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We will show that the 3-4-1 model with heavy right-handed neutrinos can explain the re-
cent experimental data of (g — 2),, , anomalies of charged leptons and neutrino oscillations
through the inverse seesaw mechanism. In addition, the model can predict large lepton fla-
vor violating decay rates u© — ey and T — uy, ey with accuracy equal to recent experi-
mental sensitivities.

Subject Index B53, B56, B59

1. Introduction

The 3-4-1 model with right-handed neutrinos (341RHN) was discussed in Refs. [1,2] as a nat-
ural extension in which new right-handed neutrinos are assigned into the same left-handed
lepton quadruplets. For a complete study of the highest possible gauge symmetry in the elec-
troweak (EW) sector [3], various 3-4-1 extensions were introduced with different electric charges
of new exotic leptons [4—12]. It was proved that these original 3-4-1 models cannot explain the
recent data of the muon (g — 2) anomaly unless they are extended such as by adding new in-
ert scalars [13]. A solution applied to the 3-3-1 models [14], that of adding new singly charged
Higgs bosons and inverse seesaw (ISS) neutrinos, is another viable approach. In this work, we
will investigate the possibility of whether this approach can work in the 3-4-1 model frame-
work, which can accommodate data of charged lepton anomalies a,, = (g — 2),,/2, neutrino
oscillation data, and the recent bounds of the lepton flavor violating decays of charged leptons
(cLFV) e, — e,y. The explanations of neutrino oscillation data were mentioned previously in
various 3-4-1 models, including the ISS mechanism [10,15,16], but they did not relate to the (g
— 2) data and cLFV decays. In the ISS models, new gauge contributions to (g — 2) are sup-
pressed [16,17], especially the 3-3-1 and 3-4-1 models, because the new gauge bosons must be
heavy to guarantee the recent lower bounds from experimental searches [18]. Therefore, we will
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study the appearance of new singly charged Higgs bosons and their mixing with the SU(4),
ones that results in large chirally enhanced one-loop Higgs contributions to ., enough to be
consistent with experiments [19]. On the other hand, the ISS mechanism may lead to large
one-loop contributions to cLFV rates. In this work, numerical investigations to determine the
allowed regions of parameter space satisfying all experimental constraints of (g — 2) anomalies
and cLFV decays e, — e,y will be discussed precisely in the 3-4-1 framework. Besides many
available models beyond the standard model (BSM) [20-42] under various experimental data
including the (g — 2),, , anomalies, our work will confirm the reality of the 3-4-1 models.

The latest experimental measurement for the muon anomaly «,, has been reported from the
combination of the two experimental results at Fermilab [43] and Brookhaven National Lab-
oratory (BNL) E82 [44]: a};" = 116592061(41) x 107!, It leads to a standard deviation of 4.2
o (standard deviation) from the Standard Model (SM) prediction, namely,

AN = a2 — ¢S = (2.51 £0.59) x 1072, (1)

" w
where aiM = 116591810(43) x 10~'! is the SM prediction [45] combined from various different
contributions based on the dispersion approach [46-72]. Another larger SM value calculated
using the lattice-quantum chromodynamics (QCD) technique implies a smaller value of Aa}fp
than that given in Eq. (1) [73]. In this work we will accept the experimental constraint from
Eq. (1) consisting of both results. On the other hand, recent experimental a, data were reported
from different groups [74-76,77], leading to two inconsistent deviations between experiments
and the SM prediction [78-83]. In this work, we accept the following value:'

Aal’ = a2 —aM=(34+1.6)x 1077, (2)

e

where we have used the latest experimental result of a;© reported in Ref. [77], consistent with
the 2008 result of the same group [74], and the a>™ value reported in Ref. [76], derived in-
directly from the measurement of the fine-structure constant @ using Rb atoms, correspond-
ing to a 2.10 deviation. There is another a>™ value corresponding to the measurement of the
fine-structure constant of Cs-133 atoms [75], which is inconsistent with the earlier, namely
AdNP = (=10.2 £ 2.6) x 10713, with the 3.90 deviation. Both results can be explained in this
work, see details later in the numerical investigation.

The ISS mechanism may result in large values of not only (g — 2),, , but also Br(e;, — e,y),

which are constrained by recent experiments [84—86]:

Br(t — py) < 4.4 x 1078,
Br(t — ey) < 3.3 x 1078,

Br(u — ey) < 4.2 x 10713 (3)

The future sensitivities for these decays are Br(ix — ey) < 6 x 10714 [87], Br(t — ey) < 9.0
x 1072, and Br(z — puy) < 6.9 x 107 [88,89]. Hence the correlations between a,, and cLFV
decays e, — e,y may give new predictions on both of these kinds of processes, namely whether
large a,, will exclude the stricter experimental constraints of cLFV decays in the near future.
Our paper is arranged as follows. Section 2 presents all ingredients of a 3-4-1 model to cal-
culate the (g — 2),, data and cLFV decays. Section 3 introduces the 3411SS model to accom-
modate the recent (g — 2),, data. In this model, the Yukawa Lagrangian and Higgs potential
must respect a new global U(1), symmetry in order to guarantee the appearance of the ISS

"We thank the referee for providing us with the experimental value of a, in Ref. [77].
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mechanism, the mixing between singly charged Higgs bosons, and the Yukawa couplings re-
sulting in large chirally enhanced one-loop contributions to (g — 2),, anomalies. Section 4 will
present detailed numerical results to determine the allowed regions of the parameter space that
explain both experimental results of two (g — 2)., , anomalies and cLFV decays. Section 5
summarizes important results.

2. The model with Dirac active neutrinos
2.1.  Yukawa couplings and masses for fermions
In this work, we will study the 3-4-1 model with heavy right-handed neutrinos and new singly
charged leptons assigned in the three left-handed quadruplets [5,10]. This model is constructed
based on the gauge symmetry SU(3). x SU4);, x U(l)y, implying 16 EW gauge bosons. In
addition, there are four neutral gauge bosons corresponding to the four diagonal generators
of the EW group. Normally, the EW group is assumed to break to the final electric group
through the following pattern: SU4);, x U(1)y — SUQB), x U(l)y: = SUR) x U(l)y —
U (1), 1.€. the 3-4-1 model can be considered as the extended version of 3-3-1 models [90,91].
The electric operator is defined as follows:
=T ! T 2 Tis + X1 4
0= 3+ﬁ 8—%154- ) “)

where T3 g 15 are the diagonal generators of the SU(4) group and X is the U(1) charge, see
precise forms corresponding to the quadruplet in e.g. Ref. [92].

The lepton sector consists of three left-handed quadruplets and respective right-handed sin-
glets, namely,

1
L,= (v;,e;,E;,N:l){ ~ <1,4,—§) ,a=1,2,3,
er Eln~(1,1,=1), v, Np~(1,1,0). (5)

The Higgs multiplets and non-zero vacuum expectation values (VEVs) of neutral components
needed for generating all fermion masses are:

0 _ _ OT 1 V r
x=01 x5 x5 x4) ~ L4, =5, ()={0,0,0,—)

V2
+ 40 40 ;7T 1 % !
¢=(¢1,¢2,¢3,¢4) N<1’47§),(¢>=<070,ﬁ,0),
+ 0 0 1T 1 V1 ’
p=(pi. P2, 05, 07) N(1s4»§),</0)=(0,ﬁ,0,0),
0o - . — 07 1 V2 g

n= (. ny .15 14) ~(1,4,—5),<n>=(72,0,0,0) : (6)

The lepton masses are generated from the following Yukawa interactions:
_‘Cy = Ya]l\),L_aXNi/)R + YagL_a(bEi/)R + YaebL_ﬁloe;)R + Ya]ZL_anvl/)R + H.c. (7)

The model consists of quark multiplets that must be arranged to cancel the gauge anomalies,
see e.g. a discussion in Ref. [11]. It can be seen that the quark masses can be constructed to
satisfy the recent experimental data.
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Table 1. £ charges for multiplets in the 341RH.

Multiplet  x ¢ n P Ly vip €r Egr Npg Qu O up dig Dyp Upr Uy Dig
L charge 1 1 -1 -1 0 1 1 -1 -1 1 -1 0 0 2 2 -2 =2

Table 2. Nonzero lepton number L of all fields in the 341RH.

Fields x7 X, ¢ ¢ P Py N3 ny Eyrr Nur Uwr Dur Uiz Dipr
L 2 2 2 2 -2 =2 =2 -2 —1 —1 2 2 -2 -2

The zero VEVs of some neutral Higgs components can be explained by considering a global
symmetry called the general lepton number £ defined as follows:

L:%(Tg—k%ﬂs)JrE, ()

where L is the normal lepton number. This formula is an extension of that introduced for a
3-3-1 model [93]. As a consequence, all singlets have L(singlet) = L(singlet), namely L(u,z) =
L(dr) =0, L(esr) = L(V,g) =1 = —L(E,r) = —L(Nz). The normal lepton L for a quadru-
plet is computed as follows:

L=diag(l+L,14+L,-14+L,—1+L). (9)

In this work, we adopt only the Yukawa couplings respecting the generalized lepton number £
including the Lagrangian (7) for leptons. The particular values of £ of all multiplets are listed
in Table 1.

They result in consistent values of the normal lepton numbers for all SM leptons L(v); ) =
L(e,; z) =1, and all SM quarks have L = 0. The remaining non-zero lepton numbers L are
listed in Table 2, because of the requirement that the total lepton number L is always conser-
vative.

The mass terms of all leptons are:

Vi (Mo = YT (M = Y555 (M = Y.
The active Dirac neutrino masses and mixing are constructed from the mass matrix M,. But,
these tiny masses do not affect significantly the one-loop contributions to a,, .

Now we focus on the lepton sector in the Yukawa part of Eq. (7). The normal lepton mass
matrix M, given in Eq. (10) is assumed to be diagonal for simplicity. As a result, the flavor basis
of the charged leptons ¢, is the mass basis e, r = € p, namely,

2 B \/jm .,
E:Yab:&tb . =3
Three other bases /] , = (f], /3, fé)g g With f=v, E, N are transformed into the corresponding
mass base f;  through the following relations:

(My)ap = (10)

Me, = Y 0ap

(11

UM, U} = My = diag(my,, mp, mp,), f7 g = Ul xfir. (12)

Although the quark sector is irrelevant to our work, we review here the main property relat-
ing to the recent experimental constraints of K — K° oscillation, similar to the 3-3-1 models
[90,91]. The quark sector consists of two families of left-handed anti-quadruplets, one family
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of a left-handed quadruplet, and singlets of right-handed quarks, namely,

6
u;RN(3’1’2/3)’ dl/RN(3’17_1/3)9 D;RN(3915_1/3), (]l/RN(3,1,2/3), l=1,_3 (13)

O3 = (us, d5, Dy, US), ~ <3,4, é) Qur = (du, —tte, UL, D] ~ (3,4*, 1), a=1,2,

The relevant Yukawa parts of quarks respecting all gauge and £ symmetries are

32
—L% = Z |:Z <Yaufﬁ,0*um + Y;;En*dm) + <Y3L§E77um + Y3‘,’~EPdiR):|
i=1 La=1
2
+ Z I:Ya%QaL(b*UﬂR + YaDﬂQaLX*D'/BR] + Y33 O3 x Upr + Y3030 Dy
a,B=1

+ H.c.. (14)

We can see that the Yukawa parts generating SM quark masses are the same as those shown in
Refs. [90,91] for 3-3-1 models with right-handed neutrinos, where both p and y inherit the same
VEYV properties. In addition, all exotic quarks do not mix with the SM quarks, consistent with
the property shown in Table 2 that all SM quarks have zero L, in contrast with L = +2 for all
exotic quarks. Therefore, the couplings of the SM quarks with Higgs bosons in the models given
in Refs. [90,91] are the same as those presented in the model under consideration. Accordingly,
the mass split value Amy originated from the K°-K° oscillation predicted by the 3-4-1 model
under consideration will be the sum of the new heavy Higgs and neutral gauge contributions
at the tree level, in which every contribution is proportional to the inverse of the squared mass
of the respective Higgs or gauge boson. As we will see below, the 3-4-1 model predicts two new
heavy neutral gauge bosons Z3 and Z, with masses mzZ3 o w? and mZZ4 o V2 in the limit ¥V >
w. Because w plays the role of the SU(3), scale, Ref. [90] confirms that if mz, > mz, > 4 TeV,
contributions from these two gauge bosons to Amg will satisfy the experimental constraint. The
case of the heavy Higgs contributions is the same. Because this choice of parameters does not
affect the main results in our work, this experimental constraint will be ignored in the remaining
part of this work.

2.2.  Gauge boson masses and mixing
Gauge boson masses arise from the covariant kinetic term of Higgs multiplets, namely,

4
Luiggs = Y (D"(H))' D, (H), (15)
H

where H = yx, ¢, n, p. The covariant derivative is defined as
15
Dy =0, —igy W T, —igx X B, Tis =0, — igP\“ — igP{“, (16)
a=1
where g, gx and W, B), are gauge couplings and fields of the gauge groups SU(4), and U(1)y,
respectively. The two parts Pliv € and Pfc relate to the neutral and non-hermitian currents [11].
For the quadruplet, 775 = ffzdiag(l, 1,1,1)and

0w owE W
CCZL w- 0 Wy Wy 17)
SRV LT S
Wi Wi owy o
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where 7 = gy/g and 2 Wl =w/ —iw/ with i < j. The upper subscripts label the electric
charges of gauge bosons. The relation between the original basis (W3, Ws, Wis, B') and the
mass basis (4, Z, Z3, Z,) of all real neutral bosons was determined previously [11]. The masses
of non-Hermitian (charged) gauge bosons are given by

glitn) ., _gmte’) , gite’)

m%,V:T,mWH_T,mWB—T,
EYEERZ: £ (R + V2 2 (02 + 1?2
m%/VM: (24 )9m%V24: (14 )’m%/VM: ( 1 ) (18)

By spontaneous symmetry breaking (SSB), the following relation should be in order: V> w >
V1, v2. A consequence from Eq. (18) is that W* must be identified with the singly charged SM
gauge boson, namely,

v 43 =17 = 246% GeV-. (19)
Then neutral gauge boson masses are

) my, N 4g%ch,w? )y 2OV +w?)
my~ 2 oml, ~ =W e Vr T

~ , ~ . 20
Cy 3 (1 — 4S%/V) "z, 6 (20)

The above formula implies that  and p play roles as two Higgs doublets in the well-known two
Higgs doublet models after the breaking steps to the SM gauge group SU(2); x U(1)y. Then
we define the mixing angle § as follows:

1%
t,B = tan,B = V_T’ Vi = Vveg, V2 = Vsg, (21)

where fg5 > 0.4 as the perturbative limit of the top quark Yukawa coupling |Y34| ~
ﬁm,/(vs,g) < /4. The upper bound of g may come from the tau mass Y* =~ \/zmr/(vcﬂ) <
V4, equivalently ¢5 < 390.

The mixing parameters of the neutral gauge bosons are summarized in Appendix B, see the
details in Ref. [11]. Because the current study [90] shows that the breaking scale of SU(3); and
SU(L) is on the order of TeV, the mixing parameters between Z, Z3, and Z4 are very small,
therefore we ignore them in this work. But the loop corrections to the Zu* ™ may be signifi-
cant, especially in the model inheriting the “chiral enhancement” enough to accommodate the
(g — 2),, anomaly data. These one-loop corrections are computed in Appendix B and used to
constrain the experimental data in the numerical investigation.

2.3.  Higgs potential and Higgs spectrum
The most general Higgs potential including the appearance of the singly charged Higgs boson
ot~ (1,1, £1)is:
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Vi=V(,p.¢. )+ V(")
V(. p. . x) = min'n+ w3p'p + 130'¢ + nix'x
+ (') + 2a2(0"p) + 13(98) + ra(x %)
+ (' mAs(p'p) + Ae(@1d) + 27 (x )]
+ (p'P)As(@'d) + Ao(x )] + Ao(d1d)(x %)
+ xo(e'm@'e) + 2 (p'd)@ ) + 220" ) (x p)
+ 2@ M0 B) + 2a XM x) + has ()@ x)
+ (S nipjdixi + Hee), (22)

V(e*) = ,U%O‘J'_U_ + Ao (O‘+J_)2 + (f(,0+,0T77 + H.C.)
+ (G+U—)()‘GWT77 +)"0Ppr +)‘a¢¢T¢+)‘axXTX) . (23)
Here we consider the Higgs potential respecting the generalized lepton number £ and the
new singly charged Higgs boson has £(o*) = 0. We also ignore the triple Higgs self-couplings
(f2 xT¢ + h.c.) because these result in unnecessary mixing in our calculation. The detailed dis-
cussion to derive the masses and mixing parameters of the Higgs bosons was presented pre-
viously in Ref. [11] without o*. The Higgs potential consisting of o* was discussed in 3-3-1
models [14,94], in which the detailed calculation to derive Higgs masses and mixing was per-
formed. We collect only the most important results relating to our work.
The mixing of Xzi and ,ojtt results in two massless Goldstone bosons G§E4 and two singly
charged Higgs bosons h3i:

+ +
X5 co,  So\ [ G 2 2.2 o (P2 Sigw
- M2 = 7Y =L 24
<pf) (_S91 CGJ) <h§t> " (v + )< 2 2V @

. ve
Sg1 = sin6y, cg; = cosby, tanb; = 7’3 (25)

and

We consider here the mixing of ¢9* and pg, which leads to a non-hermitian Goldstone boson
GY; # GY% and a physical state HY # H*

(2 0
> Co, S\ [ G 2 I 2t 714
_ M2, = UGN 26
(pé)) (—Sez cez> (H?) i) (55 0

. ve
Sp, = SInby, ¢y, = COSbh, tanb, = i (27)
w
Three singly charged Higgs bosons (p;", 15, o*) are changed into the two physical states /",

and the Goldstone bosons Gﬁ, of W* as follows:
Py = cpbiy + 5p (calit + 5uh3)

and

ny = —Spdiy + cp (calii + 5uh3)
ot = —sah?E + cahf. (28)

The relations in Eq. (28) were given in Refs. [14,94], and consist of the same part V(o) given in
Eq. (23) in the Higgs potential. The mixing parameter « and Higgs boson masses Mye, Myt will
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be investigated as free parameters, while three dependent parameters are:

1
Ms = cazmi + Sq mh - = (cﬁzkopvz + Aoy V2 4+ Aa¢w2 + Aansﬂzvz) ,

2
_ cpsg (2ca2 i~ AoV? + 2542 h+>
== Vw ’
oo L b S ") (29)

As usual, this model must contain an SM-like Higgs boson confirmed by the LHC. A detailed
calculation to identify this Higgs boson in the model under consideration can be found in Ref.
[11]. A simple estimation is presented in Appendix A. In general, the SM-like Higgs boson
gets its main contributions from 5 and p, similarly to the case of the property of the well-
known two Higgs doublet model (2HDM). In the model under consideration, the flavor and
the physical base of charged leptons are the same, as assumed in Eq. (11). As a result, there is
no mixing between SM and heavy charged leptons, implying that the leading corrections to the
SM coupling At~ are the combination of the tree level of the Higgs mixing and the one-
loop level [95-98]. As commented in Ref. [95], the recent experiments give no hint for 4 — ete™,
while only evidence of 7 — u* ™ was reported [99,100]. The loop corrections to the coupling
hut e~ are smaller than the recent experimental sensitivities, but may be detected in the future
[95-97]. Therefore, the constraint from the modification of the coupling ™~ will not affect
the allowed regions of the parameter space we will discuss in this work.

2.4. Analytic formulas for one-loop contributions to a,, with active Dirac neutrinos
In this section, we consider the simple case that v » 3 are Dirac ones, and no mixing between
o* and other singly charged Higgs bosons, i.e. s, = 0, ¢, = 1, then only hzi couples with active
neutrinos. The conclusion with s, # 0 is unchanged because the tiny neutrino masses result in
suppressed one-loop contributions to (g — 2),, anomalies.

The relevant Lagrangian giving one-loop contributions to a,, is:

3
—rl = g
Yy
\/EmWB a,c=1

E —1
Ut [me.to,PL + me,t;, Pr] e HY

-1
Z UNe [mito, Pr+ me, 5 Pr] ekt

a,c=1

«/_ 2myy,,

3
YW, <mvczﬂ_1PL + mealﬂPR) et +He + ... (30)

Ll(‘_

«/_mw

To avoid large cLFV decays ¢, — ¢,y, which may be ruled out by experiments, we will pay
attention to the limit that U}Y = UF = L, and mg, = mg, my, = my foralla= 1,2, 3. For active
neutrinos having tiny masses, the respective one-loop contributions to Aa,, are suppressed. The
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Fig. 1. Properties of the scalar functions relating to one-loop contributions of heavy Higgs bosons to
(g — 2),, anomalies in the 3-4-1 model with active Dirac neutrinos.

relevant non-zero form factors with one-loop contributions to a,, are [19]:

2 2 4 2 2 2
o () = =2 VY FoGon) 4 | By 4 e | 7 )
€q 3 - Sﬂzm%V V2 NJ o N V4 N mlzicé [ N )
()

2,2
8m2my, Myt

> 2
ag, () = — gy (m—[ﬂ> Fa(0),

0 Zm? |2 visg mg g\ T » .
e, (HY) = = =5 4 Soxp o) = go el + | —Lxe + 5% ) [ Folxr) = golxe) |
82my, |w w 0
(1)
where xy = m%v/m;z,; and xp = sz/m%{]O, and
x> —1—-2xInx
= 2~ =
Jo(x) Zo(X) dx—1p
_x—1-Inx
0= - 1)p
~ 2x3 +3x? —6x+ 1 —6x%Inx
= 32
Jo(x) 24(x — 1) G2
The total contribution to Aa,, from all Higgs bosons is:
ao,(H) = " a,(X), (33)
X

where X = hf, hi, H).

The functions relating to one-loop contributions of Higgs bosons are shown in Fig. 1. Be-
cause xfo(x), fo(x), xfo(x) > 0 for all x > 0, the one-loop contributions from singly charged
Higgs bosons hli)3 are in opposite signs to Aallfp , hence they should be small. On the other
hand, the one-loop contribution from the neutral Higgs boson Hl0 consists of negative func-
tions (fo(x) — go(x)), and ( ﬂp (x) — 8o (x)), hence the final contributions support large Aa,,.

The couplings of leptons and non-hermitian gauge bosons are

LY =L, y"D,Lar
_ &
V2

+ H.c., (34)

I:Ua‘)z'*ViVMPLe“ le_ + Uajy*ﬁi)/MPLea szu + %VME;L W203/L T ]
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w= 4 TeV

2.0»/—\_
au(hg)*']O“ L T T ]
aH)=10" T ]

————— au(Ws)x10" -
“““ a,(Waa)x10"
Na,x10"

0.1 0.5 1 5 10 0.1 0.5 1 5 10

mg[TeV] mg[TeV]

Fig. 2. One-loop contributions of new SU(4), particles to a,, with w =2 TeV (left panel) and w = 4 TeV
(right panel).

where the last line collects only terms giving one-loop contributions to cLFV amplitudes and
(g — 2) anomalies, resulting in the following formulas [19]:

o, (W)=~ 2 Z UsUY fir (x,,) =~ —8 o™ 2 fV 0). (35)
m2 3 2 m2
. m? my,
e, (W) = =55 Z Sy (o) = — 555 "W (), (36)
W b= W24 w W24
2 3 e . m2 M2 .
a,,(Wa3) = —WfV (xg,) = — “x 2 fy (xk), (37)
where
~ —4x* +49x3 — 78x% +43x — 10 — 18x31nx
38
Jrx) = 24(x — 1)} (38)
The total contribution from new heavy gauge bosons to the a,, is
ao,(V') = ao,(Wa3) + ae,(Waa). (39)
The deviation of a,, between predictions by the two models 3-4-1 and SM is
Aa)' = Aag, = Aae, (W) + ae,(V) + ae,(H), Aa) =a) —aMW), (40)

where a;M(W) = 3.887 x 1077 [101], and &M (W) = a;M(W) x (m; /m,) is the SM’s predic-
tion for the one-loop contribution from the W boson. In this work, Aa3‘“ Aa,, will be con-
sidered as new physics (NP) predicted by the 3-4-1 models, which must satlsfy the experimental
data given in Egs. (1) and (2) in the numerical investigation.

Numerical illustrations are shown in Fig. 1 with fixed w =5 TeV, V' =10 TeV, My = My =
myo = 1 TeV, and 14 = 50. Different contributions are considered as functions of my = mg =
my w1th numerical illustrations given in Fig. 2. Both a,, (W) and a,, (hi) are independent with
my, w, and V. In addition, the one-loop contribution from the W= gauge boson is a,, (W) =
afaM(W), hence it does not affect Aa,. The two conditions 75 < 100 and My = 200 GeV give
0 < a,(hf) <1072, hence a, (h]) gives suppressed contributions to Aa,. The Aa, depends
strongly on w, which lower bound is constrained strictly from the masses, which are given in
Eq. (20), of heavy neutral gauge bosons Z3 4, namely mz,, > 3 TeV from LHC searches [18]. As
a result, large values of w > 2 TeV give Aa, <7 x 1077 « 192 x 107" < a}*. In conclusion,
all the one-loop contributions mentioned above are much smaller than aNP
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3. The 3411ISS with ISS neutrinos

Now we consider an extension of the above 341RHN model that may explain successfully the
(g — 2),, data. This version consists of six right-handed neutrinos vz, X,z ~ (1,0),a =1, 2,
3 generating active neutrino masses through the ISS mechanism, and a singly charged Higgs
boson o™ ~ (1, 1, 1) needed to give large one-loop contributions to anomalous magnetic mo-
ment (AMM). We call this model the 3-4-1 model with ISS neutrinos (3411ISS). The generalized
lepton numbers are L(v,g) = 1, L(X,gr) = —1, and L(o*) = 0. Now tree-level neutrino masses
and mixing angles arise from the ISS mechanism. Requiring that £ is only softly broken, the
additional Yukawa part is

1 — :
_£Y,VR = Yal;amnTLb + (MR)abm(XbR)( + 5(I'LX)avaozR(/YbR)C

+ Y (Xar)epro " +hoc, (41)

where YV, Mg, iy, and Y? are 3 x 3 matrices. The first term in Eq. (41) is similar to that given
in Eq. (7), but it will generate the Dirac neutrino mass matrix M instead of the active neutrino
masses.

Notations for flavor states of active left-handed neutrinos are v, = (v}, v, v})! and vg =
(vi, v, V3 )1€, Xr = (X1, X2, X3 )IQ The neutrino mass terms derived from Eq. (41) are written in
the following ISS form [102]:

VL
Lo |
_ﬁr];mss = 5 ((VL)C» VR, XR) MY (VR)(' + h.C.,
(Xr)
O3x3 Mg mp O3><3 Mz
= Mp = My = o)
M (MD My) P Opa) Y MY ux )’ (42)

where 03,3 1s a zero matrix and mp = YV x v,/ V2. The analytic form of the Dirac mass matrix
was chosen generally following Ref. [103].
The total unitary mixing matrix U" is defined as follows:

U'TMYUY = MY = diag(my, , my,, My, My, ..., my,,) = diag (i, MN) , (43)

where m,, (i =1, 2,..., 9) are eigenvalues of the nine mass eigenstates 7,7, including three light
active neutrinos .z (a = 1, 2, 3) with mass matrix 72, and six other heavy neutrinos with mass
matrix My. The relations between the flavor and mass eigenstates are

153 (VL)C
(vr)" | =U"ny, and VR = U np, (44)
(Xr) Xr

where n; = (nyz, nyy,..., nor)” and ng = (ny)°. The neutrino mixing matrix is parameterized in
the following form:

v — (5= 2RRT) Upnins RV
—RUpnmns (I — SRIR) V
where Uppmns 1S the 3 x 3 Pontecorvo—Maki—Nakagawa—Sakata (PMNS) matrix [104,105], V'
isa 6 x 6 unitary matrix, and R is a 3 x 6 matrix satisfying |R,;| < 1 foralla=1,2,3 and I =

1, 2,..., 6. In the ISS framework we considered here, mp is parameterized in terms of many free
parameters, hence it is convenient to choose a simple form of puy = puolz and Mg = Mg = Myl

) + O(RY), (45)
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[106,107]. The formulas of mp and mixing parameters are [103]:
mp = MO\/)TV PMNS’ — (Oa UPMNS)"\:II;/Z) s Xy =—, (46)

where max[|(;%u) |] <K lforalla=1,2,3.
The ISS conditions |71, | < || K |mp| < My so that Y20 "0’”” ~ 0, and the mixing matrix and

Majorana mass term are
—ils L
, 47
(o 7) @

. M
MN=( R 9):M016,V:
which give V*MyV' ~ My, ie. m, ~ Myforalli=4,5,..., 9.

Sl -

0 Mpg

3.1.  Analytic formulas for one-loop contributions to a,, and Br(e, — e,y )

We note that except the contributions from ISS neutrino couplings with singly charged Higgs
bosons given in Eq. (28), all other contributions are the same results as those discussed in the
case of Dirac active neutrinos mentioned above. Hence, we just focus here on the Higgs con-
tributions relating to the couplings with ISS neutrinos. The relevant couplings are listed in the
following Lagrangian:

3

2 3
L = _ﬁ"gn Z Z Zn_, [Xé’kPL + )Lf;’kPR] eah,f + Z Z TUJI*I’hVﬂPLeaW-F
w

k=1 a=1 i=1 a=1 i=1
+ h.c., (48)
where
6 -1 0, i<3
L1 -1 v lg Ca 12 -
Mg = Ztﬂ Mp.1acaUfiz) = NG x| —iMo (Upyns®y?) 53y 3<i=6,
— 1/2 .
= Mo (UPMNva/ )a(i—6) i>7

hia® = g,

6
R1 _ Vs v Vs
Aig = me,tpca Uy — Z ﬁsa YI(:I:U(1+3)5
=1

A Me,lpCy [U;MNS (13 ;)AC )] i+ % (YGT)ACII/Z)ai i=3
= | metpca (Upnns®y?) sy + 55 [V (B = 3800)] sy 4=i<T,
%meatﬂca ( PMNS)ACI 2)a(1 6) -5 [ yor (13 - % AV)]a(i—ﬁ) iz7
Aﬁ’z = Aﬁ’l [S¢ = —Cor Ca = Sa]. (49)

The branching ratios of the cLFV decays are formulated as follows [19,108,109]:

487

Br(e, — e,y) = GZ

(\ canrl” + ewar|”) Bries > eup), (50)
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where Gr = ¢2/(4v2m3,), Br(u — evov,) = 1, Br(t—evv,) = 0.1782, Br(t — uv,v,) =~
0.1739 [102], and

2
Cab)R = Z canr (h%) + camyr(W),  cpayr = Canyrla — b, b — a,
k=1

2
canr () =Y canr (),
k=1

ge

32712171%,I,mhi
:

canr ()

X Z [ké’k*kﬁ’kmnifq;(xi,k) + (me,,)»éjk*)»é’k + mea)»ff,’k*kff;k> f@(xi,k)] , (51)
i=1
with Xik = Wlﬁ/mii
! k
Up to the order O(R?) of the neutrino mixing matrix given in Eq. (45), the non-zero one-loop
contributions relating to hfz are:

eGrm,
canr (hi) = 1 ﬁnzb

-1
. VEZ CoSq . i
| e ) = s
€p

+ tﬂ_zci (UPMNS),&V U[J,[MNS> bxlj;Q(xl)
a

m2 32 T8 1 .
e, Bra ab ~ T
B [ﬁ - (UPMNSXV UPMNS)ab (ﬂ - f@(xl))i|

mhli
[(Yﬂfcv Y7) (% - ﬂp(xl)) +(vety?) ﬁp(xl)}

22
Me, V=S,

2
2me,n,.
1

VM, 1852¢ 1 7z Mme, o o X o
+ €y /3 2 (_ _fq>(x1)) |: i (UPMNSx})/zY )ab+ (UPMNlel)/ZY )Z(l] ’

2\/§mii 24 €p
1
canyr(15) = camr(hY) [X1 = X2, S = —Ca» Cq = Sal,
N eGrm,, 584 R ~ 5
() = S | -2 (Vs ), (0 G+ 3 ) | (52)

The one-loop contributions from the /7, exchanges to a,, are:
4m
e, (hit) = _TQRG[C(aa)R(hzlt)]»

aeu (ha‘:) - au(hzlt) [xl — x27 Sol — _COl’ CO{ - Sﬁl]’

e, (h) = ae, () + ae, (), (53)

where x; = Mg /mii and a,,(h*) is the total contribution from these two Higgs bosons. We
k

note that all Yukawa couplings considered in this work are assumed to be real. As a result,

Eq. (52) shows that only the Dirac phase results in the tiny values of Im[c,,], implying very sup-
pressed values of electric dipole moments d,, = —2 Im[c,,] [19], consistent with experimental
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constraints [110,111]. This conclusion is also confirmed by our numerical investigation, namely
\d,. .| < 10~*[e cm], therefore we will not discuss it further.

For qualitative estimation, the main contribution to a,, (4*) is the chirally enhanced part [19].
From Eq. (52), this part is determined as follows:

GFmg Vtglcasa A]/z . .
e, 0 = \/inza x Re fz—%UPMNst Y? ) [x1 /o (x1) — X2 fo(x2)] ¢ - (54)

But this term may also give large contributions to ¢z and c¢@pe)r, Which may be excluded by
the cLFV constraints with b # a. To avoid this problem, we start from the diagonal form of
C(ab)R, 0 as follows:

Canyr 0 [UpmnsX)/2Y 7], o 8ap. (55)

Correspondingly, the formula of a,, g is proportional to a diagonal matrix Y satisfying:

. my, My, 1/2 o .
Ubwins x diag (52, 52, 1) v7 = v¢ = diag (Yl Y5, ¥{)). (56)

My ’ My, ’

Hence, the diagonal entries will give main contributions to a,,, namely,

p Gpmgaa/xo + Re vtﬂ_lcasa
) = T = —=
V2?2 V2m,,

Then a,, o may be large, provided that 74 should not be too large, #; # ,, and the following
quantities are large enough: x, |$2y = 28,¢y |, and |Ya‘fl| with a = 1, 2, 3. In contrast, cLFV
amplitudes do not get any contributions from ¢()r, 0. Numerical investigations will be done to
check this conclusion. For simplicity, we use the approximation that all tiny contributions are
ignored in the numerical results. Namely, Aa,, = a,,(h*) given in Eq. (52), instead of the total
formula given in Eq. (40). In contrast, the one-loop contribution from W must be included in the
formulas of Br(e, — e,y ). This conclusion was confirmed based on the qualitative estimation
discussed above. The numerical checks have been performed, which are consistent with previous
discussions on 3-3-1 models [112,113].

Although our numerical investigation will consider only the experimental constraint given in

Yd:| [x1fo(x1) — X2 fo(x2)]. (57)

Eq. (2) allowing only positive values of AaN around 1o constraint, the experimental result with
negative Aa)? in Ref. [75] can be explained similarly because the sign of the main contribution
in Eq. (57) depends precisely on the signs of Y%syc,.

4. Numerical discussion
We will use the best-fit values of the neutrino oscillation data [102] corresponding to the normal
order (NO) scheme with m,, < m,, < m,,, namely,

51, = 0.32, 533 = 0.547, 513 = 0.0216, § = 218 [Deg],
Amj; = 7.55 x 107°[eV?], Am3, = 2.424 x 107°[eV?]. (58)

The active mixing matrix and neutrino masses are determined as follows:

. N2
i, = (1i?) % — diag (mnl, \/m%l + Am3,, \/m%l + Am3, + Amgz) ,

c12013 C13812 sp3e”!
_ 5 5
Upmns = | —c23812 — c12813523€' 12023 — S12813823€' c1353 | - (59)

5

) j s
$12823 — C12023513€" —(238512€°513 — 12823 C13C23
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This choice of active neutrino masses also satisfies the constraint from Plank2018 [114],
S m, <0.12¢V.

The non-unitary part of the active neutrino mixing matrix (13 — %RRT) Upmns 1S constrained
by other phenomenology such as EW precision [115-117], leading to a very strict constraint
of n =1 |RR| o %, in the ISS framework [95,118,119]. The reasonable constraint of the non-
unitary part of the neutrino mixing matrix is as follows:

xo= 1073, (60)
Mo
The other well-known numerical parameters are [102]:

g=0.652, Gr = 1.1664 x 107> GeV, s3, = 0.231, my = 80.385 GeV,
m, =5x107* GeV, m, = 0.105 GeV, m, = 1.776 GeV. (61)
For the free parameters of the 3411SS model, the numerical scanning ranges are:
My €[0.1, 10] TeV, my: €[0.8, 10] TeV,

tp €10.3,50], xo € [107°,107°], s, € [-1, 1], |¥5| < 3.5, Va,b=1,2,3.  (62)

In addition, we will fix m,,, = 0.01 eV, and check the perturbative limit of all Yukawa couplings
Y? and YV, namely, | Y], |Y,| < 3.5 must be satisfied. As we discussed above, the diagonal
form of Y? will allow large (g — 2)., anomalies and small Br(e, — e,)) satisfying the recent
experimental constraints. In the numerical investigation, we will consider the general case that
Yaf}l) # 0. The allowed regions of parameters we imply below must guarantee the experimental
data of lo ranges of (g — 2)., 4, the cLFV constraints of Br(e, — e,y), and the constraint of
the decay Z — u* ™ using the analytic formulas and experimental data given in Appendix B.

Now, we consider some particular different choices of zero entries of Y?. The allowed regions
of the parameter space predict some interesting properties. First, even with only Yﬁ, Yzfé #0,
the allowed regions satisfying two (g — 2),, , data are still strictly constrained by the cLFV decay
rate Br(ix — ey) < 4.2 x 10713, namely the constraints | Y|, | V51| < 10~* must be guaranteed.
Therefore, we will fix | Y| = |Y{| = 0 as the default values in our numerical investigations.
Second, we give comments on the three following cases:

(1) Yz‘é = Y;é = Yl‘é = Y;{ = 0, which is the case of Y“ being diagonal, as given in Eq. (56).
The allowed regions of non-zero entries of Y¢are 0.02 < |¥{i| < 0.13,0.9 < |YJ}| <2.5,
and | Y3‘§| < 2.67, see the left panel of Fig. 3. In this allowed region, Br(t — ny)can reach
the order of ©O(10~), but predicts suppressed branching ratios Br(t — ey) < 107!2, see
the right panel of Fig. 3. We can see that Br(ix — ey) can reach the recent constraint
of O(10713) even when Y}, = Y| = 0. This property is different from two other cLFV
decays of 7, which are suppressed if Yy} = 0 is fixed, namely, Br(t — uy) < 1071, In
addition, there exist regions that allow both small values of Br(i — ey) ~ O(10~%) cor-
responding to future experimental sensitivity and large Aa,, . In conclusion, we confirm
that the formula of a, o given in Eq. (54) is the main one-loop contribution to (g — 2),,
data and cLFV decay amplitudes. Hence, the diagonal form of Y results in small cLFV
decay rates, even though they get contributions from other terms in Eq. (52).

(2) Y& =Y8 =YL =0while Y, Y& +£0. The two cLFV rates Br(t — ey) and Br(x —
ey) can reach the recent experimental upper bound, while Br(t — uy) < 3 x 10712,
The allowed ranges of Yl‘{ and Yz‘é are almost unchanged. The constraints of Yfé,m
are |Yl‘§| < 0.67 and |Y3‘{ | < 0.22. Hlustrations of relations between entries of Y¢ and
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Fig. 3. The correlations between Aa,, (h*) vs Y. (left panel) and Aa.(h*) vs Br(e, — e,y) (right panel)
in the case Y5§ = Y& = Y% = Y{ = 0. The two black lines show the values of 6.9 x 10 and 6 x 104
corresponding to the future experimental sensitivities of cLFV decays e, — ¢,y mentioned in the intro-
duction.
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Fig. 4. The correlations between Br(z — ey) vs Yl%jl (left panel) and Y (right panel) in the second case
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Br(t — ey) are presented in Fig. 4. We conclude that Br(t — ey) depends strongly on
Y4 and Y. In contrast, the allowed ranges of Y| and Y5} mainly arise from the (g — 2)
data.

3) Yl‘g = Y;{ = Y;g = O while Y;é, Yd # 0. Two cLFV decays Br(u — ey) and Br(t — uy)
can reach recent experimental bounds but Very suppressed Br(t — ey) < 107!2. The
constraints of the non-zero entries of Y7 are Y53 32| < 1. Illustrations of Br(t — wy) vs
Y2“;’32 and a,,_.(h*) are similar to case (2), hence we do not show them explicitly here.

We comment here on some properties of entries of Y derived from studying the three particu-
lar cases mentioned above. First, the diagonal entries of Y give main contributions to (g — 2),,
anomalies, whereas the non-zero entries Yl‘g,31 and Yz‘; 4, affect strongly the decay rates of Br(z
— ey)and Br(t — uy), respectively. The Br(u — ey) depends strongly on Yl‘é,ZI and the com-
bination of the remaining contributions The recent experimental bound of Br(u — ey) < 4.2
x 1071 results in tiny values 1Y, 21| < 107*, hence we always fix these two entries as being
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Fig. 5. The correlations between different free parameters vs Aa,, (h*) with Y5 = Y1, = 0.

zeros. We also emphasize that the negative sign of the experimental value of Aa)t in Ref. [75]
can be explained by the sign of Y.

In the final illustration, we consider the more general case that the only two zero entries of Y*
are Yl‘é = Yz”{ = 0. The correlations of important parameters vs Aa,(h*) are shown in Fig. 5.
The corresponding allowed ranges of the free parameters are:

tp €10.35,16.14], s, € [-0.988, —0.08] U[0.065,0.996], xo € [2.14 x 1076,2.5 x 107*],
M, €[0.877,10] [TeV], M, € [0.8,10] [TeV],

Y €[-0.17, —0.03] U[0.022, 0.164], Y55 € [~3.26, —1.03]1U[0.909, 3.275], |Y5| < 2.93,
Y{ €[-0.76, 0.8], Y& €[-0.21, 0.25], Y5 € [-0.85, 0.86], Y € [-0.97, 0.96].  (63)
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Fig. 7. The correlations between Yi;{ vs Br(t — ey, uy) with Y, = Y, =0.

We can see that many allowed ranges are stricter than the scanning ones given in Eq. (62). For
example, large (g — 2),, , requires small 74 and large x, so that the new upper bound of 74 and
lower bound of xj are determined. As a result, in Fig. 5, the allowed regions of small 75 and
large xo are favored. Similarly, a,, o o sycy = $20/2, therefore, the allowed values of large sy,
close to 1 are supported. In the bottom left panel, the allowed regions of Yﬁ,zz are the same
as those predicted in Fig. 3, in which all non-diagonal entries are zeros. This implies that these
regions are independent of non-diagonal entries of Y?. Instead, large values of these entries
favor the small a, (h*), see the bottom right panel. As a result, small (g — 2),, may predict large
Br(t — py, ny) and vice versa. In addition to explain both (g — 2),, data of Aa,(h*), the
condition of |mh1i - mhzil > 523 GeV is required, which is a condition derived from a,, o that x|
# x,. We emphasize that this model allows the existence of heavy charged Higgs bosons, which
did not appear in some recent discussions on (g — 2) anomalies [24,25].

The relations of Yijl vs Aa.(h*) are shown in Fig. 6. In the left panel, a,(h* )| Yl‘{ | confirms the
relation given in Eq. (57). The a,, (h*)ox | Yz‘é| is not very clear, because many points are excluded
by the perturbative limit. The right panel shows that a.(4*) does not give any prediction on Yi;%’
like the case of a, (h*).

The correlations of Yl;l vs Br(u — ey) are shown in Fig. 7. We see again that the constraints
of Y¢ with i = 1, 2 are similar to those shown in the left panel of Fig. 3. This confirms the
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Fig. 8. The correlations between Br(e, — e,y) vs Aa,, u(hi) with Y5, = Y1, = 0. The two black lines in
each panel present the future experimental sensitivities of Br(e, — ¢,y ) mentioned in the introduction.

conclusion that the allowed ranges of Yﬁ,zz are mainly controlled by the (g — 2),, data. In the
right panel of Fig. 7, large Br(u — ey) prefers large non-diagonal entries Yl‘f but the small
values are still allowed because of the destructive correlations between contributions from dif-
ferent parameters.

The correlations between Aa,, , and Br(e, — e,y ) in the allowed regions of parameters listed
in Eq. (63) are shown in Fig. 8. We can see that all allowed values of a,, .(4*) in the lo exper-
imental ranges still predict large Br(e, — e,)) near the current upper experimental bounds.
Therefore, the future results of ¢cLFV experiments, (g — 2) data, and neutrino oscillation will
give stricter constraints on the allowed regions of the parameter space. Note also that future
experimental constraints on other cLFV decays such as i — 3e < 107'¢[120] and ;& — e con-
version in nuclei [121] will be stricter than those considered in this work, but in general the-
oretical calculations on some other BSM in the presence of “chiral enhancement” show that
they do not affect strongly the allowed regions we discussed above, see e.g. the left-right model
[122]. From the theoretical side, this can be explained by the reason that the relevant one-loop
corrections originated from one-loop four-point diagrams are proportional to the products of
four vertex factors, therefore their numerical values are more flexible than the theoretical con-
straints from the cLFV decays ¢, — ¢,y . A more detailed investigation to predict the allowed re-
gions corresponding to the future sensitivities of all interesting cLFV decays will be done in the
future.

5. Conclusion

We have discussed a solution to explain the recent experimental data of the (g — 2),, anoma-
lies in the 341ISS framework. We have constructed the Yukawa Lagrangian of leptons and
Higgs potential obeying the generalized lepton number £ that keeps necessary terms gen-
erating the ISS mechanism and large chirally enhanced one-loop contributions to (g — 2),,
anomalies. Although the ISS mechanism may result in large cLFV decays ¢, — ey, we
have shown numerically that there always exist allowed regions of the parameter space
guaranteeing these experimental bounds. In addition, these allowed regions will not be ex-
cluded totally if the future sensitivities of the cLFV experiments are updated, and no cLFV
significations are found. The model can also explain successfully the existence of at least
one of the cLFV decays t — uy, ey, or u — ey once they are detected by incoming
experiments.
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Appendix A. The SM-like Higgs boson
For simplicity in estimating the SM-like Higgs boson / found by the LHC, we assume some
conditions of the Higgs self-couplings as follows:

/v fw JV Swip
Ao+ —, A7+ ———, Ag A ~ 0. Al
o Ty T Ty (Al

As a result, the SM-like Higgs boson gets dominant contributions from the neutral Higgs
basis (Re[pY], Re[n?]), corresponding to the following squared mass matrix:

M2 — (2)»2(:%\)2 — ft’*’ZVW Asspegv? + wa)

Vi 4
rsspegy? + L2 2a 15507 — fm:

which results in one light CP-even neutral Higgs boson with mass

2
2 2
Mh,lth,ZZ - <Mh 12)

M3+ My (M3 = M2 ) 44 (02,,)]

Similarly, in the 2DHM framework, this CP-even Higgs boson can be identified with the SM-
like Higgs boson found from the LHC. Denoting the mixing parameter o of these two Higgs

bosons,
Re[pg] | ¢ So\ [ H
()= (2 2)(5) -

the difference between the tree-level couplings se e, predicted by the model under consideration
and the SM is a factor s,/cg, exactly the same as the 2HDM, see e.g. Ref. [123]. Therefore, the
combination of this factor and the loop corrections can accommodate the experimental data.

mr =2 o OO?). (A2)

Appendix B. One-loop corrections to Zu*p~ and Aut ™ vertices
The relations between the flavor and physical base of the neutral gauge bosons are [11]:

W3M- Sw Cw 0 0 AM
Weu | | cew —C3Sw — CoS32 532 59 m (BI)
- k]
Wisu C43CW S —C4380SW 32043 Co — 84389 — CoS43 — 3204380 | | Z3u
//
By, CWwS32543  —SRSBSW C30CeSa3 + 4389 C43 Co — C32843 g Zy
where
3= 6sW 33— 4SW
843 = ————, 3 = 1=, 53 = Y m= — %,
/ cw
3— 4sW
526 2,12
ey = o Ow=/V7). (B2)
26
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The matching relations from the breaking step SU(4);, x U(l)y — SUQ2)y x U(l)y are W5 =
W3, By = caWsy + cazssaWisy + sazs B, and

1 Y
\/_ les + XI= ER (B3)

where B, is the gauge boson of the gauge U(1)y in the SM. The relation (B3) is consistent
with the definition of the charge operator (4), the same as that given in the SM. This means
that we can consider n and o, v,z and X,z as new scalars and neutral fermions giving one-loop
corrections to the Zu ™~ couplings as discussed in Ref. [124]. Because all new neutral fermions
are singlets, vertices Zv g,z and ZX,z X,z do not appear. Consequently, only diagram 2 of
Fig. 1 in Ref. [124] is irrelevant to our model.

We use the result from Ref. [124] having the following Yukawa couplings that give one-loop
correction to the g"z g of the vertex Zu*p™:

Ly =—yrilr$2xr — YrRAR® X1 + h.cC.,

where s, and x r, g are physical Higgs and fermion states, and V. ; is the Higgs mixing param-
eters relating to ¢ and ¢, as follows: ¢ = Vyis1 + Viasy and ¢ = Varsy + Vasso. The vertex
corrections are:

2
Agy = 16 T 3 Z {(—— - QSSW) VsiVar — Ossiy Vf}(Vll} VoV Coalsie, x5 515 p, (g — p))
k=

2
_ Z (_% + S%v) Va2 (Bo + B1)(sks X p)} ,

k=1

) 2
y 1
Agp = 1671;2 2 E {<—§ - QSS%/V) ViiVar — Ossyy Vf}chz} ViucVi1Caa(sies x5 513 o (@ — p))
k=1

2
- ZS%V“/IHZ(BO + B1)(sk, X; P)] , (B4)

k=1
where we have used Q,, = 0 for neutral fermions, and C»4 and By, | are Passarino—Veltman (PV)
functions, which transform into the notations of LoopTools (LT) [125] as follows:

d"k {1, k"}
Bo, p"B1} (4, B, 16“6/
{Bo, " Bi}( p) = l6m iy [kz_mi +i€] [(k-|—p)2 —m%—f—ie]

= {By, p" B1} (p*; m%, m3),
{P{PYCot + P P5Con + (P Py + P P Caz + 8" Caa} (4, B, C; 1, p2)

o2 [ 4k {1, k)
= lé6rm
" Q) [k> — m? + ie] [(k + p1)? — my + ie] + [(k + p1 + p2)> — m? + ie]
= {p{PICi + ¢"¢"Coo + (P q" + 4" P})C12 + " Coo} P, 05, 475 m?y, my, m), (BS)

where By 1 (p*; m%, m}), and Coo (3, p3, ¢*; m?, my, mZ.) are LT notations, and g = p; + p».
In the particular case of the decay Z — u* 1=, we apply the on-shell conditions that ¢> = m2
and p{ = p3 = m;, ~0.

The Yukawa part of Eq. (41) gives the following equivalence: n, = ¢, and o~ = ¢ with Oy =
0y, = —1, and new fermions are neutral singlets v,z, X,z ~ (1, 1, 0), which do not couple to
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the Z boson. The mixing parameter of Higgs bosons in Eq. (28) gives
—Sq = Vllv Cq = V12, Vzl = CpCq, V22 = CSa> (B6)

and /;. = s;. The Yukawa couplings in Eq. (42) in the basis of new physical neutral fermions
read:

gMO x UPMNS) v
—Ly = ZZ|: N = U(aj—3)1 uhtir + Y5 Ul gitrnico | +h.e.. (B7)
i=1 a=1 wop
For a new fermion nl-L r with Q,,, = 0, we have
gMO( J 2UPMNS) 2 1 v
iL = “Ulyayin Vir = 2 Ugreyin 1 = :
y Tom 5 U y Z Uy i=1,9
w

a=1

The vertex corrections to Zu ™™ in our work are:

2
|y1L| 1 * * *
k=1

2
1
-2 (—5 + s%V) Vol (Bo + Bl)}
k=1

g M; [ i : 1
= U, ﬁvUpMNS] 2 Z {(—— + 32 ) vV Vo + sz VvV Vll} Vsz*Coo
2 2 | YPMNS w | Yok w ¥ 1k 21
32mWs5 22 Py 2
2/
-2 (—5 + s%V) Vel (Bo + Bl)}
k=1

9
|yiR|2 * * *
Agg;:z s 21;1 ——+sW Vi Var + 5, ViVt ViV Coo

2
= sy Vil (Bo + Bl):|

k=1

Yo Yoly | o o, . *
T 2 Z ) + s ) Vo Var + sy ViV g ViV Coo
k=1

2
— ZS%/V|Vlk|2(BO + Bl):| ; (B8)

k=1
where Coo = Coo(o 0 I’I’ZZ, mli, ]\42 hi) and Bo 1= B() 1(0 mh , Mz)
The following modified Z,ufr w- couphngs are

S [ (@ agh) Pt (S0 + ady) Pe]. (BY)
where g SM "=—1/2+s},,and g SM " = s2,. Defining the following quantity [95]:
A + o 2 2
SRy = ( —>eaiaz EPN. (el 21 (B10)
Tsm (Z — efe;) SMP + M|

where g™ =g £ g™, g = gM + Ay + Agh. and g4 = &M — Ag} + Agh, the experi-
mental constraint is: —7 < Rz, X 10° < 6[95,102].
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