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PREFACE

On the occasion of celebrating the 20-year anniversary of the Department of Civil Engineering,
Vinh University, the International Conference on Advances in Civil Engineering (ICACE-2022)
was organized to connect the faculties of the Department of Civil Engineering research
professionals, scholars, and scientists from different institutions both in Vietnam and abroad.
ICACE-2022 was organized on May 21%, 2022, at Vinh University, Vietnam. This event was a
good opportunity to discuss new research findings in the civil engineering field. We believe that
those updated studies will contribute to solving the practical problems. The main topics of the
conference included Structural and mechanics engineering, Construction and building materials,
Smart and sustainable infrastructure, Geotechnical engineering, Hydraulic, pavement, costal and
offshore engineering, and Construction engineering and project management. This proceeding
includes the full papers selected from the accepted submissions, which were presented at
ICACE-2022.

On behalf of the Organizing Committee, we are sincerely thankful for the contribution of two
keynote lectures, which are presented by Prof. Tran Minh Tu (Hanoi University of Civil
Engineering, Vietnam) and Assoc. Prof. Tran The Truyen (University of Transportation and
Communication, Vietnam). Additionally, a great appreciation is to all authors who submitted
papers and presented at the parallel sessions. We also want to give our sincere thanks to companies
and Vinh University for their support. Their contributions made the conference a success.

Assoc. Prof. Tran Ngoc Long

On behalf of the Organizing Committee of ICACE-2022
Dean of Department of Civil Engineering, Vinh University
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Vibration analysis of functionally graded porous plates resting
on Kerr elastic foundations

Van-Long Nguyen'", Minh-Tu Tran', Thanh-Hai Le’, Xuan-Thuc Phan’

! Ha Noi University of Civil Engineering, 55 Giai Phong Road, Hanoi, Viet Nam
2 Vinh University, 182 Le Duan Road, Vinh, Nghe An, Viet Nam

*Email: longnv@huce.edu.vn

Abstract. This paper presents the free vibration analysis of functionally graded porous materials (FGPMs)
plates, in the framework of classical plate theory (CPT). The plate is rested on Keer’s elastic foundation with the
three-parameter elastic model. Functional graded porous material, in particular, open-cell metal foam with
porosities that vary smoothly along thickness direction according to three porosity distribution patterns: uniform,
nonuniform symmetric and nonuniform asymmetric are considered. Based on Hamilton’s principle, the
equations of motion are derived. The numerical examples are performed and compared with those available in
the literature to show the accuracy of the present results. The effect of porosity coefficient, porosity distribution
patterns, geometrical and Kerr elastic foundation parameters on natural frequencies are investigated.

Keywords: Vibration analysis, functionally graded porous plate, classical plate theory, Kerr elastic foundations.

1. Introduction

Functionally graded porous materials (FGPMs) are a new class of functionally graded materials that
in the microstructure there are internal pores with local density and size distributed according to
certain rules, so the material properties can be considered as smoothly and continuously changing in
the space of structures. Metal foam is one of the highly porous materials with cellular structures
possessing many outstanding properties, such as excellent energy-absorbing capability, electrical
conductivity, and thermal management, thus they are widely used in aerospace engineering,
automotive industry, and civil constructions. An in-depth understanding of the mechanical behaviors
of FGP structures is pivotal in the design, construction and maintenance process.

Vibration is one of the important problems in the design of structural elements, thus a study
of their vibrational characteristics attracted the local and international scientific community. Chen
et al. [1] investigated the effect of porosity distribution patterns and porosity coefficient on free
and forced vibration characteristics of FGP beams. Employing the differential transformation
method, Wattanasakulpong et al [2] presented the linear and nonlinear analysis of FG beams under
different types of elastic supports. Leclaire [3] analyzed the free vibrations of a rectangular thin
FGP plate with liquid. Using three-dimensional elastic theory, Zhao et al. [4] studied the free
vibration of thick rectangular FGP plates with various boundary conditions. Zhao et al. used an
improved Fourier series method to analyze the free vibration of the Mindlin porous plate [5].
Using the state space approach and a four-variable plate theory, Demirhan et al. [6] investigated
the free vibration and bending behavior of FGP plate with two opposite simply-supported edges.
Tran et al. [7] analyzed the static and free vibration of FGP variable-thickness plates by employing
an edge-based smoothed finite element method (ES-FEM).

The interaction action between structures and elastic foundations is an important topic and always
attracted the attention of designers. Arani et al [8] studied the free vibration of an FGP rectangular plate
resting on a Winkler foundation using Reddy's third-order shear deformation theory and differential
quadrature method. Hashemi et al. [9] non-linear free vibration analysis of a bidirectional functional
hierarchical rectangular plate in a plane with voids located on a Winkler-Pasternak elastic
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foundation. Based on the sinusoidal shear deformation theory and analytical approach, Benferhat et al.
[10] investigated the effect of porosity on bending and free vibration behavior of simply supported FGP
plate resting on the Winkler-Pasternak foundation. Zaoui et al. presented a closed-form solution to
predict the fundamental natural frequency of FG plate substrates on Pasternak elastic foundation by
using two dimensional (2D) and quasi three dimensional (quasi-3D) shear deformation theories. Huang
et al. [11] nonlinear free and forced vibrations of FGP plates on nonlinear elastic foundations.
Shahsavari et al. [12] used a novel quasi-3D hyperbolic theory is presented for the free vibration
analysis of functionally graded (FGP) porous plates resting on elastic foundations with a
Winkler/Pasternak/Kerr foundation (three-parameter elastic model). Utilizing the Navier solution
technique, Kim et al. [13] investigated the bending, free vibration, and buckling response of FGP micro-
plates resting on Winkler/Pasternak/Kerr elastic foundation using the classical and first-order shear
deformation plate theories. Kerr’s elastic foundation model was also used in the study on free vibration
of simply supported FG sandwich plates of Daikh [14].

In this paper, the basic relationships and governing equations are established to  analyze the free
vibration of the FGP plates resting on Kerr’s elastic foundation in the framework of the classical plate
theory. Uniform, nonuniform symmetric and nonuniform asymmetric porosity distribution patterns of
FGPM are considered. Navier’s technique is used to determine the natural frequency of the simply
supported rectangular FGP plate. Verification examples are performed through comparison with some
existing results. The effect of porosity coefficient, porosity distribution patterns, Kerr elastic foundation
parameters and geometrical parameters on natural frequencies is investigated in detail.

2. Theoretical formulation

2.1. The functionally graded porous plate

Consider a thin rectangular FGP plate of length a, width b and thickness /, respectively as shown
in Fig. 1, referring to the rectangular Cartesian coordinates (x, y, z), where (x, y) plane coincides
with the middle surface of the plate and z is the thickness coordinate (-4/2 < z < //2). The plate is
rested on Keer’s elastic foundation with a three-parameter elastic model including an independent
upper (with stiffness K,), shear (with stiffness K;) and lower (with stiffness X)) elastic layers.

z

Upper spring, K«
Shear layer, K.

Lower spring, Ki

L b b
Fig. 1. The configuration of rectangular FGP plates resting on the Kerr foundation.

Three different porosity distribution patterns are considered as follows [1, 15, 16]:
o  Uniform porosity distribution (Type 1- Fig. 2-a):

{E’G} = {Emaw Grax }(1 - eoﬂ);

P =pmax'\/1_eoﬂ’;
2
SRVENE W)
T

T

M
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e  Non-uniform symmetric distribution (Type 2- Fig. 2-b):
Tz
{E(Z)’ G(Z)} = {Emax 4 GmaX } |:1 — €y COS [7j1|:

2)
P(2) = Prax |:1 — €, COS (%}}
¢  Non-uniform asymmetric distribution (Type 3- Fig. 2-c):
{E(Z), G(Z)} = {Emax’ Gmax }[1 —€ COS[% + %]:| 5
3)

(z)= l—e, cos| 22+ 2

P Prmax m o 4|
where E.x, Gmax, and py,, are the maximum values of elasticity moduli, shear moduli and mass
density; Eppin, Guin, and p;, denote the minimum values, respectively. The porosity coefficients are
defined by:

En G
g =1-—"=1-—"T10 (0<¢) <1);
max max

“4)
e, =1-Lmin _1_ 1= (0<e, <1).
pmax

Poisson's coefficient v is assumed to be constant along with the plate thickness.

(a) Uniform distribution (b) Symmetric (c) Asymmetric
- Type 1 distribution - Type 2 distribution - Type 3

Fig. 2. The FGP plate with different porosity density distribution patterns.

2.2. Classical plate theory (CPT) - Equations of motion

Based on CPT, the displacement components (i, v, w) along x, y and z axes of an arbitrary point (x,
v, z) of the FGP plate are expressed as follows [17]:

“(xa Vs Z’t) = uO(x’yat)_ZWO,x; V(x, Ys Z,t) = VO(xayst)_ZWO,y;

O]
w(x, ¥, z,t) = wy (X, »,1).
in which: ¢ is a time variable; u(, v, |, are the displacement components in the mid-plane.
The strain components based on the CPT can be written as follows [17]:
&0
X x Kx
0
£y 1=18y (TIns | Ky 6)
}/Xy 7)%/ ny
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.0 _ .0 ., 00 . _ . .
Where'gx SUyxs £y =Vo,y5 Vxy TU0y TV0,x5 Kx = ~Wo,xxs Ky =Wo pys Kyy = 72W0,xy'

The commas subscripts denote the partial differentiation with respect to the spatial variables
Stresses are determined from Hooke’s law and written as:

Oy On G 0 || &
o, =10y On 0 |1¢ (7
ooy 0 0 Ol|r,
. . E(z vE(z E(z
in which: 0 = 0, —%7 On=0y= vEG) ) Qo6 = e
1— 2(1+v)
The force and moment resultants per unit length of the plate are defined as:
0
Nol| [ Ay O || 8| My Dy D 0 ||k
0
Ny =4 A4y 0 ey sy My r=\Dp Dy 0 |9x, ®)
Ny, 0 0 4 7] My 0 0 Des]|xy,
: £ £ __ B . £
where: AIIZ—Z;AIZ :VAII;A66: 5 D]]_ P D12:VD11a D66: 5
1-v 2(1+v) 1-v 2(1+v)
h/2-C
(BiBs)= [ E@(17)d
-h/2-C

Based on classical plate theory (CPT), equations of motion of FGP plates resting on Kerr elastic
foundations can be expressed as [17, 18]:

N +N)»yy 7[0&.0_11‘;{}0,)(; ny’x‘l’Ny’y :IOVO_IIWO,)/;
kk kk, s
M, . +2M +M, ,, +q- L wy + L_Vew
xx XXy vy 74 ky +k, 0 ky+k, ©

= 101.4.)0 + ]1120’)( +11{/.0,y —Izvzl;{)o.

h/2-C
where: /; are the mass moment of inertia /; = I p(z,5)z' dz ; (i: 0,1,2);
-h/2-C
Substituting Eq. (7) and (9) into Eq. (10) we obtain the system of equations in terms of displacements:
azuo
A66_6y +( 41 A66) —Iouo I 5
o%ug o%v, 62v0 L
(A12+A66) + Ao —— A1 —— = loVo — 1y 5
Ox0y Ox oy (10)
4, 4 4
k,
—Cna % —2(Cp +2Cg) ‘ WOZ— 1a VZO +q- bk wo
ox? ox2dy oy k+k,
ksk V2w = Iovig + Lyiig o + IV — 1, V90
kl +k 0 00 1#0,x 140,y 2 0-
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3. Navier's solution for free vibration analysis

In the case of free vibration analysis, by setting the mechanical load to zero (¢ = 0). The simply
supported boundary conditions based on CPT are as follows:
atx=0andx=a: vy=0,wy=0,N,=0,M, =0;

aty=0andy=b: ug=0,wg=0,N, =0,M,=0 (I

The displacement solutions satisfying the boundary conditions (12) are chosen in the following
form:

[oCle o}
vo (X 0,8)= D0 D Vgpne " sinarxcos By; (12)
m=1n=1
o0 o0 3
wo (X, 3,8) = 2. D Woppe' ' sinaxsin By.
m=1n=l1

in which:

s

b
(reflect the vibration form);

i=«-1; a= ﬂ, B= "7 . m, n are the number of sine half-wavelength in the x,y axes
a

UQmns> Yomn» Womn are unknown coefficients need to be determined;
a)mn

Substituting Eq. (13) into Eq. (11), we obtain:

is the angular natural frequency with mode (m, n), respectively.

s;p sz 0 myp 0 myz || tgmy, 0
2
S;2 S 0 |=@,| 0 myp myz || Voun (=10 (13)
0 0 ws33 myz mpy3 M3 | ) | Womn 0

or in the form of a simple matrix form:
fe 2
(|:ch;t:|_a)mn I:an ]){an} = {0} (14)
here: 11 = A o2 2, I SR -3
where: 51 = 41&7 + 475 515 = (Aig + dgg)afs S22 = Ae6®” + 4157

2 kk kk,
333=C11(012+,32) +#+¢(a2+ﬂ2)
kj+k, k+k,
myy =1o; mz =—la; my3 =—1I; my3 =1, +12(a2 +ﬁ2).

For each pair of values (m, n), we can determine the respective natural frequency by the criterion
of non-trivial displacement solution of Eq. (15).

4. Numerical results and discussion

Based on the above mentioned presented analytical solution, Matlab’s code is built to implement
numerical examples. The rectangular FGP plate is resting on the Keer elastic foundation, all four edges
of the plates are simply supported. The porous materials made of aluminium with the physical

properties are as follows: v = 0.3; p =2707 kg/m3; G =26,923 GPa; E; =2G, (1+v) [19]. For

convenience, the non-dimensional results are used in the form [12]:
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m

ka* k a* k.a* E_
[T):a)h pmax ,Kl — la ,Ku — ua ,KS — ba ;Dm — max (15)
Epax D D D 12(1—1/2)

4.1. Validation examples

In this section, the natural frequency of simply supported square isotropic plates made of
aluminum (E,, = 380 Gpa, p,, = 3800 kg/m’) and alumina (E,, = 70 Gpa, p,, = 2702 kg/m’); v = 0,3
resting on Kerr’s elastic foundation are validated with existing results of Shahsavari et al. [12].
The obtained results are presented in Table 1 with non-dimensional parameters computed in the
form w=awyhp, ' E,; K; =100; K, = kua4 / D, and four types of elastic foundation ( K,,, K ).
Shahsavari and his co-workers used quasi-3D solution and first-order shear deformation theory.

Table 1. Non-dimensional fundamental frequency @ of isotropic square plate
(K; =100, a/h = 20)

Isotropic plate

s Source

Ceramic - Al,O; Metal - Al
100 0 Shahsavari et al. [12] 0.0294 0.0157
Present 0.0296 0.0158
100 100 Shahsavari et al. [12] 0.0356 0.0285
Present 0.0357 0.0285
200 100 Shahsavari et al. [12] 0.0375 0.0317
Present 0.0377 0.0318
200 200 Shahsavari et al. [12] 0.0440 0.0419
Present 0.0442 0.0420

Table 2 tabulated non-dimensional natural frequencies @ of simply supported square FGP plate
(a/h = 10) with various porosity coefficients. The present results are compared with those of Rezaei
and Saidi [19] using the state space method, and of Thang et al. [20] using the Navier solution.

As illustrated in Table 1- 2, very good agreements between proposed model and reported studies
can be clearly observed.

Table 2. Non-dimensional fundamental frequency & = wh./p; / E;

of porous square plate - nonuniform asymmetric (a/h = 10)

Source e =0.1 e =03 e =0.5 e =0.7
Rezaei and Saidi [19] 0.0570 0.0551 0.0526 0.0491
Thang et al. [20] 0.0574 0.0555 0.0531 0.0495
Present 0.0584 0.0565 0.0540 0.0503

4.2. Parametric studies

The fundamental natural frequencies of simply supported rectangular FGP plates are predited with
following input data: G| = 26,923 GPa; p, = 2702 kg/m3; h=001m;ah=50;b/a=1,m=n=1.

The effect of porosity coefficient and porosity distribution patterns on fundamental natural
frequencies is shown in Figure 2. It can be seen that for the FGP plate without an elastic foundation
(Fig. 2a): the non-dimensional natural frequency decreases as the porosity coefficient increases for
uniform porosity distribution and non-uniform asymmetric porosity distribution with the same
quantitative and qualitative trend, while symmetric porosity distribution gives the opposite result.
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This can be explained by the correlation between the mass effect and flexural stiffness effect of FGP
plates with individual porosity distribution patterns when the porosity coefficient varies. For the FGP
plate resting on the elastic foundation (Fig. 2b), the non-dimensional natural frequency increases as
the porosity coefficient increases for all three porosity distribution patterns.

-3
28 o=
y —Type 1: Uniform i
. 6 r|= = Type 2: Symmetric I
2671 A —-=-Type 3: Non-symmetric /
¥ 58+ S
P R S S S - | 56 G, =26.923 GPa, p, =2707 ke/m®, »=0.3; ,/
------ ah=50,bla=1;K,; =] =1 =100 L
~~~~~~~~~ 54+ s ‘
322 0 T 1 I3
~~~~~~ 52+
2+ ) 5t
48+
181G, =26.923 GPa, p, =2707 ke/m®, v=0.3; 6
ah=50,b/a=1;K =100,J =1 =0 ’
Lo L | [ l | | ‘ ‘ ‘ aa ‘ ‘ ‘ ‘ | | | |
001 02 03 04 05 06 07 08 09 001 02 03 04 05 06 07 08 09
o o
(a): Without elastic foundations (b): Rested on Kerr elastic foundations

Fig. 2. Variation of the non-dimensional natural frequency of FGP plate
with porosity coefficients e, and various porosity distribution patterns.

Fig. 3 illustrates the effect of aspect ratio (b/a) and side-to-thickness ratio (a/#) on non-
dimensional natural frequency. It is observed from the results that by increasing b/a and a/h ratios,
the non-dimensional natural frequency decreases, significantly decreases in a small range of b/a
and a/h ratios, and then slows down.

%6

XXX
LTI

f S
2. I,II,,"'I % SIS
200 100,926 5o
U,
100 "0::::‘“ 100 %0
50
K 0 0

K, =K;=K; =100, ¢y =0.5; Type 3; ey=0.5; Type 3; a/h =50, b/a =1

Fig. 3. Variation of non-dimesional natural Fig. 4. Variation of the non-dimensional natural

frequency of the FGP plate versus b/a and a/h ratios. frequency of the FGP plate versus elastic foundation

stiffness.

Fig. 4 depicts the effect of elastic foundation stiffnesses on the non-dimensional natural
frequency of the FGP plate. From plots can be seen that non-dimensional fundamental natural
frequency increases significantly as elastic foundation stiffness (K, Kj) increases.

5. Conclusion

In this paper, free vibration analysis of a simply supported rectangular FGP plate resting on Kerr’s
elastic foundation is implemented in the framework of classical plate theory. Navier’s solution has
been employed to predict the natural frequency. The validation examples are carried out to confirm
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the accuracy of self-written Matlab code and theoretical model. The significant effect of
geometrical parameters (b/a and a/h ratios), porosity distribution patterns, porosity coefficient, and
elastic foundation stiffness on the natural frequency of FGP plate is indicated through various
numerical examples.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.
18.

Chen, D., J. Yang, and S. Kitipornchai, Free and forced vibrations of shear deformable functionally
graded porous beams. International journal of mechanical sciences, 2016. 108: p. 14-22.
Wattanasakulpong, N. and V. Ungbhakom, Linear and nonlinear vibration analysis of elastically
restrained ends FGM beams with porosities. Aerospace Science and Technology, 2014. 32(1): p. 111-
120.

Leclaire, P., K. Horoshenkov, and A. Cummings, Transverse vibrations of a thin rectangular porous
plate saturated by a fluid. Journal of Sound and Vibration, 2001. 247(1): p. 1-18.

Zhao, J., et al., Three-dimensional exact solution for vibration analysis of thick functionally graded
porous (FGP) rectangular plates with arbitrary boundary conditions. Composites Part B: Engineering,
2018. 155: p. 369-381.

Zhao, J., et al., Free vibrations of functionally graded porous rectangular plate with uniform elastic
boundary conditions. Composites Part B: Engineering, 2019. 168: p. 106-120.

Demirhan, P.A. and V. Taskin, Bending and free vibration analysis of Levy-type porous functionally
graded plate using state space approach. Composites Part B: Engineering, 2019. 160: p. 661-676.

Tran, T.T., Q.-H. Pham, and T. Nguyen-Thoi, Static and free vibration analyses of functionally graded
porous variable-thickness plates using an edge-based smoothed finite element method. Defence
Technology, 2021. 17(3): p. 971-986.

Arani, A.G., et al., Free vibration of embedded porous plate using third-order shear deformation and
poroelasticity theories. Journal of Engineering, 2017. 2017.

Hashemi, S., et al., Nonlinear free vibration analysis of In-plane Bi-directional functionally graded plate
with porosities resting on elastic foundations. International Journal of Applied Mechanics, 2022: p.
2150131.

Benferhat, R., et al., Effect of porosity on the bending and free vibration response of functionally graded
plates resting on Winkler-Pasternak foundations. Earthquakes and Structures, 2016. 10(6): p. 1429-1449.
Huang, X.-L., et al., Nonlinear free and forced vibrations of porous sigmoid functionally graded plates on
nonlinear elastic foundations. Composite Structures, 2019. 228: p. 111326.

Shahsavari, D., et al., 4 novel quasi-3D hyperbolic theory for free vibration of FG plates with porosities
resting on Winkler/Pasternak/Kerr foundation. Aerospace Science and Technology, 2018. 72: p. 134-149.
Kim, J., K.K. Zur, and J. Reddy, Bending, free vibration, and buckling of modified couples stress-based
functionally graded porous micro-plates. Composite Structures, 2019. 209: p. 879-888.

Daikh, A.A., Temperature dependent vibration analysis of functionally graded sandwich plates resting on
Winkler/Pasternak/Kerr foundation. Materials Research Express, 2019. 6(6): p. 065702.

Barati, M.R. and A.M. Zenkour, Investigating post-buckling of geometrically imperfect metal foam
nanobeams with symmetric and asymmetric porosity distributions. Composite Structures, 2017. 182: p.
91-98.

Banhart, J., Manufacture, characterisation and application of cellular metals and metal foams. Progress
in materials science, 2001. 46(6): p. 559-632.

Reddy, J.N., Theory and analysis of elastic plates and shells. 2006: CRC press.

Kneifati, M.C., Analysis of plates on a Kerr foundation model. Journal of Engineering Mechanics, 1985.
111(11): p. 1325-1342.

157



19. Rezaei, A. and A. Saidi, Application of Carrera Unified Formulation to study the effect of porosity on
natural frequencies of thick porous—cellular plates. Composites Part B: Engineering, 2016. 91: p. 361-
370.

20. Thang, P.T., et al., Elastic buckling and free vibration analyses of porous-cellular plates with uniform
and non-uniform porosity distributions. Aerospace Science and Technology, 2018. 79: p. 278-287.

158



	Page 1

