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Post-buckling Response of Functionally Graded
Porous Plates Rested on Elastic Substrate
via First-Order Shear Deformation Theory

Le Thanh Hai!, Nguyen Van Long?®®, Tran Minh Tu?, and Chu Thanh Binh?

! Faculty of Civil Engineering, Vinh University, Vinh, Vietnam
2 Faculty of Industrial and Civil Engineering, National University of Civil Engineering,
Hanoi, Vietnam
{longnv, tutm, binhct}@nuce.edu.vn

Abstract. This paper presents the post-buckling analysis of functionally graded
porous (FGP) plates rested on the elastic substrate subjected to in-plane compres-
sive mechanical loads. Based on the first-order shear deformation theory taking
into account Von Karman nonlinearity, the governing equations are derived. The
elastic modulus of FGP material is assumed to vary across the plate thickness
following three various distribution patterns including uniform, symmetric, and
asymmetric. Galerkin’s approach and stress function is utilized to obtain the load-
deflection relation for analyzing the post-buckling behavior of FGP plates. The the-
oretical formulation is verified by comparing the present results with those avail-
able in publications and found good agreement. Through the numerical results,
the effect of porosity distribution pattern, porosity coefficient, geometrical con-
figurations, elastic foundations, as well as mechanical loads on the post-buckling
behavior of the FGP plate is indicated.

Keywords: Post-buckling - Porous plates - Analytical approach - First-order
shear deformation theory - Stress function

1 Introduction

Functionally graded porous materials (FGPMs), such as metal foams, are ones of the
category of lightweight materials and have potential applications in lightweight struc-
tures. Possesses many outstanding features such as excellent energy absorption capa-
bility, high specific strength, low thermal conductivity, etc., they are widely applied in
aircraft, aerospace, ocean and civil engineering fields [1-3]. By adjusting the material
composition, porosity patterns, pore size, and density the FGPMs can achieve the desire
structural performance. Recently, the application of such materials tends to increase
strongly, hence the studies on their mechanical behaviors have attracted considerable
attention from scientist communities. Wattanasakulpong and Ungbhakorn [4] investi-
gated the effect of porosities on the linear and nonlinear vibrational characteristic of FG
beams under different types of elastic supports employing differential transformation
method. Using Timoshenko beam theory and Ritz method, Chen et al. studied static and

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2022
N. Tien Khiem et al. (Eds.): Modern Mechanics and Applications, LNME, pp. 761-779, 2022.
https://doi.org/10.1007/978-981-16-3239-6_59
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buckling behaviors [5], free and forced vibration [6], nonlinear free vibration [7] of FGP
beams. Jabbari et al. presented buckling analysis [8] and thermal buckling analysis [9]
of thin saturated FGP plates. Rezaei and Saidi [10] used Carrera unified formulation
and state-space method to explore the effect of porosities on free vibrational character-
istics of thick saturated FGP plates with Levy-type boundary conditions. Using simple
first-order shear deformation theory (FSDT), Rezaei et al. [11] studied free vibration of
FG plates with porosities by an analytical approach. Akbas [12] presented the effect of
porosities on free vibration and bending behavior of FG plates by using Navier technique.

There are plenty researchers focusing on the post-buckling analysis of FG plates,
i.e., Liew et al. [13] presented the post-buckling of FGM plates integrated with surface-
bonded piezoelectric actuators subjected to in-plane force in the thermal environment
applying the Galerkin-differential quadrature iteration algorithm; Bakora and Tounsi
[14] studied post-buckling of thick FG plates subjected to thermomechanical loads;
Feyzi and Khorshidvand [ 15] presented post-buckling of saturated porous circular plates
subjected to mechanical load based on CLPT (classical plate theory); Tung and Duc
[16] used classical plate theory and Galerkin’s procedure to examine nonlinear stability
of FG plates under thermo-mechanical loads; Cong et al. [17] investigated the effect
of porosity distribution patterns on the thermomechanical buckling and post-buckling
behavior of FG plate resting on elastic foundations; Barati and Zenkour [ 18] studied post-
buckling of imperfect FG nanoplates with porosities by employing general higher-order
plate theory and nonlocal elasticity; Using isogeometric analysis, Phung-Van et al. [19]
investigated hygro-thermo-mechanical effects on the porosity-dependent geometrically
nonlinear transient analysis of FGP plates based on third-order shear deformation theory.

In [20] Tu et al. examined the nonlinear buckling and post-buckling response FGP
plates taking to account geometrical imperfect based on the CLPT. In this paper, we take a
further step to analyze the post-buckling behavior of the FGP plates rested on Pasternak’s
foundation and subjected to uni-axial and bi-axial compressive loading. The theoretical
formulation is developed by using the FSDT and von-Karman nonlinearity including the
initial geometrical imperfection. The effective material properties of FGPMs (open-cell
metal foam) are assumed to vary across the plate thickness according to a simple cosine
rule. Three porosity distribution patterns such as uniform, non-uniform symmetric, non-
uniform unsymmetric are considered. An analytical approach using stress function and
Galerkin procedure is employed to obtain buckling loads, post-buckling load-deflection
relation. The effects of material’s properties, geometric parameters of the plates, elastic
foundation stiffness on the post-buckling response of the plate are investigated through
the numerical examples.

2 Functionally Graded Porous Plates

An FGP plate resting on Pasternak’s elastic substrate with length a, width b and thickness
h subjected to the bi-axial forces py, py is considered in this study. The coordinate system
(x, ¥, 7) is established in the middle plane as shown in Fig. 1. The Pasternak foundation
with Winkler stiffness K, shear stiffness K; (i = x, y).
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Fig. 1. Functionally graded porous plate on elastic foundation

The open-cell metal foam with three porosity distribution patterns along the thickness
direction is considered (see Fig. 2). The elastic moduli of each pattern can be determined
as follow [21, 22]

|_.

Type 1: Uniform distribution: {E, G} = {E1,G1}(1 —eok); i= -

-
1- 2 fme-2+1
L T

€
(D
. e Tz
Type 2 : Non - uniform symmetric distribution:{E(z), G(z)} = {E], Gl}[l — e cos(;)] 2)

Type 3 : Non - uniform asymmetric distribution : {E(z), G(z)} = {E1, Gl}[l — € cos<g + %)]

3)

in which: E1, G, E2, G, are maximum and minimum values of Young’s modulus, shear
modulus respectively. Poisson ratio is assumed to be constant.
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5 E,.G,
Y

E,.G,
i N iy e,
E,G =const E(2).G(2)
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(a) Uniform (b) Non-uniform symmetric (¢) Non-uniform asymmetric

Fig. 2. The three types of porosity distribution

The porosity coefficient e is defined as

E; Gy
=]1—-—=1-——; (0 1 4
eo E G O<e<1) 4)
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Herein, the physical neutral surface is chosen as the reference surface to vanish the
stretching—bending coupling effect in constitutive equations. For the case of non-uniform
asymmetric porosity distribution, the neutral surface position is defined as [23]:

h/2 h/2 h/2
/ (z—C)E()dz=0 =C= / zE(2)dz |/ / E(2)dz (5)
—h/2 —h/2 —h/2

3 Theoretical Formulation

Using the physical neutral surface concept, the displacements u, v, w according to
FSDT in the coordinate system (x, y, z,,5) take the following form [24]:

u(x, y, zps) = uo(x,y) + zus(x,y); V(x, y, Zns) = vo(x,y) +Znsﬁy(xv »);
WX, ¥, zns) = wo(x, )

(6)

where ug, vo, wo are displacements on the physical neutral surface along

the directions x, y, and z,s, respectively; and ¥, ¥, are neutral surface rotations of
transverse normal about y-, x- axes respectively.

The nonzero strains at the neutral surface of the FGP plate, including von Kérman
nonlinearity, and initial geometrical imperfection wyj, are given as follows [24]:

0
8x 8)( kx V VO
gy ¢ =1 60 v A zusy ky fiy =178 (7
Y }()) Y Vyz V.
Z
VX}’ yxy kxy Y
: : 0 W%x * 0 W%,V *
in which: e = uox + = + wowg 3 kx = Oxxi &) = voy + = + wo,wg

ky = Uyy; y)?y = ug,y + vo,x + woxwo,y + Wo,yWax + wo,xwg‘;’y; ky = Oy + Uy
y)?z =wox + Uy Vyg =wo,y + 19y-

The comma followed by x or y denotes the differentiation with respect to the x or y
coordinates respectively.

The stress-strain relationships for the FGP plate are given by:

Oy B 011012 0 €x o | Os5 0 Vaz 8
oy ( = | 02102 0 & 1o [T | 0 Ou || v ®
Oxy 0 0 Qe Yxy * "

in which: Q11 = 020 = 725EGns), Q12 = Q21 = 725 E(@ns), Qa4 = Oss5 =
Q66 = 37757 E (Zns)-
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The constitutive relations of FGP plate based on the physical neutral surface concept
are described as follow:

~ o~ 0 ~ ~
Ny Aij1App O €x M; CiiCi2 O kx
3 Ny = | A1p Aq ~O 8)(;) ; My =1 Ci2 C11 ~O ky ;
Ny 0 0 Ass yS My 0 0 Cos] | kuy 9)
O | _ |:A24 0 ] Yy
Qyz 0 AfM )/y(;
3 h/2—C N h/2—C 3 h/2—C
where: Aij = f Qijdzns; Cij = f QijZ,%stns; AZ4 = ks f Qua4dzys;
—h/2—C —hj2—C —hj2—C
ij =11, 12, 66;

For metal foam, the shear correction factor k;, = 5/6 is used.
The equilibrium equations of FGP plate resting on the elastic foundation are derived
from principle minimum total energy [25], its mathematical formulation has the form:

0=48Up +8Ur + 8V (10)

where 6Up, Ufp, 8V are the variation of plate strain energy, of Pasternak’s
foundation strain energy, and work done by external loads, respectively.
The obtained equilibrium equations are expressed as [25]:

ON,/0x + ONyy /0y = 0; (11.1)
N, /3y + 3Ny, /dx = 0; (11.2)
3Qy2/8y + 00x;/0x + Nyd*wo/0x* + 2Ny d*wo/dxdy 113

+ Nyd*wo/dy* — Kywo + Ked?wo/0x% + Kyyd*wo/dy* = 0; '
Q. — OM,/3x — dM,y /3y = 0; (11.4)
Q. — 0M,,/3x — M, /dy = 0; (11.5)

By introducing the stress functions as follow:

N =0%9/3y* Ny = 9°p/0x*; Ny = —9°¢/0xdy (12)

Two Egs. (11.1)—(11.2) are identically satisfied. Using the relations (7), (9) and (12),
the system of equilibrium equations is rewritten in terms of displacements and stress
function as follow

A%, 9%w0/0y* + A%, 0% wo/0x* + AS,00,/dx + Al 00y /dy — Kywo
+ K d*wo/0x* + Kyyd*wo/9y* + 3g0/8y2<82w0 /3x% + 0w /8x2>

. 232g0/8x8y<32w0/8x8y + 02w /8x8y> n 8¢/8x2(82w0/8y2 + 07w /8y2> — 0
(13.1)
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C110%0,/0x% + Co60°0/0y* + (612 + 666)3219y/axay — A5, 0 — ALsdwo/dx =0
(13.2)

(612 + 6’66)8219x/8x8y + Co60% 0y /0x% 4 C11029, /8y — A5, 0y — A, dwp/dy = 0

(13.3)
The geometrical compatibility equation is written as [26]:
9%e)/0y* + dre) /0x> — 0%y, /9xdy = 02w /dxdy — 97wy /x>.9%wy/By° (14
+ 207w,/ 0xdy. 07w /9xdy — 32w,/ 0x>.9% W /8y* — 8%wy/dy*.0%wi [ 9x*
From Egs. (9) and (12), the strains can be expressed as
0_ _Ay Ap _ _Ay ¥ Ap .
8—~2_~2Nx_~2_~2Ny— 2 9y2 T 2 520
T
0o_ A A _ A s A 9.0 1 1
O RN T N T TR T R e T A = Tagee
Ay =AY,
(15)
Substituting the Eq. (15) into geometrical compatibility Eq. (14), we obtain:
Vip = D<82w(2)/8x8y — 32w0/8xz.82w0/8y2 + 2w /3xdy.wg /dxdy 6
(16)

— 8%wo/0x?.0%wg /0y* — 82w0/8y2.82w8‘/3x2)

4
in which: V# = a = —|—2 x;’ayz + a —; D= All(l —v )
Four Egs. (13.1)—(13.3) and (16) are nonlinear equations with four unknowns
wo, Ux, ¥y, ¢. and used to analyze the buckling and post-buckling response of FGP
plates taking to account initial geometrical imperfection.

4 Buckling and Postbuckling Analysis

In this study, three types of boundary conditions (BCs.), referred to as four edges are
simply supported and freely moveable (SSSS), four edges are clamped and freely move-
able (CCCC), and two opposite edges are simply supported, the remaining edges are
clamped and freely moveable (SCSC) are considered:

— SSSS with associated boundary conditions as

wo =0y = 0; Npy =0; My, = 0; N,y = Nyo (17)

— CCCC with associated boundary conditions as

wo =, = s = 0; Nps = 0; Ny = Nyo (18)
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— SCSC with associated boundary conditions as

atx = 0,a:wop =10y =0; Nyy =0; M, =0; Ny =Ny (19)
aty= 0,b:wy =10, = y=0; ny:();Ny:NyO
in which Ny, Nyo are in-plane compressive loads at movable edges along the
directions x, y, respectively.

a. Boundary conditions SSSS

For this BC, the solutions are chosen as [16, 27, 28]:

W0 = Womn Sin ax sin By; 9y = Uyu, COs ax sin By;

20
Uy = Dymn sinax cos By; wy = Ehsinaxsin By (20)

where: o = % B = ”7”; m, n are the number of half-waves in x and y directions;

Womn> Yxmn, Uymn are unknown coefficients to be determined; the coefficient & € [0, 1]
represents an FGP plate imperfection size.
Putting Eq. (20) into Eq. (16), we obtain:

D(WZ,., + 2&h *p’
V4o = (Yo 52 Womn)o*f (cos 2ax + cos 2By) 2y

The stress function may be assumed in the following form:

2 x2

= f1 cos 2ax + f> cos 2By + Nxo% + NyOE (22)

where: fi = 225 (w3,,, + 26hwom); fo = 2L (w3,,, + 26 hwom).

Substituting the solutions (20) into two Egs. (13.2) and (13.3), the rotations are
determined as

Bmnxmn = D1Womn; ﬁymn = Drwomn (23)

. PRI B1C,—ByCy . _ AC1—A1Cy . _r 2 - 2 AS . —
in which: D; = as s D= Fp s At =Cha” + Coo B~ + Ayys Az =

By = <612 + 666>05ﬁ, By = (Cssot +C1 p? +A44>; Ci = Aja; C = A, B.
By substituting Eqgs. (22) and (23) into Eq. (13.1) and then applying Galerkin’s
procedure, we get:

ClaWomn + (Nanz + NyO,BZ) (Womn + &h) + c24 <W(2)mn + 2é:l’l""Omi1) (Womn +&h) = 0.
(24)

where: ¢1, = (flfm + Ksy>/82 + (Afm + st>oe2 + (D1a + DaB)AS, + Ky c2q =

(a4+,34)D
16



768 L. T. Hai et al.

Consider an FGP plate subjected to bi-axial compressive loads N)? = —y1Noh, Nyo =
—y»Noh in the edges x = 0, a and y = 0, b . From the Eq. (24) we have

NO _ Cla w + C2a
ne?+yp? (W+eh  yio? +ynp?

(W2 +26W ) W=

It is the basic equations used to study the nonlinear post-buckling behavior of perfect
and imperfect FGP plate including the critical load determination and load-deflection
curve investigation.

For perfect plates, £ = 0; because wo,,, # 0, the compressive load is derived in the
form:

Cla C2a )
N = + W<h (26)
07 (a2 +mB)h  yie+ B

The buckling load obtained:

Cla

Ny = 27
bl (via? + y282)h &7

The buckling loads Np; expressed by Eq. (27) belong to corresponding buckling
modes (m, n). The critical buckling load N, is the minimal value of these buckling
loads.

Thus, for perfect plates & = 0, the function N(’)k reaches the minimum at w,,, = 0
and Nbl = N(;k |

Womn=0"

b. Boundary conditions CCCC

For this type of boundary condition, the solutions are chosen as [27, 28]:

wo = Womn sin? ax sin? By; Ux = Dymn Sin 200x sin® By

.2 . .2 .2 (28)
Dy = Oymn sin” axsin 2By; wj = Ehsin” axsin” By
Substituting Eq. (28) into Eq. (16), we get:
Vi — D(W%mn + 2§hW0mn)052,32 cos2ax + cos 2By — cosdax — cos 4By
2 —2cos2axcos 2Py + cos 2ax cos 48y + cos 4ox cos 28y
(29)
The stress function may be assumed in the following form:
¢ = f1cos2ax + f> cos 2By + f3 cos dax + f4 cos 4By + f5 cos 2ax cos 28y
32 2 (30)
~+ fe cos 2ax cos 48y + f7 cos 4ax cos 2By + Nxo? + NyOE
) _ DB 2 : _ Do’ (.2 : _
where: fi = 2L (WG, +26m00m): fo = EE (Wi + 26hwomn); f5 =

Dg? 2
102/?1052 (Womn + 26 mW0mn); fa = 1(?23,,32 (W + 26 hwomn):
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— Da?p? 2 X _ Da?p? > . B
5= W(WOmn + 26hwomn);  fo = W(Womn + 28 hwomn): f1 =
D 2/32 )
64(4;2—+52)2 (W()mn + 2Shw0mn)

Substituting Eq. (30) into Egs. (13.2) and (13.3), applying Galerkin’s procedure, we
obtain rotations in term of deflections:

Vemn = D1Womn; ﬁymn = Drwomn; (31)

in which: Dy = L2202l py = Q0420 Ay = 12C110% + 4CeB? + 3As;
Ay = 4<666 + 621>06ﬂ; By = 4<612 + 666)045; B = <4666042 +12Cp% + 3AZ4);
C1 = 3A%sa; Cy = 3A3,p.

By substituting Egs. (30) and (31) into Eq. (13.1) and then implementing Galerkin’s
procedure, leads to:

WomnC1p + Womn + §h) [Nxoa2 + NyOﬁz] + c2p <W(2)mn + 2ShWOmn) Womn +&h) =0
(32)

where: cjp = AgSaDl —hzlfmﬁDz + %KW + o2 (Ags + st) + ,32 <Aj4 + Ksy>;

4 pd 4 p4 4 pd
Czb:Di<oc4—}—,34>— a'p - a'p - a*p .
128 24(a2 +B2)°  48(a2 +4B2)°  48(da? + B2)

For an FGP plate subjected to bi-axial compressive loads Nf = —y1Noh, N;) =
—y2Noh in the sides x = 0,a and y = 0, b, from the Eq. (32) we get:

No = Clb w + C2p
et +yp? (W+&)h  yia? +yp?

<W2 n 2.§W)h 33)

Similar to the SSSS boundary conditions, from Eq. (33) we can determine the
relationship between compressive loads and deflection in case of perfect plates:
* Clb C2b =2

N¥ = + W<h (34)
07 (a2 +mBh  yie+ B

and buckling loads:

Clb
(vie2 + y282)h

The buckling loads Np; expressed by Eq. (35) belong to corresponding buckling
modes (m, n). The critical buckling load N, is the minimal value of these buckling
loads.

Np =

(35)
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c. Boundary conditions SCSC

For this case, the solutions are chosen as [27, 28]:

W0 = W SIN X sin® BYy; Ux = Dymn COSAX sin® By
Oy = Oymn sinaxsin2By; wy = Ehsinax sin® By (36)
Substituting Eq. (36) into Eq. (16), we have:
Vip = D (i + 2$2hwomn)a2ﬁ2 (cos 2ax + cos 28y — cos 4By — cos 2ax cos 2By)
(37)
The stress function may be assumed in the following form:
y? $2
¢ = f1cos2ax + fr cos2By + f3 cos4By + fa cos 2ax cos 2By + Non + Ny07
(38)
where: fi = 225 (w3, +26hwom); fo = 28 (wE,, +26hwom); fi =
~ 55 (%G + 28 hw0m): i = = 0 (9, + 2600,

Putting Eq. (38) into Egs. (13.2) and (13.3), applying Galerkin’s procedure, we obtain
rotations in term of deflections:

Vemn = D1Womn; ﬁymn = Dowomn (39)

i ich: — BiG-BG,. = AG-AG. — 3AS - — AS B -
in which: Dy = 752725 Dy = 35— 50 C1 = 3450, Co = Ay ps A =

3C11a% + 4CeeB* + 3A3,; Ar = (612 + 666)“,32 B, = 4<612 + 666)“/3; By, =
Ces® +4C11 8> + A3,

By substituting Egs. (38) and (39) into Eq. (13.1) and then implementing Galerkin’s
procedure, we get:

WomnCle + <3]VxOOl2 + 4Ny0,82) (Womn + &h) + c2c (W(z)mn + 2ShWOmn>(WOmn +&h) =0
(40)

where: 1, = 3A3,aD) +443,8D; + 3K, + 3( Ay + Koo + 4( Ay + Ky ) B

17054 :84 0[4[34
e =D| ——+—+—-——|.
64 4 8(a2 + £2)

Similar to boundary conditions SSSS and CCCC, in case of boundary condition
SCSC, the relationship between compressive loads and deflection is determined in case of
imperfect plates subjected to bi-axial compressive loads Nf = —y1Noh, Ny0 = —y2Noh
atthe edgesx =0,aandy =0, b :

0= 3y102 + 4y B? (V_V + S)h 3y10? + 4282

(ﬁﬂ + ZSW)h. 41)
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For the perfect plate:

Clc C2c )
N = + W2h (42)
07 (Brie2 +4npA)h  3yia? +4yp?

From there, the buckling and critical loads are determined as follow:

Clc

N =
" (3y102 + 4y2B2)h

= N, = min{Ny;} 43)

5 Numerical Results and Discussion

Based on the above mentioned presented analytical solution, the Matlab’s code is built to
implement numerical examples. Numerical results are presented for nonlinear analysis

unless previously stated. For convenience, the nondimensional results are used in the
form [29-31]:

a? Ka* Kua®  Kgyb?

N=N,——: Ko= ——=: Jo= =
“« E1 h2 0 E()l’l3 0 E0h3v E0h3v

; Eg = 1.0 GPa; 44)

5.1 Validation Examples
Example 1: Validation for isotropic plate.

Consider a simply supported isotropic rectangular plate (eo = 0, h = 0.1in.,a =
20in., a/b =2) subjected to in-plane uniaxial compressive load (x-direction, y;

1, y» = 0). Table 1 presents the critical loads P., = bhN,, of isotropic plates made
of different materials such as Aluminum (£ = 10 x 100 psi, v = 0.3), Titanium alloy
(E = 15.1 x 10 psi, v = 0.3) and Stainless steel (E = 30.1 x 10° psi, v = 0.3). The
obtained results are compared with those of Brush and Almroth [26] used the analytical
method.

Table 1. Critical loads P.r of simply supported isotropic rectangular plate under uniaxial
compression in the x-direction (y; = 1, y» = 0)

Pcr[pound] Brush and Almroth [26] Present Error (%)
E =10 x 10° psi, v=20.3 3620 (2, 1)2 3613.20 (2, 1) 0.188
Aluminum (Al)

E=15.1x 106psi, v=03 5459 (2, 1) 545593 (2, 1) 0.056
Titanium alloy (Ti-6Al-4V)

E =30.1 x 10° psi, v=20.3 10882 (2, 1) 10875.74 (2, 1) 0.058
Stainless steel (SUS304)

& The numbers in brackets indicate the buckling mode (m, n)
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The post-buckling load-deflection curves N, /h- wo,,,/h of simply supported isotropic
square plate (eg = 0, E1 = 380 GPa, v = 0.3, b/h = 40) are illustrated in Fig. 3 for two
cases: perfect plate (6 = 0) and imperfect plate (§ = 0.1). The results are compared
with those given by Tung and Duc [16] using the classical plate theory.

1.6 A
A
14+
1.2+
1F o O &
= 0-°9"
&  go-00 0~
O 08F
(=3
Z
0.6
047 — Present, £=0
— — Present, £=0.1
0.2 O Tung and Duc, £=0
A Tung and Duc, £ =0.1
0 . ;
0 0.5 1 1.5

w

Fig. 3. Post-buckling load-deflection curves of the isotropic square plate

Table 2 presents the comparison of the nondimensional critical load N =

#QZ/AMNW of the isotropic square plate made of SiC (E = 420 GPa, v = 0.3, a/h
P11

= 10, b/a = 1, boundary conditions SSSS and SCSC) under bi-axial compressive loads
(y1 = y2 = 1) with the results given by Thai va Choi [32] using analytical approach and
refined four-variable shear deformation theory.

Table 2. Nondimensional critical loads P, of simply supported isotropic rectangular plate
subjected to bi-axial compressive loads (y] = y» = 1)

Method SSSS | SCSC
Thai and Choi [32] | 18.6861 | 34.1195
Present 18.6854 | 33.9600
Error (%) 0.004 | 0.467

Example 1: Validation for functionally graded porous plate.

Table 3 shows the values of nondimensional critical load of square FGP plates under
uniaxial in-plane compression in x-direction (a/h = 10, b/a =1, y1 = 1, y» = 0) with
different porosity coefficients ey and two porosity distribution patterns: uniform and
non-uniform symmetric. The porous plate made of metal foam with material properties:
G = 26,293 GPa, v = 0.3, E1 = 2G1(1 + v) [10]. The obtained results are compared
with those of Thang et al. [31] using Navier’s solution and FSDT.

From two above-mentioned validation examples, a good agreement can be found.
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Table 3. Nondimensional critical loads N = Ne,a? /E 1h? of simply supported FGP plate under
uniaxial in-plane compression (y1 = 1, y» =0, bla =1, a/h = 10)

Porosity distribution Sources eo
0.1 0.2 0.3 0.4 0.5 0.6
Uniform Thang et al. [31] | 3.2109 | 2.9856 | 2.7549 | 2.5173 | 2.2710 | 2.0135
Present 3.2023 | 2.9777 | 2.7475 | 2.5105 | 2.2650 | 2.0081
Error (%) 0.268 [0.265 |0.269 |0.270 |0.264 |0.268
Non-uniform symmetric | Thang et al. [31] | 3.3023 | 3.1729 | 3.0432 | 2.9130 | 2.7822 | 2.6506
Present 3.2933 | 3.1640 | 3.0343 | 2.9041 | 2.7733 | 2.6417
Error (%) 0.273 |0.281 [0.292 |0.306 |0.320 |0.336

5.2 Parametric Study

In this section, the effect of material properties, boundary conditions, elastic foundation
parameters, and initial imperfection on buckling and post-buckling response of FGP
plates is examined.

Consider the metal foam rectangular plate resting in Pasternak’s elastic foundation
with input data: 2 = 0.1 m, E1; = 200 GPa, v = 1/3. This plate subjected to bi-axial
in-plane compression Nx0 = —y1Noh, NyO = —yaNoh attheedgesx = 0,aandy = 0, b.

Table 4 presents nondimenssional critical loads N and corresponding buckling modes
of perfect square FGP plates (h = 0.1 m, b/a = 1, a/h = 10; Ko = Jo = 0) with three
porosity distribution patterns namely Type 1 (uniform), Type 2 (symmetric), and Type
3 (non-symmetric), and different porosity coefficients (eg = 0.1; 0.3; 0.5 and 0.8). The
plate under various BCs: SSSS, CCCC and SCSC, and subjected to uniaxial in-plane
compression.

Table 4. Nondimensional critical loads N of square FGP plates with different porosity coefficients
eg and various porosity distribution patterns under three boundary condition types

Boundary Porosity distribution | eq

condition types 0.1 0.3 0.5 0.8

SSSS, Type 1 (uniform) 3.2696(1.1) 12.8053(L1) 12312601 | 146761

1=17=0 1ype 2 (symmetric) |3.36230-D | 3.0973(0:D | 2.8302(1.D) | 2.4200(LD
Type 3 3.2869(LD 2848611 | 2363901 | 1.4688(1,D)
(non-symmetric)

CCCC, Type 1 (uniform) 7.9758(L1D) 1 6.8431(1L1) | 5641311 |3 5800(1.1)

1=17=0 [1ype 2 (symmetric) |8.18250:1) | 7.4943(1:D) | 6794911 | 57078(1D
Type 3 8.0148(L1) 1 6.9442(L.D) 1577011 | 3 6273011
(non-symmetric)

(continued)
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Table 4. (continued)

Boundary Porosity distribution | eg

condition types 0.1 0.3 0.5 0.8

SCSC, Type 1 (uniform) 5.8520:D 1 5.0200%D 413912 | 2626721

1=Ly2=0 I1ype 2 (symmetric) | 6.00042D | 5488721 4967921 | 415622
Type 3 5.880121) 15004321 4234321 | 2668921
(non-symmetric)

SCSC, Type 1 (uniform) 5.1855(D 1 4.4491(LD) 3667811 | 2.3276(1:1)

M1=0,72=1 1ype 2 (symmetric) |5.3237(:1) | 4.8844(51D 44389011 | 3 7496(1:D
Type 3 5211500 14.5157(LD 13750811 | 2.3496(1.1)
(non-symmetric)

4The number in brackets indicate the buckling mode (m, n)

The variation of nondimensional critical loads with respect to porosity coefficients
and various porosity distribution patterns is illustrated in Fig. 4: (a) SSSS, y1 =1, »» =
0; (b) CCCC,y1 =1,y =0; (¢)SCSC,y1 = 1,92 = 0; (d) SCSC,y1 =0, y» = 1.The
obtained results indicated that when porosity coefficients increase, the critical buckling

(@) s — : - - : : - - : ®)
3t sf
"""""""" 7t
25 N R A
. d ) T -
= 2 = Tl

SSSS:
h=0,1m,ah=10,b/a=1;

[ CCCC:
h=0,1m,a/h=10,b/a=1;

15F e =05K =J =0; e, =0.5:K =1 =0;

71:1,72:0;m:n:l 4'71:1.72:0;m:n:|
1 F{=——(1): Type 1 (uniform) 3t ——(1): Type 1 (uniform)
= = (2): Type 2 (symmetric) = = (2): Type 2 (symmetric)
-------- (3): Type 3 (non-symmetric) -++=++(3): Type 3 (non-symmetric)
0.5 L= n n n n L L L L o L= n 1 n T L L L L
01 02 03 04 05 06 07 08 09 0.1 02 03 04 05 06 07 08 09
w w
(C) 6.5 — - - - - - - - - (d) 5.5
6 [ 1 5|
55¢ @ a5t Xk
5k
...... ns N
45 ~o R
N 351 ~
= 4 Sl =

SCSC:
3.5 h=0,1m,ah=10bla=1;
N eO=0.5;K0=J0=0;

r SCSC:
h=0,1m,a/h=10,bla=1;
2.5 ’eo=0.5;K0=J0=0;

L7 = 0.72: Im=1n=1

7= 1,72: 0;m=2,n=1

i ——(1): Type 1 (uniform)

2 H= = (2): Type 2 (symmetric)
weeee (3): Type 3 (non-symmetric)

—(1): Type 1 (uniform)
1.5 F|= = (2): Type 2 (symmetric)
-------- (3): Type 3 (non-symmetric)

' 0.1 0.2 0.3 0.4 0.5 Oj6 017 0?8 Oj9 0.1 0.2 0.3 0.4 0.5 Oj6 Oj7 0?8 Oj9
w w

Fig. 4. The variation of nondimensional critical loads of square FGP plates with respect to porosity

coefficients ep and porosity distribution patterns: (a) SSSS, y1 = 1,y = 0; (b) CCCC, y; =

Ly2=0; () SCSC,y1 = 1,72 =0; (d) SCSC, y; =0, y2 =1
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loads of FGP plates decrease for all patterns of porosity distribution. This is due to an
increase in the porosity coefficient that results in a reduction of FGP plate stiffness. The
critical buckling loads of Type 2 (non-uniform symmetric) are the highest. The critical
buckling loads of Type 1 (uniform) and Type 3 (non-uniform symmetric) distributions
are slightly different.

The effect of boundary conditions is clearly illustrated: as expected, the critical
buckling load of the CCCC plate is the highest and of the SSSS plate is the smallest.

(@) 10 ‘ ®) s :
(1):7l=l,77=0;m=n=1 >
(2):7l=0.77=1;m=l,n=2 -~
8-(3)1’Yl=l.’)'2=l;m=n=l (2) @
7 h=0.1m, ah=10,ba=2;
"’,’ 0k e0=0.5;K0=Jn=0 .
E 6 _ ___---" - ISSS(?,lType%(sy;:}n]l)e/tric)z: 1 E _________
<] 1=_. 1?1,a1_= 0, a=2; 5
= 6070.5,K07J070 -
Zo 4 = Z
= 5|
1
0 . 0 .
0 0.5 0 1 2 3 4 5

CCCC, Type 2 (symmetric): |
h=0.1 m,a/h=10,b/a=2;
€= 05K =1 =0

[

N, [GPa]
o

3): ﬂ/l=],q:=l:m=n=l

0 1 2 3 4 5
w

Fig. 5. The effect of in-plane compressive load types on the post-buckling load-deflection curves
for the SSSS (a), SCSC (b) and CCCC (c) FGP plates

Figure 5 shows post-buckling load-deflection curves of perfect and imperfect rect-
angular FGP (h = 0.1m, a/h = 10, b/a =2, e9 = 0.5, Ko = Jo = 0) with Type 2 porosity
distribution under different types of in-plane compressive loads. As can be observed that
the post-buckling curve of the bi-axial compressive load is the lowest, and the curve of
uniaxial compressive loads along the shorter edge is the highest for all cases of boundary
conditions. Besides, it is seen that better resistance to compression in the longer side
than the shorter side.

Effect of porosity distribution and porosity coefficient on the post-buckling load-
deflection curves of perfect and imperfect simply supported (SSSS) rectangular FGP
plates (h =0.1m, a/h =10, b/a =2, e9 = 0.5, Ko = Jo = 0) under uniaxial compression
(x-direction) is shown in Fig. 6 and 7. It can be seen that the post-buckling load-deflection
curves for Type 2 distribution are higher than remain two distribution types; the higher
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porosity coefficient, the lower post-buckling load-deflection curve. This trend is similar

for both perfect and imperfect plates.

(1): Type 1 (uniform) _ 2/
31 (2): Type 2 (symmetric) _ 271
(3): Type 3 (non-symmetric) _ - =z 3 =
2.5 .- _ = ) 1 &~
— - ~. <)
S === - _ == =
A~ — === o
9. 2____====”=_ Z
=
1.5F
1N SSSS:
h=0.1m,ah=10,b/a=2;
0.5 eOZO.S;m:n:l;
, . ‘ R e
0 0.2 0.4 0.6 0.8 1 12

w

Fig. 6. Effect of porosity distribution
patterns on post-buckling of FGP plates

8 T
— Imperfect: { = 0.1
7 L= = Perfect: £=0
(1): eO:O.l
6F ™) e —
(2):e,=03
5 | 3): e0=0.5
(4):e,=038
4 -
3+ o _---= 2 ===
2bCC =-= .
SSSS, Type 2 (symmetric):
Lr h=0.1m,ah=10,b/la=2;m=n=1 T
v, = 1,'yz= 0;K0=JO=O

0 . h
0 0.5 1 1.5 2

W

Fig. 7. Effect of porosity coefficients ep on
post-buckling of FGP plates

Figure 8 shows the influence of imperfection size on the post-buckling response of
simply supported FGP plates (h = 0.1 m, a/h = 10, b/a = 2, Ko = Jo = 0,) under
uniaxial (x-direction) compression. It is obvious that the post-buckling curves of perfect
FGP plates are higher than those of imperfect FGP plates when deflection is small.

The effect of Winkler and Pasternak elastic foundation stiffness on load-deflection

curves of simply supported FGP plates (h =

0.1m, a/h = 10, b/a = 2, ep = 0.5) under

uniaxial (x-direction) compression is depicted in Fig. 9. It figure shows that the post-
buckling load-deflection curves become higher as the linear Winkler foundation param-
eter Ko and Pasternak foundation parameter Jo increased. Furthermore, the effect of
Pasternak foundation is larger than the Winkler foundation.

SSSS, Type 2 (symmetric):
h=0.1m,a/h=10,b/a=2;
eOZO.S;m:nZI

N, [GPa]

L ,"" —(1): Perfect, £=0 1]
1 (4
ps ) - - @re=01
175 —===(3):£=0.2
wo e (4): £€=0.3
0 . ;
0 0.5 1 1.5

w

N, [GPa]

(1:K,=0,J,=0
(2): K, =100,J, =10

0
0
1k (3): K, =1000,J =10 -
(4): K, = 1000, =100

0 0.5 1 L5 2
w

Fig. 8. The effect of the imperfection £ on the Fig. 9. The effect of elastic foundation

post-buckling of FGP plates

parameters on the post-buckling of FGP plates
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Fig. 10. The effect of the side-to-thickness Fig. 11. The effect of aspect ratio b/a on
ratio a/h on post-buckling of FGP plates post-buckling of FGP plate

The Figs. 10 and 11 depict the effect of side-to-thickness ratio a/h and aspect ratio
b/a on the post-buckling behavior of perfect and imperfect simply supported rectangular
FGP plates (h = 0.1 m, ¢9 = 0.5, Ko = Jo = 0) with Type 2 porosity distribution,
respectively. It can be seen that the post-buckling load-deflection curves of imperfect
(£ = 0.1) and perfect (¢ = 0) plates move downward as the side-to-thickness ratio a/h
and aspect ratio b/a increase. In other words, when the side-to-thickness ratio a/h and
aspect ratio b/a increase, the bearing load capacity decreases.

6 Conclusions

In this paper, the buckling and post-buckling analysis of FGP plates resting on Pasternak
elastic foundation and subjected to in-plane compressive loads are presented based on the
first-order shear deformation theory. The initial geometrical imperfection is taken into
account. Three porosity distribution patterns namely uniform, non-uniform symmetric,
non-uniform asymmetric are considered. By using the Galerkin method and Airy’s stress
function, the analytical solution is developed for FGP rectangular plates under various
types of boundary condition.

The validate examples are conducted and the accuracy between obtained results and
published ones is found. Numerical results indicate the significant effects of material
parameters (porosity coefficient, porosity distribution patterns), geometric parameters
(aspect and side-to-thickness ratio), initial geometrical imperfection, elastic foundation
as well as in-plane boundary conditions on the critical buckling loads and the post-
buckling response of FGP plates.
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