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This article investigates discrete-time approximations of stochastic inte-
grals driven by semimartingales with jumps via weighted bounded mean os-
cillation (BMO) approach. This approach enables L ,-estimates, p € (2, 00),
for the approximation error depending on the weight, and it allows a change
of the underlying measure which leaves the error estimates unchanged. To
take advantage of this approach, we propose a new approximation scheme
obtained from an adjustment for the Riemann approximation based on track-
ing jumps of the underlying semimartingale. We discuss a way to optimize the
approximation and also illustrate the sharpness of the obtained convergence
rates. When the small jump activity of the semimartingale behaves like an
a-stable process with « € (1, 2), our scheme achieves under a regular regime
the same convergence rate for the error as in Rosenbaum and Tankov [Ann.
Appl. Probab. 24 (2014) 1002-1048]. Moreover, our approach extends to the
case o € (0, 1] and to the L p-setting which are not treated there. As an ap-
plication, we apply the methods in the special case where the semimartingale
is an exponential Lévy process to mean-variance hedging of European type
options.

1. Introduction.

1.1. The problem and main results. This article deals with discrete-time approximation
problems for stochastic integrals and studies the error process E = (E;)¢[0,7] defined by

t
(1.1 E; :=/ By—dS, — Ay,
0

where the time horizon T € (0, c0) is fixed, ¢ is an admissible integrand, S is a semimartin-
gale on a complete filtered probability space (2, F, P, (F;):cj0.7]) and A = (A;)eq0,7] 1S an
approximation scheme for the stochastic integral.

We will consider two approximation methods, where the second builds on the first one. For
the first method, the basic approximation method, we assume that A = AR™ is the Riemann
approximation process of the above integral,

n
AR, 1) =Y O —(Stiar — Siiiar)
i=1

for the deterministic time-net 7, = {0 =1ty <t <--- <t, = T}. We will study the corre-
sponding error ER™ in L, but locally in time in the sense that for any stopping time p with
values in [0, T] we measure the error which accumulates within [p, T']. The term locally in
time also includes that at the random time p we restrict our problem to all sets B € F, of
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positive measure, which leads to the notion of bounded mean oscillation (there are two ab-
breviations for it used in this article, bmo and BMO, which express two different spaces).
Namely, we will work with weighted bmo-norms introduced in [16, 17] as we consider

2
(1.2) E7[|EF™ — ER™*] < cf15)®5  as.,Vp.

Here, E7» stands for the conditional expectation with respect to F, 0, and the weight process
® = (D)0, Will be specified later. Denote by || E lelbmog ®) the infimum of the ¢(; 2) > 0
such that (1.2) is satisfied. We assert in Proposition 3.6 that, under certain conditions, one has

”ERm”bmog)(IP’) =cy ”Tn”O,

where 6 € (0, 1] is related (but not only) to the growth property of the integrand & by

(1.3) sup (T —1)' 2 |9, <00 as.,
te[0,T)

and |7, |l¢ denotes a nonlinear mesh size of 7, related to 6. In Section 3.4 we discuss that 7,
can be chosen such that ||7,]l¢ < c¢/n, implying the approximation rate

B —

[EX™ lomog ) = en

Roughly speaking, the faster the integrand grows as ¢ 1 T, the more the time-net should be
concentrated near 7 to compensate the growth.

If the semimartingale S has jumps, replacing £, by E,_ in (1.2) leads to different norms,
the BMO;I> (P)-norms. We will see in (1.9) and Proposition 2.5 that the BMO%I> (P)-norm gives
us a way to achieve good distributional tail estimates for the error E such as polynomial or
exponential tail decay depending on the weight. Moreover, this approach allows us to switch
the underlying measure [P to an equivalent measure QQ, which is frequently encountered in
mathematical finance, provided the change of measure satisfies a reverse Holder inequality,
so that the BMO;D (Q)-norm is equivalent to the BMO‘ZD (P)-norm.

However, Example 3.7 below shows that if S has jumps, then the Riemann approxima-
tion error ER™ does in general not converge to zero if measured in the BMO;I> (P)-norm. The
reason for this fact is that the BMO‘ZD (P)-norm is relatively strong so that deterministic dis-
cretization times are not suitable to deal with possibly large jumps of S, which is in contrast
to the case of no jump in [16]. To overcome this difficulty, we adapt and develop further
the idea exploiting a small-large jump decomposition of S, which is used in the context of
SDE discretization, see, for example, [10, 26-28], to our problem. This lets us design a new
approximation scheme based on an adjustment of the Riemann sum which approximates the
stochastic integral. This will be our second method, the jump-adapted approximation method,
see Definition 3.9.

Generally speaking, the jump-adapted approximation A4 (19, |e, k) is of the form

A @, Tl k) = AR(9, 7) + Correction, (¢, k),

where the parameters € > 0 and « > 0 in the correction term relate to the threshold for which
we decide which jumps of S are (relatively) large or small, and this threshold might contin-
uously shrink when the time ¢ approaches T, see Definition 3.8. The time-net used in this
approximation method is a combination of the given deterministic time-net t in the Riemann
sum and random times of carefully chosen large jumps of S. A consequence of Proposi-
tion 3.15 shows that the expected value of the cardinality of this combined time-net is, up to
a multiplicative constant, comparable to the cardinality of .

This new approximation scheme can be interpreted in the context of mathematical finance
as follows: Before trading, we arrange to use the Riemann approximation AR™(#9, ) associ-
ated with a trading strategy ¢ along with a preselected deterministic trading dates represented
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by 7. During trading with that initial plan, as soon as the large jumps of S occur, we trade
additionally with the amount given in the correction term. So our point is that the decision
for additional (random) trading times is based on the jump sizes of the price process, which
can be observed, not on tracking jumps of the trading strategy that needs to be computed.

Denote by E243P the error caused from the approximation with the jump-adapted scheme.
To formulate the result, we assume that S is given as the (strong) solution of

d$; =o(8:-)dZ;,

with o specified later, where Z is a square integrable semimartingale defined in Section 2.3.
Then Theorem 3.16 implies that, for suitably chosen time-nets and corrections, and for a
suitable weight &, it holds that

adap o -1
(1.4) B | o ey < o3
under the condition that the random measure 7z of the predictable semimartingale character-

istics of Z satisfies that w7 (dr, dz) = v,(dz) dr and that

(1.5) sup
re(0,1)

(w,1) > v (w, dz)
r<lzl=<1

<0,
Loo(2%[0,T],PQ1)

where A is the Lebesgue measure, and one has

1

n- 2« ifa e (1, 2],
(1.6) [E“ | oy <€ Y12 (1L +logn) ifa=1,
n if e (0,1)
provided that
(1.7) sup ||(w, 1) — r“/ v (w, dz) < 00.
re(,1) r<lzl<1 Loo(2x[0,T],P®A)

Condition (1.5) aims to indicate a local symmetry of v around the origin rather than the small
jump intensity of Z which is described by (1.7).

Since the integrator Z and structure conditions imposed on the approximated stochastic
integral to achieve (1.4) and (1.6) are quite general, those obtained convergence rates are in
general not the best possible. We will show in Section 3.3 that one can drastically improve
those convergence rates in the particular case when S is the Doléans—Dade exponential of a
pure jump process Z where Z has independent increments. Namely, Theorem 3.16 asserts
that, for the error E%9%P as above and under certain structure conditions for the approximated
stochastic integral, one has

—g(=30=00@=1) £ (1 7) holds for « € (1, 2],

n
-1 .
d n~ (1 +logn) if (1.7) holds fora =1,
(1.8) || E* ap’|BM06(]I”) e , _
2 n if (1.7) holds for @ = 1 and (1.5) holds,
n! if (1.7) holds for & € (0, 1).

In the case « € (1, 2] in (1.8), the parameter 6 € (0, 1] relates to the growth of ¥ mentioned in
(1.3), and the corresponding exponent satisfies % - % < é(l — %(1 —O)(a—1) < é Since
5 — 1> 5 fora € (1,2], the rate obtained in (1.8) is better than that in (1.6).

We discuss a lower bound for the approximation errors in Proposition 3.18 and provide a
situation in Example 3.19 illustrating that the obtained convergence rates in (1.6) and in (1.8)
are sharp. Specifically, the obtained rates are optimal when « € (0, 2]\{1}, and are optimal

up to a log-factor when o = 1.
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Furthermore, Theorem 3.16 also reveals that, if the weight ® is sufficiently regular, then
the estimates (1.4), (1.6) and (1.8) hold true for the L ,-norm, p € (2, 00), in place of the

BMOEI> (P)-norm. In addition, the measure P can be substituted by a suitable equivalent prob-
ability measure Q while keeping those estimates unchanged.

The parameter n in (1.4), (1.6) and (1.8) refers to certain moments of the cardinality of the
combined time-net used in the approximation. This cardinality represents in the context of
mathematical finance the number of transactions performed in trading, see Remark 3.17.

As an application, we choose S to be an exponential Lévy process and measure the dis-
cretization error for stochastic integrals where the integrands are mean-variance hedging
(MVH) strategies of European payoffs. To do this, we provide in Proposition 4.2 an explicit
representation of the MVH strategy for a European payoff for which we do not require any
regularity for payoff functions nor specific structures from the underlying Lévy process. This
result is, to the best of our knowledge, new in this generality and it might have an independent
interest.

Let us end this subsection by listing some examples taken from Corollary 4.7 showing con-
vergence rates for £24%P under the BMO;ID (P)-norm in the exponential Lévy setting. Namely,
we let S =e* where X is a Lévy process without the Brownian part whose small jump in-
tensity behaves like an «-stable process with « € (0, 2), and let ¥ be the MVH strategy of a
payoff g(St). Then, for the European call/put option (or any Lipschitz g), the convergence
rate is of order: n™ ' ifa € (0, 1), n = (1 +logn) ife = 1, and n_é ifa € (1, 2). For the binary
option (or any bounded g), the order of convergence rate is: n~lifae@©1),n 11+ logn)
if =1, and n~al =3 @D (for any 0 < § < L(1 — 1)(2 = 1)) if & € (1,2). Moreover,
if Ee”X7 < oo for some p € (2, 00), then measuring E29P in L p yields the same rates case-
wise as above. Last, our results are valid for some powered call/put options obtained from an
interpolation, in a sense, between the binary and the call/put option.

1.2. Literature overview. Besides its own mathematical interest and its application to nu-
merical methods, the approximation of a stochastic integral has a direct motivation in math-
ematical finance. Let us briefly discuss this for the Black—Scholes model. Assume that the
(discounted) price of a risky asset is modelled by a stochastic process S which solves the
SDE dS; = o (S;) dW;, where W is a standard Brownian motion and the function o satisfies
a suitable condition. For a European type payoff g(S7) satisfying an integrability condition,
it is known that g(S7) =Eg(S7) + fOT 0yG(t, $;)dS;, where G(z, y) :=E(g(S7)|$; = y) is
the option price function and (9, G (t, S;)):c[0,7) is the so-called delta-hedging strategy. The
stochastic integral in the representation of g(S7) above can be interpreted as the theoretical
hedging portfolio which is rebalanced continuously. However, it is not feasible in practice
because one can only readjust the portfolio finitely many times. This leads to a replacement
of the stochastic integral by a discretized version which causes the discretization error.

The error represented by the difference between a stochastic integral and its discretization
has been extensively analyzed in various contexts. It is usually studied in L, for which one
can exploit the orthogonality to reduce the probabilistic setting to a “more deterministic”
setting where the corresponding quadratic variation is employed instead of the original error.
In the Wiener space, we refer, for example, to [13, 15, 22], where the error along with its
convergence rates was examined. The weak convergence of the error was treated in [18, 22].
When the driving process is a continuous semimartingale, the convergence in the L;-sense
was studied in [12], and in the almost sure sense it was considered in [21].

In this article, we allow the semimartingale to jump since many important processes used
in financial modelling are not continuous (see, e.g., [6, 32]), and the presence of jumps has
a significant effect on the hedging errors. Moreover, models with jumps typically correspond
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to incomplete markets. This means that beside the error resulting from the impossibility of
continuously rebalancing a portfolio, there is another hedging error due to the incompleteness
of the market. The latter problem was studied in many works (see an overview in [33] and the
references therein). The present article mainly focuses on the first type of hedging error. The
discretization error was studied within Lévy models in the weak convergence sense in [35],
in the Ly-sense in [4, 14], and for a general jump model under the L»-setting in [30].

In general, the classical Ly-approach for the error yields a second-order polynomial decay
for its distributional tail by Markov’s inequality. If higher-order decays are needed, then the
L y-approach (2 < p < o0) is considered as a natural choice, and this direction has been
investigated for diffusions on the Wiener space in [19]. A remarkably different route given
in [16] is that one can study the error in weighted BMO spaces. The main benefit of the
weighted BMO-approach is a John—Nirenberg type inequality ([16], Corollary 1(ii)): If the
error process E belongs to BMO?; (P) for some p € (0, 00), where  is some weight function
specified in Definition 2.1, then there are constants c,d > 0 such that for any stopping time
p: Q22— [0,T]and any o, B > 0,

(1.9) ]P’( sup |E, —E,_| > caﬁ‘]—"p) <el™@ —I—dIP’( sup &, > fp).

uelp,T] uelp,T]
Obviously, if @ has a good distributional tail estimate, for example, if it has a polynomial
or exponential tail decay, then by adjusting o and 8 one can derive a tail estimate for E
accordingly. Especially, one can then derive L ,-estimates, p € (2, 00), for the error. Some
other applications of weighted BMO in the context of BSDEs have been considered in [20].

1.3. Comparison to other works. Regarding models with jumps, let us first mention the
works done by Brodén and Tankov [4] and by Geiss, Geiss and Laukkarinen [14] which treat
the Riemann approximation of stochastic integrals driven by the stochastic exponential of a
Lévy process using deterministic discretization times. Although the approaches in [4] and
[14] are different, both arrive at a result saying that, if the approximated stochastic integral is
sufficiently regular, then the asymprotically optimal convergence rate of the error measured

in L, is of order n_% when n — oo (see [4], Corollary 3.1, and [14], Theorem 5), where n
is the cardinality of the used time-net. For this direction, we also achieve in Theorem 3.16(1)

1 . o
the convergence rate of order n~ 2 for the error under the bmo‘z1> -norm, which then implies
the same rate under the L,-norm in our setting.

Later, Rosenbaum and Tankov [30] show that the convergence rate can be faster than nf%
by using Riemann approximation associated with random discretization times. It is asserted in
[30], Remark 5, that, when the semimartingale integrand does not possess a continuous local
martingale part and if its small jump activity behaves like an «-stable process with « € (1, 2),

. . _1 . . .
then the convergence rate measured in L, is of order n™ «, which is also asymptotically
optimal in their setting. In our framework, under a regular regime when 6 = 1, we derive

from (1.8) the rate n_é under the weighted BMO-norm (which is stronger than the Ly-norm
in models that are originally only considered in the L,-setting) when (1.7) holds for some
a € (1,2]. This rate is optimal in our setting and is consistent with that in [30], Remark 5,
when n represents the expected number of transactions. Moreover, our results are valid for
« € (0, 1] which is not covered in [30].

We stress that our jump-adapted scheme is different from that in [30]. The authors in [30]
use Riemann approximation schemes along with random times and the employed time-nets
are the hitting times which are obtained by continuously tracking jumps of the integrand
(which represents the trading strategy). Differently from that, time-nets in our method are a
combination of preselected deterministic time-nets and random times obtained by continu-
ously tracking jumps of the integrator (which represents the price process). In general, the
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computational cost of our method is less expensive than that in [30]. This can be argued in
a situation when many options with different strategies are hedged at the same time with
respect to a risky asset.

Other contributions of this work are, thanks to features of the (weighted) BMO-approach
as aforementioned, to provide a situation that one can deduce L ,-estimates, p € (2, c0), for
the approximation error which are, to the best of our knowledge, still missing in the literature
for models with jumps. Moreover, as a benefit to applications in mathematical finance, our
results allow a change of the underlying measure which leaves the error estimates unchanged
if the change of measure satisfies a reverse Holder inequality, see Proposition 2.5.

1.4. Structure of the article. Some standard notions and notation are contained in Sec-
tion 2. The main results are provided in Section 3 and their proofs are given in Section 5.
In Section 4, we give some applications of those main results in exponential Lévy models.
The regularity of weight processes used in this article is shown in Appendix B. Appendix C
provides some gradient type estimates for a Lévy semigroup on Holder spaces, which are
used to verify the results in Section 4.

2. Preliminaries.
2.1. Notation and conventions.

General notation. Denote N:={0,1,2,...}, Ry := (0, 00) and Ry := R\{0}. Fora, b €
R, we set a V b :=max{a, b} and a A b := min{a, b}. For A, B > 0 and ¢ > 1, the notation
A ~. B stands for A/c < B < cA. The notation log indicates the logarithm to the base 2 and
log™ x :=log(x Vv 1). Subindexing a symbol by a label means the place where that symbol
appears (e.g., c(2.1) refers to the relation (2.1)).

The Lebesgue measure on the Borel o-algebra B(R) is denoted by A, and we also write
dx instead of A(dx) for simplicity. For p € [1, oc] and A € B(RR), the notation L ,(A) means
the space of all p-order integrable Borel functions on A with respect to A, where the essential
supremum is taken when p = oo.

Let £ be a random variable defined on a probability space (€2, F, P). The push-forward
measure of [P with respect to & is denoted by P¢. If £ is integrable (nonnegative), then the
(generalized) conditional expectation of £ given a sub-o-algebra G C F is denoted by E9[£].
We also agree on the notation L, () := L, (2, F,P).

Notation for stochastic processes. Let T € (0, 00) be fixed and (2, F,P) a complete
probability space equipped with a right continuous filtration F = (F;);¢[0,7]. Assume that F
is generated by [P-null sets only. Because of the conditions imposed on F, we may assume
that every martingale adapted to this filtration is cadlag (right-continuous with left limits).
For I =[0,T] or =10, T), we use the following notation:

e For two processes X = (X)rel1, ¥ = (Yt)te1, by writing X =Y we mean that X; = Y; for
all # € I a.s., and similarly when the relation “=" is replaced by some standard relations
such as “>", “<” etc.

e For a cadlag process X = (X;);e1, we define the process X_ = (X;_)e1 by setting Xo_ :=
Xo and X;_ :=limgs4, X for r € [\{0}. In addition, set AX :=X — X _.

e CL(I) denotes the family of all cadlag and F-adapted processes X = (X;)ser-

e CLo(I) (resp. CL™(I)) consists of all X e CL(Il) with X =0 a.s. (resp. X > 0).

e Let M = (M;);e1 and N = (N¢)se1 be Lo(IP)-martingales adapted to . The predictable
quadratic covariation of M and N is denoted by (M, N). If M = N, then we simply write
(M) instead of (M, M).

e For p €[1, 0] and X € CL([0, T]), we denote 1 XWls, @) := Il supepo, 77 | XML, @)-
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2.2. Weighted bounded mean oscillation and regular weight. We recall the notions of
weighted bounded mean oscillation and the space SM , (IP) of regular weight processes (the
abbreviation SM indicates the property resembling a supermartingale). Let S([0, T']) be the
family of all stopping times p: 2 — [0, T], and set inf & := oo.

DEFINITION 2.1 ([16, 17]). For p € (0, 00), Y € CLo([0, T1) and ® € CL* ([0, T1), let

1Y llpviot ) = infle = 0: EP[|¥r — ¥,_|"] < c"®F a.s.,¥p € S0, TD},
”Y”bmoj‘,’(P) :=inf{c > 0: B/ [|Yr — Y,|P] < cP® as.,¥p e S(0, T},
1D 51, B = inf{c >0: Efp[ sup c1>§’] <P @D as.,Vp e S0, T])}.
p<t=<T

ForT" € (BMOJ (P), bmoyy (P)}, if | Y | < 00 (resp. | ®llsa, ) < 00), then we write Y € T
(resp. ® € SM(IP)). In the nonweighted case, that is, ® = 1, we drop ® and simply use the
notation BMO,,(IP) or bmo, (P).

REMARK 2.2. According to [17], Propositions A.4 and A.1, the definitions of | - ||bm0¢(P)
P

and || - |lsm, (p) can be simplified by using deterministic times a € [0, T'] instead of stopping
times p, that is,

”Y”bmoq’(IP’) = inf{c >0: E]:“UYT — Ya|p] < Cqug a.s.,Va € [0, T]},
P

[ ®llsm, @) =inf{c >0: IEF“[ sup CIDf] <cP®P as.,Va €0, T]}.

a<t<T

The theory of classical nonweighted BMO/bmo-martingales can be found in [9], Chapter
VII, or [29], Chapter IV, and they were used later in different contexts (see, e.g., [5, 8]). The
notion of weighted BMO space above was introduced and discussed in [16] where it was
developed for general cadlag processes which are not necessarily martingales.

It is clear that if Y € CLo([0, T']) is continuous, then ||Y||bmog>(P) = ||Y||BMO;>(P). If Y has

jumps, then the relation between weighted BMO and weighted bmo is as follows.

LEMMA 2.3 ([17], Propositions A.5 and A.3). If ® € SM,(P) for some p € (0, c0),
then there is a constant ¢ = c(p, ||(D||5Mp([p>)) > 0 such that for all Y € CLy([0, T]),

”YHBM();‘;QP) ~c ||Y||bm0;4;(]p) +|AY o,

where |AY | :=inf{c > 0: |AY;| < cD, forallt €0, T] a.s.}.

DEFINITION 2.4 ([16]). Let Q be an equivalent probability measure to P so that U :=
dQ/dP > 0. Then Q € RH(P) for some s € (1,00) if U € Ly(IP) and if there is a constant
c@.1) > 0 such that U satisfies the following reverse Holder inequality:

Q2.1 E7°[U*] < c&,y(E7*[U])"  a.s.,¥p € S(0, TD,

where the conditional expectation B¢ is computed under P.
We recall some features of weighted BMO which play a key role in application.

PROPOSITION 2.5 ([16, 17]). Let p,q € (0, 00) and ® € CL* ([0, T]).

(1) There is a constant c1 = c1(p, q) > 0 such that || - ||5p(]p>) <c1 ||®||Sp([p>) II - ”BMOff(]P’)'
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(2) If ® € SM(P), then for any r € (0, p] a constant c3 = c2(r, p, | Pllsm, @) > 0
exists such that || - ”BMOf,’(]P’) ~e |l ”BMO?(]P)'

(3) If Q e RH(P) for some s € (1, 00) and ® € SM,(Q), then there is a constant c3 =
c(s, p, Q, ®) > 0 such that || - ||BM0;>(Q) <c3l - ||BM02>(P).

PROOF. Items (1) and (2) are due to [17], Proposition A.6. For Item (3), we apply [16],
combine Corollary 1(i) with Theorem 3, to the weight ® + & > 0 and thenlete | 0. [J

2.3. The class of approximated stochastic integrals. Throughout this article, the assump-
tions for the stochastic integral in (1.1) are the following.
[S] The process S € CL([0, T']) is a strong solution of the SDE!
2.2) dS; =o(S;-)dZ;, So€Rs,
where o : Rg — (0,00) is a Lipschitz function on an open set Rs € R with S;(w),
S;_(w) € Rg forall (w,t) € 2 x [0, T]. We denote
‘ o(y) —o(x)
lo|Lip:=  sup —
X, yERS,XEY y—x

[Z] The process Z € CL([0, T']) is an L, (IP)-semimartingale on (2, F, P, (F;)e[0,77) With
the representation

<0

t t
(2.3) zt=zo+zf+/f Z(Nz—nz)(du,dz)+/ bZdu, 1€l0,T],
0 JR 0

where Zo € R, bZ is a progressively measurable process, Z¢ is a pathwise continuous
L>(P)-martingale with Z§ =0, Nz is the jump random measure® of Z and 77 is the
predictable compensator® of Nz. Assumptions on Z are the following:

(Z1) Forall w € Q,
(2.4) wz(w,dt,dz) = v (w,dz) dr,

where the transition kernel* v; (w, -) is a Lévy measure, that is, a Borel measure on 5(R)
satisfying v, (w, {0}) := 0 and [ (2> A 1)v;(w, dz) < o0.
(Z2) There is a progressively measurable process aZ such that d(Z¢), = |a,Z |>dr and

(2.5) a(Zzls) = ”az||Loo(Qx[o,T],IP®x> < 0.

(Z3) The processes bZ and jZ, where j,Z =g 22v,(dz)) /2, satisfy that

Z sz 7 . :Z
2.6) b6 =161 00,770 | Loy < 00 JG.6) ="l Loxi0.11.p80) < -
[I]1 The process ¢ belongs to the family A(S) of admissible integrands, where

T
A(S) :={® e CL([0, T)) :E/ 92 o (S,_)?dr <ooand A, =0as.,Vr €[0,T)}.
0

1See, for example, [29], Chapter V, Section 3, for the existence and uniqueness of S.

2NZ((s, t]x B):=#{u e (s,t]: AZ, € Bfand Nz ({0} x B) :=0for0<s <t <T, B € B(Ryp).

37rz is such that: (i) for any w € Q, 7wz (w, -) is a measure on B([0, T] x R) with 7z (w, {0} x R) = 0; (ii) for
any P ® B(R)-measurable and nonnegative f, the process [ /g f (1, 2)wz(du, dz) is P-measurable satisfying
EfOTfR fu,z2)Nz(du,dz) = EfOTfR f(u,z)mz(du,dz), where P is the predictable o-algebra on Q2 x [0, T']
(see [25], Chapter 11, Section 1, for more details).

4In the sense of [25], Chapter II, Theorem 1.8.
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REMARK 2.6.

(1) By a standard stopping argument and Gronwall’s lemma, (2.2) implies that S is an
Lo (P)-semimartingale and

T T
E/ G(Su)zdqu/ o (S,—)*du < oco.
0 0

(2) For each t € [0, T], it follows from (2.4) that Nz({t} x Rg) = 0 a.s., which verifies
AZ; =0 a.s., and hence, AS; =0 a.s. In other words, Z and S have no fixed-time disconti-
nuity. Since admissible integrands v in applications are often functionals of the integrator S,
it is technically convenient to assume that A%; =0 a.s.

3. Approximation via weighted bounded mean oscillation approach. To examine the
discrete-time approximation problem in weighted bmo or weighted BMO, further structure
of the integrand is required. We begin with the following assumption which is an adaptation
of [17], Assumption 5.1.

ASSUMPTION 3.1. Assume for a ¢ € A(S) that there exists a random measure
T: Q2 x B(0,T)) — [0, 0]

such that Y (w, (0, t]) < oo for all (w,t) € Q x (0, T) and there is a constant c3.1) > 0 such
that forany0<a <b<T,a.s.,

3.1) EHU wt—ﬂaﬂa(&ﬂdr}scé.uEf“[/ (b—mr(-,dt)].
(a,b] (a,b]

The left-hand side of (3.1) appears as the one-step conditional L;-approximation error.
This error is assumed to be controlled from above by a conditional integral with respect to an
appropriate random measure Y, where Y might have some singularity at the terminal time
T. This structure condition allows us to derive the multi-step approximation from the one-
step approximation. Apparently, the measure Y looks artificial, however, it origins from the
diffusion setting on the Wiener space. We briefly explain this in Example 3.2 below.

EXAMPLE 3.2 (Diffusion setting). We recall the setting from [13] (see also [17]): Let
6: R — R be bounded, inf,cg 6 (x) > 0 and infinitely differentiable with bounded deriva-
tives. Let o (x) := x6 (Inx), which is Lipschitz on (0, 00), and consider the SDE

dS; = o (S;) dWy, So=¢" >0,

where W is a standard Brownian motion. Then one has S; = eXt, where dX, = 6 (X;) dW, —
%6(X,)2 dt, Xo = xo € R. For any Borel function g: (0, 00) — R with polynomial growth,
1t0’s formula asserts g(St) =Eg(ST) + fOT 0yG(t, §;)dS; with G (¢, y) :=E(g(S7)|Sr = y).
Then [15], Corollary 3.3, verifies that Assumption 3.1 is satisfied for

9 :=0,G(t,S),  Y(w,d):=|(022G) (. 5 ()| dr.

In this case, since Y is related to the second derivative, it describes some kind of curvature
of the stochastic integral.

We now provide in Example 3.3 another formula for T which is used later in the exponen-
tial Lévy setting in Section 4.
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EXAMPLE 3.3. Assume for ¢ € A(S) that 9o (S) has the representation
l?tO’(St):Mt'i‘Vt, te[ov T)’

where M = (M;):c[o,1) is an Lo(IP)-martingale, V; = fé vy, du for a progressively measurable
v with fé v,%(a)) du < oo forall (w,t) € Q x [0, T). Then Assumption 3.1 is satisfied for

t
Y (o, dt) :=d(M); () + |o[7;,M] (@) dt + v} (@) dt + |o |ﬁip</0 v2(w) du) dr.
The proof for this assertion is provided in the Supplementary Material [37], subsection D.2.
The key assumption which enables to derive the approximation results is as follows.

ASSUMPTION 3.4. Let 6 € (0, 1]. Assume that Assumption 3.1 is satisfied, and there are
processes ©, ® € CL™ ([0, T]), where © is a.s. nondecreasing with ©a (S) < ®©, such that
the following two conditions hold:

(a) (Growth condition) There is a constant c¢(32) > 0 such that

(3.2) 194] < e (T —a)T O, as.,Vael0,T).

(b) (Curvature condition) There is a constant ¢33y > 0 such that
(3.3) EFe U (T —)' =7, dt)] <ch3®; as.Vael0,T).
(a,T)
Here, the constants c(32) and c3 3y may depend on 6.

The parameter 0 in (3.2) describes the growth (pathwise and relatively to ®) of ¥ and
the integrand (T — ¢)' =% in (3.3) is employed to compensate the singularity of YT when the
time variable approaches T'. Hence, the bigger 6 is, the less singular at 7 of both ¢+ and T
get, which leads the approximated stochastic integral to be more regular. In particular, for the
Black—Scholes model with the delta-hedging strategy ¢, that is, o (x) = x in Example 3.2,
the parameter 6 can be interpreted as the fractional smoothness of the payoff in the sense of
[13, 19] where 8 = 1 corresponds to the smoothness of order 1. Thus, in this article we will
refer to the situation when Assumption 3.4 holds for & = 1 as regular regime. It is also clear
that if Assumption 3.4 is satisfied for a 6 € (0, 1], then it also holds for any 6’ € (0, ) with
the same ® and ® and with a suitable change for ¢(3 2) and ¢ 3).

Various specifications of Assumption 3.4 in the Brownian setting or in the Lévy setting are
provided in [17]. In Section 4 below, we consider Assumption 3.4 in the exponential Lévy
setting which extends [17].

3.1. The basic method: Riemann approximation.

DEFINITION 3.5.

(1) Let Taet be the family of all deterministic time-nets T = (t;);_, on [0, T] with 0 =t <
ty <--- <ty =T, n>1.The mesh size of T = (t;);_ € Taet is measured with respect to a
parameter 6 € (0, 1] by
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(2) For 9 € A(S), T = (t))]_y € Taer and t € [0, T, we define

n t
AR, 1) =Y O —(Sunr — Sta)s ERT®,T) = /0 Oy dS, — AR, 7).

i=I
The following is based on [17], Theorem 5.3, and its proof is presented in Section 5.1.

PROPOSITION 3.6. Let Assumption 3.4 hold for some 6 € (0, 1]. Then there exists a
constant ¢34y > 0 such that for any T € Tget,

(3.4) [EX™ @, O lpmog @) < caav/IITle-

In particular, if S is continuous then || ERM(y, 1) ”BMO?(P) <caa/lItlle for any T € Tger.

3.2. The jump-adapted approximation: General results. In Proposition 3.6, the continu-
ity of S is crucial to derive the conclusion for ER™(®9, 7) under the BMO§I> (P)-norm. If S has
jumps, then that result may fail as shown in the following example.

EXAMPLE 3.7. In the notation of Section 2.3, we let Z = J, where J~, =Jy —rtis
a compensated Poisson process with intensity r > 0. Choose o =1 so that S = Z. Let
f:(0,T] x N— R be a Borel function with || f ||loc := Sup x)e(0.71xn |/ (t, k)| < 00 and
e :=1inf;c0, 171 f(t,0)| > 0. Assume that

§:=e—rT| flloo>O.

Let py :=inf{t > 0: AJ; =1} AT and py :=inf{t > p1: AJ; =1} AT. Let ¥y € R and
define v, = v + f(o’t/\pz] f (s, JS_)dfs, t € (0, T]. It is not difficult to check that 0 € A(S)
is a martingale with |0l ) < 00. Then Assumption 3.1 is satisfied with the selection
Y (-, dt) :=d(9); as showed in Example 3.3 (with V = 0). In addition, it is straightforward
to check that Assumption 3.4 holds true for ® = ® =1 and for 6 = 1.

Take T = (t;)}_ € Tqer arbitrarily. On the set {0 < p; < pp < t1} we have

n
IAERP @, ) =3 195, — 91— 1Ly 1 (02| ATy | = [0, — Do

i=1

= f(m,Jm_)—rf( FGs. Js)ds| = [ £(p1.0)| = r T Flloc

0,02)
> 4.

Since P(0 < p1 < p2 < t1) > 0, it implies that inf,cT;, ||AE'§2m(z?, L@ = 6. Due to
Lemma 2.3, we obtain inf ¢y, | ER™ (9, ‘c)||BMop(]p) > 0 for any p € (0, c0).

Therefore, in order to exploit benefits of the weighted BMO approach, we introduce a new
approximation scheme based on an adjustment of the classical Riemann approximation. The
time-net for this scheme is obtained by combining a given deterministic time-net, which is
used in the Riemann sum of the stochastic integral, and a suitable sequence of random times
which captures the (relative) large jumps of the driving process. With this scheme, we not
only can utilize the features of weighted BMO, but can also control the cardinality of the
combined time-nets.

Let us begin with the random times. Due to the assumptions imposed on S in Section 2.3,
one has o (S_) > 0 and

(3.5) AS=0(S_)AZ
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from which we can see that jumps of S can be determined from knowing jumps of Z. How-
ever, if we would use S to model the stock price process, then it is more realistic to track the
jumps of S rather than of Z. Therefore, we define the random times p (g, k) = (p; (&, k))i>0
based on tracking the jumps of § as follows (recall that inf & := 00).

DEFINITION 3.8. Fore > 0and k =0, let po(e, k) := 0 and
(3.6) pi(e, k) :=inf{T >1 > pi_1(e,k) : |AS;| > 0 (S;=)e(T =)} AT, i>1,
(3.7) Nap(e,k):=infli > 1: pi(e,k) =T}.

The quantity (T — t)* in (3.6) is the level at time ¢ from which we decide which jumps
of § are (relatively) large, and moreover, for « > 0, this level continuously shrinks when ¢
approaches the terminal time 7. Hence, x describes the jump size decay rate. The idea for
using the decay function (7' — ¢)* is to compensate the growth of integrands. By specializing
T =1 and letting ¢ = 0, the parameter ¢ can be interpreted as the initial jump size threshold.

DEFINITION 3.9 (Jump-adapted approximation). Let ¢ >0, k € [0, %) and t € Taet.

(1) Let T U p(e, k) be the (random) discretization times of [0, T by combining t with
p (&, k) and re-ordering their time-knots.
(2) Fort=(t;)]_yandt €[0,T], weset 0} =3 7_ 04, _L(;_,.1,1(t) and define

d
AP, tle k) = AFM@, ) + Z (P pite0r— = D gy e,0) ASpices
(3.8) pi (8,6)€[0,¢]1N[0,T)

t
EXM*® (9, t]e, i) :=/ Du_dS, — A“P (B, 7)e, ),
0
where AR™ (9, 1) is given in Definition 3.5.

As verified later in Section 5.2, each p; (¢, k) is a stopping time. Moreover, the sum on the
right-hand side of (3.8) is a finite sum a.s. as a consequence of Lemma 5.3 below. Hence,
by adjusting this sum on a set of probability zero, we may assume that A% (9, r|e, k) €
CLo ([0, T']). Besides, we also restrict the sum over the stopping times taking values in [0, T')
instead of [0, T'] because of two technical reasons. First, ¢+ does not necessarily have the left-
limit at T, and second, since AS7 = 0 a.s. as mentioned in Remark 2.6, any value of the form
aASt (a € R) added to the correction term does not affect the approximation.

To obtain the desired results we need to consider a dominant process ® > max{®, ®_}
because in the calculations handling the jump part of the error we end up with ®_ which is
not cadlag and therefore is not a suitable candidate for a weight process. A prototype for ® is

3.9) O, =, + sup max{0, —AdD;}, re€][0,T].
s€[0,1]

For @ in (3.9), one has ® € CL* ([0, T']) with max{®, ®_} < P, andg = @ if ® is contin-
uous. Moreover, Proposition B.1(2) shows that ® € SM ,(IP) implies & € SM ,(P).

THEOREM 3.10. Let Assumption 3.4 hold for some 6 € (0, 1] and denote k := %

Assume ® > max{®, ®_} and ® € SM,(P).
(1) If there is some a € (0, 2] such that

< 00,

(3.10) €(3.10) := Sup H (w, 1) —~ r“/ vy (w, dz)
r<lz|]<1 Loo(2%[0,T],PR21)

re(0,1)
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then a constant c(3.11) > 0 exists such that for all T € Tger, € > 0,
(3.11) | E¥* (9, T|e, k) ||BMO£3(P) < caanpmax{e, Vlzle, h(e)VlTle},

where h(g) =gl ¢ ifae(1,2], h(e) =logt(1/e) ifa=1,and h(e) =1 ifa € (0, 1).
) If

3.12) €(3.12) = Ssup H(a),t)l—>/ " 1zv,(a),dz) < 00,
r<|z|<

re(0,1)

Loo(2%[0,T],P®A)

then a constant c(3.13) > 0 exists such that for all T € Tget, € > 0,

(3.13) | E*P @, Tle, ) | gy ) =< c.13 max{e, ViTlo}.

We postpone the proof of Theorem 3.10 to Section 5.2.1. Minimizing the right-hand side
of (3.11) and (3.13) over ¢ > 0 leads us to the following corollary.

COROLLARY 3.11. Let Assumption 3.4 hold for some 0 € (0, 1] and denote k = 1%9
Assume ® > max{®, ®_} and ® € SM>(P).
(1) If (3.10) is satisfied for some a € (0, 2], then there exists a constant ¢’ > 0 independent

of T such that, for (0, T, o) 1= ||1'||92(°‘ ), one has

Vlizlle ifae (1,2,
1 1
adap - / - + . _
| E*P @, 712 @, 700, ) | gpom py = € [1+210g <—||T||9>] Izl ifa=1,

ViTlle ifae(0,1).
(2) If (3.12) is satisfied, then | E*9% (9, T| /Tt s, K)”BMois(IP)S caan/ltlle.

REMARK 3.12.

(1) The assumption jéé) < o0 means that

< 00,

(3.14) ” (w, 1) > / v (o, dz)
R Loo(2x[0,T],P®A)

which implies that (3.10) automatically holds for « = 2 in our context.
(2) It is easy to check that condition (3.12) holds true if the following finite variation
property is satisfied:

< 00,

(3.15) H (w, 1) — f |z|vs (w, dz)
lz|<1 Loo(2x[0,T1,P®1)

or if the local symmetry property is satisfied: there is an ro € (0, 1) such that the measure
vi(w, -) is symmetric on (—rg, ro) for P® A-a.e. (w,t) € 2 x [0, T].

(3) If (3.10) is satisfied for some a € (0, 1), then (3.15), and hence, (3.12) hold true. This
assertion can be deduced from applying Lemma 5.4 (w, t)-wise with o < y = 1.

3.3. A pure-jump model with faster convergence rates. We investigate in this part the ef-
fect of small jumps of the underlying process Z on the convergence rate of the approximation
error resulting from the jump-adapted scheme.
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ASSUMPTION 3.13. [In Section 2.3, we assume that:

(a) Z°=0, b2 =0, thatis, Z is a purely discontinuous martingale,
(b) the family of Lévy measures (v;):c(0,7] does not depend on w,
(¢c) o(x)=ux, thatis, S is the Doléans—Dade exponential of Z,

and assume in addition for some ¥ € A(S) that:

(d) US = (U:St)ief0, 1) has the semimartingale representation
l?[St:Ml‘i‘Vt, IE[O, T),

where M = (M;):cj0,1) is an Ly(P)-martingale and V; = fot v, du for a progressively mea-
surable v with fé v, (w) du < oo for (w,t) € Q x [0, T).

(e) Assumption 3.4 holds for some 6 € (0,1], ® € CL*([0, T]), nondecreasing ® €
CL* ([0, T]) with ®S < ®, and for

t
Y (-, dr) =d(M); + M dr 4+ v? dr + (/ v? du> dt, tel0,7).
0

Let us shortly discuss conditions in Assumption 3.13. According to [25], Chapter II, The-
orem 4.15, condition (b) implies that Z has independent increments. Typical examples for
Z are time-inhomogeneous Lévy processes, and especially, Lévy processes. This condition
is necessary for our technique exploiting the orthogonality of martingale increments which
appear in the approximation error with the integrand given in (d). Condition (c) is merely a
convenient condition and it can be extended to more general context with an appropriate mod-
ification for weight processes. We use here o (x) = x to make the proof more transparent and
reduce unnecessary technicalities, and moreover, this is a classical case in application. Con-
dition (d) is the semimartingale decomposition of ¥, and this can be easily verified if one
knows the semimartingale representation of ¢+. Condition (e) enables to obtain convergence
rates for the approximation error, and this structure of Y is discussed in Example 3.3. We
will show in Proposition 4.6 below that Assumption 3.13 is fully satisfied in the exponential
Lévy model when ¥ is the mean-variance hedging strategy of a European type option.

The conditions for small jump behavior of the underlying process Z are adapted respec-
tively from (3.10) and (3.12) to the current setting as follows:

(3.16) sup ||z — r"‘/ v (dz) < oo forsome « € (0, 2],
re(0,1) r<lz|<1 Lo ([0,T],4)
(3.17) sup Ht > f zv:(dz) < 0Q.
re(0,1) r<lz|=l Loo([0,T].2)

It is easy to check that the condition |7 = [, zIv/(d2)|,_ 0,710 < 0© implies both
(3.16) (for @ = 1) and (3.17).

THEOREM 3.14. Let Assumption 3.13 hold for some 6 € (0, 1] and let k := %.Assume
@ > max{®, ®_} and ® € SMy(P). If (3.16) is satisfied for some o € (0, 2], then there is a
¢ > 0 such that for all T € Tget, € > 0,

” EMP (9 7|6, k) ”BMO?(P)

max{e, &' =2 /7l Izllo + &' Izl ") ifae(l,2],
1 1

max{a, NN [1 +log (1) +1og+(W)}||r||e} fa=1,
& Tllo

max{e, /ey tllo, I Tlle} fa=1
and (3.17) holds,

max{e, VeVl tlo, 7llo} ifa (0, 1).
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In particular, minimizing the right-hand side over & > 0 yields another constant ¢’ > 0 such
that for all T € Tet,

” Eadap(ﬂ, Tle(d, T, ), K>”BMO?(IP’)

L—k@-1)

Izllg ifae(1,2],
1
1o () Jiele ra=1.
<d [ Izl
lzlle ifa =1 and (3.17) holds,
lzlle ifae(0,1),
. Ld—«@-1) . L )
where (0, T, ) :==||Tlg ifaell,2],and e@,7,a) :=|t|lg if € (0, 1).

The proof will be provided later in Section 5.2.2.

3.4. Adapted time-nets and approximation accuracy. We discuss in this part how to im-
prove the approximation accuracy by using suitable time-nets.

3.4.1. Adapted time-net. The conclusions in Proposition 3.6, Corollary 3.11 and Theo-
rem 3.14 assert that the errors measured in bmog> (P) orin BMO;l> (P) are, up to multiplicative
constants, upper bounded by || 7|, with r € [}1, 1]. Assume 1, € Tget With #1, =n + 1, where
n > 1 represents in the context of stochastic finance the number of transactions in trading.
If one uses the equidistant nets 7, = (T'i/n)?_, then |7,]lo = Tg/ne, and thus 6 € (0, 1]
describes the convergence rate in this situation.

In order to accelerate the convergence rate we need to employ other suitable time-nets.
First, it is straightforward to check that ||z7,]¢ > T /n for any 1, € Tqer With #1, = n + 1.
Next, minimizing ||z, |lp over t, € Tget With #7, = n + 1 leads us to the following adapted
time-nets, which were used (at least) in [13, 14, 16, 18, 19]: For 6 € (0, 1] and n > 1, the
adapted time-net tf = (tf)!_ is defined by

i, =T —0—i/m"), i=01,...n
Obviously, the equidistant time-net corresponds to 6 = 1. By a computation, it holds that

(3.18) /n<|?|, <T/6n).

3.4.2. Cardinality of the combined time-net. The time-net used in Theorems 3.10 and
3.14is T U p(e, k) for k = %. Due to the randomness, a simple way to quantify the cardi-
nality of this combined time-net is to evaluate its expected cardinality, that is, E[#7 U p (e, k)]
(see, e.g., [11] or [30], equation (10) with 8 = 0). Thus, we provide in the next result an es-
timate for certain moments of the cardinality. Since we aim to apply Proposition 2.5(3) later,
changes of the underlying measure are also taken into account.

PROPOSITION 3.15. Let g €[1,2], r € [2, 00] with % + % = 1. Assume a probability
measure Q absolutely continuous with respect to P with dQ/dP € L, (P). If (3.10) holds for
some « € (0, 2], then for any k € [0, %) and (g,)n>1 C (0, 00) with inf,>| ¢/ne, > 0, there
exists a constant c3.19) > 1 such that for any n > 1, any t, € Tget with #t, =n + 1 one has

(3.19) [#7, U p(en, K)”Lq((@) ~e@aag) M-

Plugging the adapted time-nets r,? into previous results, we derive the following.
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THEOREM 3.16. Let Assumption 3.4 hold true for some 6 € (0, 1] and let k := %.

(1) One has sup,»; /n| EX™ (0. 7)) [ynq
(2) Assume ® > max{®, ®_} and ® € SM>(P).
(a) If (3.10) holds for some a € (0, 2], then

sup R(n) | EX (9, ° ey, )
n>1

<21>(]P,)< Q.

HBMO?(}P) <00,
where R(n) =1/¢, = %¥/nifa € (1,2], R(n) = /n/(1+logn) and &, = /1/nifa =1,
and R(n) =1/e, = /nifa € (0, 1).

(b) If (3.12) holds, then for R(n) = 1/&, = \/n one has

sup R(n) | EX (9, 0 |e,, i) 0.
n>1

”BMO?(P) <

(3) Assume Assumption 3.13 and ® > max{®, ®_} with ® € SMy(P). If (3.16) holds for
some a € (0, 2], then

oo,

sup R(n)|| E2dap (9, 7 |en, ) |‘BMO$(]I”) <
n>1 2

where

R(n) = 1/ey =na1=*@=D)  ro e (1,2,
R(n)=n/(1+logn),e,=1/n ifa=1,

R(n)=1/e, =n ifoa =1 and (3.17) holds,
R(n)=1/en=n ifae(0,1).

(4) If in addition ® € SM p(P) for some p > 2, then the conclusions in Items (2)—(3) hold
case-wise for the BMO?(IP’)-norm and, consequently, for the S, (IP)-norm, in place of the
BMO? (B)-norm. B

(5) Ifin addition Q € RH;(IP) for some s € (1, 00) and ® € SM>(Q), then the conclusions
in Items (2)—(3) hold case-wise for the BMO?(@)-norm in place of the BMO?(IP’)-norm.

PROOF. Item (1) (resp. (2), (3)) follows from Proposition 3.6 (resp. Theorem 3.10, The-
orem 3.14) and (3.18). Items (4)—(5) are due to Proposition 2.5. [

REMARK 3.17. In Theorem 3.16, the convergence rate of the jump-adapted approxima-
tion errors is R(n) ™! as n — oo. However, it is necessary to quantify the convergence rate in
terms of expected cardinality of the used discretization times, which is ‘L',f U p(epn, k). It turns
out that the rates remain unchanged as shown below.

(1) For Items (2a), (3) and (4), applying Proposition 3.15 with g =2, r =oco and Q =P
we find that ||#7, U p(€n, k)| L, @) ~e.10) - Consequently, ||#t, U p(en, k)L, @) ~ei.10) 1 SOT
any u € [1,2]. Hence, there exists a constant ¢ > 1 not depending on n such that

(3.20) R(n) ~, R(||#r,f U (e, K)HL”(P)), Yu € [1, 2]
for R and (ep)n>1 given case-wise as above.

(2) For Item (2b), we apply Proposition 3.15 with g =2, r = 00, Q =P and o = 2 (with
keeping (3.14) in mind) to obtain (3.20).

(3) ForItem (5), if s € [2, 00), then we chooser =s,q =5 :=2(1 — %) €[1,2) in Propo-
sition 3.15 to get a constant ¢’ > 1 not depending on n such that

R(n) ~ R(”#Tr? U p(&n, k) ”Lg(@))'
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3.5. A lower bound for jump-adapted approximation errors. This subsection provides
a situation where one achieves the sharp convergence rates in Theorem 3.16. Namely, we
illustrate in Example 3.19 below that the obtained rates in Theorem 3.16(2) and (3) are sharp
if ¢ € (0, 2]\ {1}, and are sharp up to a log-factor if « = 1. We begin with the following result.

PROPOSITION 3.18. Letk := % e [0, %). Under the setting of Section 2.3, we assume
a process 0 < ® € SMy(P), constants gy > 0 and c3.21) > 0 such that for any € € (0, &9)

and T = (t;)]_q € Taer with |||} < T/2 there exist an iy € {1, ..., n}, real numbers 0 < ry <
P+« < T* and a stopping time py: Q — [0, T) such that
o (Sp,—) c(3.21
P(Eg.a1) = P({p* € (tr—1. 1.1} N {5—p|ﬁp*_ SO >}
(3.21) P *

N {|AZ,0*| c (87'*;8”;*)} n {’;\* = (T _p*)K}> > 0.

Then, a constant c(3 22y > 0 exists such that for any ¢ € (0, g9) and T € Tger with ||T|[1 < T/2,

(3.22) | E% (9, T ¢, k) ||BMO?(P) > €(3.22)¢.

PROOF. We employ the notation from the proof of Theorem 3.10. One first notices that
{|AZ,0*| € (ers, Sf*)} N {f* <(T - p*)K} = {’Azz;l‘ € (er*,gf*)} N {f* <(T - p*)K}’

and that AE242P (9, T|e, k) = AES_(z?, 7le, k) by (5.10). We then apply Lemma 2.3 to obtain
a constant cg > 0 depending on || || s, (p) such that for any ¢ € (0, &9) and T € Tgey, a.s.,

| E*% (9, 7 e, ")”BMo?(IP) > c6|AEadap(z‘}, tle, k)|g = c5|AES(z9, tle, k)5

“[o(S-) el

=Cp Sup =0 — Oy ~|AZ) ] Ly 1 (0)

1€l0,7) i3 ‘

o(S;_

>cp sup [ Gy, — ﬂ,i*l_HAZf’l|]

telt,_1.t,1n0.1HL Dy

o(Sp,—)
z C55—p|ﬂp*— - 0ti*71—||AZf>;l ‘]l(ti*—l»ti*](lo*)‘

»

Thus, a.s.,
d €(3.21)
H E*% (9, 1|e, k) HBMO?(]P’) ZCp , erx ;) = c5C(321)ELE )
*
Since P(E3.21)) > 0 by assumption, we get (3.22) with ¢3.22) = cgc321). U

Remark that condition (3.21) describes the high fluctuation of ¥ along any time net t € 7get
which is captured by the stopping time p..

EXAMPLE 3.19. Set T = 1. Let X be a square integrable Lévy process given by
I ~
X, =ypt+ // xN(ds,dx), te€]0,1],
0 JRy
for some y € R, where N is the Poisson random measure of X with Lévy measure v, and

ﬁ(ds, dx) := N(ds,dx) — dsv(dx) (see, e.g., [1], Theorem 2.4.16). Set S := eX and assume
that:
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® Jixi=1 e?p(dx) < o0, (0,1) C supp(v), and there is a constant c323) € (0, 1] with
(3.23) (=00, Inc3.23)) Nsupp(v) =9,

where supp(v) denotes the support of v.

e U, =¢(t,S;), where ¢: [0, 1) x (0, 00) is jointly continuous, such that EfOT z‘}tzSt2 dr < o0
and that constants Ty € (0, 1), K > 0 exist such that y — ¢ (t, y) is continuously differen-
tiable for all t € (0, Ty] and

3.24 inf 0 t, > c¢3.24) > 0.
G249 <z,y>e(0,To]x[1,e<5K+11>/2]| (1. 2 ca

Condition (3.24) is analogous to and slightly weaker than that in [30], Proposition 4.
A simple example for (3.24) is ¢ (t, y) = y, and then the approximated integral becomes

T
/ S;—dS;.
0

o The weight processes are ®(n); := supuSt(S,Z_l) and ®(n) := O (n)S for some n € [0, 1].

Then the assumptions of Proposition 3.18 are satisfied for o (x) = x, Z := L(S) the stochastic
logarithm of S, and for

— P 1 e (K 1)—
® = ’ g0 = 1, c321) = s=c@EacEame NI
(3.25) €(3.23)

C2¢12
ivi=1, Fo =31y =275, px = pk; given in (5.30) with &€ =In(1 + ery).

We will verify this assertion later in Section 5.2.4.

REMARK 3.20. Let us give some comments on Example 3.19.

(1) To validate Assumption 3.13, we need to additionally assume the following conditions,
which are feasible because of Proposition 4.6:

e Sisan Ly(P)-martingale.
o There are constants 6 € (0, 1] and ¢ > 0 such that

61, S| <c(l =T O, as.Vtel0,1).

We may even assume that ©'S is an L,(P)-martingale to simplify Assumption 3.13.

(2) The selection ® := ®(n)/c3.23) in (3.25) satisfies the condition for the weight process in
Theorems 3.10, 3.14 and 3.16. Indeed, since e > c@3.23) and ©(n) is nondecreasing,
one has

D(1)i— = OM)—Si— = O(n)—Sie 25 <O 1)/ (S1/c(323) = ()i /c(323)-

Since c3.23) € (0, 1], it implies that ® > max{®(n), P(n)_}.

(3) When the assumptions of Theorem 3.16(2) or (3) are fulfilled, then the convergence rate
of the approximation error is given by (e,) (up to a log-factor for the case a = 1). Then
we apply Proposition 3.18 with the choice € = ¢, to find that, for sufficiently large n, the
obtained convergence rates in Theorem 3.16(2) or (3) are optimal if a € (0, 2]\{1}, and
are optimal up to a log-factor if o = 1.

4. Applications to exponential Lévy models. We provide examples for Assumptions
3.4 and 3.13 in the exponential Lévy setting so that the main results can be applied. As an
important step to obtain them, we establish in Proposition 4.2 an explicit form for the mean-
variance hedging strategy of a general European type option, and this formula might also
have an independent interest.
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4.1. Lévy process. Let X = (X;):c[0,7] be a one-dimensional Lévy process on (€2, F, P),
that is, Xo = 0, X has independent and stationary increments and X has cadlag paths. Let
FX = (.FtX )refo,7] be the augmented natural filtration of X, and assume that F = .7-"%( . Ac-
cording to the Lévy—Khintchine formula (see, e.g., [31], Theorem 8.1), there is a character-
istic triplet (y, 0, v), where y € R, coefficient of Brownian component o > 0, Lévy measure
v: B(R) = [0, 00] (i.e., v({0}) := 0 and fR(x2 A I)v(dx) < 00), such that the characteristic
exponent ¥ of X defined by Ee“X1 = ¢~V ®) is of the form
2,2

2

V() = —iyu+ T — fR(emx — 1 —iuxLyy<p)v(dx), ueR.

4.2. Mean-variance hedging (MVH). Assume that the underlying price process is mod-
elled by the exponential § = eX . Since models with jumps correspond to incomplete markets
in general, there is no optimal hedging strategy which replicates a payoff at maturity and elim-
inates risks completely. This leads to consider certain strategies that minimize some types of
risk. Here, we use quadratic hedging which is a common approach, see [33]. To simplify
the quadratic hedging problem, we consider the martingale market. Applications of results in
Section 3 for Lévy markets under the semimartingale setting are studied in [36].

ASSUMPTION 4.1. S=eX isan Lo (P)-martingale and is not a.s. constant.

Under Assumption 4.1, any & € L (P) admits the Galtchouk—Kunita—Watanabe (GKW)
decomposition

T
@.1) €=E§+/O 67 dS; + LY,

where ¢ is predictable with EfOT |9,“3 |ZSt2_ dr <00, L8 = (L,S)te[oyr] is an L, (IP)-martingale
with zero mean and satisfies (S, L¢) = 0. The integrand 6¢ is called the MVH strategy for &,
which is unique in L (2 x [0, T'], P® X). The reader is referred to [33] for further discussion.

Our aim is to apply the approximation results obtained in Section 3 for the stochastic
integral term in (4.1), which can be interpreted in mathematical finance as the hedgeable part
of £. To do that, one of our main tasks is to find a representation of 8¢ which is convenient
for verifying assumptions in Section 3. This issue is handled in Section 4.3 in which we focus
on the European type options & = g(S7).

4.3. Explicit MVH strategy. In the literature, there are several methods to determine
an explicit form for the MVH strategy of a European type option g(S7). Let us mention
some typical approaches for which the martingale representation of g(S7) plays the key role.
A classical method is by using directly It6’s formula (e.g., [7, 24]) which requires a certain
smoothness of (¢, y) — Eg(ySt—_;). Another idea is based on Fourier analysis to separate the
payoff function g and the underlying process S (e.g., [4, 23, 34]). To do that, some regularity
for g and S is assumed. As a third method, one can use Malliavin calculus to determine the
MVH strategy (e.g., [2]), however the payoff g(S7) is assumed to be differentiable in the
Malliavin sense so that the Clark—Ocone formula is applicable.

To the best of our knowledge, Proposition 4.2 below is new and it provides an explicit
formula for the MVH strategy of g(S7) without requiring any regularity from the payoff
function g nor any specific structure of the underlying process S. Recall that o and v are the
coefficient of the Brownian component and the Lévy measure of X respectively.

PROPOSITION 4.2. Assume Assumption 4.1. For a Borel function g: Ry — R with
g(S7) € Lr(P), there exists a 98 € CL([0, T)) such that the following assertions hold:
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(1) 9% is a MVH strategy of g(St);
(2) v8S is an Lo(P)-martingale and V8 = ﬂtg_ a.s. foreacht €[0,T);
(3) Foranyt € (0,T), one has, a.s.,

8 1 2
4.2) W =——|0%0,G(t,5) +
c2 R
4.2)
where c(24.2) =0+ Jr(e* — D2v(dx) and G(t,-): Ry — R is as follows:
(a) If o > 0, then we choose G(t,y) :=Eg(ySt—_;);

(b) If o0 =0, then we choose G(t,-) such that it is Borel measurable and G (¢, S;) =
E7: [g(ST)] a.s., and we set 3,G(t, -) := 0 by convention.

G(t,e*S)—G(t,S)
St

(e* — l)v(dx):|,

PROOF. The proof is given in the Supplementary Material [37], Section E, by exploiting
Malliavin calculus. [

Assumption 4.1 ensures that c4.2) € (0, 00). For the case (3a), the function G(¢, -) has
derivatives of all orders on Ry due to the presence of the Gaussian component of X, see
[17], Theorem 9.13. Formula (4.2) was also established in [7], Section 4,7 and in [34], Propo-
sition 7,° under some extra conditions for g and S. A similar formula of (4.2) in a general
setting can be found in [24], Theorem 2.4.”

4.4. Growth of the MVH strategy and weight regularity. We investigate the growth in
time of ©*8 obtained in (4.2) pathwise and relatively to a weight process for Holder continuous
or bounded functions g. This growth property is examined in connection to the small jump
behavior of the underlying Lévy process.

DEFINITION 4.3.

(1) (Holder spaces) Let @ # U C R be an open interval and let n € [0, 1]. For a Borel
function f: U — R, we define

| flcony :=inf{c € [0,00) : | f(x) — f(3)| <clx —y|" forall x,y € U, x # y},

and let f € CON(U) if | flcony < oo. It is clear that, on U, the space CcO\(U) consists of

all Lipschitz functions, CO"(U) contains all n-Hélder continuous functions for n € (0, 1),
and C*O(U) consists of all bounded (not necessarily continuous) Borel functions.
(2) («-stable-like Lévy measures) For a Lévy measure v and for some « € (0, 2], we let

veU S (a) & sup r"‘/ v(dx) < o0,
re0,1)  Jr<lx|<l

and let v € & (a) for some a € (0,2) if v=v1 4 vo, where vy, vy are Lévy measures with

k(x)

V](d)C) = |x|T+1

Lixzoydx  and vy € U S (@),
where 0 < liminf,_, o k(x) <limsup,_,ok(x) < 00, and the function x — k(x)/|x|* is non-
decreasing on (—o0, 0) and is nonincreasing on (0, 00).

5[71, Section 4, equation (4.1), assumes either that the function g is Lipschitz or that g has certain growth and
small jumps of X behave like «-stable processes.

6[34], Proposition 7, assumes that the payoff function g, after multiplying with an exponential damping factor,
is of finite variation and belongs to L (R). In addition, the characteristic exponent of X is required to satisfy a
certain integrability.

7[24], Theorem 2.4, establishes a similar representation in a more general setting than the Lévy setting. How-
ever, one needs to assume that (¢, y) —> Prg(y)isa C!2function so that Itd’s formula is applicable. Here P; is
the semigroup associated with X.
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REMARK 4.4 (see also [36], Lemma B.1). Let v be a Lévy measure and o € (0, 2).

(1) Ifve L), thenv € . (x) and « is equal to the Blumenthal-Getoor index of v,
that is, o = inf{q € [0, 2] : fx|<1 [x]9v(dx) < oo}, see [3].
(2) One has v € . () if v has a density p(x) :=v(dx)/dx satisfying
Fe (%) < limsup x| T
[x|—0

0 < liminf |x| p(x) < oo.
|x]—=0

EXAMPLE 4.5. We provide typical examples in mathematical finance using C%"(U)-
payoff functions and o-stable-like processes.

(1) Let K > 0. The binary payoff go(x) := 1(k o) (x) belongs to CO’O(RJr) obviously, the
call payoff g1(x) := (x — K)™ is contained in Co’l(R+), and for n € (0, 1), the powered call
payoff (see, e.g., [23]) gp(x) := ((x — K)™)" belongs to CO’”(R+).

(2) The CGMY process (see [32], Section 5.3.9) with parameters C,G,M > 0 and Y €
(0,2) has the Lévy measure

Gx —Mx
e i+ € Lix=0
vegMmy (dx) =C b= |}x|1+y B> }1{#0} dx

which belongs to . (Y) due to Remark 4.4(2).
The normal inverse Gaussian (NIG) process (see [32], Section 5.3.8) has the Lévy density
PNIG (%) := vNig(dx) /dx that satisfies

0< liminfxszlg(x) <lim supxszlg(x) < 0.
|x[—0 |x|—0

Hence, Remark 4.4(2) verifies that vnig € -7 (1).

Before stating the main result of this part, let us introduce the relevant weight processes.
For n € [0, 1], define processes ® (1), ®(n) € CLT ([0, T]) by setting

(4.3) O(n); := sup (S,’]_l) and ®(n); :=0(1n),S,.
u€l0,z]

Proposition 4.6 below verifies Assumptions 3.4 and 3.13 in the exponential Lévy setting, and
its proof is given later in Section 5.3.

PROPOSITION 4.6. Assume Assumption 4.1. Let n € [0, 1] and g € CO’”(R+).

(1) (Weight regularity) One has ®(n) € SMy(P).
(2) (MVH strategy growth) There is a constant c4.4y > 0 such that, for ¥¢ given in (4.2),

(4.4) 98] < cunyUMOS!™ as.,Vie[0,T),

where the function U (t) is provided in Table 1.
(3) Denote M :=v8S. Then Assumption 3.4 holds true for

9 =08 TC.d)=d(M),+M*di, ©=0(), =)

and for 0 provided in Table 1 accordingly. In particular, if o =0 (i.e., X does not have a
Brownian component), then Assumption 3.13 is satisfied.

Eventually, let us turn to the approximation problem in the exponential Lévy setting. Al-
though results in Section 3 are stated in terms of the characteristic of Z (the integrator of the
SDE (5.32)), the result below are formulated for the characteristic of the log price process X
which is slightly more convenient to verify in practice. Based on the relation between X and
Z in Appendix A, we can easily translate conditions imposed on X to Z and vice versa.
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TABLE 1
Conclusions for U (t) and 6

o and n Small jump condition for X Function U (¢) Values of 0
—1
Al 0>0 Uty=({T —1)'T 9=1ifn=1,
n€lo0,1] Vo € (0,n) if n € (0, 1)
A2 o=0 Jixj<1 X 0(dx) < 00 Uir)=1 6=1
nel0,1]
1+
A3 0=0 ve.S(a) Ut)y={T —1)« ! v e (0, 2 _ )
nel0,1) for some o € [1 4+ 1,2) ifae(1+n,2),
U(t) = max{1, log 7}
fa=14+n
TABLE 2

Convergence rate R(n)~ " and Jjump size threshold e,

Interplay between g and X Values of 6 R(n) and ¢,
Bl o =0and 0=1 R(n)=1/e, = Ynifae(,2],
v e %S (a) for some R(m)=n/(1+logn), ey, =1/n
() € (10, 1) x (0, 1 +m)) ifa=1,
U{1} x (0,2]) R(n)y=1/e, =nifa e (0,1)
B2 o =0and Vo e (0, 20 _ ) R(n) = 1/ep = na1=2(1=0)@=1)
v € ¥ (a) for some if (n, @) #(0,1),
(@) €10, 1) x[1+1,2) R(@m)=n/(1+logn),en =1/n
if (7,0)=(0,1)
B3 o>0andn=1 0=1 R(n)=1/ey =+/n
B4 o >0,7€(0,1)and V6 € (0,7) R(n)=1/en = nifa € (0, 3751,
vEUS (@) R(n) = 1/ep = na(1=301-0@=1)

for some « € (0, 2] ifae(%;e 2]
—6°

COROLLARY 4.7. Assume Assumption 4.1 and let n € [0, 1], g € CO"’(R+).
(1) For 98 given in (4.2), ®(n) in (4.3) and ®(n) in (3.9), one has
(4.5) sup R(n) | EM® (98, 77 | &, 1)

n>1

where k = #, and 6, R(n), &, are provided in Table 2.

) If [iypoy " v(dx) < 00 for some p > 2, then (4.5) holds for the BMOy, ™ (P)-norm
and, consequently, for the S, (P)-norm, in place of the BMO;D (n)(IP)-norm.

According to Proposition 3.15 with ¢ =2, r = oo, Q = P, the parameter n in (4.5) is
comparable to the L, (IP)-norm of the cardinality of the combined time-nets t,f U p(ey, k)
used in the approximation.

5. Proofs of results in Section 3 and Section 4.4.

5.1. Proofs of results in Section 3.1.  'We need the following auxiliary result.
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LEMMA 5.1. There are constants c(s.1, ¢5.2) > 0 such that forany 0 <a <b <T,a.s.,

b
5.1) 27| [(as)tar] <o - apos)

b
(52) 5% [Mots) - as0Pdr] < o - @l (s,
a
PROOF. See the Supplementary Material [37], subsection D.1. [J

Proof of Proposition 3.6. For ¢ € A(S) and t = (#;)]_, € Tdet» We define the process
(¥, t), which is adapted, has continuous and nondecreasing paths on [0, T], by

ti Nt

n ti Nt
(5.3) (&)= f |9 — D4, [P0 (Su) du.
i=1

For a € [0, T), applying conditional 1t6’s isometry and Holder’s inequality yields, a.s.,

EZ[|ER™ (9, ) — ER™(9, 1) *]

T
§3Efa[f
Z2 .7 12 T Z|2
< (laf+ 152 + [ 107 P ar ) au

2 .z 2 2
<3(labs)| +iGel +bbe|)

XEF‘Z[/T
a

2 .z o2 2
=3(labs)| + ibe)|” + |bGs | VE (9. 1)1 — (9. 7)a].

where the equality comes from the fact that the number of discontinuities of a cadlag function
is at most countable and ¢ € A(S) has no fixed-time discontinuity. Recall from Remark 2.2
that one can use deterministic times instead of stopping times in the definition of || - ||bm0<21> ®)-

2
0 (Su—)?

n
Vu— — Z Ot~ Ly (W)
5.4)

2
o (S,_)? du}

n
Du— — Z Ot =Ly, ()
i=1

Therefore, Proposition 3.6 is a direct consequence of (5.4) and the following lemma.

LEMMA 5.2. Let Assumption 3.4 hold for some 0 € (0, 1]. Then there exists a constant
¢s5.5) > 0 such that for any T € Tger and any a € [0, T), a.s.,

(5.5) EX[(, 7)1 — (9, )] < (5.5 TP

Consequently, || (9, T) ||BM0?,2 ® = sl
PROOF. See the Supplementary Material [37], subsection D.3. [J

5.2. Proofs of results in Sections 3.2 to 3.4. Let ¢ > 0, x > 0 and recall p(¢,x) =
(pi (e, k))i>0 in Definition 3.8. Due to (3.5) and the assumption o (S—) > 0, it holds that
IAS| >0 (S_)e(T —) & |AZ|>e(T —-) .
Hence, we derive from (3.6) the relations

(5.6) pi(e, k) =Inf{T >t > pi_1(e,k) : |AZ| > (T =)} AT, i>1.
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Since Z is cadlag and the underlying filtration satisfies the usual conditions (right continuity
and completeness), it implies that p; (¢, k) are stopping times satisfying p; _1(e, k) < pi (e, k)
for 1 <i <Ngzo)(e k).

For a nonnegative Borel function f defined on R, we denote

€ [0, o0].
Loo(2%[0,T1,P®1)

[ f@ v, pen = H (@, 1) = /R f@vi(,dz)

Then, condition (3.14) is rewritten as

(5.7) |2 % v, pe < o©-

LEMMA 5.3. Let ¢ > 0, k > 0 be real numbers. Then, for any o € [0, %), one has

(5.8) [NG7 (e, K)||L2(p) <1+ ./ci58 + i),

l—ak

where ¢(5.8) := T | 1{jzj> 1) * VI Lo Bor) + & SUPc(o.1) 17 Lir<iz1=1) * VI Lo (PR) T

PROOF. We may assume that c(s5.g) < 00, otherwise (5.8) is trivial.
Step 1. We show that A := fOTfR L{jz|>e(T—ry<)z(dt, dz) < ¢(5.8) a.s. Indeed, one has

r T
A:‘/(; /];%]]-{|z|>l\/(8(T—t)K)}7TZ(dl‘,dZ)+/(; /HAR]]'{IZ|Z\>8(T—I)"}7TZ(dI,dZ),

where the first term on the right-hand side is upper bounded by T [|1{;>1} * V|| L (Pox) a.S.
Let us denote

(5.9) cs.9):= Sup [r*Lircpz=y* v, pgry < 0©-
re(0,1)

By a standard approximation argument using a countable dense set of (0, 1), we infer that
[ wd scsor vre@,
r<|z|<l1

for P ® A-a.e. (w,t) € Q x [0, T]. For the second term in the decomposition of A, using
Fubini’s theorem we get that, a.s.,

T
/0 /R]l{lz\z|>e(T—t)K}7fz(dt, dz)

= / Vt(dZ) dr
{(t,2)€l0,TIxR: (T —1)* <|z|<1}

1—ax

T
<c 8_“/ T —t) " dt =ci5906 % .
< ¢(5.9) A ( ) CO L —

Step 2. Combining Step 1 with [25], Chapter II, Proposition 1.28, allows us to write, a.s.,
T T
/0 /H;ﬂ{|z|>s(T—z>K}Nz(dfvdz) :/0 /R]l{lz|>8(T—t)K}[(NZ — mz)(dt, dz) + 7z (dt, dz)].
Since N3.7)(e, k) < 1 + fOTfR 1yjz|>e(T—1)<} Nz (dt, dz) by (5.6), we have

T
N a1+ | [ Bieecr—oeiNaCar. a2

Ly (P)

T
<1+ H/o fR]l{\z|>s(T—t)K}(Nz —mz)(dt,dz)

Ly(P)
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T
+ Hf /]l{lz|>£(T—t)"}7TZ(dtadZ)
o Jr Ly(P)

1
2

T
=1+ H/ / L{jz|>e(r—ry<ywz(de, dz)
0 JR Ly(P)

T
+ H/(; .AI‘R:H_{|Z|>8(T_t)K}nZ(dt, dZ)

<1+./ci58 +c58),
where one uses [25], Chapter II, Theorem 1.33(a), to derive the equality. [

Ly (P)

LEMMA 5.4. Leta € [0, 00). Assume that u is a Borel measure on [—1, 1] with . ({0}) =
0. If sup,¢.1)r* fr<|x|§1 u(dx) < cp o <00, then for y > o one has

v

[ ncan < ST foranyr e 0,11
xX|<r -

and for 0 < y <« one has

cua2®(l —logr) ify =a,
/ " p(dx) <y ¢, 220y forall r € (0, 1].
r<lx|=l mi’y lf)/ S (O, Cl)

PROOF. The proof is analogous to [17], Lemma 9.20, and is provided in the Supplemen-
tary Material [37], subsection D.4. [

5.2.1. Proof of Theorem 3.10. Recall k = 152 €0, §).
Step 1. We handle the correction term in (3.8) and the corresponding error. For & > 0,

T T
IE/ / |z|11{‘z|>g(T_,)K}vt(dz)dtgs*IE/ (T—t)”(/z%t(dz)dt
0 JR 0 R

TI—K
1—«

< 5_1

2
|2 * v”Lw(P@)A) < 09,
where the finiteness holds due to (5.7). This allows us to decompose
f/ Z(Nz —mz)(du,dz) = zel 782 _ Ve,
0JRo
where

780 = f / 2L <e(r—uy) (N7 — 702)(du, d2),
0JRy
72 ::/(;/H;Z]luzbs(ﬁu)x}Nz(du,dz),

v :=/OA;Z]lnzbs(T—u)K}vu(dZ)d”-

Recall ¥ in Definition 3.9. Since (5.7) holds in our context, applying Lemma 5.3 with o = 2
yields J\/(3_7) (e, k) < 0o a.s. Hence, outside a set of probability zero, we have that, for all
1€[0,T],

Z (ﬂpi(&’f)— - ﬁ;i(S,K))ASPi (e.6) = (ﬁu— - ﬂ;)a(Su_)dZZ’z.
01 (e,)€[0,4]N[0, T) [0.210(0.7)
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By the representation of Z in (2.3), one can decompose

s, = o (S,-)dZ; :a(St_)<dZ,°+thdt+/R 2Nz —nz)(dt,dz))
0

=0 (S;)(dZS 4+ b7 dt +dZ5' +dzE* — dyf).

We get from the arguments above, together with the fact AZ ST’z = AZr =0 a.s., that

E* (9, T|e, k) =/ (Ou— —0y) dSu — > (Ppi(ecr— = 0 py i) ASpitene)
0 pi (£.6)€[0,10[0.T)

(5.10) = /0 (Ou— —01)o (Su=)(dZE + b7 du +dZET +dzE2 — dyf)

—f (94— — 0o (S,-)dZE?
0

= EC(0, tle, i) + ES(9, t]e, k) — EP (9, T]g, k),

99

where the “continuous part”, “small jump part” and “drift part” are given by

EC(9, tle, k) i= /'(m,_ — 97)0 (Su_)(dZE + bZ du),
0

ES(9, tle, k) i= /.(z‘}u, —9T)o (S,-)dZ5,
0

EP @, 1|¢, k) :=/O(19u_ —19;)0(Su_)/Rz]l{|z|>8(7_u)x}vu(dz)du.
The triangle inequality applied to (5.10) gives
adap _ i _
(5.11) | 24P (v, tle,K)HBMog(]P) < . Z |E* (9, T|8’K)”BMO§’(IP)‘
ie{S,C,D}

Step 2. We preliminary investigate the right-hand side of (5.11).

Step 2.1. Consider E€ (9, t|e, ). We apply the conditional It6 isometry for the martingale
component and apply the Cauchy—Schwarz inequality for the finite variation component of
EC(z?, T|e, k) to derive that, fora € [0, T), a.s.,

VEZ[|ES®. Tle, ) — ESW@, Tle, 0]

T
< \/Efa [/ 19— — 07 o (S,_)> d(Zc)u]

T T
+\/Efa [/ |9 —0;|20(Su_)2du/ |bf|2du}
a a

< (afss) + bé@)\/Efa[(ﬁ, )7 — (9, 7)4]
= (a(ZZ.S) + b(zz,s))C(s.S)\/ ITlloPa

< (atss) + eIt Pa
where (3, T) is given in (5.3), and where we use the fact that a cadlag function has at most

countably many discontinuities for the second inequality. Since E€ (%9, |¢, «) has continuous
paths, it implies that

|EC€ @, e, /<)||BMO§(P) = |E€(, tle, x)||bm0§(P)

<cis)(abs +bGe)VITlo.

(5.12)
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Step 2.2. Consider ES (9, |, k). Since ® € SM»(PP) by assumption, Lemma 2.3 shows
S S S
(5.13) ||E>(®, Tlg’K)HBMO?(P) ~esan |1 E> (@, Tlg’K)Hbmo?(]P) +|AE> (9, 1], ) |-

Recall that ® is nondecreasing by assumption. Since ¢}, o(S) and & are cadlag on [0, T),
one can find an Q¢ with P(£2g) = 1 such that for w € ¢ we have

[9: — Uslo(St) <2¢32)(T —1) P, VO<s<t<T.
Due to (2.4), one has 7z (w, {t} x Rg) =0 for any (w, t) € @ x [0, T]. Then it holds that

Azl =

/R 2z <e(r—1} Nz ({1}, dz) —/R 21z <er -z ({t}, d2)| < e(T — )"
0 0

for all z € [0, T] a.s. Moreover, since AES(9, tle, k) = (9_ — 97)o (S_)AZ*!, there is an
Q1 with P(Q21) = 1 (with keeping AZ‘QT’1 =0 a.s. in mind) such that for all (w,t) € Q1 X
(0,71,

|AES (9, tle, )| = (9~ — 07)o (S, )AZE| < 2c.0)(T — 1) ™“ D _e(T — 1)*
=2c32)6Pi— < 2c32)P;.
According to the definition of | - | given in Lemma 2.3, one then gets
(5.14) |AES (9, Tle, 1)|5 < 2ca2)8.

Let us continue with || ES(9, T|e, /c)||b Fora € [0, T), we have, a.s.,

mo?(IF’) :

E7[|ES (@, |6, k) — ES(8, T]e, k) [*]

T
:]E]:a |:f |19u— — 29;|20(Su_)2_A‘QJL{MSS(T—M)K}ZZVM(dZ) du]
a

T
5.15) < | Lyz<eraz® % v] L penyE™ U |9 — 19;|20(Su_)2du}
a
= | Lzzera) 2 % V] e E [ 7)1 — (9. T)d]

2 2 =2
< | Lyzzeraz” * v ey cs.5) T o Py
Combing (5.14) and (5.15) with (5.13) we obtain for C(5.16) ‘= C(5.13)((2C(3.2)) V C(5_5)) that

(5.16)  [ES@. le. )| gpon e < c16)(e + [ Lizizer1z 5 v gy VITT)-

Step 2.3. Consider ED(z?, Tle, k). Since ED(z?, Tle, k) is continuous, it holds that

| EP (9, e, K)”BMO?(P) = EP (9, e, K)”bmo?(P)'

Then, for any a € [0, T'), we use the Cauchy—Schwarz inequality to get, a.s.,

EZ[|ER (9, t|e. k) — EP(#%, T]e, ©)|*]
2 T )
du) (/ |9y — 07| J(Su_)zdu)}
a

T

5.17) <ET [(/

a
= E[I5.17)[15.17)]-

(1) We now exploit the condition (3.10). By a standard approximation argument using a

countable dense set of (0, 1), we get that, for P ® A-a.e. (w,u) € 2 x [0, T],

(5.18) / vy (w,dz) < C(3.10)r_a Vr e (0,1).
r<|z|<1

/szl{lz|>s<T—u)K}vu(dz)
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Let us first examine the right-hand side of (5.16). For any (w,u) € Q x [0, T] such that
(5.18) is satisfied and that [ 22y, (w,dz) < ||z2 * V|| L (Por) < 00, there exists a ¢(5.19) > 0
independent of w, u, & such that

(5.19) /| D@ 0 Ses o) AT
7| <eT*

Indeed, if @ < 2 then we apply Lemma 5.4 with u(-) = v, (w, ) and y =2 > « to get (5.19).
Ifa =2orif eT* > 1, then (5.19) obviously holds. Thus,

[Laizer12® % v 1 pany < cc19)((ET%) A 1> S o (1+T%) @ A D>
Then it follows from (5.16) that

4

(5.20) [ES@. tle. )| go ey = cs20)(E + (e A D2V ITle)

for some constant c(s20y > 0 independent of ¢ and 7.
We continue with I(5.17) and II(5.17). Let (w, u) €  x [0, T'] such that 0 < e(T —u)“ <1
and (5.18) holds. We first apply Lemma 5.4 and then use Fubini’s theorem to get that, a.s.,

T 2
/ / IZlvu(dz)‘ du
0 e(T—u)¢<|z|<1

VT
+(1 T -
<2¢(3.10) ﬁ(log (;) + 1) + K /0 log"(T —u)du ifa=1,

1 —20-1
22(1—2 T
[W / (T — u)2(—a) du:|81_°’ ifae(1,2]
- 0

ifa e (0,1),

1 ifa e (0,1),
1
< 2¢(3.10)Ca,k,T 10g+(—) +1 ifa=1,
&
gl if o e (1,2]

for some constant ¢y, 7 > 0 depending at most on «, «, T, and where one notices that
2k (1 —a) + 1 > 0. For the first factor I(5 17), the triangle inequality gives, a.s.,

T 2 T
‘/1(5,17)5\// / zv, (dz) du+\/f / zv, (dz)
a |z|>1V(e(T —u)~) a e(T—u)k<|z|<1

(5.21) T 2
= ﬁH]l{|Z|>1}|Z| * v”Loc(]P@)‘) + ./0 /;(T—u)’(<|z|<1 2vu(dz)

du
<cian(l+h(e)

2
du

for some constant c(s21) = ¢(5.21)(a, k, T, v) > 0 and for
1
he)=1 ifae(0,1), h(8)=10g+<—> ifa=1, h(e):sl_“ ifa e (1,2].
£
For the second factor II(s 17), we apply Lemma 5.2 to obtain, a.s.,

=2
EZ[Ms.17] =B [0, 1)1 — (9. 7)a] < cfs5 T 10 Ps < (5.5 Tllo P,
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Hence,

(5.22) [EP@. tle. ) | gyos ) = co620 (1 +h@)VIITlo-

Eventually, we plug (5.12), (5.20) and (5.22) into (5.11) to derive (3.11).
(2) If (3.12) holds, then Is 17) < 2T (112> 1)1zl * VI _ pgy) T €E.12) =: C(5.23)- Hence,

(5.23) |EP@. tle. ) | gyos ey = 231665V 1T l-

Combining (5.12), (5.20) and (5.23) with (5.11) yields (3.13). O

5.2.2. Proof of Theorem 3.14. Recall k = 152 € [0, J). Let T = ())_, € Taer and & > 0.
Foru € [0, T), we define

De i (u) 1=/ Zv,(dz).
|z|>&(T —u)*

The conclusion for E22P (9, t|e, k) is shown by using again (5.11), where the estimate for
the “small jump part” ES(¥9, T|e, «) is taken from (5.20). Here, we focus on improving the
estimate for the “drift part” E Dy, t|e, k).

Step 1. We show that there is a constant ¢(524) > 0 independent of 7 and & such that

D524y := sup sup [ / D, . (u) du]
024 i=1,..n re;_y.5100,7)L (T — 1) [Dec @)
(5.24) Izl if (3.17) holds,
1 1
< c(5.04) [l—i-log ( >+1 og <|| = >]||r||9 if (3.16) holds with @ = 1,
Itllo + &'z, @ if (3.16) holds with & € (1, 2].

Indeed, since ||z2 * Voo = llu = Jp szu(dZ)lle([o,T],)\) < o0 by assumption, we
first get

Do ()| < / 2v,(dz) + 121w (d2)
lz|>1 1>|z|>e(T—u)*

and then apply Lemma 5.4 to obtain a c(s.25) > 0 not depending on ¢ such that, for A-a.e.
uel0,T),

1 if (3.17) holds,
1 1
(5.25) | Des(u)| <cis25) 11 +1og+(—) +1og+<T—) if (3.16) holds with @ = 1,
8 —
1+ &'=T — w)<1-9 if (3.16) holds with « € (1, 2].
Case 1. If (3.17) holds, then (5.25) immediately implies
i —
D524y < ¢(525) sup sup [7(T—r) ]505.25 T"|Itlls.
G20 =5 )1 Loon re_y.oino.mL (T —r)%< 62

Case 2. (3.16) holds witho = 1. Forr € [t;_1,1;),i =1, ..., n, one has

ooy 1 n 1
/ log"| =—— )du < (t; —r)log + (t; —r)loge,
r T—u ti—r

where we first integrate by parts the left-hand side and then use the inequality

1 1 1
blog+(g> —alog+<—) < —a)log+(b—>, O0<a<b.
a —a
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Since x — xlog"’(%) is nondecreasing on (0, é] and 0 < L _ti=r  — ltlle

eT? (T—r)1 0 = er? for any

1
e
relti—1,t), we get

1 li 1
7/ 10g+< )du
(T —r)< Jr T—u

1 ti—r eTea"—rﬁK) 1
< L imr g+ (ST ZNTY L +(—> I }TQT— .
—'eTG(Tﬂ—r)%f[O ( w—r ) Hloe pag — e ) tloge e (T =)

eT? 1
<ot () 1 i 1 ()]
<T*Nellotog" () el swp | (T =nlog* ( gz ) |+ IvllaT* loge

1
<crpolitlo| 1+log 7l

for some constant ¢t ¢ > 0 depending at most on 7', 6. Hence,

1 1
Disoty < c(5.25>[T” (1 +log* (g)) + CT,e(l + log+<m)>] Izlo.

Case 3. (3.16) holds with « € (1, 2]. Again, using (5.25) and keeping % <l—-«x@-1)<1
in mind we get that, for any r € (#;_1,]N[0,T) andany i =1, ..., n,

1 li
m./; }D&K(M)|du

c li
< OB [(tl- —r)+ 81_0‘/ (T — uy1=*) du]
r

(T —r)«
T of—r 81—0( (T _ r)l—lc(o{—l) _ (T _ t,‘)l_K(a_l)
= ((5.25) + ]
(T —r) " 1—x(@—1) (T — r)¥
- [ ti—r N 81—01 (ti _ r)l—/c(ot—l)i|
C
SO T T T —k@—1) (T —r)F
ti—r (T )K N 81—0[ [ ti—r i|1—/<((x—1)
=c —— (T —r
O3 (1 =)« I—k(a— 1) L(T —r)

% (T _ r)zl((l—l((a—l))—l(:|

l—«

&
< "+
_6(5.25)[||T||0 T —k(a — 1)

”.L_”é—’((a—l)T2K(1—K(a—1))—l(i|’

where one uses 2k (1 — k(o — 1)) — k > 0 for the last inequality. Thus, the assertion follows.
Step 2. We examine the “drift part” ED(ﬁ, Tle, k). Weleta € [ty_1, 1), k € [1,n], and set

si:=aVt,i=k—1,...,n. Denote

1 8i
(320 Dazei= s s [Iectoa
©2 i=k,...n re(si-1,51000,7) (T —r)< Jr | & ‘



APPROXIMATION OF STOCHASTIC INTEGRALS WITH JUMPS VIA WEIGHTED BMO 4625
Recall from Assumption 3.13 that S = M + V where V; := fé v, du. Then one has, a.s.,

1
ZEF"UE?(I‘/’, zle. k) — EP (0, tle, ©)|*]

= lE]:a
4

T Z/ ﬁsi—l)SMDé?,K (u) du
Si—1

173
(Oa — Dy, / Su D (1) du

]

< Eﬂ[ (P — Dy ) f Y SuDe e ) 2]
(5.27) N ¢ ,
+ E7« Z SAII(MM—MSH)DS,K(u)du }
Lli=k "t~
r 2
+ Ea Z — V) D (u) du }
Si— 1

n Si
+ EFa Z B, f (Su — Ss;_ ) D i (u) du
k Si—1

2]
=:I527) + (5.27) + M5.27) + IV (5.27).
For I(5.27), we make use of the growth property of ¥ and the monotonicity of ©® to get, a.s.,

179 2
I(5,27)§4c(23.2)(T—a)9_1®5[ / |D8,K(u)\du] E7e| sup 7]
a

u€la,t]

2 2 w7, —
= 4D(526)¢3.)E [ sup O ]<4D<5 2632 E” [ sup ‘Du]

u€la,ti] u€la,ti]

< 4D 266 )| B3 01y ) P
For II(5 27), using the orthogonality of martingale increments we find that the mixed terms in
the square expansion vanish under the conditional expectation. Then, applying the stochastic
Fubini theorem and the conditional Itd isometry we obtain, a.s.,
]

]

n _
527 =Y E'e V (My — Ms;_,) D (u) du
627 Ek Girsanory e

n —
-yen|f ([ Destwran)
i—k LIS (si—1,5:10(0,T) \J[r,si]

2

n -
oy Doty du|-d(1), |
i—k LJ (si—1,8:1N0(0,T) 1V r,s:]
1 2
< sup sup [7 D¢ (u)du ]
i=k,....n re(si_1,s10[0,T) (T_r)le [r,si] o

x E« U (T — u)l_ed(M)u}
@T)

< D5 56 B [/(a T)(T — w0, du)}
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2 2 2
= D(526)¢3.3)Pa-
For 115 27), we use Fubini’s theorem and Holder’s inequality to obtain, a.s.,

]

n u

> (/ |vr|dr)|D€,K<u)|du
=g Y (5i—1,5:110(0,T) \Isi—
2}

(T — r)l_ev,2 dr]

1527, < B |:

1-6
SD(25.26)E]E“[UM T)(T—r) 7 fur|dr

a,T)
2 Fa
< D{5,6TE [/a

(T —r)l_eT(-,dr)]
(a,T)

2 )
= D526 T ¢33 Py

For IV (527, we also exploit the martingale property of S, the monotonicity of ®, and follow
the same argument as for 115 27) to get, a.s.,
]

n
V(527 =) E7 [

Si
9y, / (Su — S5, ) Do (u) du
Si—1

i=k

n 2
=2Ef“[ﬁszi_1/ D, (u)du d(S),}

i—k (si—1,8i11/ 1,81

(T —r)'=? d(S),]

Si—1,8i]

n
2 Ful 92
<Dfs26 ) E |:Z9Si| /
i=k (
n ‘F Si
2 2 Fa 1-6 42 TFs_ 2
< Disae | * vl qor1 2_E [(T—si—l) 5, B '[/S ISr drﬂ
i—k i-

n S
< Dfs26) 2% vl o710 B2 2B Us ors; dr}
i—k i1

2 2 2 =112 =2
< Disaellz”* vl qo.rna(T — DIPlIs i@ Pas

where in order to obtain the second inequality we employ the assumption that dS; = S;_ dZ;
and d(Z), = [ z%v:(dz) df with |22 % V]| (0.71.0) < 00.

Eventually, plugging the estimates for I(527)-IV(527) into (5.27), and using the fact that
D(s5.26) < D(5.24), we derive a constant ¢(5.28) > 0 independent of 7 and ¢ such that

|EP(®, tle, k) ||BMO§(P)

< ¢(5.28)D(5.26)

(5.28) ITlle if (3.17) holds,
1 1
=< €(5.28)C(5.24) [1 + 10g+(—) + log+(W)} Itlle if (3.16) holds with o =1,
& Tllo
Illg +&' =z, @Y if (3.16) holds with « € (1, 2].

Step 3. Combining (5.28) and (5.20) with (5.11) yields the conclusion, where we remark
that the condition (3.16) with « € (0, 1) implies (3.17) due to Lemma 5.4 (with y =1). U
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5.2.3. Proof of Proposition 3.15. We first consider the particular case when Q =P, r =
oo and g = 2. By Definition 3.9(1),

n+1=#t, <#t,Up(n k) <n+1+Nz7)(en k),
and hence,
n+ 1< #r 0 pen, 0| @ <n+ 1+ [Napen O e
Since inf, > &/ne, > 0 by assumption, we derive from (5.8) that

Tl—ou(
cse=T|1 *V 4+ % sup [r*1 *V —<cn
.8) = TlIT{jz1>1) * VI Lo Per) + &5 re(ol?l)U r<iz=0) * V] ey T =

for some constant ¢ > 0 independent of n. Using (5.8) gives the desired conclusion.
We next assume a probability measure Q << P with dQ/dP € L, (P). Since ﬁ + % =1,
applying Holder’s inequality yields
1
”#Tn U p(en, k) “Lq((@) =< H#Tn U o (&n, k) ||L2(]p) l d@/dP”L/r%p),

and hence, (3.19) follows. [

5.2.4. Verification of the assertion in Example 3.19.  We proceed in three steps.
Step 1. Set X, := info<s<; X;. We first prove that for any 0 < € < % there exist a 65K .=

3(¢, K, v,y) > 0 and a stopping time p := p (&, K) such that for any 0 < § < 85K the event

8,6,K ) . .. K 5K 11 K
Ep,AXp,Xp—,Xp': ,Oe(0,8],AXID6(8,28),3SXp7§7+7,sz—5—l

has positive probability. Indeed, for 0 < & < %, we set & = — Jz -y ~2zxv(dx) and

~ - t
x® :=r;><8>+/f xN(ds,dx), t€[0,1].
0Je<x<2s

Since (0, 1) C supp(v) by assumption, it implies that v((¢, 2¢)) € (0, c0), and X @) is hence
a Poisson process with drift. Denote

A(S = t ~
X®.=x, - x® :f/ xN(ds,dx), e[0,1].
0 JRo\(3,28)

Remark that X® and X® are independent Lévy processes. Let nggg) > 0 be such that

o L . KZ -1
(5.29) 5?5’59)|y(5)| <1 and 8(85’59) < %(A;xzv(dxﬂ .
We seek the desired stopping time p among jumping times of X©. For any 8 € (0, Sfégg)),
since X=X® + X® and X > X® + X (E), and notice that the event
{p€(0,8],AX, € 3.28)} ={p € (0,8], AXD € (Z,28)}
is independent of X® we get

8,6,K
P(Ep,gAxp,xp,,gp)

N - 11 -
> IP’({,O €(0.5]. AX() € (8,28). K < X <2K + = X[ > —1}
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ALK g K f(@>>_f}>
2 =0 =% =T

11 K
>P(p e8], AX € (3,28), K <X\ <2K + — 5 X® > 1, sup |X(8)| )

(
(

11 ~
=P(p e (0,81, AX € (,28), K<x<8> <2K + — 5 X<;>z—1>

A (B K
X IP’( sup }X,(e)| < —)
0<t<é6 2

. : 11 ~ K
= P(,) €(0,8), AX® € (8,28), K < X§) <2K + 7)]P( sup | X)) < E)’

0<t<$§

where we use the fact that X,(g) > 9@ > —§f§§9)|)9(5)| > —1 forall r € (0, 355’59)] a.s. to get
the last equality. For the second factor, applying Doob’s maximal inequality yields
164
IP’( sup |X(8)|<—>>1— SEXOP =1~ 2/ x2v(dx) >0
K< JRr\(,29)

0<t<$§

forany 0 < 4§ < 355’59). Therefore, it remains to show the existence of a stopping time p with

11 .
<p€(0 51, AXD € (7,28), K <X <2K + 2)>0 V8 € (0.5559)-

Let Kz € N be such that

&(Kz—2)>K+1 and &(K;—3)<K+1.
We define p to be the K;z-th jump time of X®,
(5.30) P = PK;.

Then it is clear that AX E,EK)E € (&,2¢). On the set {pk. < 8} of positive probability one has

x®

g ~ 28, K | A(F ~ ~
o= Z xg,gé — 28 > —8(350) |7 |+ EKz — 28 = K,

11

Xﬁfﬁ o= X§) —8<8fs’§9)|y(5)|+251<g—551+2K+2+5552K+7

which then verifies the assertion. ;
Step 2. Condition (3.23) is equivalent to eAX > c@3.23). Let 555’.13(1) be such that

- . 1
(531)  0<835, <Tonbsh, and  sup g 1)—¢(0. )] < JeawkK.

e, K
0<r<é33,

For p = pk; in (5.30) and for any 0 < 6 < 8(5 31)> 0N the set Ef) EA§ X,_.x, We have
“p

So—
3, 19050 =90 1]

_ 3235

0,5,
. €(323)
Ot

————|#(p, Sp-) — #(0, 1|

90, Sp-) —(p, D) +¢(p, 1) — (0, D)
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> e3P Ee | (0, Sp) — B (0, D] = |p(p, 1) — (0, 1)

> caane 5! e anleX — 1] - sup 92, 1) = (0. D]
<t<
> 0(3.23)6(1_”)&3_1[C(3.24)Xp— — sup |¢(r,1) — ¢ (0, 1)!]
0<t<$

(1-mX,—1 —(l—n)(§+l)—1K’

1
> 10(3.23>C(3.24)K e > 1C623)C3248

where we use ©(n), = sup, <, e=DXu < o=U=1X, 459 AX, < 2& < 1 to obtain the first
estimate.

Step 3. It is straightforward to check that conditions in Section 2.3 are satisfied, where we
exploit the relation between the Lévy measures of X and of Z given in Appendix A to obtain
the square integrability of Z, which verifies [Z]. We now use parameters in (3.25). For any
e€(0,1),since AZ=e®X —land 0 < ery < 27%/3 < 1/3, one has

ery < |AZ| < €3ry, < ery<e®X —1<e3r, < In(1+ery) < AX <2In(l + ry).
Then, for £ := In(1 + ery) € (0, %), T=(t;)]_o € Taer With [I7]ly <1/2,and 0 <8 <11 A
3(85’_];), it follows from Step 2 that
8,86,K
E(3.21) 2 Ep%fAX/)*axp**sXp* .

According to Step 1, we infer that P(E(321)) > 0. Eventually, the weight ® € SM;(P) be-
cause of the assumption fl X|=1 e”*v(dx) < oo and Proposition B.2.

5.3. Proofs of results in Section 4.4.

5.3.1. Proof of Proposition 4.6. Note that Assumption 4.1 implies fl
Since g has at most linear growth at infinity, one has g(St) € L2 (PP).

(1) follows from Proposition B.2.

(2) We let £ :=v in (C.1) and obtain from (4.2) that

2
x|=1© *v(dx) < o0.

9f =caa V(T —1.5) as.Vie(0,T).

Let us examine cases in Table 1. Using Proposition C.1(1) and (2) yields A1l and A2 respec-
tively. For A3, since v € .¥(«), Remark 4.4(1) asserts that Sup,(o.1) r® fr<|x|51 v(dx) < o0.
Applying Proposition C.1(3) with 8 = « yields

— -1
9f| < cahyccnU®S] ™ as. Ve 0, 7).

The respective estimate for |ﬁg | can be easily deduced by using the right continuity of ¥$, U
and S.
(3) The SDE for S =eX is

(5.32) dS; =S8-dzZ;, So=1,

where Z is another Lévy process under [P. Under Assumption 4.1, it is known that Z is also
an L;(P)-martingale with zero mean (see, e.g., [6], Proposition 8.20). Hence, conditions [S]
and [Z] in Section 2.3 are fulfilled. Moreover, 98 € A(S) due to Proposition 4.2(1, 2).

Let us now verify Assumption 3.4. Since M = 985 is an L (PP)-martingale by Proposi-
tion 4.2(2), Assumption 3.1 holds because of Example 3.3 (with V = 0). Thanks to (4.4),
the growth condition (3.2) is satisfied for 6 given in Table 1 case-wise. We now only need



4630 NGUYEN TRAN THUAN

to check the curvature condition (3.3). If U =1 (in A1 with n = 1 and in A2), then the mar-
tingale M is closed in Ly(P) by M7 := Ly (IP)-lim;4y7 M; due to (4.4) and ®(n) € SM>(P).
Then, for 6 = 1 and for any a € [0, T'), one has, a.s.,

e U T(-,dt)} =R« U d(M); + M,zdt}
(@.7) (@.7) (@.T)

< E]:a [|MT — Ma|2 —+ C(244)(T — a) tes(l(.llpT) q)(n)?:l

= 0(24,4)(T + 1)“(1)(77)”%/\/12(?)(1)(;7)2_

For remaining cases, we set 0 := n in Al for n € (0, 1), and set 0= w —1€(,1]in
A3. Then, for any 9 € (0, é), using the function U in Table 1 we get

(T ="M} <yuy(T =" PUD* O] >0 as.asttT.

Thus, for any a € [0, T), a.s.,
63 B[ -0 < o[ 00 e 02

for some constant ¢(533) > 0 depending at most on 6,0, T. Integrating by parts and applying
conditional It&’s isometry yield, a.s.,

£ [/ (T —z)“%(M),}
(a,T)

:Efu[ lim / T - =am }
Jm f (@ =" ),

(5.34)

:Ef"[ lim [(T_b)19|Mb—MaI2+<1—9)/ (T‘t)g'Mf_M“'zdtﬂ
a<btT (a,b]

—_ 2
< (1 —6)E [ /( T ‘m; dr} < 53904 | P 5 01, 0 P (D

for some c(534) = ¢(5.34) (é ,0,T) > 0. Combining (5.33) with (5.34) yields the desired con-
clusion.
For the particular case o = 0, it is easy to check that Assumption 3.13 holds true. [J

5.3.2. Proof of Corollary 4.7. Let vz denote the Lévy measure of Z (which appears in
the SDE (5.32)) under PP. By the relation between the Lévy measures of Z and of X given in
Appendix A, some simple calculations yield that, for any « € [0, 2],

sup ro‘/ vz(dz) <oco & sup r“f v(dx) < oo.
re(0,1) r<|z|=1 re(0,1) r<lx|=<1

(1) Since f|x|>1 e p(dx) < 00 by Assumption 4.1, we get from Proposition B.2 that ® ()
belongs to SM;(IP). Let us examine each case in Table 2.

For B1, the given range of (1, «) yields to flxlfl lx 170 (dx) < co. We use Proposi-
tion 4.6(3), case A2 in Table 1, to obtain 8 = 1. Then, applying Theorem 3.16(3) gives the
corresponding R(n) and ¢,.

For B2, we note that . («) C % - (). Using Proposition 4.6(3), case A3 in Table 1, to
get the range of 6, and then applying Theorem 3.16(3) we get the conclusions for R(n) and
&n.
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For B3, we first get & = 1 due to Table 1, case Al. We decompose E24P into three com-
ponents EC, ES and EP as in (5.10). For the “continuous part” EC, (5.12) yields

sup Vit [ (9,51 |1/m,0) | o, < 00

For the “small jump part” ES and the “drift part” EP, we apply (5.20) and (5.28) with o = 2

respectively to obtain
S(q98 1 o Dfgqg 1 _
iglljﬁ(HE (ﬁ »Tn |V l/n,O) HBMO;D(I)(IP’) T HE (ﬂ Tn |V l/n,O) HBMOZD(I)(]P)) =
Thus, the desired assertion follows from (5.11).
For B4, it is similar to B3.
(2) Since f|x|>1 eP*v(dx) < oo, it follows from Propositions B.2 and B.1(2) that ® ()

and ®(n) belong to SM »(P) for all n € [0, 1]. Hence, the conclusion follows from Proposi-
tion 2.5(1,2). O

APPENDIX A: EXPONENTIAL LEVY PROCESSES

Let X be a Lévy process with characteristic triplet (y, o, v) as in Section 4.1. Then, the
ordinary exponential § = eX can be represented as the Doléans—Dade exponential £(Z) of
another Lévy process Z (see, e.g., [1], Theorem 5.1.6), that is, eX = £(Z) for the process Z
in the SDE (5.32). Z is also known as the stochastic logarithm of S, that is, Z = L(S).

The path relation of X and Z is given by

2
t
Z, =X+ % + Y (A —1-AX,), te[0,T]as.,
s€[0,1]

which then implies AZ = e®X — 1. The relation between the characteristic (y, o, v) of X
and (yz, 0z, vz) of Z is provided, for example, in [1], Theorem 5.1.6. In particular, one has
oz=ocand vz(-) = f]R Tiex—1ev(dx).
APPENDIX B: REGULARITY OF WEIGHT PROCESSES
We recall ® from (3.9) and SM p(IP) from Definition 2.1.

PROPOSITION B.1.

(1) Let p,q,r € (0,00) with % = % + %. Then, for any ®, ¥ € CL*([0, T]) one has
[PWlsrm, @) = [ Plsr, @ IV Ilsri, @) B
(2) If ® € SM(P) for some p € (0, 00), then & € SM ,(P).

PROOF. Item (1) is provided in [17], Proposition A.2, and Item (2) in the supplementary
material [37], subsection F.1. [

Let X = (X;)/¢[0,7] be a Lévy process with characteristic triplet (y, o, v) and exponent ¥
as in Section 4.1. Recall S =e* and @ (n) from (4.3).

PROPOSITION B.2. Iff|x|>1 e v(dx) < oo for some q € (1, 00), then ®(n) € SMy(P)
forall n € [0, 1]. Moreover, for ¢y := (qul)q one has

q T (=DIQ2g+1H1-7 2 q
HCD(’?)HSM,,(IP)SB [ (=DIC2g+1)y "Cq||ST||Lq(lP>)'

PROOF. The proof is given in the Supplementary Material [37], subsection F.2. [
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APPENDIX C: GRADIENT TYPE ESTIMATES FOR A LEVY SEMIGROUP ON
HOLDER SPACES

Let X be a Lévy process with characteristic triplet (y, o, v) as in Section 4.1. Let € [0, 1]
and recall CO7 (R4) from Definition 4.3(1). Assume f|x|>1 e™p(dx) < 0o. We define the
map P;: CO”’(R+) — CO’”(]R+) by Pig(y) := Eg(yeXf), y>0,r>0.

Motivated by formula (4.2), for a Lévy measure £ and g € C%"(R..), we formally set

Pig(e'y) — Pig(y)
y

where 0y P,;g(y) :=0 if o = 0. Although we choose ¢ = v for (4.2), it is useful to consider
the general ¢ because it might have applications in other contexts (e.g., see [36]).

Proposition C.1(3) below is a variant of [17], Theorem 9.18, in the exponential Lévy set-
ting. Here, the exponent of the time variable ¢ in the obtained estimates is the same as in [17],
Theorem 9.18. We recall . («) from Definition 4.3(2).

(C.1) Ty(t,y):= azayPtg(y) —i—/R (e* — 1)€(dx), t,y>0,

PROPOSITION C.1. Let £ be a Lévy measure and g € CO"(R..) with 1 € [0, 1]. Assume
thatfl e DX (dx) < 0o. Then, for any T € (0, 00) there is a cc.2) > 0 such that

x|>1
(C2) [Te(t. p)| < ecpV@y"™" ¥(.y) € 0,T] xRy,
where the cases for V (t) are provided as follows:

(1) Ifo >0 and f|x|>1 e v(dx) < oo, then V(1) = t%.
() Ifo =0, [, €™ v(dx) <00 and [, < |x|"e(dx) < o0, then V (1) = 1.
3) If o =0,n €10, 1) and if the following two conditions hold:
(a) v e S (a) for some o € (0,2) and f|x|>1 e*v(dx) < o0,
(b) there is a B € [0, 2] such that
(C.3) 0 <cc3) = sup P £(dx) < o0,
re(0,1) r<lx|=1

n+1-8

then V() =t a ifpe(l+n, 2], V() =max{l,log(1/0)}if B =1+n,and V(t) =1
if B €l0,1+n).

Here, the constant c(c.2) may depend on B in Item (3).

PROOF. See the Supplementary Material [37], subsection G.2. [J
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Supplementary material for “Approximation of stochastic integrals with jumps via
weighted BMO approach” by N.T. Thuan (DOI: 10.1214/24-AAP2075SUPP; .pdf). This
document contains the proofs of Example 3.3, Lemmas 5.1, 5.2 and 5.4, Propositions 4.2,
B.1(2),B.2 and C.1.
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