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1. Introduction 

The 3-4-1 model with right-handed neutrinos (341RHN) was discussed in Refs. [ 1 , 2 ] as a nat- 
ural extension in which new right-handed neutrinos are assigned into the same left-handed 

lepton quadruplets. For a complete study of the highest possible gauge symmetry in the elec- 
troweak (EW) sector [ 3 ], various 3-4-1 extensions were introduced with different electric charges 
of ne w e xotic leptons [ 4–12 ]. It was proved that these original 3-4-1 models cannot explain the 
recent data of the muon ( g − 2) anomaly unless they are extended such as by adding new in- 
ert scalars [ 13 ]. A solution applied to the 3-3-1 models [ 14 ], that of adding new singly charged 

Higgs bosons and inverse seesaw (ISS) neutrinos, is another viable approach. In this work, we 
will investigate the possibility of whether this approach can work in the 3-4-1 model frame- 
work, which can accommodate data of charged lepton anomalies a e a ≡ (g − 2) e a / 2 , neutrino 

oscilla tion da ta, and the recent bounds of the lepton flavor viola ting decays of charged leptons 
(cLFV) e b → e a γ . The explanations of neutrino oscillation data were mentioned previously in 

various 3-4-1 models, including the ISS mechanism [ 10 , 15 , 16 ], but they did not relate to the ( g 

− 2) data and cLFV decays. In the ISS models, new gauge contributions to ( g − 2) are sup- 
pressed [ 16 , 17 ], especially the 3-3-1 and 3-4-1 models, because the new gauge bosons must be 
heavy to guarantee the recent lower bounds from experimental sear ches [ 18 ]. Ther efor e, we will 
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study the appearance of new singly charged Higgs bosons and their mixing with the SU (4) L 

ones that results in large chirally enhanced one-loop Higgs contributions to a e a enough to be 
consistent with experiments [ 19 ]. On the other hand, the ISS mechanism may lead to large 
one-loop contributions to cLFV rates. In this wor k, numerical inv estigations to determine the 
allowed regions of parameter space satisfying all experimental constraints of ( g − 2) anomalies 
and cLFV decays e b → e a γ will be discussed precisely in the 3-4-1 frame wor k. Besides many 

available models beyond the standard model (BSM) [ 20–42 ] under various experimental data 

including the ( g − 2) e , μ anomalies, our work will confirm the reality of the 3-4-1 models. 
The latest experimental measurement for the m uon anomal y a μ has been reported from the 

combination of the two experimental results at Fermilab [ 43 ] and Brookhaven National Lab- 
oratory (BNL) E82 [ 44 ]: a 

exp 
μ = 116592061(41) × 10 

−11 . It leads to a standard deviation of 4.2 

σ (standar d de viation) from the Standar d Model (SM) prediction, namely, 

�a 

NP 
μ ≡ a 

exp 
μ − a 

SM 

μ = ( 2 . 51 ± 0 . 59 ) × 10 

−9 , (1) 

where a 

SM 

μ = 116591810(43) × 10 

−11 is the SM prediction [ 45 ] combined from various different 
contributions based on the dispersion approach [ 46–72 ]. Another larger SM value calculated 

using the lattice-quantum chromodynamics (QCD) technique implies a smaller value of �a 

NP 
μ

than that gi v en in Eq. ( 1 ) [ 73 ]. In this work we will accept the experimental constraint from 

Eq. ( 1 ) consisting of both results. On the other hand, recent experimental a e data were reported 

fr om different gr oups [ 74–76 , 77 ], leading to two inconsistent deviations between experiments 
and the SM prediction [ 78–83 ]. In this work, we accept the following value: 1 

�a 

NP 
e ≡ a 

exp 
e − a 

SM 

e = ( 3 . 4 ± 1 . 6 ) × 10 

−13 , (2) 

where we have used the latest experimental r esult of a 

exp 
e r eported in Ref. [ 77 ], consistent with 

the 2008 result of the same group [ 74 ], and the a 

SM 

e value reported in Ref. [ 76 ], deri v ed in- 
directly from the measurement of the fine-structure constant α using Rb atoms, correspond- 
ing to a 2.1 σ deviation. There is another a 

SM 

e value corresponding to the measurement of the 
fine-structure constant of Cs-133 atoms [ 75 ], which is inconsistent with the earlier, namely 

�a 

NP 
e = ( −10 . 2 ± 2 . 6 ) × 10 

−13 , with the 3.9 σ deviation. Both results can be explained in this 
work, see details later in the numerical investigation. 

The ISS mechanism may result in large values of not only ( g − 2) e , μ but also Br( e b → e a γ ), 
which are constrained by recent experiments [ 84–86 ]: 

Br (τ → μγ ) < 4 . 4 × 10 

−8 , 

Br (τ → eγ ) < 3 . 3 × 10 

−8 , 

Br (μ → eγ ) < 4 . 2 × 10 

−13 . (3) 

The future sensitivities for these decays are Br( μ → e γ ) < 6 × 10 

−14 [ 87 ], Br( τ → e γ ) < 9.0 

× 10 

−9 , and Br( τ → μγ ) < 6.9 × 10 

−9 [ 88 , 89 ]. Hence the correlations between a e a and cLFV 

deca ys e b → e a γ ma y gi v e ne w predictions on both of these kinds of processes, namel y w hether 
large a e a will exclude the stricter experimental constraints of cLFV decays in the near future. 

Our paper is arranged as follows. Section 2 presents all ingredients of a 3-4-1 model to cal- 
culate the (g − 2) e a data and cLFV decays. Section 3 introduces the 341ISS model to accom- 
modate the recent (g − 2) e a data. In this model, the Yukawa Lagrangian and Higgs potential 
must respect a new global U (1) L 

symmetry in order to guarantee the appearance of the ISS 

1 We thank the r efer ee for providing us with the experimental value of a e in Ref. [ 77 ]. 
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mechanism, the mixing between singly charged Higgs bosons, and the Yukawa couplings re- 
sulting in large chirally enhanced one-loop contributions to (g − 2) e a anomalies. Section 4 will 
present detailed numerical results to determine the allowed regions of the parameter space that 
explain both experimental results of two ( g − 2) e , μ anomalies and cLFV decays. Section 5 

summarizes important results. 

2. The model with Dirac active neutrinos 
2.1. Yukawa couplings and masses for fermions 
In this work, we will study the 3-4-1 model with heavy right-handed neutrinos and new singly 

charged leptons assigned in the three left-handed quadruplets [ 5 , 10 ]. This model is constructed 

based on the gauge symmetry SU (3) c × SU (4) L 

× U (1) X 

, implying 16 EW gauge bosons. In 

addition, ther e ar e four neutral gauge bosons corresponding to the four diagonal generators 
of the EW group. Normally, the EW group is assumed to break to the final electric group 

through the following pattern: SU (4) L 

× U (1) X 

→ SU (3) L 

× U (1) X 

′ → SU (2) × U (1) Y 

→ 

U (1) em 

, i.e. the 3-4-1 model can be considered as the extended version of 3-3-1 models [ 90 , 91 ]. 
The electric operator is defined as follows: 

Q = T 3 + 

1 √ 

3 

T 8 − 2 √ 

6 

T 15 + X I , (4) 

wher e T 3, 8, 15 ar e the diagonal generators of the SU (4) group and X is the U (1) charge, see 
precise forms corresponding to the quadruplet in e.g. Ref. [ 92 ]. 

The lepton sector consists of three left-handed quadruplets and respecti v e right-handed sin- 
glets, namely, 

L a = (ν ′ 
a , e 

′ 
a , E 

′ 
a , N 

′ 
a ) 

T 
L 

∼
(

1 , 4 , −1 

2 

)
, a = 1 , 2 , 3 , 

e ′ aR 

, E 

′ 
aR 

∼ (1 , 1 , −1) , ν ′ 
aR 

, N 

′ 
aR 

∼ (1 , 1 , 0) . (5) 

The Higgs multiplets and non-zero vacuum expectation values (VEVs) of neutral components 
needed for generating all fermion masses are: 

χ = 

(
χ0 

1 , χ
−
2 , χ−

3 , χ0 
4 

)T ∼ (1 , 4 , −1 

2 

)
, 〈 χ〉 = 

(
0 , 0 , 0 , 

V √ 

2 

)T 

, 

φ = 

(
φ+ 

1 , φ
0 
2 , φ

0 
3 , φ

+ 

4 

)T ∼
(

1 , 4 , 
1 

2 

)
, 〈 φ〉 = 

(
0 , 0 , 

ω √ 

2 

, 0 

)T 

, 

ρ = 

(
ρ+ 

1 , ρ
0 
2 , ρ

0 
3 , ρ

+ 

4 

)T ∼ (1 , 4 , 
1 

2 

)
, 〈 ρ〉 = 

(
0 , 

v 1 √ 

2 

, 0 , 0 

)T 

, 

η = 

(
η0 

1 , η
−
2 , η

−
3 , η

0 
4 

)T ∼
(

1 , 4 , −1 

2 

)
, 〈 η〉 = 

(
v 2 √ 

2 

, 0 , 0 , 0 

)T 

. (6) 

The lepton masses are generated from the following Yukawa interactions: 

−L y = Y 

N 

ab L a χN 

′ 
bR 

+ Y 

E 

ab L a φE 

′ 
bR 

+ Y 

e 
ab L a ρe ′ bR 

+ Y 

ν
ab L a ην ′ 

bR 

+ H . c . . (7) 

The model consists of quark multiplets that must be arranged to cancel the gauge anomalies, 
see e.g. a discussion in Ref. [ 11 ]. It can be seen that the quark masses can be constructed to 

satisfy the recent experimental data. 
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Table 1. L charges for multiplets in the 341RH. 

Multiplet χ φ η ρ L a ν ′ 
aR e ′ aR E 

′ 
aR N 

′ 
aR Q αL Q 3 L u ′ aR d ′ aR D 

′ 
αR U 

′ 
αR U 

′ 
3 R D 

′ 
3 R 

L charge 1 1 −1 −1 0 1 1 −1 −1 1 −1 0 0 2 2 −2 −2 

Table 2. Nonzero lepton number L of all fields in the 341RH. 

Fields χ0 
1 χ−

2 φ+ 

1 φ0 
2 ρ0 

3 ρ+ 

4 η−
3 η0 

4 E 

′ 
aL,R 

N 

′ 
aL,R 

U 

′ 
αL,R 

D 

′ 
αL,R 

U 

′ 
3 L,R 

D 

′ 
3 L,R 

L 2 2 2 2 −2 −2 −2 −2 −1 −1 2 2 −2 −2 

The zero VEVs of some neutral Higgs components can be explained by considering a global 
symmetry called the general lepton number L defined as follows: 

L = 

4 √ 

3 

(
T 8 + 

1 √ 

2 

T 15 

)
+ L , (8) 

where L is the normal lepton number. This formula is an extension of that introduced for a 

3-3-1 model [ 93 ]. As a consequence, all singlets have L ( singlet ) = L ( singlet) , namely L (u aR 

) = 

L (d aR 

) = 0 , L (e aR 

) = L (ν ′ 
aR 

) = 1 = −L (E aR 

) = −L (N 

′ 
aR 

) . The normal lepton L for a quadru- 
plet is computed as follows: 

L = diag ( 1 + L , 1 + L , −1 + L , −1 + L ) . (9) 

In this work, we adopt only the Yukawa couplings respecting the generalized lepton number L 

including the Lagrangian ( 7 ) for leptons. The particular values of L of all multiplets are listed 

in Table 1 . 
They result in consistent values of the normal lepton numbers for all SM leptons L (ν ′ 

aL,R 

) = 

L (e ′ aL,R 

) = 1 , and all SM quarks have L = 0. The remaining non-zero lepton numbers L are 
listed in Table 2 , because of the r equir ement that the total lepton number L is always conser- 
vati v e. 

The mass terms of all leptons are: 

( M ν ) ab = Y 

ν
ab 

v 2 √ 

2 

, ( M e ) ab = Y 

e 
ab 

v 1 √ 

2 

, ( M E 

) ab = Y 

E 

ab 
ω √ 

2 

, ( M N 

) ab = Y 

N 

ab 
V √ 

2 

. (10) 

The acti v e Dirac neutrino masses and mixing are constructed from the mass matrix M ν . But, 
these tiny masses do not affect significantly the one-loop contributions to a e a . 

Now we focus on the lepton sector in the Yukawa part of Eq. ( 7 ). The normal lepton mass 
matrix M e gi v en in Eq. ( 10 ) is assumed to be diagonal for simplicity. As a result, the flavor basis 
of the charged leptons e ′ a is the mass basis e aL,R 

≡ e ′ aL,R 

, namely, 

m e a = Y 

e 
ab δab 

v 1 √ 

2 

⇒ Y 

e 
ab = δab 

√ 

2 m e a 

v 1 
. (11) 

Three other bases f ′ L,R 

≡ ( f ′ 1 , f 
′ 
2 , f 

′ 
3 ) 

T 
L,R 

with f = ν, E , N are transformed into the corresponding 

mass base f ′ L,R 

through the following relations: 

U 

f † 
L 

M νU 

f 
R 

= 

ˆ M f = diag (m f 1 , m f 2 , m f 3 ) , f ′ L,R 

= U 

f 
L,R 

f L,R 

. (12) 

Although the quark sector is irrelevant to our work, we review here the main property relat- 
ing to the recent experimental constraints of K 

0 − K̄ 

0 oscillation, similar to the 3-3-1 models 
[ 90 , 91 ]. The quark sector consists of two families of left-handed anti-quadruplets, one family 
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of a left-handed quadruplet, and singlets of right-handed quarks, namely, 

Q 3 L 

= 

(
u 

′ 
3 , d 

′ 
3 , D 

′ 
3 , U 

′ 
3 

)T 
L 

∼
(

3 , 4 , 
1 

6 

)
, Q αL 

= 

(
d α, −u α, U 

′ 
α, D 

′ 
α

)T 
L 

∼
(

3 , 4 

∗, 
1 

6 

)
, α = 1 , 2 , 

u 

′ 
iR 

∼ (3 , 1 , 2 / 3) , d 

′ 
iR 

∼ (3 , 1 , −1 / 3) , D 

′ 
iR 

∼ ( 3 , 1 , −1 / 3 ) , U 

′ 
iR 

∼ ( 3 , 1 , 2 / 3 ) , i = 1 , 3 . (13) 

The relevant Yukawa parts of quarks respecting all gauge and L symmetries are 

−L 

q 
Y 

= 

3 ∑ 

i=1 

[ 

2 ∑ 

α=1 

(
Y 

u 
αi Q αL 

ρ∗u iR 

+ Y 

d 
αi Q αL 

η∗d iR 

)
+ 

(
Y 

u 
3 i Q 3 L 

ηu iR 

+ Y 

d 
3 i Q 3 L 

ρd iR 

)] 

+ 

2 ∑ 

α,β=1 

[ 
Y 

U 

αβQ αL 

φ∗U βR 

+ Y 

D 

αβQ αL 

χ∗D 

′ 
βR 

] 
+ Y 

U 

33 Q 3 L 

χU βR 

+ Y 

D 

33 Q 3 L 

ηD 

′ 
βR 

+ H . c . . (14) 

We can see that the Yukawa parts generating SM quark masses are the same as those shown in 

Refs. [ 90 , 91 ] for 3-3-1 models with right-handed neutrinos, where both ρ and χ inherit the same 
VEV properties. In addition, all exotic quarks do not mix with the SM quarks, consistent with 

the property shown in Table 2 that all SM quarks have zero L , in contrast with L = ±2 for all 
e xotic quar ks. Ther efor e, the couplings of the SM quarks with Higgs bosons in the models gi v en 

in Refs. [ 90 , 91 ] are the same as those presented in the model under consideration. Accordingly, 
the mass split value �m K 

originated from the K 

0 - K̄ 

0 oscillation predicted by the 3-4-1 model 
under consideration will be the sum of the new heavy Higgs and neutral gauge contributions 
at the tree le v el, in which e v ery contribution is proportional to the inverse of the squared mass 
of the respecti v e Higgs or gauge boson. As we will see below, the 3-4-1 model predicts two new 

heavy neutral gauge bosons Z 3 and Z 4 with masses m 

2 
Z 3 

∝ w 

2 and m 

2 
Z 4 

∝ V 

2 in the limit V �
w . Because w plays the role of the SU (3) L 

scale, Ref. [ 90 ] confirms that if m Z 4 � m Z 3 > 4 TeV, 
contributions from these two gauge bosons to �m K 

will satisfy the experimental constraint. The 
case of the heavy Higgs contributions is the same. Because this choice of parameters does not 
affect the main results in our work, this experimental constraint will be ignored in the remaining 

part of this work. 

2.2. Gauge boson masses and mixing 

Gauge boson masses arise from the covariant kinetic term of Higgs multiplets, namely, 

L Higgs = 

4 ∑ 

H 

( D 

μ〈 H 〉 ) † D μ〈 H 〉 , (15) 

where H = χ , φ, η, ρ. The covariant deri vati v e is defined as 

D μ = ∂ μ − ig 

15 ∑ 

a =1 

W aμT a − ig X 

X B 

′′ 
μT 16 ≡ ∂ μ − igP 

NC 

μ − igP 

CC 

μ , (16) 

where g , g X 

and W aμ, B 

′′ 
μ are gauge couplings and fields of the gauge groups SU (4) L 

and U (1) X 

, 
respecti v ely. The two parts P 

NC 

μ and P 

CC 

μ relate to the neutral and non-hermitian currents [ 11 ]. 
For the quadruplet, T 16 = 

1 
2 
√ 

2 
diag (1 , 1 , 1 , 1) and 

P 

CC 

μ = 

1 √ 

2 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 W 

+ W 

+ 

13 W 

0 
14 

W 

− 0 W 

0 
23 W 

−
24 

W 

−
13 W 

0 ∗
23 0 W 

−
34 

W 

0 ∗
14 W 

+ 

24 W 

+ 

34 0 

⎞ 

⎟ ⎟ ⎟ ⎠ 

μ

, (17) 
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where t ≡ g X 

/ g and 

√ 

2 W 

μ
i j ≡ W 

μ
i − iW 

μ
j with i < j . The upper subscripts label the electric 

charges of gauge bosons. The relation between the original basis ( W 3 , W 8 , W 15 , B 

′′ 
) and the 

mass basis ( A , Z , Z 3 , Z 4 ) of all real neutral bosons was determined previously [ 11 ]. The masses 
of non-Hermitian (charged) gauge bosons are gi v en by 

m 

2 
W 

= 

g 

2 
(
v 2 1 + v 2 2 

)
4 

, m 

2 
W 13 

= 

g 

2 
(
v 2 2 + ω 

2 
)

4 

, m 

2 
W 23 

= 

g 

2 
(
v 2 1 + ω 

2 
)

4 

, 

m 

2 
W 14 

= 

g 

2 
(
v 2 2 + V 

2 
)

4 

, m 

2 
W 24 

= 

g 

2 
(
v 2 1 + V 

2 
)

4 

, m 

2 
W 34 

= 

g 

2 
(
ω 

2 + V 

2 
)

4 

. (18) 

By spontaneous symmetry breaking (SSB), the following relation should be in order: V � ω �
v 1 , v 2 . A consequence from Eq. ( 18 ) is that W 

± must be identified with the singly charged SM 

gauge boson, namely, 

v 2 1 + v 2 2 = v 2 = 246 

2 GeV 

2 . (19) 

Then neutral gauge boson masses are 

m 

2 
Z 

� 

m 

2 
W 

c 2 W 

, m 

2 
Z 3 

� 

4 g 

2 c 2 W 

w 

2 

3 

(
1 − 4 s 2 W 

) , m 

2 
Z 4 

� 

g 

2 (9 V 

2 + w 

2 ) 
6 

. (20) 

The above formula implies that η and ρ play roles as two Higgs doublets in the well-known two 

Higgs doublet models after the breaking steps to the SM gauge group SU (2) L 

× U (1) Y 

. Then 

we define the mixing angle β as follows: 

t β ≡ tan β = 

v 2 
v 1 

, v 1 = vc β, v 2 = vs β, (21) 

where t β ≥ 0.4 as the perturbati v e limit of the top quark Yukawa coupling | Y 

u 
33 | � √ 

2 m t / (vs β ) < 

√ 

4 π . The upper bound of t β may come from the tau mass Y 

τ � 

√ 

2 m τ / (vc β ) < √ 

4 π , equivalently t β < 390. 
The mixing parameters of the neutral gauge bosons are summarized in Appendix B, see the 

details in Ref. [ 11 ]. Because the current study [ 90 ] shows that the breaking scale of SU (3) L 

and 

SU ( L ) L 

is on the order of TeV, the mixing parameters between Z , Z 3 , and Z 4 are very small, 
ther efor e we ignore them in this work. But the loop corrections to the Z μ+ μ− may be signifi- 
cant, especially in the model inheriting the “chiral enhancement” enough to accommodate the 
(g − 2) e a anomaly data. These one-loop corrections are computed in Appendix B and used to 

constrain the experimental data in the numerical investigation. 

2.3. Higgs potential and Higgs spectrum 

The most general Higgs potential including the a ppearance of the singl y charged Higgs boson 

σ± ∼ (1, 1, ±1) is: 

6/27 
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V h = V (η, ρ, φ, χ ) + V (σ±) , 

V (η, ρ, φ, χ ) = μ2 
1 η

† η + μ2 
2 ρ

† ρ + μ2 
3 φ

† φ + μ2 
4 χ

† χ

+ λ1 (η† η) 2 + λ2 (ρ† ρ ) 2 + λ3 (φ† φ) 2 + λ4 (χ † χ ) 2 

+ ( η† η)[ λ5 ( ρ† ρ ) + λ6 (φ† φ) + λ7 (χ † χ )] 

+ ( ρ† ρ )[ λ8 ( φ† φ) + λ9 (χ † χ )] + λ′ 
9 ( φ

† φ)( χ † χ ) 

+ λ10 ( ρ† η)( η† ρ ) + λ11 ( ρ† φ)( φ† ρ ) + λ12 ( ρ† χ )( χ † ρ ) 

+ λ13 ( φ† η)( η† φ) + λ14 ( χ † η)( η† χ ) + λ15 ( χ † φ)( φ† χ ) 

+ ( f εi jkl ηi ρ j φk χl + H . c . ) , (22) 

V (σ±) = μ2 
5 σ

+ σ− + λσ

(
σ+ σ−)2 + 

(
f σ σ+ ρ† η + H . c . 

)
+ (σ+ σ−) 

(
λσηη

† η + λσρρ
† ρ + λσφφ† φ + λσχχ † χ

)
. (23) 

Here we consider the Higgs potential respecting the generalized lepton number L and the 
new singly charged Higgs boson has L (σ±) = 0 . We also ignore the triple Higgs self-couplings 
( f ′ σχ † φ + h . c . ) because these result in unnecessary mixing in our calculation. The detailed dis- 
cussion to deri v e the masses and mixing parameters of the Higgs bosons was pr esented pr e- 
viously in Ref. [ 11 ] without σ±. The Higgs potential consisting of σ± was discussed in 3-3-1 

models [ 14 , 94 ], in which the detailed calculation to deri v e Higgs masses and mixing was per- 
formed. We collect only the most important results relating to our work. 

The mixing of χ±
2 and ρ±

4 results in two massless Goldstone bosons G 

±
24 and two singly 

charged Higgs bosons h 

±
3 : ( 

χ±
2 

ρ±
4 

) 

= 

( 

c θ1 s θ1 

−s θ1 c θ1 

) ( 

G 

±
24 

h 

±
3 

) 

, M 

2 
h + 3 

= 

(
c β2 v 2 + V 

2 )(λ12 

2 

− f t βw 

2 V 

)
, (24) 

and 

s θ1 ≡ sin θ1 , c θ1 ≡ cos θ1 , tan θ1 = 

vc β
V 

. (25) 

We consider here the mixing of φ0 ∗
2 and ρ0 

3 , which leads to a non-hermitian Goldstone boson 

G 

0 
23 � = G 

0 ∗
23 and a physical state H 

0 
1 � = H 

0 ∗
1 ( 

φ0 ∗
2 

ρ0 
3 

) 

= 

( 

c θ2 s θ2 

−s θ2 c θ2 

) ( 

G 

0 
23 

H 

0 
1 

) 

, M 

2 
H 

0 
1 

= 

(
c β2 v 2 + w 

2 )(λ11 

2 

− f t βV 

2 w 

)
, (26) 

and 

s θ2 ≡ sin θ2 , c θ2 ≡ cos θ2 , tan θ2 = 

vc β
w 

. (27) 

Three singly charged Higgs bosons (ρ±
1 , η

±
2 , σ

±) are changed into the two physical states h 

±
1 , 2 

and the Goldstone bosons G 

±
W 

of W 

± as follows: 

ρ±
1 = c βφ±

W 

+ s β
(
c αh 

±
1 + s αh 

±
2 

)
, 

η±
2 = −s βφ±

W 

+ c β
(
c αh 

±
1 + s αh 

±
2 

)
, 

σ± = −s αh 

±
1 + c αh 

±
2 . (28) 

The relations in Eq. ( 28 ) were gi v en in Refs. [ 14 , 94 ], and consist of the same part V ( σ ) gi v en in 

Eq. ( 23 ) in the Higgs potential. The mixing parameter α and Higgs boson masses m h + 1 
, m h + 2 

will 
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be investigated as free parameters, while three dependent parameters are: 

μ2 
5 = c α2 m 

2 
h + 2 

+ s α2 m 

2 
h + 1 

− 1 

2 

(
c β2 λσρv 2 + λσχV 

2 + λσφw 

2 + λσηs β2 v 2 
)
, 

f = −
c βs β

(
2 c α2 m 

2 
h + 1 

− λ10 v 2 + 2 s α2 m 

2 
h + 2 

)
V w 

, 

f σ = −
√ 

2 c αs α
(

m 

2 
h + 1 

− m 

2 
h + 2 

)
v 

. (29) 

As usual, this model must contain an SM-like Higgs boson confirmed by the LHC. A detailed 

calculation to identify this Higgs boson in the model under consideration can be found in Ref. 
[ 11 ]. A simple estimation is presented in Appendix A. In general, the SM-like Higgs boson 

gets its main contributions from η and ρ, similarly to the case of the property of the well- 
known two Higgs doublet model (2HDM). In the model under consideration, the flavor and 

the physical base of charged leptons are the same, as assumed in Eq. ( 11 ). As a r esult, ther e is 
no mixing between SM and heavy charged leptons, implying that the leading corrections to the 
SM coupling h μ+ μ− are the combination of the tree le v el of the Higgs mixing and the one- 
loop le v el [ 95–98 ]. As commented in Ref. [ 95 ], the recent e xperiments gi v e no hint for h → e + e −, 
w hile onl y evidence of h → μ+ μ− was r eported [ 99 , 100 ]. The loop corr ections to the coupling 

h μ+ μ− are smaller than the recent experimental sensitivities, but may be detected in the future 
[ 95–97 ] . Ther efor e, the constraint from the modification of the coupling h μ+ μ− will not affect 
the allowed regions of the parameter space we will discuss in this work. 

2.4. Anal ytic f ormulas f or one-loop contributions to a e a with active Dirac neutrinos 
In this section, we consider the simple case that ν1, 2, 3 are Dirac ones, and no mixing between 

σ± and other singly charged Higgs bosons, i.e. s α = 0, c α = 1, then only h 

±
2 couples with acti v e 

neutrinos. The conclusion with s α � = 0 is unchanged because the tiny neutrino masses result in 

suppressed one-loop contributions to (g − 2) e a anomalies. 
The relevant Lagrangian giving one-loop contributions to a e a is: 

−L 

l 
y = 

g √ 

2 m W 23 

3 ∑ 

a,c =1 

U 

E∗
L,ac 

[
m E c t θ2 P L 

+ m e a t 
−1 
θ2 

P R 

]
e a H 

0 
1 

+ 

g √ 

2 m W 24 

3 ∑ 

a,c =1 

U 

N∗
L,ac 

[
m N c t θ1 P L 

+ m e a t 
−1 
θ1 

P R 

]
e a h 

+ 

3 

+ 

g √ 

2 m W 

3 ∑ 

a,c =1 

νc U 

ν∗
L,ac 

(
m νc t 

−1 
β P L 

+ m e a t βP R 

)
e a h 

+ 

1 + H . c . + . . . . (30) 

To avoid large cLFV decays e b → e a γ , which may be ruled out by experiments, we will pay 

attention to the limit that U 

N 

L 

= U 

E 

L 

= I 3 , and m E a = m E 

, m N a = m N 

for all a = 1, 2, 3. For acti v e 
neutrinos having tiny masses, the respecti v e one-loop contributions to �a e a are suppressed. The 
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Fig. 1. Properties of the scalar functions relating to one-loop contributions of heavy Higgs bosons to 

(g − 2) e a anomalies in the 3-4-1 model with acti v e Dirac neutrinos. 

relevant non-zero form factors with one-loop contributions to a e a are [ 19 ]: 

a e a (h 

+ 

3 ) = − g 

2 m 

2 
e a 

8 π2 m 

2 
W 

{ 

v 2 

V 

2 
× x N 

f �(x N 

) + 

[ 

v 4 c 2 β
V 

4 
x N 

+ 

m 

2 
e a c 

2 
θ1 

m 

2 
h ±3 

c 2 β

] 

˜ f �(x N 

) 

} 

, 

a e a (h 

+ 

1 ) = − g 

2 m 

2 
e a 

8 π2 m 

2 
W 

( 

m e a t β
m h + 1 

) 2 

˜ f �(0) , 

a e a (H 

0 
1 ) = − g 

2 m 

2 
e a 

8 π2 m 

2 
W 

{ 

v 2 

w 

2 
x E 

[ f �(x E 

) − g �(x E 

) ] + 

( 

v 4 s 2 β
w 

4 
x E 

+ 

m 

2 
e a c 

2 
θ2 

m 

2 
H 

0 
1 
c 2 β

) [ 
˜ f �(x E 

) − ˜ g �(x E 

) 
] } 

, 

(31) 

where x N 

= m 

2 
N 

/m 

2 
h + 3 

and x E 

= m 

2 
E 

/m 

2 
H 

0 
1 
, and 

f �(x ) = 2 ̃  g �( x ) = 

x 

2 − 1 − 2 x ln x 

4( x − 1) 3 
, 

g � = 

x − 1 − ln x 

2(x − 1) 2 
, 

˜ f �(x ) = 

2 x 

3 + 3 x 

2 − 6 x + 1 − 6 x 

2 ln x 

24(x − 1) 4 
. (32) 

The total contribution to �a e a from all Higgs bosons is: 

a e a (H ) = 

∑ 

X 

a e a (X ) , (33) 

where X = h 

+ 

1 , h 

+ 

3 , H 

0 
1 . 

The functions relating to one-loop contributions of Higgs bosons are shown in Fig. 1 . Be- 
cause xf �( x ), ˜ f �( x ) , x 

˜ f �( x ) > 0 for all x > 0, the one-loop contributions from singly charged 

Higgs bosons h 

±
1 , 3 are in opposite signs to �a 

NP 
μ , hence they should be small. On the other 

hand, the one-loop contribution from the neutral Higgs boson H 

0 
1 consists of negati v e func- 

tions ( f �( x ) − g �( x )), and 

(
˜ f �(x ) − ˜ g �(x ) 

)
, hence the final contributions support large �a μ. 

The couplings of leptons and non-hermitian gauge bosons are 

L 

��V = i L aL 

γ μD μL aL 

= 

g √ 

2 

[ 
U 

ν∗
ai νi γ

μP L 

e a W 

+ 

μ + U 

N∗
ai N i γ

μP L 

e a W 

+ 

24 μ + e aL 

γ μE 

′ 
aL 

W 

0 
23 μ + . . . , 

] 
+ H . c . , (34) 
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Fig. 2. One-loop contributions of new SU (4) L 

particles to a μ with w = 2 TeV (left panel) and w = 4 TeV 

(right panel). 

where the last line collects only terms giving one-loop contributions to cLFV amplitudes and 

( g − 2) anomalies, resulting in the following formulas [ 19 ]: 

a e a (W ) = − g 

2 m 

2 
e a 

8 π2 m 

2 
W 

3 ∑ 

i=1 

U 

ν
ai U 

ν∗
ai 

˜ f V 

( x νi ) � − g 

2 m 

2 
e a 

8 π2 m 

2 
W 

˜ f V 

( 0 ) , (35) 

a e a (W 24 ) = − g 

2 m 

2 
e a 

8 π2 m 

2 
W 

3 ∑ 

b=1 

U 

N 

ab U 

N∗
ab 

m 

2 
W 

m 

2 
W 24 

˜ f V 

(
x N b 

) = − g 

2 m 

2 
e a 

8 π2 m 

2 
W 

× m 

2 
W 

m 

2 
W 24 

˜ f V 

( x N 

) , (36) 

a e a (W 23 ) = − g 

2 m 

2 
e a 

8 π2 m 

2 
W 

3 ∑ 

b=1 

U 

E 

ab U 

E∗
ab 

m 

2 
W 

m 

2 
W 23 

˜ f V 

(
x E b 

) = − g 

2 m 

2 
e a 

8 π2 m 

2 
W 

× m 

2 
W 

m 

2 
W 23 

˜ f V 

( x E 

) , (37) 

where 

˜ f V 

( x ) = 

−4 x 

4 + 49 x 

3 − 78 x 

2 + 43 x − 10 − 18 x 

3 ln x 

24( x − 1) 4 
. (38) 

The total contribution from new heavy gauge bosons to the a e a is 

a e a (V ) = a e a (W 23 ) + a e a (W 24 ) . (39) 

The deviation of a μ between predictions by the two models 3-4-1 and SM is 

�a 

341 
e a ≡ �a e a = �a e a (W ) + a e a (V ) + a e a (H ) , �a 

W 

e a = a 

W 

e a − a 

SM 

e a (W ) , (40) 

where a 

SM 

μ (W ) = 3 . 887 × 10 

−9 [ 101 ], and a 

SM 

e a (W ) = a 

SM 

μ (W ) × (m 

2 
e a /m 

2 
μ) is the SM’s predic- 

tion for the one-loop contribution from the W boson. In this work, �a 

341 
e a = �a e a will be con- 

sidered as new physics (NP) predicted by the 3-4-1 models, which must satisfy the experimental 
data gi v en in Eqs. ( 1 ) and ( 2 ) in the numerical inv estigation. 

Numerical illustrations are shown in Fig. 1 with fixed w = 5 TeV, V = 10 TeV, m h ±1 
= m h ±3 

= 

m H 

0 
1 

= 1 TeV, and t β = 50. Different contributions are considered as functions of m N 

= m E 

= 

m f with numerical illustrations gi v en in Fig. 2 . Both a e a (W ) and a e a (h 

±
1 ) are independent with 

m f , w , and V . In addition, the one-loop contribution from the W 

± gauge boson is a e a (W ) = 

a 

SM 

e a (W ) , hence it does not affect �a μ. The two conditions t β ≤ 100 and m h ±1 
≥ 200 GeV gi v e 

0 < a μ(h 

+ 

1 ) ≤ 10 

−12 , hence a μ(h 

+ 

1 ) gi v es suppressed contributions to �a μ. The �a μ depends 
strongly on w , which lower bound is constrained strictly from the masses, which are gi v en in 

Eq. ( 20 ), of heavy neutral gauge bosons Z 3,4 , namely m Z 3 , 4 > 3 TeV from LHC searches [ 18 ]. As 
a result, large values of w ≥ 2 TeV gi v e �a μ ≤ 7 × 10 

−13 � 192 × 10 

−13 ≤ a 

NP 
μ . In conclusion, 

all the one-loop contributions mentioned above are much smaller than a 

NP 
μ . 
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3. The 341ISS with ISS neutrinos 
Now we consider an extension of the above 341RHN model that may explain successfully the 
(g − 2) e a data. This version consists of six right-handed neutrinos νaR 

, X aR 

∼ (1, 0), a = 1, 2, 
3 generating acti v e neutrino masses through the ISS mechanism, and a singly charged Higgs 
boson σ+ ∼ (1, 1, 1) needed to gi v e large one-loop contributions to anomalous magnetic mo- 
ment (AMM). We call this model the 3-4-1 model with ISS neutrinos (341ISS). The generalized 

lepton numbers are L (νaR 

) = 1 , L (X aR 

) = −1 , and L (σ+ ) = 0 . Now tree-le v el neutrino masses 
and mixing angles arise from the ISS mechanism. Requiring that L is only softly broken, the 
additional Yukawa part is 

−L Y ,νR = Y 

ν
ab νaR 

η† L b + (M R 

) ab νaR 

(X bR 

) c + 

1 

2 

(μX 

) ab X aR 

(X bR 

) c 

+ Y 

σ
ab (X aR 

) c e bR 

σ+ + h . c . , (41) 

where Y 

ν , M R 

, μX 

, and Y 

σ are 3 × 3 matrices. The first term in Eq. ( 41 ) is similar to that gi v en 

in Eq. ( 7 ), but it will generate the Dirac neutrino mass matrix M D 

instead of the acti v e neutrino 

masses. 
Notations for flavor states of acti v e left-handed neutrinos are νL 

= (ν ′ 
1 , ν

′ 
2 , ν

′ 
3 ) 

T 
L 

and νR 

= 

(ν1 , ν2 , ν3 ) T R 

, X R 

= (X 1 , X 2 , X 3 ) T R 

. The neutrino mass terms deri v ed from Eq. ( 41 ) are written in 

the following ISS form [ 102 ]: 

−L 

ν
mass ≡

1 

2 

(
(νL 

) c , νR 

, X R 

)
M 

ν

⎛ 

⎜ ⎝ 

νL 

( νR 

) c 

( X R 

) c 

⎞ 

⎟ ⎠ 

+ h . c . , 

M 

ν = 

( 

O 3 ×3 M 

T 
D 

M D 

M N 

) 

, M D 

= 

( 

m D 

O 3 ×3 

) 

, M N 

= 

( 

O 3 ×3 M R 

M 

T 
R 

μX 

) 

, (42) 

where O 3 ×3 is a zero matrix and m D 

= Y 

ν × v 2 / 

√ 

2 . The analytic form of the Dirac mass matrix 

was chosen generally following Ref. [ 103 ]. 
The total unitary mixing matrix U 

ν is defined as follows: 

U 

νT M 

νU 

ν = 

ˆ M 

ν = diag (m n 1 , m n 2 , m n 3 , m n 4 , ..., m n 9 ) ≡ diag 

(
ˆ m ν, ˆ M N 

)
, (43) 

where m n i ( i = 1, 2,..., 9) are eigenvalues of the nine mass eigenstates n iL 

, including three light 
acti v e neutrinos n aL 

( a = 1, 2, 3) with mass matrix ˆ m ν and six other heavy neutrinos with mass 
matrix 

ˆ M N 

. The relations between the flavor and mass eigenstates are ⎛ 

⎜ ⎝ 

νL 

( νR 

) c 

( X R 

) c 

⎞ 

⎟ ⎠ 

= U 

νn L 

, and 

⎛ 

⎜ ⎝ 

( νL 

) c 

νR 

X R 

⎞ 

⎟ ⎠ 

= U 

ν∗n R 

, (44) 

where n L 

≡ ( n 1 L 

, n 2 L 

,..., n 9 L 

) T and n R 

= ( n L 

) c . The neutrino mixing matrix is parameterized in 

the following form: 

U 

ν = 

( (
I 3 − 1 

2 RR 

† )U PMNS RV 

−R 

† U PMNS 
(
I 6 − 1 

2 R 

† R 

)
V 

) 

+ O(R 

3 ) , (45) 

where U PMNS is the 3 × 3 Pontecorvo–Maki–Nakagawa–Saka ta (PMNS) ma trix [ 104 , 105 ], V 

is a 6 × 6 unitary matrix, and R is a 3 × 6 matrix satisfying | R aI | � 1 for all a = 1, 2, 3 and I = 

1, 2,..., 6. In the ISS frame wor k we considered here, m D 

is parameterized in terms of many free 
parameters, hence it is convenient to choose a simple form of μX 

= μ0 I 3 and M R 

= 

ˆ M R 

= M 0 I 3 
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[ 106 , 107 ]. The formulas of m D 

and mixing parameters are [ 103 ]: 

m D 

= M 0 

√ 

ˆ x νU 

† 
PMNS , R � 

(
0 , U PMNS ̂  x 

1 / 2 
ν

)
, ˆ x ν ≡ ˆ m ν

μ0 
, (46) 

where max [ 
∣∣( ̂  x ν ) aa 

∣∣] � 1 for all a = 1, 2, 3. 

The ISS conditions | ˆ m ν| � | μ0 | � | m D 

| � M 0 so that 
√ 

μ0 ̂  m ν

M 0 
� 0 , and the mixing matrix and 

Majorana mass term are 

ˆ M N 

= 

( 

ˆ M R 

0 

0 

ˆ M R 

) 

� M 0 I 6 , V � 

1 √ 

2 

( 

−iI 3 I 3 
iI 3 I 3 

) 

, (47) 

which gi v e V 

∗ ˆ M N 

V 

† � M N 

, i.e. m n i � M 0 for all i = 4, 5,..., 9. 

3.1. Anal ytic f ormulas f or one-loop contributions to a e a and Br(e b → e a γ ) 

We note that except the contributions from ISS neutrino couplings with singly charged Higgs 
bosons gi v en in Eq. ( 28 ), all other contributions ar e the same r esults as those discussed in the 
case of Dirac acti v e neutrinos mentioned abov e. Hence, we just focus here on the Higgs con- 
tributions relating to the couplings with ISS neutrinos. The relevant couplings are listed in the 
following Lagrangian: 

L = − g √ 

2 m W 

2 ∑ 

k=1 

3 ∑ 

a =1 

9 ∑ 

i=1 

n i 

[ 
λL,k 

ia P L 

+ λR,k 
ia P R 

] 
e a h 

+ 

k + 

3 ∑ 

a =1 

9 ∑ 

i=1 

g √ 

2 

U 

ν∗
ai n i γ

μP L 

e a W 

+ 

μ

+ h . c . , (48) 

where 

λL, 1 
ia = 

6 ∑ 

I=1 

t −1 
β M D,Ia c αU 

ν
(I+3) i � 

t −1 
β c α√ 

2 

×

⎡ 

⎢ ⎣ 

0 , i ≤ 3 

−iM 0 
(
U 

∗
PMNS ̂  x 

1 / 2 
ν

)
a (i−3) 3 < i ≤ 6 

M 0 
(
U 

∗
PMNS ̂  x 

1 / 2 
ν

)
a (i−6) i ≥ 7 

, 

λL, 2 
ia � λL, 1 

ia t α, 

λR, 1 
ia = m e a t βc αU 

ν∗
ai −

6 ∑ 

I=1 

v √ 

2 

s αY 

σ
Ia U 

ν∗
(I+3) i 

� 

⎡ 

⎢ ⎣ 

m e a t βc α
[
U 

∗
PMNS 

(
I 3 − 1 

2 ˆ x ν

)]
ai + 

vs α√ 

2 

(
Y 

σT ˆ x 

1 / 2 
ν

)
ai i ≤ 3 

−i √ 

2 
m e a t βc α

(
U 

∗
PMNS ̂  x 

1 / 2 
ν

)
a (i−3) + 

ivs α
2 

[
Y 

σT 
(
I 3 − 1 

2 ˆ x ν

)]
a (i−3) 4 ≤ i < 7 

1 √ 

2 
m e a t βc α

(
U 

∗
PMNS ̂  x 

1 / 2 
ν

)
a (i−6) − vs α

2 

[
Y 

σT 
(
I 3 − 1 

2 ˆ x ν

)]
a (i−6) i ≥ 7 

, 

λR, 2 
ia = λR, 1 

ia [ s α → −c α, c α → s α] . (49) 

The branching ratios of the cLFV decays are formulated as follows [ 19 , 108 , 109 ]: 

Br (e b → e a γ ) = 

48 π2 

G 

2 
F m 

2 
b 

(∣∣c (ab) R 

∣∣2 + 

∣∣c (ba ) R 

∣∣2 )Br (e b → e a νa νb ) , (50) 
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where G F = g 

2 / ( 4 

√ 

2 m 

2 
W 

) , Br ( μ → e νe νμ) � 1 , Br ( τ→ e νe ντ ) � 0 . 1782 , Br ( τ → μνμντ ) � 

0 . 1739 [ 102 ], and 

c (ab) R 

= 

2 ∑ 

k=1 

c (ab) R 

(
h 

±)+ c (ab) R 

(W ) , c (ba ) R 

= c (ab) R 

[ a → b, b → a ] , 

c (ab) R 

(
h 

±) = 

2 ∑ 

k=1 

c (ab) R 

(
h 

±
k 

)
, 

c (ab) R 

(
h 

±
k 

) = 

g 

2 e 

32 π2 m 

2 
W 

m 

2 
h ±k 

×
9 ∑ 

i=1 

[ 
λL,k∗

ia λR,k 
ib m n i f �(x i,k ) + 

(
m e b λ

L,k∗
ia λL,k 

ib + m e a λ
R,k∗
ia λR,k 

ib 

)
˜ f �(x i,k ) 

] 
, (51) 

with x i,k ≡ m 

2 
n i /m 

2 
h ±k 

. 

Up to the order O(R 

2 ) of the neutrino mixing matrix gi v en in Eq. ( 45 ), the non-zero one-loop 

contributions relating to h 

±
1 , 2 are: 

c (ab) R 

(
h 

±
1 

) = 

eG F m e b 

4 

√ 

2 π2 

×
{ [ 

c 2 α
(
U PMNS ̂  x νU 

† 
PMNS 

)
ab 

− vt −1 
β c αs α

m e b 

√ 

2 

(
U PMNS ̂  x 

1 / 2 
ν Y 

σ
)

ab 

] 

x 1 f �(x 1 ) 

+ t −2 
β c 2 α

(
U PMNS ̂  x νU 

† 
PMNS 

)
ab 

x 1 ˜ f �(x 1 ) 

+ 

m 

2 
e a t 

2 
βc 2 α

m 

2 
h ±1 

[
δab 

24 

−
(
U PMNS ̂  x νU 

† 
PMNS 

)
ab 

(
1 

24 

− ˜ f �(x 1 ) 
)]

+ 

m e a v 
2 s 2 α

2 m e b m 

2 
h ±1 

[(
Y 

σ† ˆ x νY 

σ
)

ab 

(
1 

24 

− ˜ f �(x 1 ) 
)

+ 

(
Y 

σ† Y 

σ
)

ab 
˜ f �(x 1 ) 

]

+ 

vm e a t βs 2 α
2 

√ 

2 m 

2 
h ±1 

(
1 

24 

− ˜ f �(x 1 ) 
)[

m e a 

m e b 

(
U PMNS ̂  x 

1 / 2 
ν Y 

σ
)

ab + 

(
U PMNS ̂  x 

1 / 2 
ν Y 

σ
)∗

ba 

]⎫ ⎬ 

⎭ 

, 

c (ab) R 

(h 

±
2 ) = c (ab) R 

(h 

±
1 ) [ x 1 → x 2 , s α → −c α, c α → s α] , 

c (ab) R 

(W ) � 

eG F m e b 

4 

√ 

2 π2 

[
−5 δab 

12 

+ 

(
U PMNS ̂  x νU 

† 
PMNS 

)
ab 

×
(

˜ f V 

( x W 

) + 

5 

12 

)]
. (52) 

The one-loop contributions from the h 

±
1 , 2 exchanges to a e a are: 

a e a 

(
h 

±
1 

) = −4 m e a 

e 
Re [ c (aa ) R 

(h 

±
1 )] , 

a e a 

(
h 

±
2 

) = a μ(h 

±
1 ) [ x 1 → x 2 , s α → −c α, c α → s α] , 

a e a (h 

±) = a e a (h 

±
1 ) + a e a (h 

±
2 ) , (53) 

where x k = M 

2 
0 /m 

2 
h ±k 

and a e a (h 

±) is the total contribution from these two Higgs bosons. We 

note that all Yukawa couplings considered in this work are assumed to be real. As a result, 
Eq. ( 52 ) shows that only the Dirac phase results in the tiny values of Im[ c aa ], implying very sup- 
pressed values of electric dipole moments d e a ≡ −2 Im [ c aa ] [ 19 ], consistent with experimental 
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constraints [ 110 , 111 ]. This conclusion is also confirmed by our numerical investigation, namely 

| d e , μ| < 10 

−44 [ e cm], ther efor e we will not discuss it further. 
For qualitati v e estimation, the main contribution to a e a (h 

±) is the chirally enhanced part [ 19 ]. 
From Eq. ( 52 ), this part is determined as follows: 

a e a , 0 = 

G F m 

2 
e a √ 

2 π2 
× Re 

{ [ 

vt −1 
β c αs α√ 

2 m e a 

U PMNS ̂  x 

1 / 2 
ν Y 

σ

] 

aa 

[ x 1 f �(x 1 ) − x 2 f �(x 2 ) ] 

} 

. (54) 

But this term may also gi v e large contributions to c ( ab ) R 

and c ( ba ) R 

, which may be excluded by 

the cLFV constraints with b � = a . To avoid this problem, we start from the diagonal form of 
c ( ab ) R , 0 as follows: 

c (ab) R, 0 ∝ 

[
U PMNS ̂  x 

1 / 2 
ν Y 

σ
]

ab ∝ δab . (55) 

Correspondingly, the formula of a e a , 0 is proportional to a diagonal matrix Y 

d satisfying: 

U PMNS × diag 

(
m n 1 
m n 3 

, 
m n 2 
m n 3 

, 1 

)1 / 2 
Y 

σ = Y 

d ≡ diag 

(
Y 

d 
11 , Y 

d 
22 , Y 

d 
33 

)
. (56) 

Hence, the diagonal entries will gi v e main contributions to a e a , namely, 

a e a , 0 = 

G F m 

2 
e a 

√ 

x 0 √ 

2 π2 
× Re 

[ 

vt −1 
β c αs α√ 

2 m e a 

Y 

d 

] 

aa 

[ x 1 f �(x 1 ) − x 2 f �(x 2 ) ] . (57) 

Then a e a , 0 may be large, provided that t β should not be too large, t 1 � = t 2 , and the following 

quantities are large enough: x 0 , | s 2 α = 2 s αc α| , and | Y 

d 
aa | with a = 1, 2, 3. In contrast, cLFV 

amplitudes do not get any contributions from c ( ab ) R , 0 . Numerical investigations will be done to 

check this conclusion. For simplicity, we use the approximation that all tiny contributions are 
ignored in the numerical results. Namely, �a e a ≡ a e a (h 

±) gi v en in Eq. ( 52 ), instead of the total 
formula gi v en in Eq. ( 40 ). In contrast, the one-loop contribution from W must be included in the 
formulas of Br( e b → e a γ ). This conclusion was confirmed based on the qualitati v e estimation 

discussed above. The numerical checks have been performed, which are consistent with previous 
discussions on 3-3-1 models [ 112 , 113 ]. 

Although our numerical investigation will consider only the experimental constraint given in 

Eq. ( 2 ) allowing only positi v e values of �a 

NP 
e around 1 σ constraint, the experimental result with 

negati v e �a 

NP 
e in Ref. [ 75 ] can be explained similarly because the sign of the main contribution 

in Eq. ( 57 ) depends precisely on the signs of Y 

d s αc α. 

4. Numerical discussion 

We will use the best-fit values of the neutrino oscillation data [ 102 ] corresponding to the normal 
order (NO) scheme with m n 1 < m n 2 < m n 3 , namely, 

s 2 12 = 0 . 32 , s 2 23 = 0 . 547 , s 2 13 = 0 . 0216 , δ = 218 [ Deg ] , 

�m 

2 
21 = 7 . 55 × 10 

−5 [ eV 

2 ] , �m 

2 
32 = 2 . 424 × 10 

−3 [ eV 

2 ] . (58) 

The acti v e mixing matrix and neutrino masses are determined as follows: 

ˆ m ν = 

(
ˆ m 

2 
ν

)1 / 2 = diag 

(
m n 1 , 

√ 

m 

2 
n 1 + �m 

2 
21 , 

√ 

m 

2 
n 1 + �m 

2 
21 + �m 

2 
32 

)
, 

U PMNS = 

⎛ 

⎜ ⎝ 

c 12 c 13 c 13 s 12 s 13 e −iδ

−c 23 s 12 − c 12 s 13 s 23 e iδ c 12 c 23 − s 12 s 13 s 23 e iδ c 13 s 23 

s 12 s 23 − c 12 c 23 s 13 e iδ −c 23 s 12 e iδs 13 − c 12 s 23 c 13 c 23 

⎞ 

⎟ ⎠ 

. (59) 
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This choice of acti v e neutrino masses also satisfies the constraint from Plank2018 [ 114 ], ∑ 3 
i= a m n a ≤ 0 . 12 eV . 
The non-unitary part of the acti v e neutrino mixing matrix 

(
I 3 − 1 

2 RR 

† )U PMNS is constrained 

by other phenomenology such as EW precision [ 115–117 ], leading to a very strict constraint 
of η ≡ 1 

2 

∣∣RR 

† ∣∣∝ ˆ x ν in the ISS frame wor k [ 95 , 118 , 119 ]. The reasonab le constraint of the non- 
unitary part of the neutrino mixing matrix is as follows: 

x 0 ≡ m n 3 

μ0 
≤ 10 

−3 . (60) 

The other well-known numerical parameters are [ 102 ]: 

g = 0 . 652 , G F = 1 . 1664 × 10 

−5 GeV , s 2 W 

= 0 . 231 , m W 

= 80 . 385 GeV , 

m e = 5 × 10 

−4 GeV , m μ = 0 . 105 GeV , m τ = 1 . 776 GeV . (61) 

For the free parameters of the 341ISS model, the numerical scanning ranges are: 

M 0 ∈ [ 0 . 1 , 10 ] TeV , m h ±1 , 2 
∈ [ 0 . 8 , 10 ] TeV , 

t β ∈ [ 0 . 3 , 50 ] , x 0 ∈ 

[
10 

−6 , 10 

−3 ] , s α ∈ [ −1 , 1 ] , | Y 

d 
ab | ≤ 3 . 5 , ∀ a, b = 1 , 2 , 3 . (62) 

In addition, we will fix m n 1 = 0 . 01 eV, and check the perturbati v e limit of all Yukawa couplings 
Y 

σ and Y 

ν , namely, | Y 

σ
ab | , | Y 

ν
ab | ≤ 3 . 5 must be satisfied. As we discussed above, the diagonal 

form of Y 

d will allo w lar ge (g − 2) e a anomalies and small Br( e b → e a γ ) satisfying the recent 
experimental constraints. In the numerical investigation, we will consider the general case that 
Y 

d 
ab � = 0 . The allowed regions of parameters we imply below must guarantee the experimental 

data of 1 σ ranges of ( g − 2) e , μ, the cLFV constraints of Br( e b → e a γ ), and the constraint of 
the decay Z → μ+ μ− using the analytic formulas and experimental data given in Appendix B. 

Now, we consider some particular different choices of zero entries of Y 

d . The allowed regions 
of the parameter space predict some interesting properties. First, e v en with only Y 

d 
11 , Y 

d 
22 � = 0 , 

the allowed regions satisfying two ( g − 2) e , μ data are still strictly constrained by the cLFV decay 

rate Br( μ → e γ ) < 4.2 × 10 

−13 , namely the constraints | Y 

d 
12 | , | Y 

d 
21 | < 10 

−4 must be guaranteed. 
Ther efor e, we will fix | Y 

d 
12 | = | Y 

d 
21 | = 0 as the default values in our numerical investigations. 

Second, we gi v e comments on the three following cases: 

(1) Y 

d 
23 = Y 

d 
32 = Y 

d 
13 = Y 

d 
31 = 0 , which is the case of Y 

d being diagonal, as gi v en in Eq. ( 56 ). 
The allowed regions of non-zero entries of Y 

d are 0 . 02 ≤ | Y 

d 
11 | ≤ 0 . 13 , 0 . 9 ≤ | Y 

d 
22 | ≤ 2 . 5 , 

and | Y 

d 
33 | ≤ 2 . 67 , see the left panel of Fig. 3 . In this allowed region, Br( τ → μγ ) can reach 

the order of O(10 

−9 ) , but predicts suppressed br anching r atios Br( τ → e γ ) < 10 

−12 , see 
the right panel of Fig. 3 . We can see that Br( μ → e γ ) can reach the recent constraint 
of O(10 

−13 ) e v en when Y 

d 
12 = Y 

d 
21 = 0 . This property is different from two other cLFV 

decays of τ , which ar e suppr essed if Y 

d 
33 = 0 is fixed, namely, Br( τ → μγ ) < 10 

−11 . In 

addition, ther e exist r egions that allow both small values of Br (μ → eγ ) ∼ O(10 

−14 ) cor- 
responding to future experimental sensitivity and large �a e , μ. In conclusion, we confirm 

that the formula of a e , 0 gi v en in Eq. ( 54 ) is the main one-loop contribution to (g − 2) e a 
data and cLFV decay amplitudes. Hence, the diagonal form of Y 

d results in small cLFV 

decay rates, e v en though they get contributions from other terms in Eq. ( 52 ). 
(2) Y 

d 
32 = Y 

d 
23 = Y 

d 
33 = 0 while Y 

d 
31 , Y 

d 
31 � = 0 . The two cLFV rates Br( τ → e γ ) and Br( μ → 

e γ ) can reach the recent experimental upper bound, while Br( τ → μγ ) < 3 × 10 

−12 . 
The allowed ranges of Y 

d 
11 and Y 

d 
22 are almost unchanged. The constraints of Y 

d 
13 , 31 

are | Y 

d 
13 | < 0 . 67 and | Y 

d 
31 | < 0 . 22 . Illustra tions of rela tions between entries of Y 

d and 
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Fig. 3. The correlations between �a μ( h 

±) vs Y 

d 
aa (left panel) and �a e ( h 

±) vs Br( e b → e a γ ) (right panel) 
in the case Y 

d 
23 = Y 

d 
32 = Y 

d 
13 = Y 

d 
31 = 0 . The two black lines show the values of 6.9 × 10 

−9 and 6 × 10 

−14 

corresponding to the future experimental sensitivities of cLFV decays e b → e a γ mentioned in the intro- 
duction. 

Fig. 4. The correlations between Br( τ → e γ ) vs Y 

d 
13 , 31 (left panel) and Y 

d 
aa (right panel) in the second case 

Y 

d 
23 = Y 

d 
32 = Y 

d 
33 = 0 . 

Br( τ → e γ ) are presented in Fig. 4 . We conclude that Br( τ → e γ ) depends strongly on 

Y 

d 
13 and Y 

d 
31 . In contrast, the allowed ranges of Y 

d 
11 and Y 

d 
22 mainly arise from the ( g − 2) 

data. 
(3) Y 

d 
13 = Y 

d 
31 = Y 

d 
33 = 0 while Y 

d 
32 , Y 

d 
2 , 3 � = 0 . Two cLFV decays Br( μ → e γ ) and Br( τ → μγ ) 

can reach recent experimental bounds, but very suppressed Br( τ → e γ ) < 10 

−12 . The 
constraints of the non-zero entries of Y 

d are | Y 

d 
23 , 32 | ≤ 1 . Illustrations of Br( τ → μγ ) vs 

Y 

d 
23 , 32 and a μ, e ( h 

±) are similar to case (2), hence we do not show them explicitly here. 

We comment here on some properties of entries of Y 

d deri v ed from studying the three particu- 
lar cases mentioned above. First, the diagonal entries of Y 

d gi v e main contributions to (g − 2) e a 
anomalies, whereas the non-zero entries Y 

d 
13 , 31 and Y 

d 
23 , 32 affect strongly the decay rates of Br( τ

→ e γ ) and Br( τ → μγ ), respecti v el y. The Br( μ → e γ ) depends strongl y on Y 

d 
12 , 21 and the com- 

bination of the remaining contributions. The recent experimental bound of Br( μ → e γ ) < 4.2 

× 10 

−13 results in tiny values | Y 

d 
12 , 21 | < 10 

−4 , hence we always fix these two entries as being 
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Fig. 5. The correlations between different free parameters vs �a μ( h 

±) with Y 21 = Y 12 = 0. 

zeros. We also emphasize that the negati v e sign of the experimental value of �a 

NP 
e in Ref. [ 75 ] 

can be explained by the sign of Y 

d 
22 . 

In the final illustration, we consider the more general case that the only two zero entries of Y 

d 

are Y 

d 
12 = Y 

d 
21 = 0 . The correlations of important parameters vs �a μ( h 

±) are shown in Fig. 5 . 
The corresponding allowed ranges of the free parameters are: 

t β ∈ [ 0 . 35 , 16 . 14 ] , s α ∈ [ −0 . 988 , −0 . 08 ] ∪ [ 0 . 065 , 0 . 996 ] , x 0 ∈ 

[
2 . 14 × 10 

−6 , 2 . 5 × 10 

−4 ] , 
M 0 ∈ [ 0 . 877 , 10 ] [TeV] , M 1 , 2 ∈ [ 0 . 8 , 10 ] [TeV] , 

Y 

d 
11 ∈ [ −0 . 17 , −0 . 03 ] ∪ [ 0 . 022 , 0 . 164 ] , Y 

d 
22 ∈ [ −3 . 26 , −1 . 03 ] ∪ [ 0 . 909 , 3 . 275 ] , | Y 

d 
33 | ≤ 2 . 93 , 

Y 

d 
13 ∈ [ −0 . 76 , 0 . 8 ] , Y 

d 
31 ∈ [ −0 . 21 , 0 . 25 ] , Y 

d 
23 ∈ [ −0 . 85 , 0 . 86 ] , Y 

d 
32 ∈ [ −0 . 97 , 0 . 96 ] . (63) 
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Fig. 6. The correlations between Y 

d 
i j vs �a e ( h 

±) with Y 21 = Y 12 = 0. 

Fig. 7. The correlations between Y 

d 
i j vs Br( τ → e γ , μγ ) with Y 21 = Y 12 = 0. 

We can see that many allowed ranges are stricter than the scanning ones gi v en in Eq. ( 62 ). For 
example, large ( g − 2) e , μ r equir es small t β and large x 0 so that the new upper bound of t β and 

lower bound of x 0 are determined. As a result, in Fig. 5 , the allowed regions of small t β and 

large x 0 are favored. Similarly, a e a , 0 ∝ s αc α = s 2 α/ 2 , ther efor e, the allowed values of large s 2 α
close to 1 are supported. In the bottom left panel, the allowed regions of Y 

d 
11 , 22 are the same 

as those predicted in Fig. 3 , in which all non-diagonal entries are zeros. This implies that these 
r egions ar e independent of non-diagonal entries of Y 

d . Instead, large values of these entries 
favor the small a μ( h 

±), see the bottom right panel. As a result, small ( g − 2) μ may predict large 
Br( τ → μγ , μγ ) and vice versa. In addition to explain both (g − 2) e a data of �a μ( h 

±), the 
condition of | m h ±1 

− m h ±2 
| ≥ 523 GeV is r equir ed, which is a condition deri v ed from a e a , 0 that x 1 

� = x 2 . We emphasize that this model allows the existence of heavy charged Higgs bosons, which 

did not appear in some recent discussions on ( g − 2) anomalies [ 24 , 25 ]. 
The relations of Y 

d 
i j vs �a e ( h 

±) are shown in Fig. 6 . In the left panel, a e (h 

±) ∝ | Y 

d 
11 | confirms the 

relation gi v en in Eq. ( 57 ). The a μ(h 

±) ∝ | Y 

d 
22 | is not v ery clear, because many points are e xcluded 

by the perturbati v e limit. The right panel shows that a e ( h 

±) does not gi v e any prediction on Y 

d 
i j 

like the case of a μ( h 

±). 
The correlations of Y 

d 
i j vs Br( μ → e γ ) are shown in Fig. 7 . We see again that the constraints 

of Y 

d 
ii with i = 1, 2 are similar to those shown in the left panel of Fig. 3 . This confirms the 
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Fig. 8. The correlations between Br( e b → e a γ ) vs �a e , μ( h 

±) with Y 21 = Y 12 = 0. The two black lines in 

each panel present the future experimental sensitivities of Br( e b → e a γ ) mentioned in the introduction. 

conclusion that the allowed ranges of Y 

d 
11 , 22 are mainly controlled by the (g − 2) e a data. In the 

right panel of Fig. 7 , large Br( μ → e γ ) prefers large non-diagonal entries Y 

d 
i j but the small 

values are still allowed because of the destructi v e correlations between contributions from dif- 
ferent parameters. 

The correlations between �a e , μ and Br( e b → e a γ ) in the allowed regions of parameters listed 

in Eq. ( 63 ) are shown in Fig. 8 . We can see that all allowed values of a μ, e ( h 

±) in the 1 σ exper- 
imental ranges still predict large Br( e b → e a γ ) near the current upper experimental bounds. 
Ther efor e, the futur e r esults of cLFV experiments, ( g − 2) data, and neutrino oscillation will 
gi v e stricter constraints on the allowed regions of the parameter space. Note also that future 
experimental constraints on other cLFV decays such as μ → 3 e < 10 

−16 [ 120 ] and μ − e con- 
version in nuclei [ 121 ] will be stricter than those considered in this work, but in general the- 
oretical calculations on some other BSM in the presence of “chiral enhancement” show that 
they do not affect strongly the allowed regions we discussed above, see e.g. the left-right model 
[ 122 ]. From the theoretical side, this can be explained by the reason that the relevant one-loop 

corrections originated from one-loop four-point diagrams are proportional to the products of 
four v erte x factors, ther efor e their numerical values ar e mor e fle xib le than the theoretical con- 
straints from the cLFV decays e b → e a γ . A more detailed investigation to predict the allowed re- 
gions corresponding to the future sensitivities of all interesting cLFV decays will be done in the 
future. 

5. Conclusion 

We have discussed a solution to explain the recent experimental data of the (g − 2) e a anoma- 
lies in the 341ISS frame wor k. We hav e constructed the Yukawa Lagrangian of leptons and 

Higgs potential obeying the generalized lepton number L that keeps necessary terms gen- 
erating the ISS mechanism and large chirally enhanced one-loop contributions to (g − 2) e a 
anomalies. Although the ISS mechanism may result in large cLFV decays e b → e a γ , we 
have shown numerically that there always exist allowed regions of the parameter space 
guaranteeing these experimental bounds. In addition, these allowed regions will not be ex- 
cluded totally if the future sensitivities of the cLFV experiments are updated, and no cLFV 

significations are found. The model can also explain successfully the existence of at least 
one of the cLFV decays τ → μγ , e γ , or μ → e γ once they are detected by incoming 

experiments. 
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Appendix A. The SM-like Higgs boson 

For simplicity in estimating the SM-like Higgs boson h found by the LHC, we assume some 
conditions of the Higgs self-couplings as follows: 

λ6 + 

f V 

2 t βw 

, λ7 + 

f w 

2 t βV 

, λ8 + 

f t βV 

2 w 

, λ9 + 

f wt β
2 V 

� 0 . (A1) 

As a result, the SM-like Higgs boson gets dominant contributions from the neutral Higgs 
basis ( Re [ ρ0 

2 ] , Re [ η0 
1 ]) , corresponding to the following squared mass matrix: 

M 

2 
h = 

( 

2 λ2 c 2 βv 2 − f t βV w 

2 λ5 s βc βv 2 + 

f V w 

2 

λ5 s βc βv 2 + 

f V w 

2 2 λ1 s 2 βv 2 − f V w 

2 t β

) 

, 

which results in one light CP-e v en neutral Higgs boson with mass 

m 

2 
h = 2 

M 

2 
h, 11 M 

2 
h, 22 −

(
M 

2 
h, 12 

)2 

M 

2 
h, 11 + M 

2 
h, 22 + 

√ (
M 

2 
h, 11 − M 

2 
h, 22 

)2 
+ 4 

(
M 

2 
h, 12 

)2 
∝ O(v 2 ) . (A2) 

Similarly, in the 2DHM frame wor k, this CP-e v en Higgs boson can be identified with the SM- 
like Higgs boson found from the LHC. Denoting the mixing parameter α of these two Higgs 
bosons, ( 

Re [ ρ0 
2 ] 

Re [ η0 
1 ] 

) 

= 

( 

c α s α
−s α c α

) ( 

H 

h 

) 

, (A3) 

the difference between the tree-le v el couplings h e a e a predicted by the model under consideration 

and the SM is a factor s α/ c β , exactly the same as the 2HDM, see e.g. Ref. [ 123 ]. Ther efor e, the 
combination of this factor and the loop corrections can accommodate the experimental data. 

A ppendix B . One-loop corrections to Z μ+ μ− and h μ+ μ− vertices 
The relations between the flavor and physical base of the neutral gauge bosons are [ 11 ]: ⎛ 

⎜ ⎜ ⎜ ⎝ 

W 3 μ

W 8 μ

W 15 μ

B 

′′ 
4 μ

⎞ 

⎟ ⎟ ⎟ ⎠ 

= 

⎛ 

⎜ ⎜ ⎜ ⎝ 

s W 

c W 

0 0 

c 32 c W 

−c 32 s W 

− c θ s 32 s 32 s θ
c 43 c W 

s 32 −c 43 s 32 s W 

c 32 c 43 c θ − s 43 s θ − c θ s 43 − c 32 c 43 s θ
c W 

s 32 s 43 −s 32 s 43 s W 

c 32 c θ s 43 + c 43 s θ c 43 c θ − c 32 s 43 s θ

⎞ 

⎟ ⎟ ⎟ ⎠ 

⎛ 

⎜ ⎜ ⎜ ⎝ 

A μ

Z μ

Z 3 μ

Z 4 μ

⎞ 

⎟ ⎟ ⎟ ⎠ 

, (B1) 

where 

s 43 = 

√ 

3 − 6 s 2 W √ 

3 − 4 s 2 W 

, c 43 = −
√ 

1 − c 2 43 , s 32 = 

√ 

3 − 4 s 2 W 

c W 

, c 32 = 

√ 

1 − c 2 32 , 

t 2 θ = 

s 2 θ
c 2 θ

∼ O(w 

2 /V 

2 ) . (B2) 
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The matching relations from the breaking step SU (4) L 

× U (1) X 

→ SU (2) L 

× U (1) Y 

are W 3 = 

W 3 , B μ = c 32 W 8 μ + c 43 s 32 W 15 μ + s 43 s 32 B 

′′ 
μ, and 

1 √ 

3 

T 8 − 2 √ 

6 

T 15 + X I = 

Y 

2 

, (B3) 

where B μ is the gauge boson of the gauge U (1) Y 

in the SM. The relation ( B3 ) is consistent 
with the definition of the charge operator ( 4 ), the same as that gi v en in the SM. This means 
that we can consider η and σ , νaR 

and X aR 

as new scalars and neutral fermions giving one-loop 

corrections to the Z μ+ μ− couplings as discussed in Ref. [ 124 ]. Because all new neutral fermions 
are singlets, vertices ZνaR ̄

νaR 

and ZX aR 

X̄ aR 

do not a ppear. Consequentl y, onl y diagram 2 of 
Fig. 1 in Ref. [ 124 ] is irrelevant to our model. 

We use the result from Ref. [ 124 ] having the following Yukawa couplings that gi v e one-loop 

correction to the g 

μ

L,R 

of the v erte x Z μ+ μ−: 

L Y 

= −y L ̄

μL 

φ2 χR 

− y R ̄

μR 

φχL 

+ h . c . , 

wher e s k and χL , R 

ar e physical Higgs and fermion states, and V k , l is the Higgs mixing param- 
eters relating to φ and φ2 as follows: φ = V 11 s 1 + V 12 s 2 and φ2 = V 21 s 1 + V 22 s 2 . The v erte x 

corr ections ar e: 

�g 

μ

L 

= 

y 

2 
L 

16 π2 

⎡ 

⎣ 2 

2 ∑ 

k,l=1 

{(
−1 

2 

− Q s s 2 W 

)
V 

∗
2 k V 2 l − Q s s 2 W 

V 

∗
1 k V 1 l 

}
V 2 k V 

∗
2 l C 24 (s k , χ, s l ; p, (q − p)) 

−
2 ∑ 

k=1 

(
−1 

2 

+ s 2 W 

)
| V 2 k | 2 (B 0 + B 1 )(s k , χ; p) 

] 

, 

�g 

μ

R 

= 

y 

2 
R 

16 π2 

⎡ 

⎣ 2 

2 ∑ 

k,l=1 

{(
−1 

2 

− Q s s 2 W 

)
V 

∗
2 k V 2 l − Q s s 2 W 

V 

∗
1 k V 1 l 

}
V 1 k V 

∗
1 l C 24 (s k , χ, s l ; p, (q − p)) 

−
2 ∑ 

k=1 

s 2 W 

| V 1 k | 2 (B 0 + B 1 )(s k , χ; p) 

] 

, (B4) 

where we have used Q χ = 0 for neutral fermions, and C 24 and B 0, 1 ar e P assarino–Veltman (PV) 
functions, which transform into the notations of LoopTools (LT) [ 125 ] as follows: 

{ B 0 , p 

μB 1 } (A, B, p) ≡ 16 π2 μ2 ε
∫ 

d 

n k 

i(2 π ) n 
{ 1 , k 

μ} [
k 

2 − m 

2 
A 

+ iε
] [

(k + p) 2 − m 

2 
B 

+ iε
]

= 

{ B 0 , p 

μB 1 } (p 

2 ; m 

2 
A 

, m 

2 
B 

) , {
p 

μ

1 p 

ν
1 C 21 + p 

μ

2 p 

ν
2 C 22 + (p 

μ

1 p 

ν
2 + p 

μ

2 p 

ν
1 ) C 23 + g 

μνC 24 
}

(A, B, C; p 1 , p 2 ) 

= 16 π2 μ2 ε
∫ 

d 

n k 

i(2 π ) n 
{ 1 , k 

μ} [
k 

2 − m 

2 
A 

+ iε
] [

(k + p 1 ) 2 − m 

2 
B 

+ iε
]+ 

[
(k + p 1 + p 2 ) 2 − m 

2 
C 

+ iε
]

= 

{
p 

μ

1 p 

ν
1 C 11 + q 

μq 

νC 22 + (p 

μ

1 q 

ν + q 

μ p 

ν
1 ) C 12 + g 

μνC 00 
}

(p 

2 
1 , p 

2 
2 , q 

2 ; m 

2 
A 

, m 

2 
B 

, m 

2 
C 

) , (B5) 

where B 0 , 1 (p 

2 ; m 

2 
A 

, m 

2 
B 

) , and C 00 ,i j (p 

2 
1 , p 

2 
2 , q 

2 ; m 

2 
A 

, m 

2 
B 

, m 

2 
C 

) are LT notations, and q = p 1 + p 2 . 
In the particular case of the decay Z → μ+ μ−, we a ppl y the on-shell conditions that q 

2 = m 

2 
Z 

and p 

2 
1 = p 

2 
2 = m 

2 
μ � 0 . 

The Yukawa part of Eq. ( 41 ) gi v es the following equivalence: η−
2 = φ2 and σ− ≡ φ with Q φ = 

Q φ2 = −1 , and new fermions are neutral singlets νaR 

, X aR 

∼ (1, 1, 0), which do not couple to 
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the Z boson. The mixing parameter of Higgs bosons in Eq. ( 28 ) gi v es 

−s α = V 11 , c α = V 12 , V 21 = c βc α, V 22 = c βs α, (B6) 

and h 

−
k = s k . The Yukawa couplings in Eq. ( 42 ) in the basis of new physical neutral fermions 

read: 

−L Y 

= 

9 ∑ 

i=1 

3 ∑ 

a =1 

[ 

gM 0 
(

ˆ x 

1 / 2 
ν U 

ν∗
PMNS 

)
a 2 √ 

2 m W 

s β
U 

ν∗
(a +3) i ̄L μηn iR 

+ Y 

σ∗
a 2 U 

ν
(a +6) i μR 

n iL 

σ−
] 

+ h . c . . (B7) 

For a new fermion n iL , R 

with Q n i = 0 , we have 

y iL 

≡
3 ∑ 

a =1 

gM 0 
(

ˆ x 

1 / 2 
ν U 

ν∗
PMNS 

)
a 2 √ 

2 m W 

s β
U 

ν∗
(a +3) i , y iR 

≡
3 ∑ 

a =1 

Y 

σ∗
a 2 U 

ν
(a +6) i , i = 1 , 9 . 

The v erte x corrections to Z μ+ μ− in our wor k are: 

�g 

μ

L 

= 

9 ∑ 

i=1 

| y iL 

| 2 
16 π2 

⎡ 

⎣ 2 

2 ∑ 

k,l=1 

{(
−1 

2 

+ s 2 W 

)
V 

∗
2 k V 2 l + s 2 W 

V 

∗
1 k V 1 l 

}
V 2 k V 

∗
2 l C 00 

−
2 ∑ 

k=1 

(
−1 

2 

+ s 2 W 

)
| V 2 k | 2 (B 0 + B 1 ) 

] 

= 

g 

2 M 

2 
0 

32 m 

2 
W 

s 2 β

[ 
U 

† 
PMNS ̂  x νU PMNS 

] 
22 

⎡ 

⎣ 2 

2 ∑ 

k,l=1 

{(
−1 

2 

+ s 2 W 

)
V 

∗
2 k V 2 l + s 2 W 

V 

∗
1 k V 1 l 

}
V 2 k V 

∗
2 l C 00 

−
2 ∑ 

k=1 

(
−1 

2 

+ s 2 W 

)
| V 2 k | 2 (B 0 + B 1 ) 

] 

�g 

μ

R 

= 

9 ∑ 

i=1 

| y iR 

| 2 
16 π2 

⎡ 

⎣ 2 

2 ∑ 

k,l=1 

{(
−1 

2 

+ s 2 W 

)
V 

∗
2 k V 2 l + s 2 W 

V 

∗
1 k V 1 l 

}
V 1 k V 

∗
1 l C 00 

−
2 ∑ 

k=1 

s 2 W 

| V 1 k | 2 (B 0 + B 1 ) 

] 

= 

| Y 

σ† Y 

σ | 22 

16 π2 

⎡ 

⎣ 2 

2 ∑ 

k,l=1 

{(
−1 

2 

+ s 2 W 

)
V 

∗
2 k V 2 l + s 2 W 

V 

∗
1 k V 1 l 

}
V 1 k V 

∗
1 l C 00 

−
2 ∑ 

k=1 

s 2 W 

| V 1 k | 2 (B 0 + B 1 ) 

] 

, (B8) 

where C 00 = C 00 (0 , 0 , m 

2 
Z 

; m 

2 
h ±k 

, M 

2 
0 , m 

2 
h ±l 

) and B 0 , 1 = B 0 , 1 (0 , m 

2 
h k 

, M 

2 
0 ) . 

The following modified Z μ+ μ− couplings are 

i 
g 

c W 

γμ

[ (
g 

SM ,μ

L 

+ �g 

μ

L 

)
P L 

+ 

(
g 

SM ,μ

R 

+ �g 

μ

R 

)
P R 

] 
, (B9) 

where g 

SM ,μ

L 

= −1 / 2 + s 2 W 

, and g 

SM ,μ

R 

= s 2 W 

. Defining the following quantity [ 95 ]: 

δR Ze a e a ≡
�
(
Z → e + 

a e 
−
a 

)
�SM 

(
Z → e + 

a e −a 
) − 1 = 

| g V 

| 2 + 

| g A 

| 2 ∣∣g 

SM 

V 

∣∣2 + 

∣∣g 

SM 

Z 

∣∣2 − 1 , (B10) 

where g 

SM 

V,A 

= g 

SM 

R 

± g 

SM 

L 

, g V 

= g 

SM 

V 

+ �g 

μ

L 

+ �g 

μ

R 

, and g A 

= g 

SM 

A 

− �g 

μ

L 

+ �g 

μ

R 

, the experi- 
mental constraint is: −7 < δR Ze a e a × 10 

3 < 6 [ 95 , 102 ]. 
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