(x) ~ 2 Qn®n), k()R Y @ bn(X),
n=1
where N, € N* represents the number of basis functions chosen to approximate the coefficients and ¢, ¢, ..., ¢, are known basis functions. In this
paper, we choose ¢, as cosine functions:

¢, (x)=cos((n—zx/L), n=1,2,...,Ny.

For simplicity of notation, we denote by

T T
44 = 44159425 -+ ,qub) s 4 =(qr1,9r2> - ,qub)

the vectors of parameters to be determined. We also denote the objective functions of (¢, ¢g,) by F,(q,.¢,) and F,(q,,q,). Then, the partial derivatives
of the objective functions with respect to the new variables are given by

oF;

—_— i=1,2.
F qu,,( ) j

;m )ak aqm )y

5. Numerical examples

In this section we present numerical examples to demonstrate the performance of the proposed algorithms for determining the coefficients k,
and k,. In the following numerical examples, the domain and the parameters were chosen as realistic values in a river. More precisely, we considered
a 10 km section of Nhue-Day river in Vietnam, i.e., L = 10. The time interval was chosen as T' = 2 (day). The water velocity was obtained by solving
a Saint-Venant’s equation (see, e.g., [1], section 3.3) using real hydraulic and geological data from the selected river section. However, due to lack
of experimental BOD and DO data, we use simulated BOD and DO data in this work. Numerical results with real BOD and DO data, which we are
currently in the collection process, will be presented in our future work.

In our numerical tests, we assumed that the water velocity did not depend on time, that is v(x,7) = v(x). Fig. 1 depicts the water velocity and
river depth. The initial conditions were chosen as follows:

0= a(x)=1

and the boundary conditions were chosen to be

g1 =1+2sinQat/T), gz =1.

The source function was chosen to be zero, i.e., there was no pollution source within the considered river section when the model coefficients were
estimated.

The measured boundary data of both BOD and DO at x = 10 were obtained by solving the forward problem (1)—(4) and then perturbed with
additive pseudo random noise of magnitude of 0.2. To avoid the so-called inverse crime, we used 401 grid points in the x-direction and 5761 points in
the t-direction in solving the forward problem for generating the data, but doubled the grid sizes in both directions in solving the inverse problem.
In all the tests, we chose the initial guesses of both k, and k, to be zero. The parameter r in Morozov’s discrepancy principle was chosen to be
7=10lI.

Example 1. In the first example, we reconstructed the coefficients k,(x) and k,.(x) of the forms

ky(x)=140.4sinQzx/L), k.(x)=1540.5sinQzx/L). (108)

To approximate these coefficients, we used 10 basis functions, i.e., N, = 10. Figs. 2(a)-(b) depicts the reconstructed coefficients k,(x) and k,(x)
together with the exact coefficients with data of BOD and DO corrupted with 5% additive random noise. The noise was generated by the Matlab
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Fig. 2. Exact coefficients k,(x) and k,(x) in Example 1 and the reconstructed ones by minimizing the objective function 7,. (a)-(b): reconstruction with 5% noise;
(c)-(d): reconstruction with 10% noise; (e)-(f): data vs. simulation with the reconstructed coefficients at 10% noise. The algorithm was stopped using Morozov’s
discrepancy principle with z =1.01.

function rand. These figures show that the reconstructions were very accurate for both k; and k,. To analyze the effect of the measurement noise
on the reconstruction accuracy, we show in Figs. 2(c)—(d) the reconstructed coefficients with data corrupted by 10% measurement noise. We still
can see from these figures that the coefficients were still reconstructed quite accurately. Figs. 2(e)-(f) depict the measured data and the solution of
the forward problem associated with the reconstructed coefficients shown in Figs. 2(c)—(d). It is clear that the model fits well the measured data.

For comparison, in Fig. 3 we show the reconstruction results using the L?> boundary data of BOD and DO, i.e., by minimizing the objective
function F, given by (99). In this test, we chose R as the standard Tikhonov regularization term, R(q) = |g|* for a vector g € R*s. To obtain the
regularization parameter, we started the algorithm with y = 102 and then reduce it by half until Morozov’s discrepancy principle is satisfied. Here
we also chosen 7 = 1.01. At each value of y, the iterative procedure was stopped when the first-order optimality condition was less than 107% or
Morozov’s discrepancy principle was satisfied.

For this algorithm, we tested two choices of the basis functions. Figs. 3(a)-(b) depict the results when 10 basis functions were used to approximate
the coefficients, as in the previous test. Figs. 3(c)-(d) depict the results for 5 basis functions. The reason for reducing the number of basis functions
was that the results with 10 basis functions looked more oscillating. Reducing the number of basis functions helps further stabilize the inverse
problem. In this test, we used the same 5%-noise data set as in obtaining the results in Figs. 2(a)-(b). Comparing Fig. 2 with Fig. 3, we can see
that the former was more accurate and stable even with a large number of basis functions. We note that unlike the objective function 7,, no
regularization method was needed in 7.

Example 2. In practice, some empirical formulas are widely used for the reaeration coefficient k,(x). One of them is the so-called O’Connor-Dobbins’
formula given by (see, e.g., [14], chapter 10)
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Fig. 3. Exact coefficients k,(x) and k,(x) in Example 1 and the reconstructed ones using the L?> boundary data with 5% noise. (a)-(b): N, = 10, = = 1.03; (c)-(d):
N,=5,7=10L.

ko(x) = 3.95(0(x)** (h(x)~"?,

where v(x) is measured in meters per second and A is in meters. However, the unit of k.(x) is 1/day. In this example we reconstructed the
same coefficient k,(x) as in Example 1 and coefficient k,(x) given by this O’Connor-Dobbins’ formula. All parameters were chosen the same as in
Example 1. For objective function 7, we chose 10 basis functions while for objective function 7, we chose 5 basis functions again for stability
reason.

Figs. 4(a)-(b) show the reconstructed coefficients with 7,. The algorithm was still able to reconstruct the coefficients quite accurately in this
case. Note that the coefficient k, has some sudden changes due to the sudden changes in the water velocity and the river depth as shown in Fig. 1.
As a comparison, we show in Figs. 4(e)—(f) the results with 7,. Again, the former looks more accurate than the latter.

6. Conclusions

We investigated a CIP of reconstructing the reaction coefficients in a system of advection-reaction equations from boundary data. The equations
represent the evolution of the BOD and DO in a river. We proved stability estimates of the CIP and error estimates of the solution obtained by the
least-squares method. Numerical results have demonstrated the efficiency of the proposed approach.
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