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Abstract For the first time, displacement-based and stress-based approaches are used simultaneously to ana-
lyze the nonlinear bending response of functionally graded porous plates within the framework of first-order
shear deformation theory. Three configurations of porosity distributions including uniform, nonuniform sym-
metric, and nonuniform asymmetric are selected. Utilizing the Galerkin method, the neutral surface position
concept, and the solutions in terms of Fourier series, the nonlinear algebraic governing equations are derived
and then solved by the Newton–Raphson method. Very good agreement is found in the comparison between
results obtained by using two proposed approaches, and in comparisons with those of existing ones in the
literature. Parametric studies are conducted to evaluate the influence of the porosity coefficient, porosity distri-
bution configurations, geometrical parameters, Pasternak elastic foundation, and boundary conditions on the
load–deflection and load-bending moment curves.

1 Introduction

One of the most important inventions in advanced materials was the introduction of functionally graded
materials (FGMs) by Japanese scientists in the 1980s. On the macroscopic scale, FGMs are anisotropic,
inhomogeneous, usually made up of two constituents, metal and ceramic, in which the mechanical properties
of the material change smoothly and continuously from one surface to the other. Recently, a new generation
of FGM called functionally graded porous materials (FGPMs) with pores in the microstructure is known as a
lightweight material, in which the porosity distribution patterns and porosity coefficient are design variables,
which can be adjusted to achieve the desired mechanical properties. Light structures using FGPMs such as
metal foam have potential applications in aviation, marine, biomedical, civil construction, and transportation
industries [1–3]. With a high stiffness-to-weight ratio, excellent energy absorption, very good acoustic, and
thermal isolation, metal foam is a suitable choice for making insulating acoustical, thermal panels, components
that enable withstand dynamic loads or impact loads. Along with the increase in application, research on the
mechanical behavior of structures using FGPMs has attracted the attention of the scientific community. Most
of these studies focus on the linear analysis of bending, vibration, and stability behavior of FGM beam, plate,
and shell structures [4–10]. Mechanical/structural components may undergo large deflection such as morphing
aerostructures, soft robotic arms, highly flexible and lightweight aircraft wings, and wind turbine blades [11].
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To describe more closely the actual behavior of the structure, nonlinear analyses are often used with
consideration of the geometric nonlinearity in strains. There are numerous studies focusing on the nonlinear
bending response of FG plates using the numerical approach. By employing first-order shear deformation
theory (FSDT) including geometrical nonlinearity, Praveen và Reddy [12] presented the nonlinear transient
analysis of FG plates under thermomechanical loading by finite element method (FEM). Aliaga and Reddy
[13] performed the nonlinear static and transient analysis of the FGM plate imposed in a high-temperature
environment using FEM. Zhao và Liew [14] predicted the nonlinear displacements, and stresses of FG plates
by using FSDT with geometrical nonlinearity and the mesh-free method. Using the Marguerre shell element,
Barbosa and Ferreira [15] presented the nonlinear response of FG flat and curved panels. By using FEM,
Behjat and Khoshravan [16] presented nonlinear bending and vibrational characteristic of FG piezoelectric
plates under mechanical loads including piezoelectric effect. Singh and Shukla [17] utilized the multiquadric
radial basis function method and quadratic extrapolation technique to explore the nonlinear flexural response
of FG plates. Zhu et al. [18] implemented the local Kriging meshless method to study the thermal effect on the
nonlinear behavior of FG plates. Employing isogeometric analysis (IA) in conjunction with FSDT taking into
account geometrical nonlinearity, Yin et al. [19] investigated influences of FGMparameters, geometrical shape
on nonlinear transverse displacement and axial stresses of FG plates. Heydari et al. [20] investigated the effect
of CNT distribution configurations on the large deflection analysis of FG-CNTR plates. Employing smoothed
FEM, Phung-Van et al. [21] probed the nonlinear response of FG plates under mechanical and thermal loads.
Using the meshless method with radial point interpolation, Nourmohammadi and Behjat [22] explored the
nonlinear response of FG piezoelectric plates. Based on FSDT taking into account nonlinear strains, Ton-That
et al. [23] adopted a four-node quadrilateral element to explore the load–deflection curves of FG plates having
different shapes and constraints.

Apart from the numerical methods mentioned in the above short review, semi-analytical and analytical
methods are also effective tools often chosen by many authors for the nonlinear analysis of FG plates. Two
approaches commonly used in published reports include the stress-based approach and the displacement-based
approach.

Introducing stress function within the context of Reddy’s HSDT including von Kárman nonlinearity,
Shen [24] used a mixed Galerkin-perturbation technique to study the influence of temperature change on the
nonlinear behavior of FG plate. Yang and Shen [25] used a semi-numerical method to analyze the nonlinear
response of FG plate under uniform pressure including the thermal effect. Shen ad Wang [26] employed the
perturbation method to determine the nonlinear flexural characteristic of FGM plates working in a thermal
environment. Using thin plate theory including geometrical nonlinearity and initial imperfection, Tung và
Duc [27] studied buckling and post-buckling of simply supported FG plates. Thang et al. [28] proposed an
analytical approach to study post-buckling analysis of variable thickness sigmoid FG plates by using the thin
plate theory in combination with stress function and the Galerkin method. Using TSDT and stress function,
Duc et al. [29] analyzed the nonlinear dynamic behavior of thick FG plates. Based on classical plate theory
with large transverse deflections, Woo et al. [30] studied nonlinear vibrational characteristics of FGM panels
taking into account the thermal effect.

Using a displacement-based approach, several works associated with the nonlinear behavior of FG panels
have been conducted. Employing double Chebyshev polynomial, Wu et al. [31] studied buckling and post-
buckling responses of functionally graded plates under thermomechanical loading. Using minimum total
potential energy principle and classical plate theory, Alinia and Ghannadpour [32] presented an analytical
solution in the harmonic function form for geometrically nonlinear bending of functionally graded plates. Woo
et al. [33] indicated the thermomechanical effect on the nonlinear flexural response of functionally graded plates
and shells by using a series of displacement solutions. Using the energy method within the context of FSDT
and HSDT, Khabbaz et al. [34] predicted the influence of geometrical parameters on the nonlinear deflection
and stress components of FG plates. Herein, the displacement field is assumed as double trigonometric series
satisfying simply supported boundary conditions. Benatta et al. [35] suggested a novel plate theory to analyze
the nonlinear flexural behavior of FG plates by using the principle of minimum potential energy and double
trigonometric series displacement solutions.

Recently, along with the introduction of FGP materials, nonlinear analyses of the mechanical behavior of
FGP plates are increasingly interested; however, the published results in this field are still relatively limited.
Some recent publications can be found in the reports of Duc et al. [36], Tu et al. [37], Cong et al. [38],
Phung-Van et al. [39], Nguyen et al. [40], Ansari et al. [41], Nematollahi et al. [42], Selvamani et al. [43], etc.

In this paper, for the first time, both the stress-based approach and the displacement-based approach will
be used simultaneously to analyze the nonlinear flexural response of an FGP plate interacting with an elastic



substrate under different boundary conditions. By using the concept of a physical neutral surface [44, 45], the
stretching–bending couplings in constitutive equations are eliminated, and the governing equations become
a simpler form, resulting in reduce computational time. It is especially effective for nonlinear problems.
After verifying the accuracy of proposed approaches, the effect of porosity coefficient, porosity distribution
configurations of FGPMs, plate geometric parameters, elastic foundation stiffness, and boundary conditions
on load–deflection curves and load-moment curves are investigated.

2 Functionally graded porous plate

Considering a rectangular FGP plate of thickness h, dimensions in x, y—axes are length a and width b,
respectively, as shown in Fig. 1. The coordinates of a point along the thickness direction can be represented in
two coordinate systems, zms measured from the middle surface and zns from the neutral surface of the plate.
The FGP plate resting on Pasternak’s elastic foundation with Kw and Ksi (i � x, y) is the transverse and shear
stiffness coefficients, respectively.

The open-cell porous material with three porosity distribution patterns (Fig. 2) is considered in this study.
Elastic moduli of materials are defined as follows [4, 46–48]:

• Uniform porosity distribution (Type 1):

{E,G} � {
E∗

1
,G∗

1

}
(1 − e0χ); χ � 1

e0
− 1
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(
2

π

√
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+ 1

)2

(1)

• Non-uniform symmetric porosity distribution (Type 2):

{E(zms),G(zms)} � {
E∗

1
,G∗

1

}
[1 − e0 cos(π zms/h)] (2)

• Non-uniform asymmetric porosity distribution (Type 3):

{E(zms),G(zms)} � {
E∗

1
,G∗

1

}[
1 − e0 cos

1

2
(π zms/h + π/2)

]
(3)

The porosity coefficients e0 are given by:

e0 � 1 − E∗
2

E∗
1

� 1 − G∗
2

G∗
1
, 0 < e0 < 1, (4)

in which E∗
1
,G∗

1
are the maximum values of Young’s modulus and shear modulus, and E∗

2
,G∗

2
are minimum

values, respectively. The extremum values of the Young’s moduli are related to the extremum values of the
shear moduli by G∗

i � E∗
i /[2(1 + ν)]. Assume that Poisson’s ratio v is constant along with the plate thickness.

For the FGP plate with asymmetric distribution pattern, the neutral surface location has not coincided with
the middle surface and is indicated from the condition [49]:

h/2∫

−h/2

(zms − C)E(zms)dzms � 0, leading to; C �
⎡

⎢
⎣

h/2∫

−h/2
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⎤

⎥
⎦/

⎡

⎢
⎣
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E(zms)dz

⎤

⎥
⎦ (5)

Fig. 1 The geometry and cross-section rectangular FGP plate resting on an elastic foundation



Fig. 2 The FGP plate with different porosity distribution patterns

3 First-order shear deformation theory considering neutral surface position concept

Considering the neutral surface position concept, displacement components according to the FSDT are defined
as below [50]:

u(x, y, zns) � u0(x, y) + znsθ x (x, y),

v(x, y, zns) � v0(x, y) + znsθ y(x, y),

w(x, y, zns) � w0(x, y),

(6)

where u0, v0 andw0 are displacements of the mid-plane in the x, y, and z directions, and θ x and θ y are rotations
of the normals about the y and x-axes, respectively.

Nonzero strains including von Kármán geometric nonlinearity are defined as [50]:
⎧
⎪⎪⎨

⎪⎪⎩
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in which ε0x � u0,x + 1
2w

2
0,x , ε0y � v0,y + 1

2w
2
0,y, γ 0

xy � u0,y + v0,x + w0,xw0,y,

kx � θ x,x , ky � θ y,y, kxy � θ x,y + θ y,x , γ 0
xz � w0,x + θ x , γ 0

yz � w0,y + θ y,

where the subscript commas denote the partial differentiation with respect to the spatial variables.
From Hooke’s law, stress components are determined as:

⎧
⎨

⎩

σ x
σ y
σ xy

⎫
⎬

⎭
�

⎡

⎣
Q̃11 Q̃12 0
Q̃21 Q̃22 0
0 0 Q̃66

⎤

⎦

⎧
⎨

⎩

εx
εy
γxy

⎫
⎬

⎭
,

{
σ xz
σ yz

}
�

[
Q̃55 0
0 Q̃44

]{
γxz
γyz

}
, (8)

where Q̃11 � Q̃22 � E(zns )
1−ν2

,Q̃12 � Q̃21 � νE(zns )
1−ν2

, Q̃44 � Q̃55 � Q̃66 � E(zns )
2(1+v)

.

The stress resultants of a plate are obtained in the form:
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Ãs
44 0

0 Ãs
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where
(
Ãi j , C̃i j

)
�

h/2−C∫

−h/2−C
Q̃i j

(
1, z2ns

)
dzns ; i j � 11, 12, 66. The shear correction factor ks � 5/6 is

employed in this study.



The equilibrium equations are derived according to the minimum total potential energy principle [51]:

0 � δUP + δUF + δV, (10)

in which δUP , δUF , and δV are variations of the strain energy, the potential energy of elastic foundation, and
the potential energy of external load, respectively.

The obtained equilibrium equations can be expressed as below [51]:

Nx,x + Nxy,y � 0, (11a)

Nxy,x + Ny,y � 0, (11b)

Qxz,x + Qyz,y + Nxw0,xx + 2Nxyw0,xy + Nyw0,yy − Kww0 + Ksxw0,xx + Ksyw0,yy + q � 0, (11c)

Mx,x + Mxy,y − Qxz � 0, (11d)

Mxy,x + My,y − Qyz � 0. (11e)

From Eqs. (7), (9), and (11), the governing equations in terms of displacements can be written in the form:
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+ Ã11

(
v0,yy + w0,yw0,yy

)

+ Ã66
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(12c)
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(
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(
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θ x,xy + C̃66θ y,xx + C̃11θ y,yy − Ãs

44θ y − Ãs
44w0,y � 0. (12e)

4 Solution methodology

4.1 Displacement-based approach

Herein, three cases of boundary conditions (BCs) are considered as follows.

– Case 1a (SSSS-DB): All four edges of plates are simply supported and immovable. The associated BCs are:

un � us � w0 � θ s � 0, Mn � 0 (13)

– Case 2a (CCCC-DB): All four edges of the plates are clamped and immovable. The associated BCs are:

un � us � w0 � θn � θ s � 0 (14)

– Case 3 (SCSC-DB): Two opposite edges are simply supported, and the others are clamped and immovable.
The associated BCs are:

At x � 0, a: u0 � v0 � w0 � θ y � 0, Mx � 0

At y � 0, b: u0 � v0 � w0 � θ x � θ y � 0
(15)



Table 1 The admissible functions for different types of BCs [52, 53]

BCs at x � 0, a at y � 0, b Xm (x) Yn(y) (m, n)

SSSS-DB Xm � X
′′
m � 0 Ym � Y

′′
m � 0 sin mπx

a sin nπy
b m, n � 1, 3, 5 · · ·

SCSC-DB Xm � X
′′
m � 0 Ym � Y

′
m � 0 sin mπx

a sin2 nπy
b

m � 1, 3, 5 · · ·
n � 1, 2, 3 · · ·

CCCC-DB Xm � X
′
m � 0 Ym � Y

′
m � 0 sin2 mπx

a sin2 nπy
b m, n � 1, 2, 3 · · ·

With the above BCs, general solutions are chosen in the following forms [32, 35]:

u0 �
M∑

m�1

N∑

n�1

u0mnU1m(x)U2n(y) v0 �
M∑

m�1

N∑

n�1

v0mnV1m(x)V2n(y) (16a)

θ x �
M∑

m�1

N∑

n�1

θ xmn X
′
m(x)Yn(y) θ y �

M∑

m�1

N∑

n�1

θ ymn Xm(x)Y
′
n(y)

w0 �
M∑

m�1

N∑

n�1

w0mnXm(x)Yn(y)

(16b)

in which u0mn, v0mn, w0mn, θ xmn, θ ymn are unknown coefficients that need to be determined;

U1m(x) � sin
2mπx

a
; U2n(y) � sin

(2n − 1)πy

b
; V1m(x) � sin

(2m − 1)πx

a
; V2n(y) � sin

2nπy

b
;

with m, n � 1, 2, 3 · · ·.
Suggested functions Xm(x), Yn(y) satisfy the geometric BCs given in Eqs. (13), (14), and (15) and describe

approximate shapes of the deflected surface of the FGP plate. These functions for various types of BCs are
tabulated in Table 1.

By substituting Eq. (16) into Eq. (12), we obtain:

M∑

m�1

N∑

n�1

(
u0mnl̃

(11)
mn + v0mnl̃

(12)
mn

)
+

M∑

m�1

N∑

n�1

M∑

p�1

N∑

q�1

w0mnw0pq h̃
(13)
mnpq � 0 (17a)

M∑

m�1

N∑

n�1

(
u0mnl̃

(21)
mn + v0mnl̃

(22)
mn

)
+

M∑

m�1

N∑

n�1

M∑

p�1

N∑

q�1

w0mnw0pq h̃
(23)
mnpq � 0 (17b)

M∑

m�1

N∑

n�1

(
w0mnl̃

(33)
mn + θ xmnl̃

(34)
mn + θ ymnl̃

(35)
mn

)
+

M∑

m�1

N∑

n�1

M∑

p�1

N∑

q�1

(
u0mnw0pq h̃

(31)
mnpq + v0mnw0pq h̃

(32)
mnpq

)

+
M∑

m�1

N∑

n�1

M∑

p�1

N∑

q�1

M∑

r�1

N∑

s�1

w0mnw0pqw0rs p̃
(33)
mnpqrs + q � 0 (17c)

(17d)
M∑

m �1

N∑

n �1

(
w0mnl̃

(43)
mn + θ xmnl̃

(44)
mn + θ ymnl̃

(45)
mn

)
� 0

M∑

m�1

N∑

n�1

(
w0mnl̃

(53)
mn + θ xmnl̃

(54)
mn + θ ymnl̃

(55)
mn

)
� 0, (17e)

in which the functions l̃( )mn(x, y), h̃
( )
mnpq (x, y), g̃

( )
mnpqrx (x, y) are presented in Appendix A.



By employing the Galerkin method, multiplying each equation of Eqs. (17) with the corresponding eigen-
function and integrating over the domain of solution, the following equations are obtained:

M∑

m�1

N∑

n�1

(
u0mn L̃

(11)
mni j + v0mn L̃

(12)
mni j

)
+

M∑

m�1

N∑

n�1

M∑

p�1

N∑

q�1

w0mnw0pq H̃
(13)
mnpqi j � 0 (18a)

M∑

m�1

N∑

n�1

(
u0mn L̃

(21)
mni j + v0mn L̃

(22)
mni j

)
+

M∑

m�1

N∑

n�1

M∑

p�1

N∑

q�1

w0mnw0pq H̃
(23)
mnpqi j � 0 (18b)

M∑

m�1

N∑

n�1

(
w0mn L̃

(33)
mni j + θ xmn L̃

(34)
mni j + θ ymn L̃

(35)
mni j

)
+

M∑

m�1

N∑

n�1

M∑

p�1

N∑

q�1

(
u0mnw0pq H̃

(31)
mnpqi j + v0mnw0pq H̃

(32)
mnpqi j

)

+
M∑

m�1

N∑

n�1

M∑

p�1

N∑

q�1

M∑

r�1

N∑

s�1

w0mnw0pqw0rs P̃
(33)
mnpqrsi j + F̃i j � 0 (18c)

M∑

m�1

N∑

n�1

(
w0mn L̃

(43)
mni j + θ xmn L̃

(44)
mni j + θ ymn L̃

(45)
mni j

)
� 0 (18d)

M∑

m�1

N∑

n�1

(
w0mn L̃

(53)
mni j + θ xmn L̃

(54)
mni j + θ ymn L̃

(55)
mni j

)
� 0, (18e)

in which the coefficients L̃ ( )
mni j , H̃

( )
mnpqi j , P̃

( )
mnpqrsi j , F̃i j are presented in Appendix B.

The solution of nonlinear algebraic Eq. (18) is the displacement vector
{
u0mn; v0mn ;w0mn ; θ xmn ; θ ymn

}
.

4.2 Stress-based approach

Introducing Airy stress function ϕ(x, y) defined by:

Nx � ϕ,yy ; Ny � ϕ,xx ; Nxy � −ϕ,xy . (19)

It can be observed that Eqs. (12a) and (12b) are automatically satisfied.
Equation (12c) is rewritten in terms of displacements and stress function as follows:

Ãs
44w0,yy + Ãs

44w0,xx + Ãs
44θ x,x + Ãs

44θ y,y + ϕ,yyw0,xx − 2ϕ,xyw0,xy + ϕ,xxw0,yy

−Kww0 + Ksxw0,xx + Ksyw0,yy + q � 0.
(20)

Besides, the geometrical compatibility equation for the rectangular plate is expressed as [54]:

ε0x,yy + ε0y,xx − γ 0
xy,xy � w2

0,xy − w0,xxw0,yy . (21)

Based on Eqs. (9) and (19), the in-plane strains are determined in terms of in-plane stress resultants and
stress function:

ε0x � Ã11

Ã2
11 − Ã2

12

Nx − Ã12

Ã2
11 − Ã2

12

Ny � Ã11

Ã2
11 − Ã2

12

ϕ,yy − Ã12

Ã2
11 − Ã2

12

ϕ,xx ,

ε0y � Ã11

Ã2
11 − Ã2

12

Ny − Ã12

Ã2
11 − Ã2

12

Nx � Ã11

Ã2
11 − Ã2

12

ϕ,xx − Ã12

Ã2
11 − Ã2

12

ϕ,yy,

γ 0
xy � 1

Ã66
Nxy � − 1

Ã66
ϕ,xy .

(22)

Substituting Eq. (22) in compatibility Eq. (21), we obtain:

ϕ,xxxx + 2ϕ,xxyy + ϕ,yyyy � D̃
(
w2
0,xy − w0,xxw0,yy

)
, (23)

where D̃ � Ã11
(
1 − ν2

)
.



The governing equations including Eqs. (12c), (12d) and (12e) and Eq. (15) are used to investigate the
nonlinear bending behavior of FGP plates. This is a system of four nonlinear equations with 4 independent
unknowns w0, θ x , θ y, ϕ.

Herein, three cases of boundary conditions (BCs) similar to the displacement-based approach are consid-
ered:

– Case 1b (SSSS-SB): All four edges of plates are simply supported and immovable. The associated BCs are:

un � w0 � θ s � 0, Nns � 0, Mn � 0 (24)

– Case 2b (CCCC-SB): All four edges of the plates are clamped and immovable. The associated BCs are:

un � w0 � θn � θ s � 0, Nns � 0 (25)

– Case 3b (SCSC-SB): Two opposite edges are simply supported, the others are clamped and immovable. The
associated BCs are:

At x � 0, a: u0 � w0 � θ y � 0, Nxy � 0, Mx � 0

At y � 0, b: v0 � w0 � θ x � θ y � 0, Nxy � 0
(26)

The in-plane immovable BCs, such as u0 � 0 (at x � 0, a) and v0 � 0 (at y � 0, b), are satisfied in the
average sense [55, 56]:

b∫

0

a∫

0

u0,xdxdy � 0;

b∫

0

a∫

0

v0,ydxdy � 0 (27)

In general, for all three abovementioned BCs, the stress function is chosen in the form

ϕ � ϕ(x, y) + Nx0
y2

2
+ Ny0

x2

2
, (28)

in which Nx0, Ny0 are in-plane support reactions in the plate edges due to they are in-plane immoveable.
From Eq. (27), we obtain in-plane support reactions as follows:

Nx0 � 1

ab

b∫

0

a∫

0

(

−ϕ,yy +
Ã11

2
w2

0,x +
Ã12

2
w2

0,y

)

dxdy,

Ny0 � 1

ab

b∫

0

a∫

0

(

−ϕ,xx +
Ã12

2
w2

0,x +
Ã11

2
w2

0,y

)

dxdy.

(29)

According to the stress-based approach, displacements w0, θ x , θ y are also chosen in the form of series
expansion similar to the displacement-based approach presented in Eq. (16b). Substituting these displacements
in two Eqs. (12d) and (12e), the obtained results are also Eqs. (17d), (17e), (18d) and (18e). Thus, in the next,
the stress function ϕ will be determined in terms of w0 to substitute in Eq. (20), which leads to three equations
in terms of only three unknowns w0, θ x , θ y .

Substituting the assumed deflectionw0 fromEq. (16b) in Eq. (23), the obtained stress function ϕ is obtained
as follows:

4.2.1 For boundary condition SSSS-SB

ϕ �
∑

p

∑

q

∑

r

∑

s

w0pqw0rs

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

χ1 cos
(
αp − αr

)
x cos

(
λq − λs

)
y

+χ2 cos
(
αp + αr

)
x cos

(
λq + λs

)
y

+χ3 cos
(
αp − αr

)
x cos

(
λq + λs

)
y

+χ4 cos
(
αp + αr

)
x cos

(
λq − λs

)
y

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, (30)

in which αp � pπ
a , αr � rπ

a ; λq � qπ
b , λs � sπ

b ; coefficients χ1, χ2, χ3, χ4 are presented in Appendix C.



4.2.2 For boundary condition SCSC-SB

ϕ �
∑

p

∑

q

∑

r

∑

s

w0pqw0rs

⎡

⎢⎢⎢⎢⎢⎢
⎣

χ1 cos
(
αp − αr

)
x cos 2

(
λq − λs

)
y

+χ2 cos
(
αp + αr

)
x cos 2

(
λq + λs

)
y

+χ3 cos
(
αp − αr

)
x cos 2

(
λq + λs

)
y

+χ4 cos
(
αp + αr

)
x cos 2

(
λq − λs

)
y

+χ5 cos
(
αp − αr

)
x cos 2λs y + χ6 cos

(
αp + αr

)
x cos 2λs y

⎤

⎥⎥⎥⎥⎥⎥
⎦

, (31)

in which the coefficients χ1 to χ6 are presented in Appendix D.

4.2.3 For boundary condition CCCC-SB

ϕ �
∑

p

∑

q

∑

r

∑

s

w0pqw0rs

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

χ1 cos 2
(
αp − αr

)
x cos 2

(
λq − λs

)
y

+χ2 cos 2
(
αp + αr

)
x cos 2

(
λq + λs

)
y

+χ3 cos 2
(
αp − αr

)
x cos 2

(
λq + λs

)
y

+χ4 cos 2
(
αp + αr

)
x cos 2

(
λq − λs

)
y + χ5 cos 2αpx cos 2λs y

+χ6 cos 2αpx cos 2
(
λq − λs

)
y + χ7 cos 2αpx cos 2

(
λq + λs

)
y

+χ8 cos 2
(
αp − αr

)
x cos 2λs y + χ9 cos 2

(
αp + αr

)
x cos 2λs y

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

, (32)

in which the coefficients χ1 ÷ χ9 are presented in Appendix E.
Substituting Eqs. (31), (32) and (33) determining ϕ in Eq. (30), the in-plane support reactions of the plate

can be expressed in the form:

Nx0 �
∑

p

∑

q

∑

r

∑

s

w0pqw0rsζ
(1)
pqrs ; Ny0 �

∑

p

∑

q

∑

r

∑

s

w0pqw0rsζ
(2)
pqrs (33)

where the coefficients ζ
(1)
pqrs, ζ

(2)
pqrs are presented in Appendix F.

Substituting ϕ and Nx0, Ny0 in Eq. (28) to get the stress function ϕ(x, y), then substituting ϕ(x, y) in
Eq. (20), we obtain:

∑

m

∑

n

(
w0mnl̃

(33)
mn + θ xmnl̃

(34)
mn + θ ymnl̃

(35)
mn

)
+
∑

m

∑

n

∑

p

∑

q

∑

r

∑

s

w0mnw0pqw0rs g̃
(33)
mnpqrs + q � 0,

(34)

in which the functions g̃(3)mnpqrs(x, y) are presented in Appendix G, l̃( )mn(x, y). They are the same as in the
displacement-based approach and presented in Appendix A.

Finally, three Equation (18d), (18e), and (34) in terms of w0, θ x , θ y have been obtained.
Multiplying each of Eqs. (34) with the corresponding eigenfunction and integrating over the domain of

solution, the following equations are obtained:
∑

m

∑

n

(
w0mn L̃

(33)
mni j + θ xmn L̃

(34)
mni j + θ ymn L̃

(35)
mni j

)
+
∑

m

∑

n

∑

p

∑

q

∑

r

∑

s

w0mnw0pqw0rs G̃
(33)
mnpqrsi j + F̃i j � 0,

(35)

in which G̃(33)
mnpqrsi j �

a∫

0

b∫

0
g̃(33)mnpqrs XiY jdxdy;L̃

( )
mni j , F̃i j are similar to the displacement approach and are

presented in Appendix B.
The roots of the set of algebraic nonlinear equations including (18d)–(18e) and (35) are the coefficients{

w0mn ; θ xmn; θ ymn
}
, from which we can determine displacements, strains, stresses, and stress resultants for

nonlinear bending analysis of FGP plates.
For linear analysis, the set of algebraic linear equations is obtained by neglecting nonlinear strains in Eq.

(7), H̃ ( )
mnpqi j , and P̃ ( )

mnpqrsi j in Eq. (18c), or G̃(33)
mnpqrsi j in Eq. (35).



Table 2 Non-dimensional central deflection w of square isotropic SCSC plate subjected to a uniform pressure q0 � PE1h4/a4

P Azizian and Dawe [60] Lei [59] Present-SB Present-DB Discre
*δ (%)

0.9158 0.0199 0.0199 0.0198 0.0198 0.23
4.5788 0.0988 0.0984 0.0982 0.0981 0.11
6.8681 0.1469 0.1455 0.1461 0.1459 0.17
9.1575 0.1936 0.1904 0.1929 0.1922 0.35

*Discrepancies between two approaches

5 Numerical results and discussion

The solutions of Eqs. (18a)–(18e) for the displacement-based approach and Eqs. (18d), (18e) and (35) for
the stress-based approach have been carried out using m ×n terms of double series. The convergence of the
solution has been examined in detail for deflection and bending moments. For these double series, the number
of terms is limited to 4×4 for acceptable accuracy and computational capability of the personal computer.

In this section, numerical examples are implemented by using the homemade Matlab’s code to investigate
the nonlinear bending behavior of FGP plates. Unless otherwise stated, nonlinear analysis is employed for all
cases. For convenience, the following non-dimensional parameters are expressed in the form [57, 58]

w � 1

h
w0

(
a

2
,
b

2

)
; K0 � Kwa4

E0h3
; J0 � Ksxa2

E0h3ν
� Ksyb2

E0h3ν
; E0 � 1.0 GPa; P � q0a4

E1h4
. (36)

5.1 Validation study

To the knowledge of the authors, there are not any available results of nonlinear bending analysis of FGP plates
in the literature. Therefore, a comparison study is conducted with isotropic plate (a particular case of porous
materials—e0 � 0).

5.1.1 Example 1

The square isotropic plate (SCSC) having two opposite edges simply supported (x � 0 and a) and remaining
edges clamped is considered. The plate (h/a � 0.05) is subjected to uniform pressure q0. Material parameters
are given by Young’s modulus E � 0.3 × 107psi and Poisson ratio ν � 0.3. Table 2 presents nonlinear
non-dimensional central deflection of an isotropic plate with increasing load parameters P. The results are
given by both approaches (displacement-based referred to as DB, stress-based referred to as SB) are compared
with those of Lei [59] using the boundary element method, and Azizian và Dawe [60] using the finite strip
method. Similarities between the present two approaches and slightly discrepancies in comparison with Lei,
and Azizian and Dawe results can be found.

5.1.2 Example 2

The square plate (a/h� 10)made of isotropicmaterialwithYoung’smodulusE �Ec � 322.27GPa (Si3N4) and

Poisson ration ν � 0.28 is subjected to uniform pressure q0 � P Emh4

a4
in which Em � 207.78GPa (SUS304).

Non-dimensional central deflectionsw calculated by present approaches and comparedwith results of Talha
and Singh [61] using finite element method and HSDT. Results presented in Table 3 for three BCs including
SSSS, SCSC, andCCCCwith increasing values of load parameters.Almost identical results between the present
two approaches and slightly discrepancies (lower than 2,5%) in comparison with Talha and Singh results [61]
can be observed. Thus, the accuracy and reliability of the proposed approaches have been confirmed through
the above two validated examples.



Table 3 Non-dimensional central deflection w of square isotropic SCSC plate under different BCs and subjected to a uniform
pressure

Methods P � 4 P � 8 P � 12 P � 16 P � 20 P � 40

SSSS
Talha and Singh [61] 0.1200 0.2251 0.3185 0.3911 0.4597 0.6984
Present-DB 0.1189 0.2254 0.3160 0.3927 0.4583 0.6908
Present-SB 0.1188 0.2253 0.3156 0.3918 0.4569 0.6845
Discrepancy* δ (%) 0.02 0.06 0.13 0.22 0.32 0.92
SCSC
Talha và Singh [61] 0.0602 0.1193 0.1764 0.2306 0.2811 0.4942
Present-DB 0.0594 0.1179 0.1745 0.2286 0.2800 0.4953
Present-SB 0.0595 0.1180 0.1748 0.2293 0.2812 0.5003
Discrepancy* δ (%) 0.02 0.09 0.18 0.30 0.43 1.01
CCCC
Talha và Singh [61] 0.0405 0.0808 0.1207 0.1598 0.1981 0.3698
Present-DB 0.0395 0.0788 0.1177 0.1560 0.1936 0.3681
Present-SB 0.0395 0.0788 0.1178 0.1563 0.1942 0.3714
Discrepancy* δ (%) 0.01 0.05 0.11 0.19 0.28 0.89

*Discrepancies between two approaches

Table 4 Non-dimensional central deflectionsw of square FGP plates (Type 2) obtained by increasing numbers of terms of double
trigonometric series

BCs m, n � 1 m, n � 2 m, n � 3 m, n � 4

SSSS-DB 0.4644 0.4447 0.4466 0.4461
SCSC-DB 0.2812 0.2666 0.2755 0.2750
CCCC-DB 0.1974 0.1837 0.1946 0.1931
SSSS-SB 0.4627 0.4436 0.4458 0.4452
SCSC-SB 0.2782 0.2675 0.2769 0.2766
CCCC-SB 0.1961 0.1842 0.1957 0.1942

5.2 Parametric studies

To perform nonlinear analysis, the FGP plate made of metal foam (E1 � 200GPa, ν � 1/3) with/without elastic
foundation under uniform pressure q0 � PE1h4/a4 is considered. The effects of porosity distribution patterns,
porosity coefficients, geometrical, and elastic foundation parameters on the nonlinear bending response of the
FGP plate are investigated in turn.

Table 4 shows nonlinear non-dimensional central deflections of square FGP plates with nonuniform sym-
metric porosity distribution (the same porosity coefficient) without elastic foundation (Type 2, h � 0.1 m,
a/h � 10, b/a � 1, e0 � 0.5, P � 10, K0 � J0 � 0). The plate subjected to different boundary conditions
(for displacement-based approach referred to as SSSS-DB, SCSC-DB, CCCC-DB; for stress-based approach
referred to as SSSS-SB, SCSC-SB, CCCC-SB). Various numbers of terms of double trigonometric series are
used for calculation. It is observed that the number of terms can be limited to 4×4 for the next analysis (the
difference between 3×3 and 4×4 terms is only 0.79% for CCCC-DB boundary conditions).

Table 5presents linear andnonlinear non-dimensional central deflections andbendingmomentMx of simply
supported FGP plate (h � 0.1 m, a/h � 10, b/a � 1, e0 � 0.5, P � 10, K0 � J0 � 0). The plate is subjected
to uniform pressure in the range of P � 5 to P � 30. Three porosity distribution patterns (the same porosity
coefficient) including uniform (Type 1), nonuniform symmetric (Type 2), and nonuniform asymmetric (Type
3) are considered. Linear (LN), nonlinear (NL) load–deflection curves (P − w), and load-bending moment
curves (P − Mx ) are plotted in Figs. 3 and 4, in which the straight lines represent linear analysis, and the
curves represent nonlinear analysis.

Results from Table 5 and Figs. 3 and 4 indicate that:

– As expected, the non-dimensional central deflections, bending moments obtained by linear analysis are
always higher than by nonlinear analysis, and higher applied load causes a bigger gap between the two
analyses.

– In linear analysis, the load–deflection curves and load-bending moment curves obtained by using two
approaches (DB and SB) are completely identical. Only porosity distribution patterns affect deflection:



Table 5 Non-dimensional central deflectionsw and bendingmomentMx of simply supported square FGP plates under increasing
load parameters P

P BCs Type 1 Type 2 Type 3

Non-dimensional central deflections w
5 SSSS-DB 0.3025 (0.3454)* 0.2593 (0.2820) 0.2970 (0.3379)

SSSS-SB 0.3023 (0.3454) 0.2592 (0.2820) 0.2968 (0.3379)
10 SSSS-DB 0.4973 (0.6908) 0.4466 (0.5640) 0.4897 (0.6758)

SSSS-SB 0.4958 (0.6908) 0.4458 (0.5640) 0.4883 (0.6758)
15 SSSS-DB 0.6325 (1.0362) 0.5826 (0.8460) 0.6238 (1.0137)

SSSS-SB 0.6288 (1.0362) 0.5803 (0.8460) 0.6203 (1.0137)
30 SSSS-DB 0.8945 (2.0724) 0.8502 (1.6920) 0.8838 (2.0275)

SSSS-SB 0.8810 (2.0724) 0.8410 (1.6920) 0.8708 (2.0275)
Bending moment Mx (MNm/m)
5 SSSS-DB 4.2317 (4.8963) 4.4656 (4.8963) 4.2484 (4.8963)

SSSS-SB 4.2141 (4.8963) 4.4546 (4.8963) 4.2315 (4.8963)
10 SSSS-DB 6.8129 (9.7926) 7.5763 (9.7926) 6.8625 (9.7926)

SSSS-SB 6.7165 (9.7926) 7.5093 (9.7926) 6.7684 (9.7926)
15 SSSS-DB 8.5074 (14.6888) 9.7371 (14.6888) 8.5837 (14.6888)

SSSS-SB 8.2784 (14.6888) 9.5669 (14.6888) 8.3591 (14.6888)
30 SSSS-DB 11.5594 (29.3777) 13.7264 (29.3777) 11.6863 (29.3777)

SSSS-SB 10.7467 (29.3777) 13.0582 (29.3777) 10.8836 (29.3777)

*The numbers in the parenthesis denote the linear analysis

Fig. 3 Non-dimensional central deflection w of FGP plate versus load parameters P with three porosity distribution patterns

Nonuniform symmetric porosity distribution (Type 2) produces the lowest deflection, and two remaining
uniform porosity distribution (Type 1) and nonuniform asymmetric porosity distribution (Type 3) produce
almost similar deflections (Type 1 produces larger deflection than Type 3). Meanwhile, bending moments
do not depend on porosity distribution patterns as expected.

– In nonlinear analysis, the nonlinear central deflection of the FGP-Type 2 plate is the smallest, but the bending
moment is the highest; the response of FGP-Type 1 plates is opposite, the nonlinear central deflection is
highest, and bending moment is smallest. There is a slight difference in obtained results between the FGP-
Type 1 plate and the FGP-Type 3 plate. The gap between load–deflection curves obtained by using two
approaches (DB and SB) increases with increasing load parameter P. This trend is similar to load-bending
moment curves, but with the same level of load parameters, the gap between load-bending moment curves
is bigger than between load–deflection curves. For example, for FGP-Type 1, when P � 5, the discrepancies
between two approaches for deflection and bending moment are 0.08% and 0.42%, respectively; when P �
30, the corresponding discrepancies are 1.53% và 7.56%.



Fig. 4 Bending moment Mx (Nm/m) of FGP plate versus load parameters P with three porosity distribution patterns

Table 6 Non-dimensional central deflection w simply supported square FGP plates (Type 2) with and without elastic foundation

(K0, J0) P

5 10 15 30

SSSS-DB
(0, 0) 0.2593 0.4466 0.5826 0.8502
(300, 0) 0.2483 0.4329 0.5687 0.8379
(300, 100) 0.2268 0.4047 0.5398 0.8119
SSSS-SB
(0, 0) 0.2592 0.4458 0.5803 0.8410
(300, 0) 0.2482 0.4321 0.5665 0.8289
(300, 100) 0.2267 0.4040 0.5380 0.8039

The effect of Pasternak’s foundation parameters K0, J0 on the nonlinear load–deflection curves of FGP
is tabulated in Table 6 and illustrated graphically in Fig. 5. The FGP plates are subjected to different level of
load parameters P with input data: Type 2, h � 0.1 m, a/h � 10, b/a � 1, e0 � 0.5; three pairs of foundation
parameters (K0 � 0, J0 � 0; K0 � 100, J0 � 0 và K0 � 300, J0 � 100) are considered. It can be seen that
the presence of elastic foundation increases plate stiffness, resulting in a decrease of deflection. In addition,
the influence of foundation parameter J0 (shear stiffness coefficients) is more significant than K0 (transverse
stiffness coefficients).

Table 7 presents non-dimensional central deflection w of simply supported FGP plate (h � 0.1 m, a/h �
10, b/a � 1, P � 10, K0 � J0 � 0) with three different porosity distribution patterns and porosity coefficients.
Figure 6 depicts the variation of non-dimensional central deflection versus porosity coefficient. It can be seen
that under a given load parameter, the non-dimensional central deflection increases with the increase in the
porosity coefficient for all porosity distribution patterns. This is due to the fact that the increasing porosity
coefficient increases the size and amount of internal pores which results in a decrease in the FGP plate stiffness.
Furthermore, the larger the porosity coefficient, the greater effect of porosity distribution patterns. Again, the
effect of porosity distribution patterns on non-dimensional central deflection is indicated clearly. The FGP plate
with nonuniform symmetric porosity distribution (FGP-Type 2) has the highest bending stiffness (causes the
smallest deflection), and the FGP-Type 2 plate has the lowest bending stiffness (causes the biggest deflection).

The influences of side-to-thickness ratio a/h, aspect ratio b/a, and boundary conditions on the non-
dimensional central deflection w of simply supported FGP-Type 2 plate are described in Tables 8 and 9,
and Figs. 7 and 8, respectively. The nonlinear analysis is carried out by using both approaches DB and SB.
From these figures, it can be seen that:



Fig. 5 Non-dimensional central deflection w of FGP plate versus load parameters P with different foundation parameters

Table 7 Non-dimensional central deflection w simply supported square FGP plates with different porosity distribution patterns
and porosity coefficients

e0 BCs Type 1 Type 2 Type 3

0.1 SSSS-DB 0.3936 0.3871 0.3923
SSSS-SB 0.3929 0.3865 0.3917

0.3 SSSS-DB 0.4380 0.4143 0.4339
SSSS-SB 0.4370 0.4136 0.4330

0.5 SSSS-DB 0.4973 0.4466 0.4897
SSSS-SB 0.4958) 0.4458 0.4883

0.9 SSSS-DB 0.7504 0.5380 0.7020
SSSS-SB 0.7434 0.5367 0.6942

Fig. 6 Non-dimensional central deflection w of FGP plate versus porosity coefficient e0 with three porosity distribution patterns



Table 8 Non-dimensional central deflection w of square FGP plate (h � 0.1 m, b/a � 1, P � 10, K0 � J0 � 0) with different
side-to-thickness ratio a/h and BCs

BCs a/h

5 10 30 50

SSSS-DB 0.4832 0.4466 0.4335 0.4324
SSSS-SB 0.4802 0.4458 0.4331 0.4320
SCSC-DB 0.3619 0.2755 0.2445 0.2419
SCSC-SB 0.3643 0.2769 0.2455 0.2429
CCCC-DB 0.2813 0.1946 0.1662 0.1639
CCCC-SB 0.2846 0.1957 0.1668 0.1645

Table 9 Non-dimensional central deflection w of square FGP plate (h � 0.1 m, a/h � 10, P � 10, K0 � J0 � 0) with different
aspect ratio b/a and BCs

BCs b/a

0.5 1 1.5 2

SSSS-DB 0.0944 0.4466 0.6482 0.7143
SSSS-SB 0.0944 0.4458 0.6435 0.7014
SCSC-DB 0.0348 0.2755 0.5656 0.6923
SCSC-SB 0.0348 0.2769 0.5687 0.6954
CCCC-DB 0.0339 0.1946 0.3169 0.3588
CCCC-SB 0.0339 0.1957 0.3216 0.3663

Fig. 7 Non-dimensional central deflection w of FGP plate versus side-to-thickness ratio a/h under different boundary conditions

– Among three considered boundary conditions, the maximum deflections are obtained for the SSSS plate
and minimum deflections for the CCCC plate as expected.

– Non-dimensional central deflectiondecreaseswith the increase in the side-to-thickness ratioa/h and increases
with the increase in aspect ratio b/a for all types of BCs.



Fig. 8 Non-dimensional central deflection w of FGP plate versus aspect ratio b/a under different boundary conditions

6 Concluding remarks

In this paper, two approaches, namely displacement-based and stress-based, are proposed to analyze the nonlin-
ear bending of FGPplates for the first time. TheFGPplate consists ofmetal foamwith three porosity distribution
patterns, subjected to various boundary conditions are considered. The analytical solution is obtained by using
FSDT, the neutral surface position concept, and the Galerkinmethod. The accuracy of the proposed approaches
has been validated with available results in the literature. Parametric studies have been carried out to evaluate
the effect of material and geometrical parameters of the plate as well as boundary conditions on the nonlinear
behavior of the FGP plate. The major conclusion can be summarized as follows:

• By introducing the physical neutral surface concept, the stretching-bending coupling effect is eliminated,
and the governing equations for analyzing the nonlinear bending response in the simple form are obtained.
Both displacement-based and stress-based approaches are proposed to find the analytical solution in double
trigonometric series form satisfying various boundary conditions.

• The nonlinear analysis results are always lower than linear analysis results. In linear analysis, the load-
–deflection curves and load-bending moment curves obtained by using the two approaches are completely
identical. In nonlinear analysis, there are slight discrepancies between the results calculated by using the two
approaches. With SSSS boundary conditions, the results obtained by using the stress-based approach are
lower than those obtained by the displacement-based approach; with the remaining two types of boundary
conditions (SCSC, CCCC), the obtained results are opposite. This is probably due to the influence of the
constraint numbers of boundary conditions on the nonlinear analysis.

• The porosity distribution patterns play an important role in the nonlinear bending behavior of FGP plates.
The FGP-Type 2 plate (nonuniform symmetric porosity distribution) produces the smallest non-dimensional
deflection (i.e., the highest bending stiffness), the FGP-Type 1 plate (uniform porosity distribution) produces
the highest non-dimensional deflection (i.e., the lowest bending stiffness).

• The non-dimensional central deflection of the FGP plate increases with increasing porosity coefficient. The
larger the porosity coefficient, the more significant the influence of the porosity distribution pattern.

• The non-dimensional deflection decreases as the side-to-thickness ratio increases and the aspect ratio
decreases.

• The foundation parameters have a significant effect on the nonlinear response of FGP plates. The effect of
J0 on the nonlinear deflection is more pronounced than that of K0.

• The boundary conditions of FGP plates affect significantly the non-dimensional deflection. Increasing the
constraints on the boundary conditions results in decreasing non-dimensional deflection.
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Appendix A: The functions in Eq. (17)
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Ã12 + Ã66
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Appendix B: The coefficients in Eq. (18)
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Appendix C: The coefficients in Eq. (30) for SSSS-SB boundary condition
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Appendix D: The coefficients in Eq. (31) for SCSC-SB boundary condition
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Appendix E: The coefficients in Eq. (32) for CCCC-SB boundary condition
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Appendix F: The coefficients ζ
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Boundary condition SCSC-SB:
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2

pπ

a

rπ

a
cos

pπx

a
cos

rπx

a
sin2

qπy

b
sin2

sπy

b

+
Ã12

2

qπ

b

sπ

b
sin

pπx

a
sin

rπx

a
sin

2qπy

b
sin

2sπy

b
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dxdy;

ζ (2)
pqrs � 1

ab

b∫

0

a∫

0

⎧
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χ1
(p − r)2π2

a2
cos

(p − r)πx

a
cos

2(q − s)πy

b

+χ2
(p + r)2π2

a2
cos

(p + r)πx

a
cos

2(q + s)πy

b

+χ3
(p − r)2π2

a2
cos

(p − r)πx

a
cos

2(q + s)πy

b

+χ4
(p + r)2π2

a2
cos

(p + r)πx

a
cos

2(q − s)πy

b

+χ5
(p − r)2π2

a2
cos

(p − r)πx

a
cos

2sπy

b

+χ6
(p + r)2π2

a2
cos

(p + r)πx

a
cos

2sπy

b

+
Ã12

2

pπ

a

rπ

a
cos

pπx

a
cos

rπx

a
sin2

qπy

b
sin2

sπy

b

+
Ã11

2

qπ

b

sπ

b
sin

pπx

a
sin

rπx

a
sin

2qπy

b
sin

2sπy

b
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dxdy;



Boundary condition CCCC-SB:

ζ (1)
pqrs � 1

ab

b∫

0

a∫

0

⎧
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

χ1
4(q − s)2π2

b2
cos

2(p − r)πx

a
cos

2(q − s)πy

b

+χ2
4(q + s)2π2

b2
cos

2(p + r)πx

a
cos

2(q + s)πy

b

+χ3
4(q + s)2π2

b2
cos

2(p − r)πx

a
cos

2(q + s)πy

b

+χ4
4(q − s)2π2

b2
cos

2(p + r)πx

a
cos

2(q − s)πy

b

+χ5
4s2π2

b2
cos

2pπx

a
cos

2sπy

b

+χ6
4(q − s)2π2

b2
cos

2pπx

a
cos

2(q − s)πy

b

+χ7
4(q + s)2π2

b2
cos

2pπx

a
cos

2(q + s)πy

b

+χ8
4s2π2

b2
cos

2(p − r)πx

a
cos

2sπy

b

+χ9
4s2π2

b2
cos

2(p + r)πx

a
cos

2sπy

b

+
Ã11

2

pπ

a

rπ

a
sin

2pπx

a
sin

2rπx

a
sin2

qπy

b
sin2

sπy

b

+
Ã12

2

qπ

b

sπ

b
sin2

pπx

a
sin2

rπx

a
sin

2qπy

b
sin

2sπy

b

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

dxdy;

ζ (2)
pqrs � 1

ab

b∫

0

a∫

0

⎧
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χ1
4(p − r)2π2

a2
cos

2(p − r)πx

a
cos

2(q − s)πy

b

+χ2
4(p + r)2π2

a2
cos

2(p + r)πx

a
cos

2(q + s)πy

b

+χ3
4(p − r)2π2

a2
cos

2(p − r)πx

a
cos

2(q + s)πy

b

+χ4
4(p + r)2π2

a2
cos

2(p + r)πx

a
cos

2(q − s)πy

b

+χ5
4p2π2

a2
cos

2pπx

a
cos

2sπy

b

+χ6
4p2π2

a2
cos

2pπx

a
cos

2(q − s)πy

b

+χ7
4p2π2

a2
cos

2pπx

a
cos

2(q + s)πy

b

+χ8
4(p − r)2π2

a2
cos

2(p − r)πx

a
cos

2sπy

b

+χ9
4(p + r)2π2

a2
cos

2(p + r)πx

a
cos

2sπy

b

+
Ã12

2

pπ

a

rπ

a
sin

2pπx

a
sin

2rπx

a
sin2

qπy

b
sin2

sπy

b

+
Ã11

2

qπ

b

sπ

b
sin2

pπx

a
sin2

rπx

a
sin

2qπy

b
sin

2sπy

b
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dxdy;



Appendix G: The function g(3)mnpqrs in Eq. (34)

Boundary condition SSSS-SB:

g̃(3)mnpqrs � g̃(3a)mnpqrs + g̃(3b)mnpqrs + g̃(3c)mnpqrs ;

g̃(3a)mnpqrs �H̃1a cos
(p − r)πx

a
sin

mπx

a
cos

(q − s)πy

b
sin

nπy

b

+ H̃2a cos
(p + r)πx

a
sin

mπx

a
cos

(q + s)πy

b
sin

nπy

b

+ H̃3a cos
(p − r)πx

a
sin

mπx

a
cos

(q + s)πy

b
sin

nπy

b

+ H̃4a cos
(p + r)πx

a
sin

mπx

a
cos

(q − s)πy

b
sin

nπy

b
;

g̃(3b)mnpqrs � − 2H̃1b sin
(p − r)πx

a
cos

mπx

a
sin

(q − s)πy

b
cos

nπy

b

− 2H̃2b sin
(p + r)πx

a
cos

mπx

a
sin

(q + s)πy

b
cos

nπy

b

− 2H̃3b sin
(p − r)πx

a
cos

mπx

a
sin

(q + s)πy

b
cos

nπy

b

− 2H̃4b sin
(p + r)πx

a
cos

mπx

a
sin

(q − s)πy

b
cos

nπy

b
;

g̃(3c)mnpqrs � −
(
ζ (1)
pqrsα

2
m + ζ (2)

pqrsλ
2
n

)
sin

mπx

a
sin

nπy

b
;

in which:

H̃1a � χ1

[(
λq − λs

)2
α2
m +

(
αp − αr

)2
λ2n

]
; H̃2a � χ2

[(
λq + λs

)2
α2
m +

(
αp + αr

)2
λ2n

]
;

H̃3a � χ3

[(
λq + λs

)2
α2
m +

(
αp − αr

)2
λ2n

]
; H̃4a � χ4

[(
λq − λs

)2
α2
m +

(
αp + αr

)2
λ2n

]
;

H̃1b � χ1
(
αp − αr

)(
λq − λs

)
αmλn; H̃2b � χ2

(
αp + αr

)(
λq + λs

)
αmλn;

H̃3b � χ3
(
αp − αr

)(
λq + λs

)
αmλn; H̃4b � χ4

(
αp + αr

)(
λq − λs

)
αmλn;

Boundary condition CCCC-SB:

g̃(3)mnpqrs � g̃(3a)mnpqrs + g̃(3b)mnpqrs + g̃(3c)mnpqrs + g̃(3d)mnpqrs ;

g̃(3a)mnpqrs � − 8χ1
m2π2

a2
(q − s)2π2

b2
cos

2(p − r)πx

a
cos

2(q − s)πy

b
cos

2mπx

a
sin2

nπy

b

− 8χ2
m2π2

a2
(q + s)2π2

b2
cos

2(p + r)πx

a
cos

2(q + s)πy

b
cos

2mπx

a
sin2

nπy

b

− 8χ3
m2π2

a2
(q + s)2π2

b2
cos

2(p − r)πx

a
cos

2(q + s)πy

b
cos

2mπx

a
sin2

nπy

b

− 8χ4
m2π2

a2
(q − s)2π2

b2
cos

2(p + r)πx

a
cos

2(q − s)πy

b
cos

2mπx

a
sin2

nπy

b

− 8χ5
m2π2

a2
s2π2

b2
cos

2pπx

a
cos

2sπy

b
cos

2mπx

a
sin2

nπy

b

− 8χ6
m2π2

a2
(q − s)2π2

b2
cos

2pπx

a
cos

2(q − s)πy

b
cos

2mπx

a
sin2

nπy

b

− 8χ7
m2π2

a2
(q + s)2π2

b2
cos

2pπx

a
cos

2(q + s)πy

b
cos

2mπx

a
sin2

nπy

b



− 8χ8
m2π2

a2
s2π2

b2
cos

2(p − r)πx

a
cos

2sπy

b
cos

2mπx

a
sin2

nπy

b

− 8χ9
m2π2

a2
s2π2

b2
cos

2(p + r)πx

a
cos

2sπy

b
cos

2mπx

a
sin2

nπy

b
;

g̃(3b)mnpqrs � − 8χ1
mπ

a

nπ

b

(p − r)π

a

(q − s)π

b
cos

2(p − r)πx

a
cos

2(q − s)πy

b
sin

2mπx

a
sin

2nπy

b

− 8χ2
mπ

a

nπ

b

(p + r)π

a

(q + s)π

b
cos

2(p + r)πx

a
cos

2(q + s)πy

b
sin

2mπx

a
sin

2nπy

b

− 8χ3
mπ

a

nπ

b

(p − r)π

a

(q + s)π

b
cos

2(p − r)πx

a
cos

2(q + s)πy

b
sin

2mπx

a
sin

2nπy

b

− 8χ4
mπ

a

nπ

b

(p + r)π

a

(q − s)π

b
cos

2(p + r)πx

a
cos

2(q − s)πy

b
sin

2mπx

a
sin

2nπy

b

− 8χ5
mπ

a

nπ

b

pπ

a

sπ

b
cos

2pπx

a
cos

2sπy

b
sin

2mπx

a
sin

2nπy

b

− 8χ6
mπ

a

nπ

b

pπ

a

(q − s)π

b
cos

2pπx

a
cos

2(q − s)πy

b
sin

2mπx

a
sin

2nπy

b

− 8χ7
mπ

a

nπ

b

pπ

a

(q + s)π

b
cos

2pπx

a
cos

2(q + s)πy

b
sin

2mπx

a
sin

2nπy

b

− 8χ8
mπ

a

nπ

b

(p − r)π

a

sπ

b
cos

2(p − r)πx

a
cos

2sπy

b
sin

2mπx

a
sin

2nπy

b

− 8χ9
mπ

a

nπ

b

(p + r)π

a

sπ

b
cos

2(p + r)πx

a
cos

2sπy

b
sin

2mπx

a
sin

2nπy

b
;

g̃(3c)mnpqrs � − 8χ1
n2π2

b2
(p − r)2π2

a2
cos

2(p − r)πx

a
cos

2(q − s)πy

b
sin2

mπx

a
cos

2nπy

b

− 8χ2
n2π2

b2
(p + r)2π2

a2
cos

2(p + r)πx

a
cos

2(q + s)πy

b
sin2

mπx

a
cos

2nπy

b

− 8χ3
n2π2

b2
(p − r)2π2

a2
cos

2(p − r)πx

a
cos

2(q + s)πy

b
sin2

mπx

a
cos

2nπy

b

− 8χ4
n2π2

b2
(p + r)2π2

a2
cos

2(p + r)πx

a
cos

2(q − s)πy

b
sin2

mπx

a
cos

2nπy

b

− 8χ5
n2π2

b2
p2π2

a2
cos

2pπx

a
cos

2sπy

b
sin2

mπx

a
cos

2nπy

b

− 8χ6
n2π2

b2
p2π2

a2
cos

2pπx

a
cos

2(q − s)πy

b
sin2

mπx

a
cos

2nπy

b

− 8χ7
n2π2

b2
p2π2

a2
cos

2pπx

a
cos

2(q + s)πy

b
sin2

mπx

a
cos

2nπy

b

− 8χ8
n2π2

b2
(p − r)2π2

a2
cos

2(p − r)πx

a
cos

2sπy

b
sin2

mπx

a
cos

2nπy

b

− 8χ9
n2π2

b2
(p + r)2π2

a2
cos

2(p + r)πx

a
cos

2sπy

b
sin2

mπx

a
cos

2nπy

b
;

g̃(3d)mnpqrs � 2ζ (1)
pqrsα

2
m cos

2mπx

a
sin2

nπy

b
+ 2ζ (2)

pqrsλ
2
n sin

2 mπx

a
cos

2nπy

b
;

Boundary condition SCSC-SB:

g̃(3)mnpqrs � g̃(3a)mnpqrs + g̃(3b)mnpqrs + g̃(3c)mnpqrs + g̃(3d)mnpqrs ;

g̃(3a)mnpqrs �χ1
4(q − s)2π2

b2
m2π2

a2
cos

(p − r)πx

a
cos

2(q − s)πy

b
sin

mπx

a
sin2

nπy

b



+ χ2
4(q + s)2π2

b2
m2π2

a2
cos

(p + r)πx

a
cos

2(q + s)πy

b
sin

mπx

a
sin2

nπy

b

+ χ3
4(q + s)2π2

b2
m2π2

a2
cos

(p − r)πx

a
cos

2(q + s)πy

b
sin

mπx

a
sin2

nπy

b

+ χ4
4(q − s)2π2

b2
m2π2

a2
cos

(p + r)πx

a
cos

2(q − s)πy

b
sin

mπx

a
sin2

nπy

b

+ χ5
4s2π2

b2
m2π2

a2
cos

(p − r)πx

a
cos

2sπy

b
sin

mπx

a
sin2

nπy

b

+ χ6
4s2π2

b2
m2π2

a2
cos

(p + r)πx

a
cos

2sπy

b
sin

mπx

a
sin2

nπy

b
;

g̃(3b)mnpqrs � − χ1
4(p − r)π

a

(q − s)π

b

mπ

a

nπ

b
cos

(p − r)πx

a
cos

2(q − s)πy

b
cos

mπx

a
sin

2nπy

b

− χ2
4(p + r)π

a

(q + s)π

b

mπ

a

nπ

b
cos

(p + r)πx

a
cos

2(q + s)πy

b
cos

mπx

a
sin

2nπy

b

− χ3
4(p − r)π

a

(q + s)π

b

mπ

a

nπ

b
cos

(p − r)πx

a
cos

2(q + s)πy

b
cos

mπx

a
sin

2nπy

b

− χ4
4(p + r)π

a

(q − s)π

b

mπ

a

nπ

b
cos

(p + r)πx

a
cos

2(q − s)πy

b
cos

mπx

a
sin

2nπy

b

− χ5
4(p − r)π

a

sπ

b

mπ

a

nπ

b
cos

(p − r)πx

a
cos

2sπy

b
cos

mπx

a
sin

2nπy

b

− χ6
4(p + r)π

a

sπ

b

mπ

a

nπ

b
cos

(p + r)πx

a
cos

2sπy

b
cos

mπx

a
sin

2nπy

b
;

g̃(3c)mnpqrs � − 2χ1
(p − r)2π2

a2
n2π2

b2
cos

(p − r)πx

a
cos

2(q − s)πy

b
sin

mπx

a
cos

2nπy

b

− 2χ2
(p + r)2π2

a2
n2π2

b2
cos

(p + r)πx

a
cos

2(q + s)πy

b
sin

mπx

a
cos

2nπy
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