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 A B S T R A C T

Liquid-core fibers have been widely used for supercontinuum generation because of the high nonlinearity and 
high transparency of selected liquids. These fibers are fabricated using silica capillaries with micrometer core 
diameters infiltrated with nonlinear liquids. Since nonlinear liquids typically have a refractive index much 
higher than silica, this results in multimode guidance, especially in large core fibers. This study focuses on 
numerically investigating supercontinuum generation in a few-mode liquid-core (CS2-core) fiber by using a 
commercial femtosecond laser with a central wavelength of 1560 nm and a pulse duration of 100 fs. The fiber 
has a core diameter of 5 μm and supports 24 polarized modes. Due to the high noninstantaneous nonlinearity of 
CS2, the liquid-core fiber can achieve supercontinuum generation with higher coherence compared to solid-core 
fibers, for both linear and circular polarization. Additionally, this work investigates the interaction among the 
four polarized components of the first high-order mode (LP11), pointing out the differences in power transfer 
between the polarized modes in the case of linear and circular polarization. The interaction between HE11,x
and TM01 modes with all existing modes is also discussed.
1. Introduction

Supercontinuum (SC) generation is a spectral and temporal broad-
ening of high-power laser pulses within nonlinear optical fibers and 
waveguides, driven by the interplay of nonlinearity and dispersion [1]. 
Recent advancements in fiber materials and fabrication technologies 
have enabled the production of SC with a broadened spectral band-
width, spanning from ultraviolet (UV) to mid-infrared (mid-IR, from 
3 μm to 20 μm). Consequently, fiber-based SC sources have become key 
factors in numerous applications, such as multi-photon imaging [2,3] 
and low-noise amplifier [4]. SC generation with extremely low shot-
to-shot and temporal noises acts as broad bandwidth frequency combs, 
and thus, it is suitable to use for spectroscopy [5] and high-precision 
metrology [6]. In general, fiber materials include silica, silicon, hybrid 
glasses (e.g., telluride, chalcogenide), liquids and gases [7,8]. The main 
limitations of silica fibers are low nonlinearity and high absorption in 
UV and mid-IR range, thus silica fibers are only used for SC generation 
in visible and near-IR range with spectra limited around 2.5 μm [9,10]. 
In order to meet this limitation, silicon and chalcogenide fibers with 
high transmission in mid-IR range have been utilized for multi-octave 
spanning SC generation up to 5 μm [11] and 18 μm [12], covering the 
‘‘fingerprint’’ absorption and vibration of various types of gas molecules 
for infrared spectroscopy applications. The drawback of chalcogenide 
fibers is difficulty in fabrication using the stack-and-draw method 
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because of the glass crystallization and high sensitivity of viscosity 
to temperature changing [13]. Moreover, chalcogenide fibers do not 
have good mechanical resistance and get a quick optical aging process 
causing an increase in fiber absorption as well as changing their optical 
properties [14]. Another approach is to use hollow-core fibers filled 
with noble gases (e.g., argon and neon) that allow control of the 
fiber nonlinearity and dispersion by changing the gas pressure, thus, 
enabling control of the spectro-temporal properties of SC generation. 
The gas-core fibers have been used for broad SC with spectra ranging 
from UV up to 4 μm [15] as well as pulse compression up to attosecond 
duration [16]. Notwithstanding, the gas-core fibers typically require a 
laser pump with extremely high power (a few of μJ) because of the low 
nonlinearity of the selected gases and large core of the fibers [15].

Liquid-core fibers that are hollow core fibers infiltrated with liquids 
into the cores for light guidance are an attractive approach for SC gen-
eration [17,18] and other applications, such as optofluidic lasers, and 
sensors [19,20]. The advantage of liquid-core fibers involves an essen-
tial increase in the intensity of liquid-light interaction in the small fiber 
cores and the long optical path (along the fibers). Therefore, it enables 
the leveraging of unique properties of liquids, such as high nonlinear-
ity, high transparency over a long bandwidth from visible to mid-IR, 
tuning the refractive index via changing temperature and pressure, to 
optimize spectro-temporal properties of SC generation [21]. Nonlinear 
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Table 1
Supercontinuum generation in CS2-core fibers.
 Fiber Core Pump Peak Spectral Mode guidance Refs  
 diameter (μm) wavelength (nm) power (kW) bandwidth (nm)  
 Step-index 2.3 1.55 12 1232–3189 Single-mode [30]  
 PCF 1.8 1.55 3.9 1100–2500 Single-mode [26]  
 Step-index 4.7 1.95 30 1100–2700 Single-mode [17]  
 Step-index 3.9 1.56 13 1100–2100 3-modes [31]  
 (LP11 modes)  
 Tapered fiber 14→3 1.56 27 1000–3000 Single-mode [23]  
 PCF 1.3 1.55 2 1280–2240 2-modes [32]  
 (LP01 modes)  
 Step-index 2.0 1.56 10 1000–3300 2-modes [33]  
 (LP01 modes)  
 Step-index 3.3 1.92 1 1280–2300 Single-mode [21]  
 Step-index 5 1.56 15 1200–2400 Multimode This work 
 (24 modes)  
liquids, such as carbon tetrachloride (CCl4) and carbon disulfide (CS2), 
have high transparency up to 6 μm [22], allowing to yield broad 
SC spectrum in mid-IR range [17,21,23]. Interestingly, unlikely glass, 
liquid nonlinearity is contributed by instantaneous Kerr (originated 
from the electron-bound response of liquid molecules) and, a major 
part, noninstantaneous nonlinearity (originated from reorientation of 
the liquid molecules via external electromagnetic field) [24], leading to 
hybrid soliton dynamics that allows for improvement of the coherence 
of soliton-based SC generation [17,25,26].

Nonlinear liquids typically have refractive index higher than sil-
ica [27], assuring light guidance by total internal refraction (TIR) and 
well-confining the light inside the fiber core to increase the nonlin-
ear effects. However, the high refractive index, in turn, causes the 
few-mode and/or multi-mode guidance. Notwithstanding, most works 
have previously considered SC generation in liquid-core fibers with 
an assumption of single-mode operation and neglecting interaction 
between modes existing in liquid-core fibers. It is worth mentioning 
that few-mode and multi-mode fibers (MMFs) have gained interest 
in the scientific community due to their interesting properties over 
single-mode fibers. MMFs with large cores can yield high coupling 
efficiency with laser sources while enduring extremely high input en-
ergy without damage, thus making them ideal towards all-fiber, high 
power spectral density (PSD), and extremely broadband SC systems. 
Interaction between the existing modes not only changes the spectro-
temporal properties of SC generation, but also provides an excellent 
tool with a high degree of freedom via a rich landscape of nonlinear 
dynamics to customize the nonlinear propagation for applications in, 
e.g., multiphoton microscopy and telecommunication [28,29].

Although liquid-core fibers have been widely utilized for coherent 
broadband SC generation, especially CS2 filled fibers due to the high 
nonlinearity [17,21,25,26,30], most of the works consider only the 
single-mode guidance and neglect the effects of mode interaction (Table 
1). The investigated fiber in this work is included.

Up to date, the exploration of nonlinear dynamics in few-mode 
liquid-core fibers remains relatively limited, and previous works con-
sidered the interaction of only specific modes, see Table  1. For instance, 
Scheibinger et al. engineered the fiber dispersion via initially exciting 
one of the 3 high-order modes (TM01, TE01, HE11) to change the spectral 
property of SC generation in CS2-core fibers [31]. Van et al. proposed 
highly birefringent liquid-core fibers and investigated coherence degra-
dation resulting from interactions between polarization fundamental 
modes (LP01) [33]. A theoretical model for synchronization of spatial 
modes in MMFs with high noninstantaneous nonlinearity (like CS2) was 
proposed by Mei et al. [34].

Previous works have not investigated the interaction between all 
existing modes in liquid-core fibers, thus neglecting nonlinear phenom-
ena that significantly contribute to spectro-temporal properties of SC 
generation, such as cross-phase modulation (XPM) and intermodal four-
wave mixing (FWM). In addition, the interaction between the modes 
depends on their polarization state, resulting in coherence degradation 
2

of SC generation depending on the polarization of input laser pulses. 
These features have been studied for solid core fibers with Kerr non-
linearity [28]. Yet, mode interaction in liquid-core fibers with high 
noninstantaneous nonlinearity has not been thoroughly investigated. 
Therefore, investigation of SC generation in liquid-core fibers with 
multimode guidance is necessary to achieve a sufficient overview of 
light-matter interaction in the liquid media with high noninstantaneous 
nonlinearity.

In this work, we numerically study the interaction between the 
modes in the liquid-core fiber with high noninstantaneous nonlinearity 
for SC generation. Specifically, we thoroughly investigate the nonlinear 
dynamics, energy transfer, and coherence of SC generation within the 
interaction of the polarized components of the fundamental mode and 
the first higher-order modes. We also point out that noninstantaneous 
nonlinearity results in narrower spectral broadening while improving 
coherence. Additionally, we consider the energy transfer between all 
existing modes, focusing on the initially excited modes of HE11,𝑥 and 
TM01.

2. Numerical modeling

Liquid-core photonic crystal fibers (PCFs) have been utilized to offer 
significant flexibility in optimizing dispersion for broadband SC gener-
ation [18,26,35]. However, these fibers necessitate a complex process 
to selectively infiltrate liquid into the core region [35,36]. Although 
modifying the cladding air-hole sizes in PCFs is an effective approach 
for tailoring fiber dispersion, this method is particularly suited for small 
cores, where the core size is comparable to the operating wavelengths. 
In contrast, for multimode fibers with large cores, dispersion is predom-
inantly influenced by the material dispersion of the core rather than 
waveguide dispersion [18,35].

In this work, the liquid-core fiber is a step-index configuration that 
is realistically fabricated by using a micro-diameter silica capillary 
infiltrated with CS2, as shown in Fig.  1(a). We work with CS2 because of 
its high nonlinearity and high transparency [22]. This liquid has been 
widely used for SC generation (Table  1).

The core diameter is 5 μm. Silica has high attenuation in mid-IR 
(wavelengths longer 2.6 μm), while CS2 is transparency up to 3 μm. The 
highest absorption at 2.2 μm is caused by the stretching and bending 
mode of the liquid molecules, Fig.  1(b).

Carbon disulfide has refractive indices higher than silica, resulting 
in effective light confinement within the core (i.e., low confinement 
loss) and multi-mode guidance at short wavelengths. The fiber has a V-
parameter of 6.6 at 1560 nm, offering up to 24 vector modes (linearly 
polarized modes), corresponding to 7 scalar modes (LP𝑚𝑛), as illustrated 
in Fig.  2. In particular, the fundamental mode (LP01) includes 2 vector 
(linearly polarized) components of HE11,𝑥,𝑦. The first high-order mode 
(LP02) has 2 vector modes of HE12,𝑥,𝑦. Other LP𝑚𝑛 modes consist of 4 
components, such as LP  comprises TM , TE , HE .
11 01 01 21,even/odd
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Fig. 1. (a) Fiber schemes with the core diameter of 5 μm. (b) Refractive index and 
attenuation of silica and CS2 [17,22,37].

The vector modes of each LP𝑚𝑛 mode exhibit similar values of 
effective refractive index (RI); however, there is a significant difference 
in RI between the LP𝑚𝑛 modes, as shown in Fig.  3(a). For example, the 
difference in RI between LP01 and LP11 is 0.015, indicating that the 
fundamental mode is distinct from the high-order modes. Consequently, 
it is possible to selectively excite only the desired mode.

The liquid-core fiber has low birefringence, meaning that the po-
larized modes of each LP𝑚𝑛 have the same dispersion curve and loss, 
as shown in Fig.  3(b,c). The fundamental mode LP01 and high-order 
mode LP11 have one zero-dispersion wavelength (ZDW) at 1.85 μm
and 1.55 μm, respectively. LP41 mode shows an all-normal dispersion, 
while other high-order modes have two ZDWs. Fiber loss consists of 
confinement loss and material loss from CS2 and silica in the cladding. 
High-order modes have a high loss at longer wavelengths due to 
higher confinement loss. Notably, LP12 and LP31 do not exist at wave-
lengths longer than 2.1 μm because of extremely high confinement loss. 
Similarly, LP41 does not exist at wavelengths longer than 1.7 μm.

In the case of circular polarization, the fiber modes are calculated 
by combining the linearly polarized modes [38]. For instance, the 
fundamental and the first high-order modes with circular polarization 
are provided in Eq. (1): 

𝐅+
11 =

(

𝐇𝐄11,𝑥 + 𝑖𝐇𝐄11,𝑦
)

∕
√

2 𝐅−
11 =

(

𝐇𝐄11,𝑥 − 𝑖𝐇𝐄11,𝑦
)

∕
√

2

𝐅+
21 =

(

𝐇𝐄21,even + 𝑖𝐇𝐄21,odd
)

∕
√

2 𝐅−
21 =

(

𝐇𝐄21,even − 𝑖𝐇𝐄21,odd
)

∕
√

2

𝐅+
𝑇 21 =

(

𝐓𝐌01 − 𝑖𝐓𝐄01
)

∕
√

2 𝐅−
𝑇 21 =

(

𝐓𝐌01 + 𝑖𝐓𝐄01
)

∕
√

2

(1)

where 𝐅+
11 and 𝐅−

11 are fundamental modes with right and left-hand 
circular polarization, respectively. 𝐅+−

21  and 𝐅+−
𝑇 21 are high-order modes.

Evolution of the input pulses in the fiber is described by us-
ing the multimode generalized nonlinear Schrödinger equation (MM-
NLSE) [39,40], as given in Eq. (2):
𝜕𝐴𝑝

𝜕𝑧
= 

{

A𝑝
}

+
𝑖𝑛2𝜔0
𝑐

(

1 + 𝑖
𝜔0

𝜕
𝜕𝑡

)

∑

𝑙,𝑚,𝑛

{

(

1 − 𝑓𝑅
)

𝑆𝐾
𝑝𝑙𝑛𝑚𝐴𝑙𝐴𝑚𝐴

∗
𝑛

+𝑓𝑅𝑆𝑅
𝑝𝑙𝑛𝑚𝐴𝑙

[

ℎ ∗
(

𝐴𝑚𝐴
∗
𝑛
)]

}

, (2)

where 𝐴𝑝 is amplitude in mode p; 𝑓𝑅 is Raman fraction; 𝑆𝐾
𝑝𝑙𝑛𝑚 and 

𝑆𝑅
𝑝𝑙𝑛𝑚 are the overlap integrals, indicating the interaction between 
the mode via instantaneous (Kerr) and noninstantaneous nonlinearity, 
respectively. Nonlinear refractive index 𝑛2 and Raman fraction 𝑓𝑅 of 
CS2 depend on pulse duration of laser pumps [24]. For example, values 
of {𝑛2, 𝑓𝑅} at pulse duration of 100 fs, 200 fs and 300 fs are: {3 ×
10−19, 0.5}, {5 × 10−19, 0.7}, and {7.5 × 10−19, 0.8}, respectively [24], in 
which 𝑛2 is given in unit of m2 W−1.

Eq. (2) is formulated under the assumptions that: (i) the response/
variation of the pulse amplitude and the nonlinear coefficients is much 
lower than a single cycle of the carrier wave and (ii) the shock time 
3

Table 2
Nonlinear parameters of carbon disulfide [24,42,43]. 
 Parameters Values Parameters Values 
 n2𝑑∥ (

10−19 m2 W−1) 18 t𝑟,𝑐 (ps) 0.15  
 n2𝑙∥ (

10−19 m2 W−1) 7.6 t𝑓,𝑐 (ps) 0.14  
 n2𝑐∥ (

10−19 m2 W−1) 1.0 t𝑓,𝑙 (ps) 0.45  
 n2𝑑⟂ (

10−19 m2 W−1) −9.44 𝜔0
(

ps−1
)

8.5  
 n2𝐼⟂ (

10−19 m2 W−1) −3.73 𝜎
(

ps−1
)

5  
 N2∥

(

10−19 m2 W−1) 26.6 t⟂0 (ps) 0.1  
 N2⟂

(

10−19 m2 W−1) 13.17 t𝑑⟂ (ps) 0.107  
 t𝑟,𝑑 (ps) 0.15 t𝐼⟂ (ps) 1.281  
 t𝑓,𝑑 (ps) 1.61  

𝜏0 = 1∕𝜔0 remains constant for all combination modes and polarization 
states [40].

The first term of right-hand in Eq. (2) describes the linear effects, 
e.g., loss, dispersion, relative delay between the modes, as given in 
Eq. (3): 


{

A𝑝
}

= 𝑖
(

𝛽(𝑝)0 − 𝛽0
)

𝐴𝑝−
(

𝛽(𝑝)1 − 𝛽1
) 𝜕𝐴𝑝

𝜕𝑡
− 𝛼𝑝

2
𝐴𝑝+ 𝑖

∑

𝑛≥2

𝛽(𝑝)𝑛
𝑛!

(

𝑖 𝜕
𝜕𝑡

)𝑛
𝐴𝑝.

(3)

The first term of the right-hand of Eq. (3) describes phase variation, 
the second term is relative delay between the modes, 𝛼𝑝 is fiber loss 
at mode 𝑝, and the last term is dispersion effect. The free parameters 
𝛽0 and 𝛽1 are chosen to present the propagation constant and group 
velocity, respectively, of the fundamental mode (HE11,𝑥).

𝑆𝐾
𝑝𝑙𝑛𝑚 and 𝑆𝑅

𝑝𝑙𝑛𝑚 factors are given by Eqs. (4) and (5) [40]: 

𝑆𝑅
𝑝𝑙𝑚𝑛 =

∫ d𝑥 d𝑦 [𝐅∗
𝑝 .𝐅𝑙][𝐅𝑚.𝐅∗

𝑛]
[

∫ d𝑥 d𝑦 |F𝑝|2 ∫ d𝑥 d𝑦 |F𝑙|2 ∫ d𝑥 d𝑦 |F𝑚|2 ∫ d𝑥 d𝑦 |F𝑛|2
]1∕2

, (4)

𝑆𝐾
𝑝𝑙𝑚𝑛 =

2
3
𝑆𝑅
𝑝𝑙𝑚𝑛

+1
3

∫ d𝑥 d𝑦 [𝐅∗
𝑝 .𝐅

∗
𝑛][𝐅𝑚.𝐅𝑙]

[

∫ d𝑥 d𝑦 |F𝑝|2 ∫ d𝑥 d𝑦 |F𝑙|2 ∫ d𝑥 d𝑦 |F𝑚|2 ∫ d𝑥 d𝑦 |F𝑛|2
]1∕2

, (5)

where 𝐅𝑝,𝑙,𝑚,𝑛 is electric field functions of modes 𝑝, 𝑙, 𝑚, 𝑛, respectively.
In Eq. (2), the Raman response function ℎ of CS2 depends on the 

difference in polarization between A𝑚 and A𝑛 modes. In particular, if A𝑚
and A𝑛 have linear polarization, and their polarization are orthogonal 
to each other, the formation of ℎ is given by Eq. (6) [33]: 

ℎ = ℎ⟂ = 1
𝑁2⟂

∑

𝑖=𝑑,𝐼

[

𝑛2𝑖⟂
1

𝑡𝑖⟂ − 𝑡⟂0

(

exp
(

−𝑡
𝑡𝑖⟂

)

− exp
(

−𝑡
𝑡⟂0

)

)]

. (6)

For other cases of the relative relationship of polarization states 
between the A𝑚 and A𝑛 modes (i.e., parallel and circular polarization), 
ℎ is given as in Eq. (7) [24,33]:

ℎ = ℎ∥ = 1
𝑁2∥

[

𝑛2𝑙∥exp
(

−𝑡
𝑡𝑓,𝑙

)

∫

∞

0

sin (𝜔𝑡)
𝜔

g (𝜔) d𝜔

+
∑

𝑘=𝑐,𝑑
𝑛2𝑘∥

(

1 − exp
(

−𝑡
𝑡𝑟,𝑘

))

exp
(

−𝑡
𝑡𝑓,𝑘

)

]

, (7)

where g(𝜔) is the distribution function of librational motion as shown 
in Eq. (8) [41]: 

g (𝜔) = exp
[
(

𝜔 − 𝜔0
)2

2𝜎2
−

(

𝜔 − 𝜔0
)2

2𝜎2

]

. (8)

All nonlinear parameters of CS2 are summarized and shown in Table 
2.
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Fig. 2. The scalar modes (LP𝑚𝑛 modes) in the CS2-core fiber at 1560 nm and examples of vector modes corresponding to LP01, LP11, LP02. The arrows indicate the electrical field 
vector.
Fig. 3. (a) Effective refractive index of the fiber modes, (b) loss and (c) dispersion of LP𝑚𝑛 modes in the fiber.
In this work, we also consider the coherence of output spectra of 
selected modes via effects of vacuum noise [1], as given in Eq. (9): 

|

|

|

𝑔112
|

|

|

=

|

|

|

|

|

|

|

|

|

|
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|
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|

|

|

2
|

|

|

𝐴𝑝,2(𝜔)
|

|

|

2
]1∕2

|

|

|

|

|

|

|

|

|

|

, (9)

where 𝑝 is a selected mode. The coherence is calculated with 20 simu-
lations with random phase noises, resulting in 190 pairs {𝐴𝑝,1, 𝐴𝑝,2}.

3. Supercontinuum generation in the fiber

SC generation in the liquid-core fiber is numerically simulated by 
using a split-step Fourier method to solve Eq. (2), in which we choose 
a time window: 21.5 ps; a number of time-frequency points: 213; and 
a step of fiber length: 72 μm. The laser has a central wavelength of 
1560 nm and a pulse duration of 100 fs. The fiber length is 10 cm.

3.1. Supercontinuum generation in the fundamental mode

3.1.1. Interaction between the linearly polarized modes HE11,𝑥 and HE11,𝑦
Almost previous works studied SC generation in liquid-core fibers 

with the assumption of single-mode operation, i.e., using the scalar 
nonlinear Schrödinger equation [17,18,21,35]. In such a case, only 
4

the fundamental scalar mode LP01 is assumed to be excited. However, 
the low birefringence of liquid-core fibers causes a strong interaction 
between the polarized components of the fundamental mode. Conse-
quently, the vacuum noise is significantly amplified via polarization 
modulation instability (PMI) [44]. In this work, before investigating the 
interaction of all existing modes, we investigate the interaction between 
the linearly polarized fundamental modes HE11,x and HE11,y with linear 
polarization input laser pulses.

Input laser pulses with linear polarization are characterized by their 
electric field vector located in a single plane. These linearly polarized 
pulses are typically emitted by commercial femtosecond lasers and can 
be tuned using a half-wave plate. Because the output pulses from these 
lasers are spatially distributed in a bell-shaped intensity profile, the 
majority of the input light energy is coupled into the fundamental 
modes with linear polarization (i.e., HE11,𝑥 or HE11,𝑦). However, during 
propagation along the fiber, the polarization state may change due to 
mode interactions.

Interestingly, as mentioned in Section 2, CS2 has a high value of 
Raman fraction (𝑓𝑅 = 0.5 for a pulse duration of 100 fs). This indicates 
that, compared to solid-core fibers, a larger portion of the input pulse 
energy is utilized for the Raman effect. To emphasize the unique 
properties of mode interaction in the liquid core fiber, we compare 
its nonlinear propagation with that of a solid-core fiber made from 
non-silica glasses, such as PBG glass with 𝑛 = 2 × 10−19 m2 W−1 and 
2
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Fig. 4. (a) SC spectrum in the liquid-core fiber with various input peak powers—the considered modes are linear-polarized fundamental modes HE11,x and HE11,y, (b) SC in the 
solid-core fiber with the same modes, (c) evolution of laser pulses in the liquid-core fiber with an input peak power of 15 kW, (d) the same for the solid-core fiber.
𝑓𝑅 = 0.05 [45]. Note that the solid-core fiber is assumed to have similar 
linear properties (e.g., mode dispersion and spatial mode distributions) 
to the liquid-core fiber.

The liquid core fiber is low birefringent and it does not have 
particular polarization axes (i.e., fast and slow axis). Therefore, we 
assume that the x- and 𝑦-axis (accordingly to HE11,x and HE11,y mode) 
is parallel and orthogonal to the electric vector of the input pulses, 
respectively. In such a case, almost all input powers are launched into 
HE11,x.

For linear polarization, the interaction between the vector modes 
(also referred to as linear-polarized modes) is increased over the input 
powers as illustrated in Fig.  4(a,b). At low input power (P0 = 5 kW), 
most of the light energy remains in the excited mode (HE11,x) and 
very small portion energy is transferred into another mode due to PMI. 
In this case, PMI spectral sidebands are observed around the pump. 
For the liquid-core fiber, the interaction between fundamental modes 
remains low even at high input power (15 kW), with the spectral 
intensity of HE11,y being 30 dB lower than that of HE11,x. Consequently, 
SC generation in the excited mode HE11,x exhibits high coherence, with 
|𝑔112| = 1 over the entire spectrum (see Fig.  4(a) with input peak power 
of 15 kW).

In contrast, the solid-core fiber with f𝑅 = 0.05 has a strong interac-
tion between the vector modes at high input peak power (e.g., 13 kW 
and 15 kW), resulting in a significant energy transfer from the excited 
mode (HE11,x) to HE11,y. Consequently, spectral intensities across the 
entire spectrum of the HE11,y mode are close to those of the HE11,x
mode. In this scenario, the coherence of SC in the excited mode (HE11,x) 
slightly decreases, shown in Fig.  4(b) with input peak power of 15 kW.

Interestingly, the coherence of the HE11,y mode is extremely low 
(i.e., |𝑔112| ≈ 0 over the entire spectrum) for both cases of liquid-core 
and solid-core fibers, as illustrated in Fig.  4(a, b) with input peak power 
of 15 kW. This can be attributed to the spectrum of the HE11,y mode 
starting with PMI and further evolving due to noise-driven effects.

The nonlinear dynamics of pulse evolution in the investigated fibers 
are depicted in Fig.  4(c,d) with an input power of 15 kW. Since the 
pump wavelength is located in the normal dispersion regime, self-
phase modulation (SPM) and optical wave breaking (OWB) primarily 
contribute to the pulse broadening of the excited mode (HE11,x) at the 
onset of nonlinear propagation. As the spectrum exceeds the ZDW at 
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1850 nm, Raman frequency shifting and FWM create new wavelengths 
at the leading edge [46]. The interaction between the modes transfers 
energy from the excited mode to another mode, with PMI side bands 
appearing around 2 cm and 3 cm in the liquid-core and solid-core 
fibers, respectively.

3.1.2. Interaction between the circularly polarized modes F+11 and F−11
Unlike linear polarization, circularly polarized laser pulses have an 

electric field vector that rotates at a constant rate within a plane, while 
maintaining a constant magnitude. Experimentally, circular polariza-
tion can be achieved by using a quarter-wave plate.

For circular polarization, we investigate the nonlinear propagation 
and interaction between the circularly polarized fundamental modes 
F+11 and F−11, assuming that all input energy is coupled into the F+11 mode.

The overlap integrals of Kerr nonlinearity (𝑆𝐾
𝑝𝑙𝑚𝑛) are calculated 

using the spatial mode distributions outlined in Eq. (1). Employing 
Eqs. (4) and (5), our calculations yield the values of the elements of 
𝑆𝐾
𝑝𝑙𝑚𝑛, which are approximately 2/3 of 𝑆𝑅

𝑝𝑙𝑚𝑛. For example, 𝑆𝐾
1111 = 5.36×

1010, while 𝑆𝑅
1111 = 8.04×1010. This ratio of 2/3 is a well-agreement with 

predictions from previous research in Ref. [40]. Thus, we investigate 
the nonlinear propagation in fibers with an input peak power of 23 kW 
to approximate the Kerr effects observed in linear-polarized modes with 
an input peak power of 15 kW.

The nonlinear dynamics for spectral broadening are similar to those 
of the linear-polarized modes, as shown in Fig.  5(c, d). However, 
interestingly, the circularly polarized fundamental modes do not sig-
nificantly interact with each other, resulting in the intensity of the F−11
mode remaining at the noise level. This reduces coherence degradation 
caused by PMI effects. Consequently, the SC generation of the F+11 mode 
exhibits high coherence, with |𝑔112| = 1 across the entire spectrum, as 
illustrated in Fig.  5.

With a given input peak power, the spectral bandwidth provided 
by the liquid-core fiber is narrower compared to that of the solid-core 
fiber. For instance, considering a 20 dB dynamic range, the spectral 
bandwidths provided by the liquid-core and solid-core fibers with an 
input peak power of 15 kW are 920 nm (from 1340 to 2260 nm) and 
1160 nm (from 1260 to 2420 nm), respectively (see Fig.  4(a,b)). This 
characteristic also holds for circularly polarized modes, as depicted in 
Fig.  5(a,b).
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Fig. 5. (a) SC spectrum in the liquid-core fiber with various input peak powers—the considered modes are circular-polarized fundamental modes (F+11 and F−11), (b) SC in the 
solid-core fiber with the same modes, (c) temporal and spectral evolution of a laser pulse in F+11 mode in the liquid-core fiber with an input peak power of 23 kW, (d) the same 
for the solid-core fiber.
The narrow spectral bandwidth observed in the liquid-core fiber is 
attributed to its high Raman fraction (𝑓𝑅 = 0.5), which results in a small 
portion of the initial input power being utilized for Kerr nonlinearity, 
as illustrated in Eq. (2). Consequently, the spectrum induced by self-
phase modulation, which depends on Kerr nonlinearity, has a narrower 
bandwidth. Regarding further nonlinear dynamics, at the trailing edge, 
optical wave breaking occurs only when SPM-induced components 
temporally overlap with the pulse tail [47]. At the leading edge, the 
narrow SPM-induced spectrum in the liquid-core fiber results in only a 
small portion of the spectrum exceeding the ZDW for soliton dynamics. 
This feature also concludes that the spectral bandwidth of normal-
dispersion SC generation significantly depends on the initial spectral 
bandwidth induced by SPM.

3.2. Supercontinuum generation in the first high-order modes LP11

The first high-order modes LP11 in a liquid-core fiber can be ex-
perimentally excited using an s-waveplate and a half-wave plate. The 
s-waveplate transforms a linearly polarized Gaussian beam into a ring-
shaped beam. Depending on the polarization state of the input beam, 
a desired mode (i.e., HE11,even/odd, TM01, and TE01) is excited [31].

We investigate nonlinear propagation in liquid-core fibers, assuming 
that only HE21,odd or TM01 is initially excited. We do not consider the 
interaction of these modes with other higher-order modes due to the 
heavy workload of the simulation process. Moreover, the interaction 
between the first high-order modes and other modes is weak due to 
low overlap integral [48].

Our results indicate that there is no nonlinear interaction between 
the first higher-order modes and the fundamental modes for both 
linear and circular polarization. This implies that the intensities of the 
fundamental modes are at noise levels.

The nonlinear propagation in liquid-core fibers depends on the 
initially excited modes. Specifically, when an input beam is coupled 
into the HE21,odd mode, the light energy is transferred only to the TM01
mode, as illustrated in Fig.  6. The light intensities of other high-order 
modes (HE21,odd and TE01) are at noise levels (not shown here). The 
spectral intensities of the TM01 mode are much lower (30 dB) than that 
of the HE21,odd mode, as depicted in Fig.  6(a,b). The temporal profiles 
shift to positive delays over the propagation distance, because the high-
order modes have smaller group velocity dispersion compared to the 
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fundamental modes, as seen in Fig.  6(c,d). At 10 cm of the propagation, 
the temporal profiles are completely located in the positive delay, as 
shown in Fig.  6(a,b).

When an input beam is coupled into the TM01 mode, the light energy 
is transferred to two modes (HE21,odd and TE01), as shown in Fig.  7(b,c). 
The intensities of TE01 mode are created after 4 cm of propagation. It 
is also notable that there is no interaction between these modes and 
HE21,even.

The intensities of the HE21,odd and TE01 modes are much lower than 
that of the excited mode, implying that the spectro-temporal properties 
of the output spectra strongly depend on the nonlinear dynamics occur-
ring in single mode guidance (TM01 mode) with anomalous dispersion, 
as discussed in previous work [1]. Within this framework, the first 
high-order modes have a ZDW at 1545 nm; thus, the pump wavelength 
at 1560 nm is located in the anomalous dispersion region, resulting 
in soliton formation through a balance between SPM and dispersion. 
Since the pump wavelength is close to the ZDW, the pulse significantly 
experiences the effects of high-order dispersion, such as soliton ra-
diation induced by third-order dispersion [49]. Soliton fission occurs 
around 3 cm of propagation, providing a broad spectral bandwidth 
(1100–2300 nm), Figs.  6(a) and 7(a).

Unlike linearly polarized modes, circular polarization induces mode 
interaction between the excited mode and all vector modes of 𝐿𝑃11. 
For example, when the 𝐹−

21 mode is initially excited, mode interaction 
generates intensities in the other three modes: 𝐹+

21, 𝐹+
𝑇 21, and 𝐹−

𝑇 21, as 
illustrated in Fig.  8(a–d). This characteristic contrasts with the behavior 
of circularly polarized fundamental modes, as shown in Fig.  5, where no 
interaction occurs between an excited fundamental mode and another 
one.

Similarly, as mentioned earlier, there is no interaction between 
the first high-order modes and the fundamental modes (𝐹+

11 and 𝐹−
11). 

Consequently, the intensities at the fundamental modes remain at the 
noise level, as depicted in Fig.  8(e).

Although the scenario of mode interaction differs for each selected 
mode excitation and polarization situation, the output spectra appear 
similar in terms of bandwidth and spectral structure for all investigated 
cases involving the first high-order modes, as depicted in Figs.  6(a), 
7(a), and 8(d). The reason for this similarity lies in the significantly 
lower values of the intermodal intensities compared to those of the 
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Fig. 6. SC spectrum in the liquid-core fiber with the linearly polarized higher-order modes. The initially excited mode is HE21,odd. (a) Spectro-temporal evolution, spectral output, 
and temporal output of the excited mode HE21,odd, (b) the same for TM01.

Fig. 7. SC spectrum in the liquid-core fiber with the linearly polarized higher-order modes. The initially excited mode is TM01. (a) Spectral evolution and spectral output of the 
excited mode TM01, (b) and (c) the same for HE21,odd and TE01, respectively.

Fig. 8. SC spectrum in the liquid-core fiber with the circularly polarized higher-order modes. The initially excited mode is F−21. (a–d) Spectral evolution of the modes F−21, F+21, 
F+𝑇 21, F−𝑇 21, respectively; (e) output spectra of these modes.
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Fig. 9. SC spectrum in the liquid-core fiber with the linearly polarized modes. The 8 considered modes are HE11,x, HE11,y, TM01, HE21,odd, HE31, HE12,x, HE41, HE22. (a) SC with 
initial excited mode of HE11,x; (b) with TM01; (c) with both HE11,x and TM01; (d) all modes are excited.
excited mode. Therefore, the output spectra strongly depend on the 
nonlinear phenomena, specifically soliton dynamics, occurring in the 
excited mode. The soliton-induced SC generation of the first high-order 
modes exhibits low coherence, with an average value of ⟨𝑔112

⟩

= 0.25, 
due to vacuum noise amplified by MI and PMI.

3.3. Interaction between all the modes

The aforementioned sections consider the interaction between the 
polarization components of fundamental and the first high-order LPnm
modes. Indeed, the fibers offer only fundamental mode (LP01) and/or 
the first high-order (LP11) require small core diameters and low con-
trast of refractive index between the core and cladding. For fibers 
with large cores, they offer multimode guidance, and thus, further 
high-order modes causes significant changing spectro-temporal prop-
erties of SC generation. Previous work studied the interaction between 
fundamental and high-order modes for silica fibers [48].

For the investigated liquid core fiber, there are 24 modes belonging 
to 7 modes LPnm, as shown in Fig.  2. In this work, we assume that 
excited modes are HE11,x and TM01, meaning that initial input laser 
pulses are coupled into either HE11,x and/or TM01.

The interaction between each HE11,x and TM01 with each high-order 
mode are preliminary studied as shown in Appendix. The results show 
that (i) there is no interaction between the selected modes and any 
polarization component of the LP41 mode, thus the LP41 mode will not 
be considered for nonlinear interaction in the subsequent section; (ii) 
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the selected modes (HE11,x, TM01) interact with only one polarization 
component of the high-order LPmn modes, and these corresponding 
components are therefore chosen to characterize nonlinear propagation 
in the fiber.

For the numerical simulation of nonlinear propagation, we did 
not consider possible interactions of all 24 modes because of time 
consumption. To reduce the computational time, we considered inter-
action between the 8 modes, which are HE11,x, HE11,y, TM01, HE21,odd, 
HE31,odd, HE12,x, HE41,odd, HE22. The 8 modes are selected by us-
ing results in the aforementioned sections and preliminary study as 
shown in Appendix, while the contribution of other modes to nonlinear 
propagation is negligible if initial excited modes are either HE11,x or 
TM01.

The interaction between the modes is mediated by intermodal FWM 
and cross-phase modulation (XPM), which can be estimated through the 
values of 𝑆𝐾

𝑝𝑙𝑛𝑚 and 𝑆𝑅
𝑝𝑙𝑛𝑚 coefficients as given in Eqs. (4) and (5). With 

an input peak power of 15 kW, if only HE11,x is excited, the power 
is transferred solely to HE11,y and HE12,x modes. The HE12,x is phase-
locked with the pump due to the same symmetry class (i.e., distribution 
profile of electric field) and large spatial overlap with the HE11,x mode, 
see Fig.  9(a). If only the TM01 mode is excited, the power is transferred 
to HE21,odd and HE22 modes, as depicted in Fig.  9(b). However, the 
HE22 mode has high loss at long wavelengths, resulting in a significant 
reduction of light intensities.

When both HE11,x and TM01 are initially pumped simultaneously, it 
gives rise to a more complex nonlinear process. These two modes can 
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Fig. A.1. Spectra of HE11,x with all polarized components of each LPmn mode. (a) interaction HE11,x and LP21; (b) LP02; (c) LP31; (d) LP12; and (e) LP41. The initial excited mode 
for all the cases is HE11,x with input peak power of 15 kW and pulse duration of 100 fs.
Fig. A.2. Spectra of TM01 with all polarized components of each LPmn mode. (a) interaction TM01 and LP21; (b) LP02; (c) LP31; (d) LP12; and (e) LP41. The initial excited mode 
for all the cases is TM01 with input peak power of 15 kW and pulse duration of 100 fs.
act as pumps for all other non-excited modes through FWM, resulting 
in a rapid increase in the intensities of the non-excited modes. In such 
a case, the spectral contrast between HE21,odd and TM01 is around 
20 dB, lower than the case when only TM01 is excited (see Fig.  9(c)). 
The interaction between modes also leads to noise appearing in the 
spectrum of the HE11,x mode, potentially reducing coherence.

It is worth noting that all non-excited modes are initially empty, 
meaning they are not pumped at the beginning. This implies that 
their intensities are induced from noises by spontaneous FWM over 
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the nonlinear propagation, resulting in slow spectrum development. 
However, if these modes are initially seeded with very low power, 
meaning they are pumped with very low power, the spectrum is created 
by simulated FWM rather than spontaneous FWM, leading to faster 
spectrum development. For instance, Fig.  9(d) presents the spectra of 
all modes when HE11,x and TM01 are initially pumped with a high peak 
power (15 kW) and 0.15 kW for others. Compared to the case in Fig. 
9(c), HE11,y has a high intensity, and it is possible to observe peaks in 
the spectra for the HE31 and HE41 modes.
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4. Conclusion

In this work, we investigate SC generation in a few-mode CS2-core 
fiber with a 5 μm core diameter with femtosecond laser pulses. The 
fiber provides SC spectra with spectral bandwidth similar to previous 
works, as shown in Table  1. The novelty of our work is to investi-
gate pulse broadening while considering the interaction of all existing 
modes (i.e., 24 modes) and the contribution of high noninstantaneous 
nonlinearity.

Although the fiber supports up to 24 polarized modes, the in-
teractions between modes generally occur only between those with 
significant spatial overlap and similar polarization states. For example, 
if the HE11,𝑥 mode is initially excited, the light energy is transferred 
primarily to the HE11,𝑦 and HE12,𝑥 modes. This characteristic enables 
the optimization of SC generation properties by carefully selecting the 
initially excited mode.

Indeed, the input light from laser sources is typically coupled into 
the fundamental modes. In such a case, if only two polarized compo-
nents of the fundamental mode are considered, the high noninstanta-
neous nonlinearity of the liquid results in a narrow spectral bandwidth 
but a high coherence of SC generation. Our study also pointed out that 
the interaction between the polarized components could be negligible 
if circular polarization is considered, improving the coherence of SC 
generation.

Understanding the nonlinear interaction between modes in liquid-
core fibers is important for controlling the spectro-temporal properties 
of SC generation. Multimode fibers with a large core can be used for 
delivering high-power laser pulses. Along with a rich landscape of 
nonlinear phenomena caused by mode interaction, multimode liquid-
core fibers have a high potential for applications requiring customizable 
SC generation and high power, such as multiphoton imaging techniques 
and absorption-based sensors.
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Appendix. Preliminary investigation of the interaction between 
HE11,x and TM01 with high-order modes

Since the simulation of the nonlinear propagation with all 24 modes 
in the fiber is time consumption, we first conduct preliminary calcu-
lations on the interaction between HE11,x and TM01 modes with all 
components of each LPmn mode. The goal of this work is to determine 
which polarized components exhibit significant interaction with the 
HE11,x and TM01 modes. These polarized components will then be 
collected for analysis, as discussed in Section 3.3 of the main text.

The results indicate that the HE11,x mode does not exhibit significant 
interaction with the polarized components of the high-order LPmn
modes, except for HE , as shown in Fig.  A.1(b). Consequently, the 
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12,x
spectra of all the polarized modes are at noise levels, as seen in Fig. 
A.1(a, c, d, e).

For TM01 mode, it does not interact with LP02 because they do 
not have the same symmetry class, resulting in noise-level spectra 
of both polarized components of LP02, see Fig.  A.1(b). Whilst, TM01
mode experiences remarkably interaction with one component of other 
modes, LPmn mode, e.g., HE31,odd of LP21, HE41,odd of LP31, and HE22
of LP12, see Fig.  A.2(a,c,d).

Both HE11,x and TM01 do not have noticeable power transferred to 
LP41 mode, as shown in Figs.  A.1(e) and A.2(e).

Therefore, when either the HE11,x or TM01 modes are initially 
excited, the polarized components whose spectra are at noise level in 
both Figs.  A.1 and A.2 are assumed to be ignored in the simulation, 
as discussed in Section 3.3 of the main text. The following modes 
are selected for consideration in this section: HE11,x, HE11,y, TM01, 
HE21,odd, HE31,odd, HE12,x, HE41,odd, and HE22.
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