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Abstract

In this study, some Baum-Katz’s type theorems for pairwise independent random elements
are extended to a metric space endowed with a convex combination operation. Our results
are considered in the cases of identically distributed and non-identically distributed random
elements. Some illustrative examples are provided to sharpen the results.
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1 Introduction

The concept of complete convergence for a sequence of random variables (r.v.’s) was intro-
duced by Hsu and Robbins [6]. A sequence {X,,n > 1} of real-valued r.v.’s converges
completely to a constant 6 if ZZOZI P(1X, — 60| > ¢) < oo for any ¢ > 0, and hence
it follows from Borel-Cantelli’s lemma that X,, — 6 almost surely. Also in [6], Hsu and
Robbins proved that the sequence of arithmetic means of independent and identically dis-
tributed (i.i.d.) r.v.’s converges completely to the common expected value if their variance is
finite. This result has been considered and extended by many authors. A noteworthy result

was obtained by Katz [7] and Baum and Katz [2], that is:

Theorem 1.1 Let {X, X,,, n > 1} be a sequence of i.i.d. r.v.’s, and set S, = ZLI X;. Given
p=>=1land0 < r < 2. Then E|X|P" < oo if and only ifZZOZI np_zP(maxlgkgn | Sk —
km| > en'/") < oo for every e > 0, wherem = EX if pr > Landm = 0if0 < pr < 1.
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This result has been extensively studied for various classes of r.v.’s. Recently, Bai et al.
[1] considered a particular case of above Baum-Katz’s result when r = l and 1 < p < 2,
and in this situation, the condition of i.i.d. can be relaxed to be pairwise i.i.d. [1, Theorem
1.2]. Moreover, in Banach space setting, Bai et al. [1] also derived a similar result without
any geometric property of the underlying Banach space [1, Theorem 3.2].

Besides considering Baum-Katz’s type theorems for various classes of r.v.’s (e.g., pair-
wise i.i.d. r.v.’s in [1] or martingale, negatively associated r.v.’s, p*-mixing r.v.’s in [8]),
many researchers have also extended them into more abstract spaces such as Hilbert spaces
[5] or Banach spaces [1]. Continuing this direction, we will discuss Baum-Katz’s type the-
orems in a convex combination space, which is the certain metric space introduced in 2006
by Teran and Molchanov [12]. Roughly speaking, a convex combination space is a metric
space endowed with a convex combination operation and the extension from linear spaces
to convex combination spaces is not trivial. Some very basic sets, such as singletons and
balls, may fail to be convex in this type of metric spaces. To illustrate this demonstration,
Teran and Molchanov [12] provided many interesting examples for convex combination
spaces, for example, the space of all cumulative distribution functions and the space of upper
semicontinuous functions with 7-norm. Furthermore, the authors also proved several basic
properties of convex combination operation and used those to get the strong law of large
numbers for pairwise i.i.d. random elements [12, Theorem 5.1], which extended [4, Theo-
rem 1] of Etemadi. Since then, some limit theorems for random elements taking values in
convex combination space were considered and extended (see [9, 11, 12, 14]). On the other
hand, as shown recently in [13], it is fairly remarkable that although these spaces are not lin-
ear in general, they always contains a subspace which can be isometrically embedded into
a Banach space and this embedding preserves the convex combination operation.

In this study, we establish the complete convergence for maximum partial sums of a
sequence of random elements in a convex combination space, which gives us some new
variants of Baum-Katz’s type theorems. Notice that some usual techniques developed in
Banach space are no longer applicable here because we are dealing with problems in a
nonlinear space. For example, Lemma 2.2 in Section 2 is not necessary if one considers
the problems in Banach space. Moreover, an illustrative example will be given to show that
some conditions appearing in our results cannot be removed in general convex combination
space while they become trivial in Banach space. This paper is organized as follows: In
Section 2, we state and summarize some basic results about convex combination spaces,
discuss the notion of compactly uniform integrability in Cesaro sense and present some
auxiliary lemmas. Our main results regarding to Baum-Katz’s type theorems for pairwise
independent random elements taking values in convex combination space are established in
Section 3.

2 Preliminaries

Throughout this paper, (2, A, P) is a complete probability space. For A € A, the notation
I (A) (or 14) is the indicator function of A, the symbol C denotes a general positive constant
and it is probably not the same in each appearance.

For the reader’s convenience, we now present a short introduction to the work given
by Teran and Molchanov [12]. Let (X, d) be a metric space. Denote | x|, := d(u, x) for
u,x € X.Based on X, a convex combination operation is defined so that for all n > 1,
numbers Aq, ..., A, > O that satisfy Z?:l A = 1l,and all uy, ..., u, € X, this operation
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produces an element in X', which is denoted by [A1, u1;...; Ay, uy] or [A;, u,-]f’zl. Assume
that [1, u] = u for every u € X and the following properties are satisfied:

(CC.i) (Commutativity) [A;, u;]7_;, = [Ae),Uo@]}_, for every permutation o of
{1,....n}

.o o e e )Ln j 2
(CC.ii) (Associativity) [A;, ui];’ilz = [kl, ULy oo 3 Ans UnsAn+1 FAn42, [m Mn+j]j_1];
(CC.iii) (Continuity) If u, v € X and A®) — A € (0;1) as k — oo, then [A®) u; 1 —
AB v] = A us 1=, v];

(CC.iv) (Negative curvature) If uy, up, vy, v € X and A € (0, 1), then
d([A, ur; 1= A, uz], [, v 1T =4, v2]) < Ad(ur, v1) + (1 — A)d(uz, v2);

(CC.v) (Convexification) For each u € X, there exists limy, s so[n "1, u]:?zl, which is
denoted by Kxyu (or Ku without any confusion), and K is called the convexification

operator.
Then, a metric space endowed with a convex combination operation is referred to the
convex combination space (shortly, CC space). Notice that [Ay, u1;...; Ay, un] and the

shorthand [A;, u; ]l’.':1 have the same intuitive meaning as the more familiar Aju1+- - -+ X u,
and Y%, Aju;, but X is not assumed to have any addition. By induction and (CC.ii), the
axiom (CC.iv) can be extended to convex combinations of n elements as follows: if u;, v; €
X, A; € (0; 1) with Z?:l Ai = 1, then d([A;, ”i]?=1’ [Ai, v,']lr.l:l) < Z:'lzl rid(u;i, v;). The
following properties (2.1)—(2.6) are implied from (CC.i)-(CC.v) above, and their proofs
were given in [12]:

(2.1) For every uii,...,um, € X and ar, ... 0m, Pro.... By > 0 with Yoo =
> =1 Bj = 1, we have [o;, [B), uij1}_ 1/, = [ei B}, Mij]é;rﬁ']i/:_ln~

(2.2) The convex combination operation is jointly continuous in its 2n arguments.

(2.3) The convexification operator K is linear, that is K ([2, ”f];l':l) =[A}, Kuj];le.
QR4 Ifu e Xand Ay, ..., A, > 0 with Zj‘:l Aj =1, then K([%;, u];?zl) = Ku =
[A;, Kul’_,. Hence, K is an idempotent operator on X’.

(2.5)For Ay, A2, A3 >0withA +Ay+A3=1landu,v € X,

[A1,u; A2, Kv; A3, Kv] = [Aqu; (A2 + A3), Kv].

(2.6) The mapping K is non-expansive, that is d(Ku, Kv) < d(u, v).
Let Ax C (0; 1), Ay — Oand u, v € X. By (CC.iv) and property (2.4), we have

d([he, Ku; 1= A, Kvl, Kv) = d([Ag, Ku; 1= A, Kvl, [Ag, Kv; 1=, Kv]) < Ad(Ku, Kv) — 0

as k — oo. It follows [Ag, Ku; 1 — A, Kv] — Kv and this allows us to extend weights A;
from (0; 1) to [0; 1] for elements in K (X), it means that we can define [A;, x;lic(i:x; >0} =
[(Ai, xiliefi 2,0y, Where x; € K(X), >, A = 1.

Suppose that (X, d) is a metric space. A mapping X: Q@ — X is called an X'-valued
random element (or A-measurable) if X~!(B) € A for all B € B(X), where B(X) is the
Borel o -algebra on X'. When an X’-valued random element X takes finite values, it is called
a simple random element.

The distribution Px of an X-valued random element X is defined by Px(B) =
P(X_1 (B)), VB € B(X), and two X -valued random elements X, Y are said to be iden-
tically distributed if Px = Py. The collection of X’-valued random elements {X;,i € I}
is said to be independent (resp. pairwise independent) if the collection of o-algebras
{o(X;),i € I}is independent (resp. pairwise independent), where o (X) = {X"Y(B),B €
B(X)}.
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558 N.T.Thuan, N.V.Quang

In the sequel, we assume that (X, d) is a separable and complete CC space. According
to (CC.v), the set K (X') is nonempty, and hence an element ug € K(X) is fixed. Since
X is separable, there exists a countable dense subset {u,,n > 1} of X. For each k > 1,
we define the mapping ¢ : X — A& by setting @i (x) = (), Where my(x) = min{i €
{0,..., k} :d(u;, x) = mingg j<p d(uj, x)}.

The expectation for an integrable X'-valued random element is constructed via approx-
imation as follows. For a simple random element X = [Ig,, xi];': 1» the expectation of X
is defined by EX = [P(;), Kx;]7_,. It is easy to prove that if X, Y are simple random
elements, then d(EX, EY) < Ed(X,Y). A random element X : Q — X is said to be inte-
grable if d(u, X) is an integrable real-valued random variable for some u € X, and the
space of all integrable X’-valued random elements is denoted by Ll\e- Since X is separable
and complete, any integrable X -valued random element can be approximated by a sequence
of simple random elements. Namely, if X € Léf then X = limg_, o0 ¢ (X), and the expecta-
tion of X is defined by EX := limy_.oc E¢@r(X). Based on the approximation, we can also
prove that d(EX, EY) < Ed(X,Y) whenever X, Y € L.

Aset A C X is said to be convex if [A;, u;]}_; € A forall u; € A and any positive
numbers A; that sum up to 1. The convex hull of A C X, denoted by coA, is the smallest
convex subset of X' containing A, and coA denotes the closed convex hull of A. Let k(X)
denote the set of nonempty compact subsets of X. It follows from [12, Theorem 6.2] that if
X is a separable complete CC space, then the space k(X') with the convex combination

(i, Al = {[Ai, il s ui € A;, forall i}

and the Hausdorff metric dy

dy(A, B) = max {sup inf d(a, b), sup inf d (b, a)}
acAbeB beB acA
is a separable complete CC space as well, where the convexification operator K (x) is given
by
Kix)yA =coKx(A) =co{Kxu :u € A}.

This is a nice feature of CC space. Based on this property, if a result holds in CC space, then
it can be uplifted to the space of nonempty compact subsets. Further details can be found in
[11-13].

The notion of compactly uniform integrability in Cesaro sense for a collection of random
elements taking values in Banach spaces was discussed by many authors (see, e.g., [1, 3,
15]). We now introduce this notion in metric spaces, which is also naturally extended from
Banach spaces. Let r > 0, then a sequence {X,,n > 1} of X'-valued random elements is
said to be compactly uniformly r-th order integrable in Cesaro sense (Cesaro r-th CUI) if
there is a u € X such that for every ¢ > 0, there exists a compact subset X, (depending on
u) of X with

sup (n‘ > E(IXil I (X; ¢ I@))) <e.

nzl i=1

When r = 1, we also use the terminology Cesaro compactly uniformly integrable or Cesaro
CUI for the sake of simplicity. The following proposition shows that the notion of Cesaro
r-th CUI does not depend on the selection of u.

Proposition 2.1 A sequence {X,,n > 1} of X-valued random elements is Cesaro r-th
CUI with respect to some element u if and only if it is Cesaro r-th CUI with respect to any
elementa € X.

$ ) (zi “,
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Proof Suppose that {X,,, n > 1} is Cesaro r-th CUI with respect to u and let a be another
element of X. For ¢ > 0 and for each m € N, there exists I, ,,, € k(X) such that

n
_ £
n Y E (Xl (Xi ¢ Ke)) < 0 ¥n > 1.
i=1
Let B(x, §) denote the open ball with center x € X" and radius §. We have

SINS ' —1yr
n Em P(X,¢(/C5,mUB(u,m )))

n S EIXIT (Xl- ¢ (lcg,,, UB (u m—l/r)))

i=1

n
n Y ENXL T (X ¢ Ken) <

i=1

n! iX:P (X,- ¢ (lcs,m B (u, m—l/"))) < zim

The compactness of K¢, follows that it can be covered by a finite number of open balls with
equal radii m~!/", and so is K¢, U B(u, m~1/"). Set K, = N1 (Kem U B(u, m~Uy),
then /C, is totally bounded in X'. Since X is complete, the closure cl/C; of /g in X is
compact. Thus, we obtain

e
mam’

Therefore,

n' Y P (X; ¢ cKy)

i=1

R ' R ' ~1r
Y P (X ¢ Ko <n EP(X,¢0,,,>1 (Kem U B (w.m™7)))

i=1

n! Z P (Unz1 (Xi ¢ (Ko UB (1.m7V7)))) < i zim
i=l

m=1

Denote K, = cliC; U K 1, then K, € k(X). Hence foralln > 1,

nt Y E(IXilL (X ¢ Ke))

i=1

< Cn™' Y EX I (Xi ¢ Ke) + Crd' (@) (n—‘ Y PXi¢ K£)>

i=1 i=1
< Cr(e/2+d"(u,a)e).

By the arbitrariness of ¢ > 0, the proof is complete. O

By Jensen’s inequality, it is easy to see that for 0 < r < p,

n p/r n
<n1 DCEIXil (X ¢ IC)) <n 'Y CEIXRIXG ¢ K),

i=1 i=1
and this implies that if {X,,, n > 1} is Cesaro p-th CUI, then it is also Cesaro r-th CUI for
0 < r < p. Further details about CUI, the readers can refer to [15].
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560 N.T.Thuan, N.V.Quang

Lemma 2.2 [9, Lemma 3.3] Let {a;, b;, 1 <i < n} C [0, 1] be a collection of nonnegative
constants with ) ;_y a; = Y ;1 bj = 1. Then d([a;, Kx;1'_,, [bi, Kx;1/_)) < > 7_; lai —
bi|d(x;,u), where x1, ..., x,,u € X are arbitrary.

Notice that the inequality d([a;, x;17_,, [bi, x;17_,) < > lai — bild(x;, u) does not
hold for x1, ..., x, € X in general as shown in [13, Example 1].

Lemma 2.3 [16, Lemma A.6] Let Ay,..., A, be events satisfying Var(} i, I4,) <
2

a Y ' P(A;), where positive a does not depend on n. Then (1 -P (iQIA,)) Y P(A)

<aP (Ul_ A)).

3 Baum-Katz’'s Type Theorems for Pairwise Independent X'-Valued
Random Elements

Throughout this section, X is a complete and separable CC space and uy is the fixed element
of K(X') as mentioned in Section 2.

In the first theorem, we establish a similar result to [1, Theorem 1.2] in CC space. How-
ever, the version in CC space has a significant difference compared to the corresponding
version in Banach space that is condition (3.1) below. It becomes trivial when one considers
in Banach space with usual convex combination operation; moreover, we also show imme-
diately after the proof that it cannot be removed in general CC space, even when considered
random elements are independent.

Theorem 3.1 Let 1 < p <2,a € K(X) and let {X, X,,, n > 1} be a sequence of pairwise
i.i.d. X-valued random elements. Then EX = a and E|| X ||} < oo if and only if
EdP(X,KX) < o0 3.1)

o0
and Zn”_zP <1ma§ kd ([k_l, Xi]{-(:l,a) > ns) < o0 foralle >0. (3.2)

n=1 Sksn

Proof Necessity: If EX =a and E| X |} < oo, then
Ed’(X,KX) < 2" Y(E|X|4 + E|KX|5)
= 2" NEIX|§ + EdP (KX, Ka)) < 2PE|IX||§ < oo.
We now prove that (3.2) holds.

Step 1 Assume that X is simple with values x1, x2, ..., X, on non-null sets 1, Q», ...,
2, respectively. Since {X, X,,, n > 1} is identically distributed, each X, also takes values
X1,...,xm as.Foreach j =1,...,m,set
. n
Zi() = Y I(X; = x;)(w) = card{i € [1,n] : X;(@) = x;},
i=1
Ta(@) = {(j: 1< j<m, Zj(w)>0},n>1

Then {Z,{ (w)}72, is a non-decreasing sequence for each j and each w. By (CC.i) and

property (2.1),

4 . z]
k=1 X0k, = [klz,g, [(Z,g)*l,xj]‘ "1} as.
JeTk
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Therefore,

J
Z

d (I Xy, EX) =d [k—‘z,{, CARE)

1} [P@p, Kxj ]
j€Th

) ) z/ )
<d [k—‘z,{, CAREIN ] (7 K]
i=1| J€Tk
J€Tk

+d<[k z,g,Kx]] [P@). Kx;] )
< Zk‘lzjd [(Zj)‘1 x']zg Kx;
~ : k k s i=17 J

J€Tk

m
+3 ‘k‘l 7l - P(Qj)‘ IKx;lluy (by (CC.iv) and Lemma 2.2)

j=1
. . zl " .
< Y k'zid ([(zlg)l,xj]i_"l ,Kxj) +MYy ‘kflz]i _
JeTk - j=1

where M := maxigjm 1% lluy- It implies

1<k<n

Zj ) 7
n~! max kd ([k_ ] ) < max Zka [(ZJ)_l x~] Y Kx;
i—1- E S Tl PR

KK ieTt n i

+M Zn max

1<k<n

= (Iy) + (12)-

7l - kP@))

Next, we show that (/;) < ¢/2 for all w € Q when 7 is sufficiently large. Indeed, by the
definition of the operator K,

. -1
nll)ngod([n Jx1, Kxj)) =0
for each j = 1, ..., m. Thus, there exists ng(e, m) € N such that for all n > ng(e, m) and
for all j = 1,...,m,
—1 )
d([n™", x;1'_;, Kxj) < T (3.3)
Denote

N(e,m) = max max ([k 1 ]l 1,Kxj)
1<j<m 1<k<ng(e,m)

and let n(e, m) be the smallest integer number such that n(e, m) > 26~ mN (e, m)ng (g, m).

Now, for any n > n(e, m) and foreachk =1, ...,n,eachw € Q: A
If Z] (w) > no(e, m), then it follows from (3.3) and n’IZ’ (w) < n~1Z)(w) < 1 that
z! @, FAT) e
k 1 k
z |57 k) <o
n ([( k(w)) X =1 x]> = 2m’

Ful @ Springer



562 N.T.Thuan, N.V.Quang

If0 < Z] (w) < no(e, m), then

J ’w
an< 2F ([(ZJ( o] (),Kxj) <O ey < £

i=l1 n(e, m)

Hence, for n > n(e, m)

z,{(w) ) ) €
, ([(zk< DREY I ’K"f><zm-

This implies that

Zj X Zi e m e
(I1) = max Z 7kd [(Z,{)_l,)cj]i_1 , Kxj ) < max — < max — =
je j

1<k<n
SN e

n
~
VA
S
A
[}
3
/
n
~
VA
o=
I
[}
3
|
N ™

for all n > n(e, m). Therefore, Z;’;l nP=IP((1)) > e/2) < oo.
For (1), we have

m

P((h)>¢e/2) <) P <n—1 max

1<k<n

zl —kP(@; )’ > —)

Jj=1

For each j = 1,...,m, applying [1, Theorem 1.2] for sequence {[(X = x;), [(X, =
xj),n > 1} of pairwise i.i.d. and uniformly bounded r.v.’s to get

in"_zP (n max ’Z —kP(Q; )‘ > 7> < 0.

Combining above arguments,

oo

> ar2p (lmai; kd (K" X1y, EX) > ne)

n=1 Shksn

< QnPEP() > £/2) + Y 0P PP((D) > £/2)
n=1 n=1
< Zn” 2p((L) > 8/2)+ZZHP 2P< ~' max ’Z,: —kP(Qj)‘>ﬁ) < 00,

s 1<k<n
] n=

which means that (3.2) holds for this case.

Step 2 Let us consider the general case when X € Lﬁf. For ¢ > 0 arbitrarily,
[12, Proposition 4.1] implies that there exists a natural number s large enough such
that Ed(¢n(X), X) < ¢€/6, where the function ¢, was mentioned in Section 2. Then
{on(X), on(X,), n > 1} is a collection of pairwise i.i.d. and simple random elements with
common expectation E¢p(X) := b. Moreover,

Ellen(X)N} < 2P (Ellgn(X)5, + d” (uo, b)) < 227~ E[|X |, + 277" dP (uo, b) < oo.

It follows from the first case that

o0
p-2 -1 1k
;n P (1252" kd (K (XD, Eon(X)) > ne/3) < 0.
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Similarly, {d(X, ¢n (X)), d(Xn, on (X)), n = 1} is also a collection of pairwise i.i.d. real-
valued r.v.’s satisfying

EdP (X, on(X)) < 27" NE|X |5, + Ellean (X)) < CEIIX |1, < o0.
As a corollary of [1, Theorem 1.2],

inl’—% (

n=1

Y @d(Xi, pn(Xi)) — Ed(Xi, n(Xi))
i=1

> n6/6) < 00.

By the triangle inequality,

an 2p (lmai( kd (K" X0k, E )>n8)

n=1 sksn
< Zn” Zp (lm]fli(nkd ([k 1 X] [k_l,goh(Xi)]f-‘zl) > n£/3>
n Zan (151]32” kd ([k— L on(XD1E_ kY Ewh(x,»)]le) > ne/3)
+’;n‘” ’p < I%lkai(nkd ([k_1 Epn(X; )]l 1> EX) > n£/3>
<) nP7?p ( D @Xi, pn(X0)) — Ed(Xi, gn(Xi)| > ne/6)
n=1 i=1
+) n"?P (fé‘;?én kd (K n (X1 ! En (XD, ) > ne/S)
+Y nP2Pd(EX. Egy(X)) > £/3)
n=1
< 00,

and this completes the necessity part.

Sufficiency: Suppose that Ed? (X, K X) < oo and (3.2) holds for some a € K (X). By
the triangle inequality,

IK X lla
< AKXy, [n Y X)) +d(n~ Y X0, a)

n—1 1 n—1 [ 1 o 4
=d s KXn; =, KX |, | Xi ;= X || Hd(nT L Xl @)
n n n n—1 =1 N

n—1 _ 11 n—1 l -1 n
d([(n—1) ,X,]izl,KXn)-i-nd(Xn,KXn)+d([n y Xili_q,a)

IN

N

_ n—1 1 _
—d([(n DI € @)+ —— K Xplla + —d(Xn, KXn)+d(In L X, a).
This is equivalent to

IK Xulla < d(Xn, KXn) + (n — Dd(((n — D7, X172 @) + nd(n ™", Xi17-,, a).

Fus &\ Springer



564 N.T.Thuan, N.V.Quang

Thus
max ||K Xgll, < max d(Xg, KXg) +2 max kd((k7", X;1°_,, @).
<k< 1<k 1<k<

KN KN KN

On the other hand, for any o > 0, it follows from Ed? (X, K X) < oo that

(o) e n
an—zp ( max d(Xi, K Xy) > na) < an—g ZP(d(Xk, KX) > ne)
1<k<n

n=1 n=1 k=1

oo
= an_lP(d(X, KX)>na) <CEdP(X,KX) < co.
n=1
Therefore, combining with (3.2) we obtain
o0

> nP72p ( max ||K Xglla > n,B)
1<k<n

n=1

o0
< Y nP7Pp ( max d(Xi, KXp) > nﬂ/3>
n=1

1<k<n

oo
p—2 _1 ' k

for every B > 0. It follows

P ( max || K Xgllg > n) — 0asn — oo,
1<k

kXN

and hence P(maxigi<n 1K Xklla > n L foralln > Nop. Applying Lemma 2.3 for

g 4

2

sequence {(|| K Xk|ls > n), 1 < k < n,n > 1} of pairwise independent events with ¢ = 1,
we have that for every n > No,

P (max<x<n I|1K Xglla>n)

n
D PUIK Xilla > m) <
k=1 (1—P (maxi<k<n 1K Xk lla > 1))

X

< 4P ( max || K Xg|ls > n) .
1<k
Hence

o o0 n
EIKX|E < CY n? 'PIKX|a>n)=CY n"2Y P(IKXtla > n)

n=1 n=1 k=1
o
< CZnP_zP max || KXglla >n) < o0
‘ 1<k<n
n=

and E|| X ||} < 2P~ (EdP(X, KX) + E||KX||¥) < co. This implies the existence of EX,
then applying the necessity part

oo
Y nP2p ( max kd (Ik~", X,y EX) > n8> < o0. (3.4)
1<k<n
n=1
Combining (3.2) with (3.4), we obtain EX = a. O

Remark 3.2 1f X is a separable Banach space with usual convex combination [A;, x;I}_; =
Z?:l Aix;, then the condition (3.1) is trivial due to KX = X. However, in general CC
space, the condition (3.1) cannot be removed as shown in the example below:
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Example 3.3 Let p,r be real numbers such that 1 < r < p < 2, r(r — 1) # 1 and
2> p. Assume that (X, ||.||) is a Rademacher type r Banach space and denote by d the
metric associated with its norm ||.||. An operation "[., .] is defined based on X as follows:
", il = Z:le A7 x;. As shown in [12, Example 5], "[., .] is the convex combination
operation (r-th power combination) and the corresponding convexification operator K,u =
0 for all u € X. Assume that {X, X,,,n > 1} is a collection of i.i.d. X'-valued random
elements satisfying E|| X||" < oo but E|| X||? = co. Now we show that the condition (3.2)
holds while (3.1) does not. It follows from K, X = 0 that Ed? (X, K, X) = E|| X||? = oo,
thus (3.1) fails. Since E||X|| < 1 + E||X||" < oo, there exists the expectation of X with
respect to "[., .], denoted by E, X, and a := E, X = 0. Now for ¢ > 0, applying the Hajek-
Rényi inequality for the collection {X, X,,, n > 1} of i.i.d. A’-valued random elements with
EX =0asin[10],

k

>

o0 o0
_ _ _ 1
E n? 2P(1r£12nkd(r[k I,Xi]f=1,a)>ne)=z n? 2P(max =

1<k<n :
n=1 n=1 i=1
o0 n o0 n
c ENX;|" 1
P=2 ! _ r p—r—2
<Qon D ro—n — CEIXI don > FGr—1)
n=1 ner ok n=1 ok

50 o0
1 1
r p—r=2 [ r —_—
< CE|X| EI” rG—D—1 CEIX] Zlnrz—zﬂrl =%
n= n=

which means that (3.2) holds.

Remark 3.4 (a) Since the condition (3.2) implies d([n7 1, Xi];‘zl, a) — OQa.s.asn — oo,
we immediately obtain the strong law of large numbers for {X, X,,, n > 1} of pairwise i.i.d.
random elements in CC space from the condition X € ng. Therefore, [12, Theorem 5.1] is
a particular case of Theorem 3.1.

(b) Notice that some arguments in the proof of Theorem 3.1 can be also obtained by com-
bining the embedding theorem [13, Theorem 3.3] and corresponding results in Banach
space. However, this embedding is not too straightforward since its proof requires several
intermediate results, while the proof of Theorem 3.1 presented above is more direct.

Using the similar technique as in Theorem 3.1 and applying Theorem 1.1 withr = 1, we
obtain the following result for the case of i.i.d. random elements:

Theorem 3.5 Letp > 1,a € K(X) andlet {X, X,,, n > 1} be a sequence of i.i.d. X-valued
random elements. Then EX = a and E|| X ||} < oo if and only if

EdP(X,KX) < o0

o0
and Zn”_zP (llgkaé( kd ([k_l, Xi]le,a) > ns) < ooforall e > 0.
=1 LN

Next, we establish some results on complete convergence and L"-convergence for non-
identically distributed random elements.

Proposition 3.6 Ler {X,,, n > 1} be a sequence of pairwise independent X -valued random
elements. If there is a compact subset IC of X such that P(X, € K) = 1 for all n, then the
following statements hold:

con
S 9 /Vi
R
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\\n

Zn ( max kd ([k_ X; ]l s [k_l, EX,-]f-‘zl) > ns) < 00 forevery e > 0.

(i) Ed" ([nil, Xl n EX,'];?:1> — Oasn — ocoforr > 1.
Proof For ¢ > 0, by the compactness of /C, there exists {cy, ¢2, ..., ¢y} C K such that
m
K c U B(cj,e/4), where B(cj,r) ={x e X 1 d(x,cj) <r}.
j=1
For n > 1, define a sequence of X'-valued random elements as follows:

co:=ug if X, (w) ¢ K
Yy(w)=1c if X,,(w) € B(c1,e/4)NK _
¢ if X, () € Blcj,e/4) N{U/_| B(cr, e/HY¥ NK, j=2,....m

It is obvious that the sequence {Y,,n > 1} is also pairwise independent. By the triangle
inequality,

d (" Xy ™ EXL)
d (! Xy o Y )+ d (! vy, e K Y)

td (I~ KV (7 BV )+ d (In7 BV 7 EXGE )
= A, +B,+C, + D,.
Modifying the proof of [14, Proposition 3.1], we obtain esssup,.qA,(®w) < /4,
€ss sup,,cq Dn(w) < &/4 for all n. Using the same arguments as in the proof of (/1) in The-

orem 3.1 (necessity part) to get esssup,cqBn(w) < €/4 for n large enough. For C,, by
property (2.1) and Lemma 2.2, we have

Co = d (In™" KVl 17" YL

= d (I U = ), Kej Pl I TP = ), Key gl )

m n
1
<D |- =cp) = P = )| lejlug
j=0 i=1
m 1 n
<MY =Y (Ii=cp) = P(i=cp)|,
j=1 i=1

where M := maxij<m 1€ llug-
For conclusion (i): Notice that {I(Y, = c;) — P(Y, =cj),n > 1} is a sequence of pair-
wise independent and uniformly bounded r.v.’s. It follows from [1, Theorem 1.1] that

o
erlP max
= 1<k<n

k
Z (I(Y = c¢j) = P(Yx =¢)))

i=

> n8/4Mm> < 00.
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Thus,

M2

n'p < max kCj > n8/4>
1<k<n

3
Il
—_

m
-1
P 4M
Zl > ne/
Jj=1
o0
>3 ! <max
1<k<n

n=1

Mg

(I(Ye = cj) = P(Yx = c)))

3
I

Ms

(I(Yk =cj) — P(Yr =c)))

'M» i M»

> ns/4Mm> < 00.

~.
Il
-

i=1
Combining the parts above, we have the desired result.
For conclusion (ii): By Jensen’s inequality and for n large enough,

Ed’ (In™", Xiliey (0™ EXITL)
m r
3@/ +Mm Y E

Jj=1

N

1 n
~2 (I =¢)) = P(Yi =c))

i=1

m
3¢ /A+ 4 M Y 2 E
j=1

N

1 n
;Z(I(Yi =cj)— P(Y; =cj))

1/2
n 2 /

Y (I =cj) = P(Yi =¢)))

i=1

m
1
< 3¢ -
e /4+C,Zn E
j=1
< 3e"/4+Cn V2

Letting n — oo and by the arbitrariness of ¢ > 0, we derive the desired conclusion. O

Theorem 3.7 Let {X,,n > 1} be a sequence of pairwise independent X -valued random
elements.

(a) If {Xn,n > 1} is Cesaro CUI and 220:1 n"PE|X,|E < oo for some p € [1,2], some
u € X, then

o0
Zn*1P<max kd([k ! X]l Nl ! EX], 1)>m9><oo
= 1<k<n

forall ¢ > 0. In particular, d(n7 1, X', [nt, EX;l!_)) = Oas. asn — oo.
®) If {X,,n > 1} is Cesaro r-th CUI (r > 1), then Ed" ([n_l, X', 1, EXi]?zl) —
Oas n — oo.

Proof Given ¢ > (. By Cesaro r-th CUI assumption (with » = 1 in the case (a)), there
exists a compact subset K := IC, , of X satisfying

n
n 'Y EXill (X ¢ K)) < e/4foralln.
i=1
For each n > 1, we define a sequence of X-valued random elements by setting

[ Xu(w) if X,(0) €K
Ya(w) = {u if X, (w) ¢ K.

%hm'n @ Springer



568 N.T.Thuan, N.V.Quang

It is obvious that the sequence {Y,,n > 1} is also pairwise independent. By the triangle
inequality,

d (I Xty L EXEL ) < d (I Xy e )
+d ([n“, Vi, [n", EY:']?=1)

=0, + R, —l—Sn.

Let us bound three parts above as follows:
For Q,: We have

1 « 1
<= d (X YD) = Y I Xlld (X ¢ K).
i=1 i=1

For Ry: 1tis clear that {Y,, n > 1} is a sequence of pairwise independent X -valued random
elements and ¥,, € KC U {u} for all n. Applying Proposition 3.6, we get that

Zn ( max kRy >ns/4> <ooand E(R,)" — Oasn — oo.
<k<n
For S,: Since {X,,, n > 1} is Cesaro r-th CUI (» > 1), Jensen’s inequality yields

1 1 & '
(S’ < (nZEdm,X») = (nZE<||X,-||u1(X,~ ¢ IC)))

i=1 i=1
1
nZE X171 (X; ¢ K)) < &/4.
i=1

Proof of part (a). It is sufficient to show ZZOZI n_lP(maxlgkgn kQr > ne/2) < oo.
Indeed,

’;n (lrgnkzgnka > n£/2> < rgn_lP (; XNl I(X; ¢ K) > ns/2>
S|

n=1

D UXill I (Xi & K) — E (IXillud (Xi ¢ K)))

i=1

> n£/4> < 00,

where the last quantity is finite by applying [1, Lemma 2.1] for sequence {|| X, ||, (X, ¢
K),n>1}.
Proof of part (b). By using Jensen’s inequality again,

Ed” (In~" Xy 0™ EXiTs, ) <37HEQ0) + ER) + ES)")

< 3! (1 Z EIXilIL1(Xi ¢ K)+ ER,)" + s/4) =3"'¢/24+0()asn — oo
x n iy t n ’
i=1

By the arbitrariness of ¢ > 0, we obtain the conclusion (b). O

Remark 3.8 In Theorem 3.7, conclusion (a) extends [1, Theorem 3.1] to CC space and
conclusion (b) extends [3, Theorem 1.2] to CC space.

@ Springer i ms



Baum-Katz's Type Theorems for Pairwise Independent Random... 569

As mentioned in Section 2, (k(X),dpy) is a separable and complete CC space. Let
Exx)X denote the expectation of an integrable random element X in (k(X),dy). By
applying Theorem 3.1 and Theorem 3.7, we obtain immediately the following corollaries:

Corollary 3.9 Let1 < p <2, A € Kyx)(k(X)) and let {X, X,,, n > 1} be a sequence of
pairwise i.i.d. k(X)-valued random elements. Then Eyx\X = A and EdZ(X, A) < o0 if
and only if

Ed} (X, Kix)X) < 00

o
p—2 ( —1 ok )
and X_;n P (1211?2:1 kdg [k, Xili—, A) > ns) < oo forall e > 0.

Corollary 3.10 Let {X,,n > 1} be a sequence of pairwise independent k(X )-valued ran-
dom elements.

(@) If {X,,,n = 1} is Cesaro CUI and Z;’Ozl n_”EdZ(X,,, U) < oo for some p € [1,2],
some U € k(X), then forall e > 0

o0
Zn_lP ( max kdpy ([k_l, Xi]f‘zl, [k_l, Ek(X)Xi]le) > ne) < 0.
1<k<n
n=1
In particular, dy(n1, X', [nt, ExxyXil!_)) — Oas. asn — oo.
®) If {X,n = 1} is Cesaro r-th CUI (r > 1), then

Edy ([n_l, Xilj_y. n ", Ek(X)Xi]?:l) — Oasn — oo.
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