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ABSTRACT

In this paper, we first prove that the heat equation backward in
time with Neumann and integral boundary conditions is an ill-
posed problem. Then, we establish a stability estimate of Holder
type for this ill-posed problem.

Keywords:  Heat equation backward; ill-posed problem;
stability estimate.

1. Introduction

Consider the problem of determining u(x, t) satisfying

U — Uy = 0,0<x<1,0<t<T
{ux(O, t) =0, folu(x, t)dx=0, 0<t<T (1.1)
with measurement dataat t= T:
u(x, T) = p(x),x € [0,1] 1.2)

where ¢ is a given function.

Problem (1.1)-(1.2) is an ill-posed problem in the sense
of Hadamard (see Theorem 2.1). Therefore, stability
estimates and regularization methods are desired.
Although there have been a number of research works on
various inverse problems of parabolic equations with
integral conditions ([1], [2], [3], [4], [5], [6]), to my
knowledge, so far, there have not been any results on
stability estimates of heat equation backward in time with
Neumann and integral boundary conditions (1.1)-(1.2).
The purpose of this paper is to prove that problem (1.1)-
(1.2) is an ill-posed problem and propose a stability
estimate result of the Holder type for this problem.
These results are presented in Section 2.
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2 Main results
For simplicity of notation, in this section we denote || - || z2(0,1) by || - |-

Theorem 2.1. (ill-posedness) Problem (I.1)-(1.2)) is an ill-posed problem.

Proof. Set
1
u'(z,t) = =T cos(2mna), 0 < < 1, 0< t < T,
n
1
" (x) = —cos(2mnz), 0 <z < 1,
n
w(z,t) =0,0< <1, 0<t<T,
px)=0,0< <1
We have
21
ul(x,t) = —4n°n edmn?(T—t) cos(2mnz), 0<x <1, 0<t< T,
n
1
u(z,t) = —2mn=e*™ " TV sin(2rna), 0< 2 < 1, 0< t < T,
n
1 1
(0,1) = —2mn—e*™ TV sin(27rn0) = —2mn—e™ TV sin0 =0, 0 <
n n
1
un (z,1) A2 =T cos(2mna), 0 < 2 < 1, 0< t < T,
n
1 1 L
/ / e T cos(2mnax)da
0 0
1 4 2 2(T t) 1
= cos(2mnz)dx
” 0
1 AT t)81n(27mx)‘
n’ 2mn o
1 JAnn? (T psin(2mn) — sin0 _0.0<t<T
—af 2mn

1
u"(x,T) = — cos(2mnz) = pp(x), 0 < x < 1,
n

u(2,t) =0 = uge(x,t), 0 <2z <1, 0<t T,

1
u,(0,t) =0, / u(z,t)de =0, 0 <t < T,
0

N

u(z, T)=0=¢p(z), 0 <z < 1.

t<T,
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Therefore u,(z, t) satisfies the following conditions

up —uy, =0, 0<e<1,0<t<T
u™(0,t) =0, fo "z, t)dr =0,0<t<T
u'(z,T) = ¢n(z), OS2 <1

and u(x, t) satisfies the following conditions

U — Uz =0, 0<2<1,0<t<T
t)=0, [ u(z,t)dr =0,0<t<T
u(z,T) = p(x), 0 <z < 1.

I~ ol = ( / )5 _ ( / 1 (%cos<2mc>)2cwc)é
l
L

We have

1 1
o1/ 4 >
( cos” 27m3:)da:) =— (/ + cos( an)dx)
n \Jo 2
1 sin(4mwnz) |t 2
(b e
2 lo 8mn o

——%Oasn—>—|—oo

V2n

However, for 0 < ¢t < T we have

16 ) — ul-, 1) = (/01 un(x,t)Q(x)dm); _ </01 (%GMWT—G cos(27rnx)>2(m)dx>

. (/o (costzmn)? (x)dx)é

1
2

n
— 1 647r2n2 (T—1)
V2n

This proves that problem (1.1)-(1.2) is an ill-posed problem.
The theorem is proved. [

— +ooasn — +o00.

Theorem 2.2. (Stability estimate) Let u;(z,t) and us(x,t) be solutions of problem (I.1).
If ui(x,t) and uy(z, t) satisfy

lui(-,0)| < E, |lui(, )| < E, i=1,2,t €[0,T] (2.3)
and ||ui (-, T) — us(+, T)|| < 6 where ¢ and E are some positive constants then

(- £) — ua(-, £)]| < V2250~ F)gar B1=ar | vt € [0, T).
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Proof. Set
u(z,t) = uy(z,t) — ua(x,t), (z,t) €0,1] x [0,7T7],
v(x,t) :/0 u(y, t)dy, (z,t) € [0,1] x [0,T].
We have
/Ou t)dy =0, t € [0,T7,
/ u(y, t)dy —/0 ul(y,t)dy—/o us(y, t)dy =0, t € [0,T],
v (z, t) —/0 u(y /Ox Uz (Y, 1) dy

= uz(x,t) — ug(

0,t) = ug(z,t) (since u, (0, u1(0,1) — ug,(0,¢) = 0),
Um(x7t> - u(x,t), ( ) S [

t) =
1 X [0, T], vge(,t) = ug(z,t), 0 <z <1,0<t <T.
Thus, the function v(x, t) satisfies the following conditions

{vt—vm:(),()<m<1,0<t<T o

v(0,t) =v(1,t) =0,0 <t <T.

Set h(t) = fol v*(x,t)dzx, t € [0,T]. By the integration by part, we have

v(z, t)v(z, t)dx

v(x, t)d(vy(z,t)) = 2v(x, t)v(z, t)

[
:2/0 (7, ) Ve (2, t)d
J

1 1
- 2/ v2(z,t)de
0 0
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1
— 2u(1, )ua(1, 1) — 20(0, )0 (0, £) — 2/ o2z, t)da
0
1

_ —2/ o2z, 1) dz (since v(1,£) = v(0,£) = 0)

0

1
h"(t) = —4/ Ve (2, ) vy (x, t)dx

o
= —4/ vz (x, t)d(ve(x, 1))

0 1 1
= —4v,(z, t)vt(x,t)‘ + 4/ ve(z, t)d(ve (2, 1))

0 0
1
= —4dv, (1, t)ve(1,t) + 4v,(0,)v:(0, ) + 4/ (2, ) Vg (, t)d
0

1

= 4/ v2(z,t)dx (v(0,t) = v(1,t) = 0 implies v,(0,t) = v,(1,t) = 0).
0
Due to the Cauchy-Schwarz inequality, we have

< /0 e (e, t)dx)

This implies that

2

1 1
< / v2(x,t)d:c/ vZ(z,t)dx.
0 0

h(t)"(8) — (W (1))

=4 </01 v?(z,t)dx /01 vZ(z, t)dr — (/Olv(:p,t)vt(x,t)dx)2> >0, Vt € [0,T).

Consider the case h(t) > 0, YVt € [0,T]. Set f(t) = Inh(t), Vt € [0,T]. We have

£() = };L((tt)) Ve 0,T]
h(t)R" () — (K (1))

h?(t)

(@) = >0, Vt e [0,T].

This proves that f is a convex function. Therefore, we have
f&)=r L (1-L)o <tf(T)+ 1t £(0), ¥t € [0,T]
AT T ST T ’ o

This implies that

h(t) < R(T)Th(0)'"T, VWt € [0,T] (2.5)
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or
o0 < oG DTl 0)7T, ¥t € [0, 7). (2.6)

Now we consider the case when h(t) can vanish. Since /'(t) = =2 [ v " 02(z, t)dr <0, Vi €
[0,T], h is a decreasing function on [0, T]. If A(0) = 0 then h(t ) 0, Vt € [ ,T).
Therefore, if h(0) = 0 then the inequality (2.3)) is obvious. If 2(0) > 0, then A(t) >

0, Vt € [0,T]. In fact, supposing the contrary, let ¢ty be the first point where h(¢) = 0.
By continuity, h(t) > 0 for 0 < ¢ < t,. Therefore h(t) > 0 for 0 < ¢t < s < ty. Using
the stability estimate (2.5) with T replacing by s < ¢, and by letting s 1 to we obtain a
contradiction. Therefore, when h(t) can vanish, the inequality (2.5)) is still correct. So, in
all cases, inequality (2.6)) holds.

We have

u(-, t)||* = /01 u?(z,t)dr = /01 v2(x,t)dx

:/0 Ve (z, t)d(v(z,t))
:)—/0 (2, ) vge(z, t)dx
:vx(l,t)v(l,t)—vx(O,t)v(O,t)—/0 v(x, 1)y (2, t)dx

= vg(z, t)v(z, 1)

_ _/O o(@, Dva (2, £)dz (since (1, 1) = (0, 1) = 0)

= _/O v(z, t)uy(x, t)dx (since vy, (2, ) = ug(x,t)).

Using the Cauchy-Schwarz inequality, we obtain

lu(, D)4 = (/Olv(x,t)uz(x,t)dx)
< /OIUQ(x,t)dx /01 W2, 1)

= [loC O lua (- O, ¥t € [0, 7).

2

This implies that
lu( O < oG, Ol )l Ve € [0, 7). 2.7
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On the other hand, we have

o T = /ﬂ <xiv¢r—l/1(/“ QﬁTﬁ@)de
<[ (o[ m)
( / dy / uZ(y,T)dy> iz

y, dy/ (/Oxdy)d:c

( T)|I*.

VAN
Mlb—*\\\

This implies that

Similarly, we have

|mmW=A3%mm=4Kfﬁww@3x

This implies that

From 2.6), 2.7), (2.8) and (2.9), we obtain
(O < Tl )llua(, 1)l

< oG DT ¢, 0T flua (-, 1)

<(§ﬂwﬂwQ%Q%m«m01%mwwn
_ %Hu
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(2.9)

(2.10)



Vinh University Journal of Science Vol. 53, No. 3A/2024

‘We have

[u(, T = llua (-, T) = ua(-, )| <6 2.11)
[z, O = [z (s t) — uoe ()] < fura ()] + luza (8| < E+ E=2E. (2.13)

From (2.10), 2.11)), (2.12) and (2.13]), we obtain

1 t t
lu(0)|> < =07 (2B)" 2

V2

= V22U T§TE> T Vit € [0,T). (2.14)

This implies that
s (-, 8) = us (-, )| = Jul- 6)]| < V222 (- F)gar BV or | vi € [0, 7). (2.15)
The theorem is proved. ]
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TOM TAT

DPANH GIA ON PINH CHO PHUONG TRINH
TRUYEN NHIET NGUQC THOI GIAN
VOI CAC PIEU KIEN BIEN NEUMANN VA TICH PHAN

Nguyén Vin Pitc
Khoa Toéan, Trudng Su pham, Trudng Pai hoc Vinh, Viét Nam
Ngay nhan bai 03/5/2024, ngay nhan dang 23/7/2024

Trong bai bdo nay, du tién chiing t6i chiing minh phuong trinh truyén nhiét ngudc thdi
gian véi cac diéu kién bién Neumann va tich phan 12 mot bai todn dit khong chinh. Sau do,
chiing tdi thanh 1ap két quéa danh gia 6n dinh kiéu Holder cho bai todn nay.

Tir khoa: Phuong trinh truyét nhiét ngugc; bai toan dit khong chinh; danh gia 6n dinh.
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