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�
PREFACE�
�

�
On�the�occasion�of�celebrating�the�20-year�anniversary�of�the�Department�of�Civil�Engineering,�
Vinh�University,�the�International�Conference�on�Advances�in�Civil�Engineering�(ICACE-2022)�
was� organized� to� connect� the� faculties� of� the� Department� of� Civil� Engineering� research�
professionals,� scholars,� and� scientists� from� different� institutions� both� in� Vietnam� and� abroad.�
ICACE-2022�was�organized�on�May�21st,�2022,�at�Vinh�University,�Vietnam.�This�event�was�a�
good�opportunity�to�discuss�new�research�findings�in�the�civil�engineering�field.�We�believe�that�
those�updated�studies�will�contribute� to�solving� the�practical�problems.�The�main� topics�of� the�
conference�included�Structural�and�mechanics�engineering,�Construction�and�building�materials,�
Smart�and�sustainable�infrastructure,�Geotechnical�engineering,�Hydraulic,�pavement,�costal�and�
offshore� engineering,� and�Construction� engineering� and� project�management.� This� proceeding�
includes� the� full� papers� selected� from� the� accepted� submissions,� which� were� presented� at�
ICACE-2022.��

On�behalf�of�the�Organizing�Committee,�we�are�sincerely�thankful�for�the�contribution�of�two�
keynote� lectures,� which� are� presented� by� Prof.� Tran� Minh� Tu� (Hanoi� University� of� Civil�
Engineering,� Vietnam)� and� Assoc.� Prof.� Tran� The� Truyen� (University� of� Transportation� and�
Communication,� Vietnam).� Additionally,� a� great� appreciation� is� to� all� authors� who� submitted�
papers�and�presented�at�the�parallel�sessions.�We�also�want�to�give�our�sincere�thanks�to�companies�
and�Vinh�University�for�their�support.�Their�contributions�made�the�conference�a�success.��

�

Assoc.�Prof.�Tran�Ngoc�Long�

On�behalf�of�the�Organizing�Committee�of�ICACE-2022�

Dean�of�Department�of�Civil�Engineering,�Vinh�University�

�
� �
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Vibration	analysis	of	functionally	graded	porous	plates	resting		
on	Kerr	elastic	foundations	

Van-Long�Nguyen�1*,�Minh-Tu�Tran�1,�Thanh-Hai�Le�2,�Xuan-Thuc�Phan2�
1�Ha�Noi�University�of�Civil�Engineering,�55�Giai�Phong�Road,�Hanoi,�Viet�Nam�

2�Vinh�University,�182�Le�Duan�Road,�Vinh,�Nghe�An,�Viet�Nam�
�

*Email:�longnv@huce.edu.vn�

Abstract.	This� paper� presents� the� free� vibration� analysis� of� functionally� graded� porous� materials� (FGPMs)�
plates,�in�the�framework�of�classical�plate�theory�(CPT).�The�plate�is�rested�on�Keer’s�elastic�foundation�with�the�
three-parameter� elastic� model.� Functional� graded� porous� material,� in� particular,� open-cell� metal� foam� with�
porosities�that�vary�smoothly�along�thickness�direction�according�to�three�porosity�distribution�patterns:�uniform,�
nonuniform� symmetric� and� nonuniform� asymmetric� are� considered.� Based� on� Hamilton’s� principle,� the���
equations�of�motion�are�derived.�The�numerical�examples�are�performed�and�compared�with�those�available�in�
the�literature�to�show�the�accuracy�of�the�present�results.�The�effect�of�porosity�coefficient,�porosity�distribution�
patterns,�geometrical�and�Kerr�elastic�foundation�parameters�on�natural�frequencies�are���investigated.�

Keywords:�Vibration�analysis,�functionally�graded�porous�plate,�classical�plate�theory,�Kerr�elastic�foundations.�

1.	Introduction	
Functionally�graded�porous�materials�(FGPMs)�are�a�new�class�of�functionally�graded�materials�that�
in� the� microstructure� there� are� internal� pores�with� local� density� and� size� distributed� according� to�
certain�rules,�so�the�material�properties�can�be�considered�as�smoothly�and�continuously�changing�in�
the� space� of� structures.�Metal� foam� is� one� of� the� highly� porous�materials�with� cellular� structures�
possessing� many� outstanding� properties,� such� as� excellent� energy-absorbing� capability,� electrical�
conductivity,� and� thermal� management,� thus� they� are� widely� used� in� aerospace� engineering,�
automotive�industry,�and�civil�constructions.�An�in-depth�understanding�of�the�mechanical�behaviors�
of�FGP�structures�is�pivotal�in�the�design,�construction�and�maintenance�process.�

Vibration�is�one�of�the�important�problems�in�the�design�of�structural�elements,�thus�a�study�
of�their�vibrational�characteristics�attracted�the�local�and�international�scientific�community.�Chen�
et�al.� [1]� investigated� the�effect�of�porosity�distribution�patterns�and�porosity�coefficient�on� free�
and� forced� vibration� characteristics� of� FGP� beams.� Employing� the� differential� transformation�
method,�Wattanasakulpong�et�al�[2]�presented�the�linear�and�nonlinear�analysis�of�FG�beams�under��
different� types�of�elastic� supports.�Leclaire� [3]�analyzed� the� free�vibrations�of�a� rectangular� thin�
FGP� plate� with� liquid.� Using� three-dimensional� elastic� theory,� Zhao� et� al.� [4]� studied� the� free�
vibration�of� thick� rectangular�FGP�plates�with� various�boundary� conditions.�Zhao�et� al.� used� an�
improved� Fourier� series� method� to� analyze� the� free� vibration� of� the�Mindlin� porous� plate� [5].�
Using� the�state�space�approach�and�a�four-variable�plate� theory,�Demirhan�et�al.�[6]�investigated�
the�free�vibration�and�bending�behavior�of�FGP�plate�with� two�opposite�simply-supported�edges.�
Tran�et�al.�[7]�analyzed�the�static�and�free�vibration�of�FGP�variable-thickness�plates�by�employing�
an�edge-based�smoothed�finite�element�method�(ES-FEM).�

The�interaction�action�between�structures�and�elastic�foundations�is�an�important�topic�and�always�
attracted�the�attention�of�designers.�Arani�et�al�[8]�studied�the�free�vibration�of�an�FGP�rectangular�plate�
resting�on� a�Winkler� foundation� using�Reddy's� third-order� shear�deformation� theory� and� differential�
quadrature�method.�Hashemi�et�al.� [9]�non-linear� free�vibration�analysis�of�a�bidirectional� functional�
hierarchical� rectangular� plate� in� a� plane� with� voids� located� on� a� Winkler-Pasternak� elastic�
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.�The�FGP�plate�with�different�porosity�density�distribution�patterns

Equations	of	motion
Based�on�CPT,�the�displacement�components�(

)�of�the�FGP�plate�are�expressed�as�follows�
0 0, 0 0,( , , , ) ( , , ) ; � ( , , , ) ( , , ) ;

( , , , ) ( , , ).
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(b)�Symmetric
-�Type�2

.�The�FGP�plate�with�different�porosity�density�distribution�patterns

Equations	of	motion
Based�on�CPT,�the�displacement�components�(u,�

)�of�the�FGP�plate�are�expressed�as�follows�[17
0 0, 0 0,( , , , ) ( , , ) ; � ( , , , ) ( , , ) ;
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(b)�Symmetric�
Type�2

.�The�FGP�plate�with�different�porosity�density�distribution�patterns

Equations	of	motion
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is�assumed�to�be�constant�along�with�the�plate�thickness.

Type�2	

.�The�FGP�plate�with�different�porosity�density�distribution�patterns

Equations	of	motion
w)�along�
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Equations	of	motion	
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.�The�FGP�plate�with�different�porosity�density�distribution�patterns
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where: 0
0, ;x xu  0

0, ;y yv  0
0, 0, ;xy y xu v   0, ;x xxw   0, ;y yyw  0,2 .xy xyw   ��

The�commas�subscripts�denote�the�partial�differentiation�with�respect�to�the�spatial�variables�
Stresses�are�determined�from�Hooke’s�law�and�written�as:�
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The�force�and�moment�resultants�per�unit�length�of�the�plate�are�defined�as:�
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Based�on�classical�plate�theory�(CPT),�equations�of�motion�of�FGP�plates�resting�on�Kerr�elastic�
foundations�can�be�expressed�as�[17,�18]:�
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where:� iI �are�the�mass�moment�of�inertia�  
/2

/2
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Substituting�Eq.�(7)�and�(9)�into�Eq.�(10)�we�obtain�the�system�of�equations�in�terms�of�displacements:�
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3.	Navier's	solution	for	free	vibration	analysis	
In�the�case�of�free�vibration�analysis,�by�setting�the�mechanical�load�to�zero�(q�=�0).�The�simply�

supported�boundary�conditions�based�on�CPT�are�as�follows:��
at�x�=�0�and�x�=�a:�� 0 00, 0, 0, 0;x xv w N M    �
at�y�=�0�and�y�=�b:�� 0 00, 0, 0, 0y yu w N M    � (11)�

The�displacement�solutions�satisfying�the�boundary�conditions�(12)�are�chosen�in�the�following�
form:�

 

 

 

0 0
1 1

0 0
1 1

0 0
1 1

, , cos sin ;

, , sin cos ;

, , sin sin .

mn

mn

mn

i t
mn

m n

i t
mn

m n

i t
mn

m n

u x y t u e x y

v x y t v e x y

w x y t w e x y







 

 

 

 

 
 

 
 

 







 

 

 

	 (12)�

in�which:�

1;i   , ;m n
a b
    m,� n� are� the� number� of� sine� half-wavelength� in� the� x,y� axes�

(reflect�the�vibration�form);�
0 0 0, ,mn mn mnu v w �are�unknown�coefficients�need�to�be�determined;�

mn �is�the�angular�natural�frequency�with�mode�(m,�n),�respectively.�
Substituting�Eq.�(13)�into�Eq.�(11),�we�obtain:�

11 12 11 13 0
2

12 22 11 23 0

33 13 23 33 0

0 0 0
0 0 0

0 0 0

mn

mn mn

mn

s s m m u
s s m m v

s m m m w


        
               

               

	 (13)�

or�in�the�form�of�a�simple�matrix�form:�

    2kc
mn mn mn mnK M Q 0       	 (14)�

where:� 2 2
11 11 66 ;s A A   �  12 12 66 ;s A A   � 2 2

22 66 11 ;s A A   ��

�������������
   22 2 2 2

33 11
l u s u

l u l u

k k k k
s C

k k k k
       

 
�

������������� 11 0;m I 13 1 ;m I   � 23 1 ;m I    2 2
33 0 2 .m I I     �

For�each�pair�of�values�(m,�n),�we�can�determine�the�respective�natural�frequency�by�the�criterion�
of�non-trivial�displacement�solution�of�Eq.�(15).�

4.	Numerical	results	and	discussion	
Based� on� the� above� mentioned� presented� analytical� solution,� Matlab’s� code� is� built� to� implement�
numerical�examples.�The�rectangular�FGP�plate�is�resting�on�the�Keer�elastic�foundation,�all�four�edges�
of� the� plates� are� simply� supported.� The� porous� � � materials� made� of� aluminium� with� the� physical�
properties�are�as�follows:� 0.3;  � 3

1 2707�kg/m ;  � 1 26,923�GPa;G  �  1 12 1E G   �[19].�For�
convenience,�the�non-dimensional�results�are�used�in�the�form�[12]:�
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 
4 4 2 3

max max
2max

; ; ; ;
12 1

l u s
l u s m

m m m

k a k a k a E h
h K K K D

E D D D


 


    


� (15)�

4.1.	Validation	examples	

In� this� section,� the� natural� frequency� of� simply� supported� square� isotropic� plates� made� of�
aluminum�(Em�=�380�Gpa,�ρm�=�3800�kg/m3)�and�alumina�(Em�=�70�Gpa,�ρm�=�2702�kg/m3);#�=�0,3�
resting�on�Kerr’s� elastic� foundation� are�validated�with� existing� results� of�Shahsavari� et� al.� [12].�
The�obtained� results�are�presented� in�Table�1�with�non-dimensional�parameters�computed� in� the�
form� 0 / ;m mh E   100;lK  4 /u u mK k a D and�four�types�of�elastic�foundation�( ,u sK K ).�
Shahsavari�and�his�co-workers�used�quasi-3D�solution�and�first-order�shear�deformation�theory.�

Table	1.�Non-dimensional�fundamental�frequency� �of�isotropic�square�plate��
( 100,lK a/h�=�20)�

uK � sK � Source� Isotropic�plate�
Ceramic�-�Al2O3� Metal�-�Al�

100� 0� Shahsavari�et�al.��[12]� 0.0294� 0.0157�
� � Present	 0.0296	 0.0158	

100� 100� Shahsavari�et�al.��[12]� 0.0356� 0.0285�
� � Present	 0.0357	 0.0285	

200� 100� Shahsavari�et�al.��[12]� 0.0375� 0.0317�
� � Present	 0.0377	 0.0318	

200� 200� Shahsavari�et�al.��[12]� 0.0440� 0.0419�
� � Present	 0.0442	 0.0420	

�
Table� 2� tabulated� non-dimensional� natural� frequencies�  � of� simply� supported� square� FGP� plate��
(a/h�=�10)�with�various�porosity�coefficients.�The�present�results�are�compared�with�those�of�Rezaei�
and�Saidi�[19]�using�the�state�space�method,�and�of�Thang�et�al.�[20]�using�the�Navier�solution.�
As�illustrated�in�Table�1-�2,�very�good�agreements�between�proposed�model�and�reported�studies�
can�be�clearly�observed.�

Table	2.�Non-dimensional�fundamental�frequency� 1 1/ h E   ��
of�porous�square�plate�-�nonuniform�asymmetric�(a/h�=�10)�

Source� e0�=�0.1� e0�=�0.3� e0�=�0.5� e0�=�0.7�
Rezaei�and�Saidi�[19]� 0.0570� 0.0551� 0.0526� 0.0491�
Thang�et�al.�[20]� 0.0574� 0.0555� 0.0531� 0.0495�
Present	 0.0584	 0.0565	 0.0540	 0.0503	

4.2.	Parametric	studies	

The�fundamental�natural�frequencies�of�simply�supported� rectangular�FGP�plates�are�predited�with�
following�input�data:�G1�=�26,923�GPa;�ρ1�=�2702�kg/m3;�h�=�0.01�m;�a/h�=�50;�b/a�=�1;�m�=�n�=�1.��
The� effect� of� porosity� coefficient� and� porosity� distribution� patterns� on� fundamental� natural�
frequencies�is�shown�in�Figure�2.�It�can�be�seen�that�for�the�FGP�plate�without�an�elastic�foundation�
(Fig.�2a):� the�non-dimensional�natural�frequency�decreases�as�the�porosity�coefficient� increases�for�
uniform� porosity� distribution� and� non-uniform� asymmetric� porosity� distribution� with� the� same�
quantitative� and� qualitative� trend,�while� symmetric� porosity� distribution� gives� the� opposite� result.�
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This�can�be�explained�by�the�correlation�between�the�mass�effect�and�flexural�stiffness�effect�of�FGP�
plates�with�individual�porosity�distribution�patterns�when�the�porosity�coefficient�varies.�For�the�FGP�
plate�resting�on�the�elastic�foundation�(Fig.�2b),�the�non-dimensional�natural�frequency�increases�as�
the�porosity�coefficient�increases�for�all�three�porosity�distribution�patterns.�

� � �
(a):�Without�elastic�foundations��������������������� � � (b):�Rested�on�Kerr�elastic�foundations�

Fig.	2.�Variation�of�the�non-dimensional�natural�frequency�of�FGP�plate��
with�porosity�coefficients�e0�and�various�porosity�distribution�patterns.�

Fig.� 3� illustrates� the� effect� of� aspect� ratio� (b/a)� and� side-to-thickness� ratio� (a/h)� on� non-
dimensional�natural�frequency.�It�is�observed�from�the�results�that�by�increasing�b/a�and�a/h�ratios,�
the�non-dimensional�natural� frequency�decreases,� significantly�decreases� in�a� small� range�of�b/a�
and�a/h�ratios,�and�then�slows�down.�

� �
100  u s lK K K ,�e0�=�0.5;�Type�3;�

Fig.	3.�Variation�of�non-dimesional�natural�
frequency�of�the�FGP�plate�versus�b/a�and�a/h�ratios.�

e0�=�0.5;�Type�3;�a/h�=�50,�b/a�=�1�
Fig.	4.�Variation�of�the�non-dimensional�natural�

frequency�of�the�FGP�plate�versus�elastic�foundation�
stiffness.�

Fig.� 4� depicts� the� effect� of� elastic� foundation� stiffnesses� on� the� non-dimensional� natural�
frequency� of� the� FGP� plate.� From� plots� can� be� seen� that� non-dimensional� fundamental� natural�
frequency�increases�significantly�as�elastic�foundation�stiffness�(Ku,�Ks)�increases.�

5.	Conclusion	
In�this�paper,�free�vibration�analysis�of�a�simply�supported�rectangular�FGP�plate�resting�on�Kerr’s�
elastic�foundation�is�implemented�in�the�framework�of�classical�plate�theory.�Navier’s�solution�has�
been�employed�to�predict�the�natural�frequency.�The�validation�examples�are�carried�out�to�confirm�
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the� accuracy� of� self-written� Matlab� code� and� theoretical� model.� The� significant� effect� of�
geometrical�parameters�(b/a�and�a/h�ratios),�porosity�distribution�patterns,�porosity�coefficient,�and�
elastic� foundation� stiffness� on� the� natural� frequency� of� FGP� plate� is� indicated� through� various�
numerical�examples.�
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