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Keywords: We discuss in a stochastic framework the interplay between Riemann-Liouville type operators
Riemann-Liouville operator applied to stochastic processes, bounded mean oscillation, real interpolation, and approxima-
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tion. In particular, we investigate the singularity of gradient processes on the Wiener space
arising from parabolic PDEs via the Feynman-Kac theory. The singularity is measured in
Gradient estimate terms of bmo-conditions on the fractional integrated gradient. As an application we treat an
Holder space approximation problem for stochastic integrals on the Wiener space. In particular, we provide a
Black—Scholes model discrete time hedging strategy for the binary option with a uniform local control of the hedging
error under a shortfall constraint.

1. Introduction

We deal with the interplay between Riemann-Liouville type operators applied to adapted cadlag processes, weighted bounded
mean oscillation (weighted bmo), real interpolation, and approximation theory. Given a stochastic basis (2, ', P, (F,),e0.17)s satisfying
the usual conditions, there are various applications in which stochastic processes L = (L,),c0 1, appear that have a singularity when
t 1 T. Examples are gradient processes obtained in connection to semi-linear parabolic backward PDEs or (non-local) operators,
that occur as integrands in stochastic integral representations on the Wiener- and Lévy-It6 space, or trading strategies in stochastic
finance for non-smooth pay-offs. We investigate quantitative properties of (L,),c[or), as the degree of blow-up and distributional
properties, and apply the results to approximation problems for stochastic processes, in particular to the discrete time hedging in
the Black-Scholes model.

To be more precise, we discover and exploit the interplay between the following topics and think that the methodology behind
might be of wider interest:

(a) Self-similarity and bmo: There is a self-similar structure behind in the sense that, given ¢ € (0,T) and A € F, of positive
measure, then (L,),g, 1) restricted to A has similar properties as (L,),go,r) has. If one seeks for good distributional estimates
for (L,),eo.1), then this suggests to consider (L,),j07) in bmo, and to exploit relations to the BMO-spaces to achieve better
tail estimates for L than L,-estimates would imply.
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(b) Polynomial blow-up, Riemann-Liouville type operators, weighted bmo: If the process L has a singularity when 7 1 T, then (a) might
not work. We will have a polynomial blow-up of L in time with a rate (T —¢)™* for some a > 0. So instead of measuring
L in bmo, we will measure I*L in bmo, where 7% is a Riemann-Liouville type operator given in (1.1) that resolves the
singularity of the process L. However, classical bmo-spaces are not sufficient for our applications, we will need to use weighted
bmo-spaces.

(c) End-point estimates, interpolation, and Holder-spaces: The consideration of the bmo-setting follows a path known for singular
integral operators or martingale transforms: L,,-L,, estimates yield to bmo-L,, estimates when p 1 co. For us, the Holder spaces
will play the role of an L -endpoint in the scale of Besov spaces on the Wiener space. Secondly, we again need to exploit
weighted bmo-spaces instead of the non-weighted bmo-spaces. Only with these ingredients we obtain the desired bmo-Holder
estimates behind Corollary 1.2, Theorem 1.3, and Corollary 1.4.

The structure and background of the article are as follows: After the preliminaries in Section 2, we turn in Section 3 to Riemann—
Liouville type operators in a more general context. Riemann-Liouville operators are a central object in fractional calculus. To extend
them to probabilistic frameworks, for example to martingales (L,),¢[o 1), there are different options depending on the application:

(A) Fractional martingales, i.e. t /0’(1 —u)* 'L,du, « > 0, were used in [1] for Gaussian processes. Here the martingale property
gets lost.

We will not concentrate on approach (A), but develop further the following one:

(B) In [2, Definition 4.2] a path-wise approach was used for certain gradient processes on the Wiener space, but no systematic
investigation was done. This approach is intended for the case when one has a singularity when ¢ 1 T, it keeps the martingale
property, and it commutes with horizontal and vertical derivatives from functional It6-calculus [3] (see Remark 3.8 of this article). To
be more precise: For « > 0 and a cadlag function K : [0,T) — R we define the Riemann-Liouville type operator Z*K := (I K)o )
by

t

T
a —
I°K = E/0 (T -uw'K,du and I'K :=K,. 1.1

Looking from the perspective of martingales, the idea behind is that we start with a non-closable martingale K and might obtain a
closable martingale 7*K. In Proposition 3.6 we show that the approach via (1.1) yields to an extension of the fractional martingale
transform (cf., for example, [4,5]) to all cadlag processes. We also extend the family of operators (1%),., to « < 0 to get the group
structure

1°(1PK) = 1°PK for a,f€R sothat I~%(I°K)=K.

A combination of the two approaches (A) and (B) can be found in [6].
Section 4 is about approximations of cadlag processes. We define for a cadlag process L = (L,),c[o1), @ € [0,T], and a deterministic
time-net = = {#;}_ ) with 0 =1, <1, < <1, =T, the L,-approximation of L along r by

[L;7]} = /
0

If L =(L)epr) C L, is a cadlag martingale, then E[L; r]lT describes an L,-filtering problem where the filtration is kept constant
on the time intervals of the net r. In Theorem 4.9 we provide in the L,-context the connections between approximation theory,
fractional closability, and real interpolation: for 6 € (0, 1) we prove the equivalence of the three conditions

2

n

Ly - 2 Loy Yoy @) du
i=1

E[L; 7]}
sup — T . 0, 1.2)
= izl
A % L is a martingale closable in L,, 1.3)
_1
(L) € (£, ° (1), £o(Lp))gp With 1 :=T (1-27%). (1.4)

Here, for 0 € (0, 1], we use the adapted mesh-size

lizllg := sup —————
O T =10
to compensate a blow-up of L = (L,),eo) when ¢ t T as the mesh-size || - ||, assigns more weight to grid-points close to T when
gets small. The prototype of nets such that ||z,||, ~ 1/n is defined as 7, :=73 = {tf,l "o with
0, =T -T1-G/m". 1.5)

This adapted mesh-size goes back (at least) to [7,8] and has been exploited in [2,9-11] in the diffusion setting and in [12,13] in
the jump setting.

Condition (1.4), together with relations (4.13) and (4.14), says that L belongs to a space resulting from real interpolation between
two end-points: the left end-point consists of martingales L with /OT ||L,||i2 dr < o0, a typical condition for integrands of stochastic
integrals, the right end-point consists of martingales L with sup,e(o7 IIL;llL, < oo, i.e. martingales closable in L,.
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1-0
Condition (1.3) says that after smoothing the martingale L with the operator 72 we get a martingale closable in L,. Giving a
1

martingale closable in L, the smoothness 1 and applying 17 = (I %)’1, we interpret this as that L has a fractional smoothness
of order 1 — % = # in L,.

Condition (1.2) concerns a discrete time approximation of L by the martingale (¥_, L, 1, 1(")eor)- In Theorem 4.12
condition (1.2) also yields another approximation of a cadlag martingale, a backward in time regularization with local Lipschitz
trajectories.

Finally, one of the main results of Section 4 is Theorem 4.11, where we prove the equivalent to (1.2) < (1.3) in the bmo-context.

In Section 5 we apply the results to the Wiener space. We suppose a stochastic basis (2, Fr, P, (F,),cj0.)) satisfying the usual
conditions and generated by a standard one-dimensional Brownian motion W = (W,),|or; With continuous paths and starting in
zero. We start with a diffusion

dX, = 6(X,)dW, + b(X,)dt
with X, = xy € R with 0 < gy < 6 € C°(R) and b € C°(R), and derive
dY, = o(Y)dW, with Y, =y, € Ry

in the two cases

(C1) Y :=X and Ry :=R (c=6,b=0),
(C2) Y :=eX and Ry :=(0,00) (o(y) := y6(Iny), b(x) 1= —%&z(x)).

We let Cy be the set of all Borel functions g: Ry — R satisfying the size condition (5.2) from Section 5.1. For g € Cy we let
G(1,y) :=E[g(YpIY, =y] for (1,y)€[0,TIX Ry,
so that
g(Yr)—Eg(Yp) = /«)T) @, dY, with ¢, :=09,G(1.Y)). (1.6)
In the Black-Scholes model (case (C2)) the process ¢ is the §-hedging strategy for the pay-off g(¥;). For a deterministic net
t={0=1,< - <t, =T} we define the approximation error for the Riemann approximation of the stochastic integral in (1.6) as

n
Egir) = / 0%, =Y 0, (=Y, )
(0,1] =1

1
So, in the Black-Scholes model, E,(g;7) is the hedging error at time + when re-balancing the portfolio associated to an option with
pay-off g(Y;) at the discrete times from 7 only. Our starting point is [14, Theorems 7 and 8] from which, for 6(y) = y and y, =1
(geometric Brownian motion), it follows that

g coincides a.e. with a Lipschitz function
I E(g; T)”bmog [0,7)

Viielly

Here, for p € (0, ) and adapted cadlag processes A and @ > 0 defined on [0,T) we let ||A||bmo">[o,r) := inf ¢, where the infimum is
taken over all ¢ € [0, ) such that for all 0 < a <t < T one has !

< sup 1.7)
T

E [|A; — A P|F,] < cP®P as.

Hence the RHS of (1.7) is limited to Lipschitz functions. Looking instead at the binary option, one cannot expect an arbitrary small
local error uniformly over [0,7) when only finitely many times are used to re-balance the portfolio. In fact, given any deterministic
time-net 0 = t, < --- < 1,_; <t, =T, on the last interval [r,_;, T] we always have a uniform lower bound independently of how
small T —1,_, is:

Proposition 1.1. Assume o(y) = y and y, = 1. There is a T;, € [0,T) such that for all a € [T,,T) there is a set B, € F, of positive
measure such that, for all F,-measurable v,,w, : 2 > R,
2
1
P(B,) ~ 192

/ ‘]1[1,00)(YT) - [Ua + wa(YT - Ya)] (18)
B,

Proposition 1.1 is proven in Section 7.9. So there is a discrepancy between (1.7) and (1.8). We resolve this discrepancy in two
steps:

Step 1: For M = (M,),c[o 1) With

1
M, = /0 (azaﬁyc)(u,Yu)qu
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we show in Theorem 5.8 for all deterministic nets 7 = {0 =¢, < --- <1, =T} and all adapted cadlag processes @ > 0 that
IE@ oI,

0,°[0.7)
S C@.3) e M“b o?10.7)

lIzllo

wp  swp Ty g 220
ke(l....n} agly_.p) (T = t_1)? k=t D2
Step 2 concerns an upper bound for the RHS of (1.9). For tﬁls we use a two parameter scale of Holder spaces. Let CO(R) consist of
the bounded continuous functions and HolO(R) of the Lipschitz functions, both defined on R and vanishing at zero. Then we define
the scale of Holder spaces

+ 1.9

Hol, ,(R) = (CO(R), HBI)(R))y, for (6.q) € (0,1)x [1, 0]

by real interpolation [15,16], where the fine-index ¢ = o recovers the §-Holder functions. The inclusions Hol, @ (]R)CH('jlé.’q1 (R) for

1 < gy < q; € o are strict which follows from [17, Theorem 3.1]. For 0 < s < @ < T we will prove in Theorem 5.9 that
1-6
1772 M”bmo;(y)g 0 < caaollelusl, ,w) for 6€(0,1), (1.10)
T—-a | _ |2 <é? | |2 (a(Y )2(0—1> +o(Y, )2(9—1)) 1.11)
(T — S)H Po— Qs X (1.11) 4 0 a N .

for 6 € [0, 1], where |g|y := sup,, |g(x) — gW)I/Ix - y|? is the §-Hélder semi-norm. In Section 7.4 we show that (1.9), (1.10), and
(1.11) imply the following:

Corollary 1.2. Let 6 € (0,1) and g = g@ + g € Holy,(R) + Hol)(R). For a deterministic time-net 7 = {0 =1, < - <1, = T} and
a € [0,T) we define the weight process @ = (®,),e[01) by

@,(7,0) :=o(V) +0(¥, Y 'o(Y)) if a€ly_y.1p),

D, = ||g(9)||H619‘2(R)‘Da(T» 0) +1gP]15(Y,).

Then there is a ¢ = ¢(T, 0, 6) > 0 such that

IEE: Dllymooio.r) < € Vil
Moreover, for n € (0,1) and an n-Hoélder function g : R — R one has

IIECg; T)llbmof(T'UH"(y)[O,T) <dlgl, Vzlly
for some d = d(T,0,n,0) > 0.

In case (C2) Corollary 1.2 applies to powered call and put options (see [18]). Moreover, it plays the key role to provide a solution

to overcome the discrepancy between (1.7) and (1.8): For K > 0 we first replace the pay-off g = 1 ¢ ) by

1 ¥y
gy = ;/ Lk c0)(2)dz < 1k o) () for some &> 0.
y—€

The Lipschitz constant blows up like ~!. The trick is to use the Lipschitz function g,, however to measure this Lipschitz function in
the Holy »(R) space. With inequality Eq. (7.11) we will show that

")
Ilge 151, ,R) < CoE™"
0,2

so that the blow-up is e~¢ instead of £~!. This effect can be made arbitrary strong by 6 | 0 and yields to a significant improvement of
the approximation of the binary option. Specializing the results from Section 5 to the function g(y) = 1k .,(»), which is the pay-off
of the binary option in the case (C2) introduces above, we prove in Section 7.8:

Theorem 1.3. For0 e (0,1), D> 1,e :=2D" H (supyer Pr(M)~ 1, where pr is the continuous density of Yy, K > 0, and ac = ¢(T,8,6) > 0
one has

1
(D) Eljk o)(Yr) —Eg (Yp) < D70 and P(g(Yr) < Lig o0)(Y7)) <2D77,
@ IIE(gE;TG)IImewIOT) <e forcD =(:0,0),°

3 el < cDe on [0,T) ><Q where ¢° is defined as in (1.6) for g,.

£

In the case (C2) the interpretation is as follows: In (1) we estimate the difference of the option prices for 1k ., (Yy) and g (Yr)
and the shortfall probability, respectively, (3) is a size-constraint on the trading strategy, and (2) bounds the uniform local hedging
error with the optimal rate 1/4/n. One essential point of Theorem 1.3 is that in (1) the constant 1/D is raised to the exponent 1/6,

3 r,f is given in (1.5) and @&(r,0) in Corollary 1.2.
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1
so that for D > 1 the constant D™ 9 gets arbitrary small for small 0, whereas in (2) we have the exponent 1 for D. To illustrate this
further we couple the cardinality » of the time-net to D by D := n® for 6 € (0, 1/4) to get a balance between the hedging error and
the shortfall probability:

8
Corollary 1.4. For 5 € (0,1), 0 := T2, n €N, &, :=2n"0(sup ez pr(y)~', and K > 0 one has:

5
1 1

(1) Bl g o0)(Yp) — Bg, (Yp) <n°72 and P(g, (Yr) < Lig o0)(¥7)) < 20 2.

@) Ifoe RH,(P) for some q € (1, o), then one has, for A > 1 and a € [0,T),

_4
e ¢ 1 (CD)
4

1
Q( sup |E 8., i) = Eylg.,:0)| > en’ 24,
) e ¢ 1 (C2)

t€la, T

?a>$c

where ¢ = ¢(T,0,0,q, ”dQ/dP”RHq(]p)) > 0 in case (C1), and in case (C2) we additionally assume Q € RHi(IP’) and get
c=c¢(T,0,0,q.%) > 0.

Corollary 1.4 is proven in Section 7.8. Here Q € RH, (P) and Q € RHio(]P’) mean that the Radon-Nikodym derivative dQ/dP
satisfies a reverse Holder inequality (see Definitions 2.4 and 5.5).

Remark 1.5. In Corollary 1.4 we see that i > 6} 0 implies 1 > 6 | 0, so that Theorem 1.3 becomes essential for small §. Without
Corollary 1.2 and only using [14], which considers equidistant time-nets for Lipschitz terminal conditions, would necessary yield to
0 =1 and therefore to 6 = 1/4 in the proof of Corollary 1.4. So the rate would be only n_%, while we get 3 for any 6 € (0,1/4)
in this article.

Sections 6 and 7 contain proofs of the results presented before. In Section 8 we provide some auxiliary results, in particular with
Section 8.1 the necessary connections to [14] regarding the BMO-spaces and the weights from SM,,.

2. Preliminaries
2.1. General notation

Welet N :={1,2,...} and N; := NU{0}. For a,b € R we use aV b := max{a,b}, aAb :=min{a, b}, a* :=aVv0, a~ :=(-a)Vv0, and
for A, B> 0 and ¢ > 1 the notation A ~, B for %B < A < ¢B. The corresponding one-sided inequalities are abbreviated by A >, B
and A <, B and we agree about 0° := 1. Given a metric space M, B(M) denotes the Borel s-algebra generated by the open sets.
For a probability space (2, F,P) and a measurable map X : 2 — R?, where R? is equipped with B(R?), the law of X is denoted by
Py. For p € (0, 00] and a measure space (£2, 7, u) we use the standard Lebesgue spaces L (€2, 7, ) and omit parts of (€2, 7, u) in the
notation if there is no risk of confusion. For a set A € F with u(A) € (0, ) we let u, be the normalized restriction of x to the trace
c-algebra F|,.

2.2. Interpolation spaces

Let (E,, E;) be a couple of Banach spaces over R such that E, and E, are continuously embedding into some topological
Hausdorff space X ((E,, E,) is called an interpolation couple). We equip Ej, + E; := {x = xy + x; : x; € E;} with the norm
Xl gysg, = inf{lixollg, + Ix1llg, @ x; € Ejyx = x4+ x;} and E, n E; with the norm IXll gy, := max{llxlig,, Ixllg,} to get Banach
spaces EyN E; C Ey+ E,. For x € Ey + E; and v € (0, ) we define the K-functional

K(v,x; Ey, Ey) :=inf{||xll g, + vllx( g, © x =X +x},

which is continuous in v. Given (0, q) € (0,1) X [1, co] we set

(Ey By i={x € Ey+ Ey : o U_GK(U,x;EO,E,)HLq((Om)’%> <o} @1
and |Ixllg, £, = lo = v 9K (v, x; Ey, E1)||Lq((0$w)'%). We obtain a family of Banach spaces ((EO, Eggol - ||(EO’E1)M) with the
lexicographical ordering

(Ey, E, )qu0 C (Ep, ENgyg, forall #€(0,1) and 1< ¢y <g; < o, (2.2)
with

||>€||(150,E|)Ml < 0(2.3)||>C||(EO,151)(,J,0 2.3

where ¢, 3) = ¢(5.3)(0, 49, q;) > 0, and, under the additional assumption that E; C E, with Ixllg, < cllxllg, for some ¢ > 0,

(Eg, E\)gyqy € (Egs E1)g, 4, forall 0<8; <6y <1 and go,q; € [1,00].
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For more information about real interpolation the reader is referred to [15,16,19]. Given a Banach space E and (g, s) € [1,0] X R,
we will use the Banach spaces

£43(B) =y € E 2 I8 Ikl pioll, < oo}

with ||(xk)z°=0“f>‘(E)
q

do- 4159 € [1, 0] and s(, s; € R with s, # s, and 6 € (0, 1), one has according to [15, Theorem 5.6.1] that

= (|2 | x |l E);io” , and ¢, being the standard Lorentz sequence space, and the notation #,(E) := KS(E). For

(f;g’(E), f;] (E))gq = €o(E) where s :=(1-0)s5+0s (2.4)

and there is a ¢, 5) > 1 that depends at most on (s, s, 4o, 4;. 0, g) such that

- llescey ~es - ”(K;R(E)ff,]' EDog’ (2.5)

2.3. Function spaces

Given §§ # A € B(R), we let B,(A) be the Banach space of bounded Borel functions f : A - R with || f|| By(4) ‘= SUPxea | F (O, CE(R)
be the closed subspace of B,(R) of continuous functions vanishing at zero, and Cr@®) € By(R) the infinitely often differentiable
functions such that the derivatives satisfy f® € B,(R), k > 1. The space C!(R) consists of differentiable functions with continuous
derivative and C*®(R) of the functions that are infinitely often differentiable. For 6 € [0, 1] we use the Holder spaces

Hol,(R) := {f : R — R Borel function : |f], := supw < oo},
X#y [x =yl
HBL(R) := {f € HEL(R) : f(0) =0},
Hély ,(R) := (C)(R), H8I)(R)),, for (6.9) € (0.1)X[1,c0].

The space Holy(R) is the space of bounded Borel functions, but equipped with the semi-norm |f|; := sup, ,eg |f(x) — f(»)|. This
norm is the correct one for Theorem 5.9. To shorten the notation we will use

[flog = I/ llusl, @)

Note that if we use the Banach space C[?(R) + Hél?(R), then we see that (C,?(]R), Hél?(R)) forms an interpolation pair. Moreover, by
the above definitions we obtain Banach spaces (Hélg(R), | - lo) and for 6 € (0, 1) we have that Hol, ,(R) = Hélg(R) with equivalent
norms up to a multiplicative constant (a direct proof can be obtained by an adaptation of [20, Lemma A.3], see also [19, Theorem
2.7.2/1]). The fine line between different fine-indices ¢ is illustrated in Section 8.4. The following inclusions regarding different
indices for the Holder continuity will be used:

Remark 2.1. For 6 € (0,1) and 1 < ¢, < q; < o, by (2.2), it holds
Holy , (R) C Hély, (R).
Moreover, for 0 < 6, < 6; < 1 and ¢ € [, ] one has that
Holy, o, (R) € Holy ;(R) + HOI)(R) C Holy ,(R) + HEI)(R). (2.6)

Although (2.6) should be folklore, we include its proof in Section 8.5.
2.4. Stochastic basis

We fix a time horizon T € (0, ), let (£2,F,P) be a complete probability space equipped with a right continuous filtration
F = (F)po) such that 7 is generated by the P-null sets and 7 = Fr. For I = [0,T] or I = [0,T) we denote by CL(I) the set of
F-adapted cadldg (right continuous with left limits) processes A = (A,),¢;, by CL* () the subset of A € CL(I) with A,(w) > 0 on Ix £,
and by CL () the subset of A € CL(I) with A, = 0. For A € CL(I) we use

(1) A* = (A}),qr with A7 = supgo 145,
(2) 4A = (44)), g with 44, := A, — A,_, where A;_ := Aj and A,_ :=lim, 4, A, for 7> 0.

We write EY [¢] for the conditional expectation of & given GC F (where we exploit extended conditional expectations if £ is non-
negative) and use Py(B) := EY[1p] for B € F. The usual conditions imposed on F allow us to assume that every martingale
adapted to this filtration is cadlag. Given a cadlag L,-martingale A = (4,),; with Ay = 0, the sharp bracket process is denoted by
(A) = ((A),),;e1 and the square bracket process by [A] = ([4],),c (see [21, Chapter VII]). Both processes are assumed to be path-wise
non-negative, cadlag, and non-decreasing on I, and such that (A4), = [A], = 0. In particular, the process (A) = ((4),),1 is the unique
(up to indistinguishability) non-decreasing, predictable, cadlag process with (A4), = 0 such that (4% — (A),),; is a martingale.

Given g € (1, ), we say that an (F,),¢[o,r)-martingale A = (A,),go1) is closable in L, provided that (4,),g0 ) converges in L, as
t 1 T. This is equivalent to sup,e(o ) 141l < oo, see [22, Corollary 7.22].

6
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2.5. Bounded mean oscillation and regular weights
We use the following weighted bmo-spaces, where we agree about inf §J := co in this subsection.

Definition 2.2. For p € (0, ), A € CL([0,T)), and @ € CL¥([0,T)) we let
EFa [|A, — A |7] < cP@) as. }

A :=inf< c € [0,00) :
I ”bmof[o.r) { forall0<a<t<T

If | Allymoe o) < 0., then we write A € bmof [0,T). In particular, for @ = 1 we use the notation bmo,[0,T). To normalize a process
P .
to start at zero to be measured in bmo, we use A — A to denote the process (4, — Ag)ejo.1)-

In stochastic process theory there are two classes of spaces of bounded mean oscillation which are frequently used, namely,
bmo and BMO. In their definitions bmo uses the increments A, — A,, whereas BMO uses A, — A,_, where p : Q — [0,7] is a
stopping time (cf. Definition 8.2 and Proposition 8.3 for their relations in our framework). In general, the spaces bmo and BMO
are significantly different, even in discrete time. In fact, the bmo-spaces are more convenient to work with, however, to obtain good
distributional properties of the process via a John-Nirenberg type theorem one needs to use the BMO-spaces in general. Therefore,
in this article we mainly work with the bmo-norms, and in the applications when A = (A,),cor) has continuous trajectories, we
can achieve the good distributional properties for A because both bmo- and BMO-norm coincide as A,_ = A,. For the theory of
classical non-weighted BMO-martingales and applications we refer exemplary to [21, Ch.VII], [23, Ch.IV], and [24, Section X.1].
Non-weighted bmo-martingales were mentioned in [21, Ch.VII, Remark 87] and used after that in [25,26]. The BMOf-spaces, which
we will exploit later to obtain tail-estimates and which coincide with the bmof—spaces for continuous processes, were introduced
and discussed in [14].

Next we recall (and adapt) the class SM,, introduced in [14, Definition 3]:

Definition 2.3. For p € (0,0) and @ € CL*([0,T)) we let ||¢'||SM,,<[0,T)) := inf ¢, where the infimum is taken over all ¢ € [1, o)
such that for all a € [0,T) one has

Ee [ sup th] < cPdP as.
t€la,T)

If ”(D”SMI,([O,T)) < oo, then we write @ € SM,([0,7)).

By choosing a = 0, @ € SM,([0,T)) implies Esup,cjo7) <Df < o0. Moreover, it follows directly from the definition that
SM,(0,T)) € SM,(0,T)) whenever 0 < r < p < . If p € (I,0) and @ is a martingale, then @ € SM,([0,T)) is equivalent
to the standard reverse Holder condition E’« [tbf ] < dP@! as. for 0 < a <t < T. For this article we need to make the connection
from Definitions 2.2 and 2.3 to the setting of [14], which is done in Section 8.1.

2.6. Reverse Holder condition and bmo

Definition 2.4. A probability measure Q on (2, F,P) satisfies a reverse Holder inequality with exponent g € (1, o) if dQ = EJP
with £>0o0n 2 and € € L,®), and if there is a ¢ > 0 such that

{/EFa[£9] < cETa[€] as. forall ae[0,T].
In this case we let ||dQ /d]P’llRHq(P) := inf ¢ where the infimum is taken over all ¢ > 0 as above and we write Q € RH,(P).

If we define || - ||bmoa>,g[0 ) 38 in Definition 2.2, but under the measure Q, then, for 0 < r < p < o a direct application of the
conditional Hélder inequality yields

II- ||bmo;b~0[o,T) < /1dQ/dPlIgy , @l - IIme;»[O,T). 2.7)
\/ =

2.7. Uniform quantization and time-nets

For 0 € (0,1] and n € N we introduce the non-uniform time-nets 13 = {t‘?n}" with

i=0
&, =T =T1-/m)/ (2.8)
for i =0,...,n, that are characterized by the uniform quantization property
0 [ I
= [ 7 @ -w'du=~ for i=1,..,n
TY Jo n

i-ln

We define the set of all deterministic time-nets

T i={r={}_,:0=1t<t; < <t,=T,ne€N}
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and, for € (0,11 and r = {1,} €T,

i=0
lellg = sup —t— =]
O L (T =10
Note that
T Y
0 9
Il < 5= and el < 5. 2.9)

3. Riemann-Liouville type operators
As described in the introduction we shall not use the concept of fractional martingales, instead the following different approach:
Definition 3.1. For « >0 and a cadlag function K : [0,T) — R we define 7°K := (I} K)o by
P
I°K = F,/o (T —uw)* 'K, du. 3.1)

Moreover, for a = 0 we let I'K := K.

The cadlag property implies the boundedness of K on any compact interval of [0, T). Therefore, 7*K is well-defined and cadlag
on [0,7T), i.e. I% operates from the space of cadlag functions to the space of cadlag functions on [0,7). The above definition can be
re-formulated in terms of the classical Riemann-Liouville operator R%(f) := ﬁ fou(a —u)*! f(u)du by

™ 7ek with K" =K

R;(K(r)) = m . Ut

where we compute the Riemann-Liouville operator, applied to the function u — Ky), at a = T. We use a different normalization as
we want to interpret the kernel in the Riemann-Liouville integral as density of a probability measure. The following statement is
obvious, but useful and important to reveal the group structure of the Riemann-Liouville type operators:

Proposition 3.2. For a > 0 and t € [0,T) one has

a ! 1 T—1\*
19K = F/o (T - u)* Kudu+<T) K. (3.2)

In the main part of the article we only need I°K for a > 0. However, to derive an inversion formula we extend the definition
by (3.2) to the case a < 0 and prove that there is a group structure behind:

Proposition 3.3. Define for a <0, a cadlag function K : [0,T) - R, and t € [0,T), I7K by formula (3.2). Then

(1) 1°(1PK) = 1K for all a, f € R,
(2) I7%(I1°K) = K, for all « € R.

Proof. As (2) follows from (1), we only verify (1), which follows from

t _ o
i“/o (T—u)“_llfkdu+(%) 'k

t u _ i
ia/ (T = u)*! <7%/ (T—U)ﬂ_ldeu+<TTu> Ku>du
_ s
+(TT’ < /(T—u)ﬂ ’Kdu+( T’) K,)
/(T—u)“/’*lkvdu—ﬁ(iw /(T vy 1K, dv

_oetp-1
T‘”ﬁ/ (T —u) K, du

T —1)" —1\*F
+ﬂ(TM) /O(T—u)ﬁ"lKudu+(—TTt) K,

I4(I°K)

Ta+ph

_ qatp
=1""k. O
We continue with some more structural properties:

Proposition 3.4. For a cadlag function K : [0,T) — R and t € [0,T) one has:

(1) lim, )y I°K = K,.
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(@) tim,o T7K = K.
3 A17K = (52) 4K, fora e R

Proof. (1) and (3) follow from Eq. (3.2). To verify (2) we use the probability measure yu,(du) := %(T —uw)*'du on [0,T) and
observe that lim,_,, #,([0,€]) = 1 for all e € (0,T). As I7K = /OT K, M, (du) the cadlag property of K gives (2). []

With the next statement we derive properties of K from properties of 7*K:

Proposition 3.5. For a > 0, a cadlag function K : [0,T) » R, and 0 < s <t < T we have

a 1
K, —K, = (%) (I°K - 1°K) —aT"/ (T =™ (19K - I°K) du. 3.3)

Consequently the following holds:
T \* a a
(1) K, - K, <2 (E) SUP,epo | 6K — T°K|.

@I IZK =limyr I7K €R does exist, then lim7 (T — K, =0.
Proof. To verify relation (3.3) we define L, := IK for ¢ € [0,T), express K, — K; as I, *L — I_*L, and use (3.2) to get
ret-tie (75) B (75)
—aT® /0 t (T —w)y™*'L,du+ aT® /0 ' (T —w™'L,du

a a t
= (—T ) Lt - ( T ) Ls - aTa/ (T - u)_a_lLudu
T-t T-s5s s

= (L)a(lzt - Ls) - aTa/ (T - u)_a_l(Lu - Ls)du'

T-1
Now claim (1) follows from (3.3). For claim (2) we use

T—t\"  _, L (T —1)°
(T> K,_IZK—/O(IMK) <am>du,

(T=n"

limy;p /i (aﬂ) du =1, and that lim,;7 sup,eio) ar =0 for all v € (0.7). [

(T—u)““

If the function K is a path of a cadlag semi-martingale L (see [24, Chapter VIII]) we obtain a fractional semi-martingale transform:

Proposition 3.6. For a > 0, a cadldg semi-martingale L = (L,);eo7), and 0 < a <t < T one has

_ a
I°L =1, +/ () 4z, as (3.4)
O.1]

a
Proof. As the case « = 0 is evident we assume a > 0. We apply integration by parts [24, Corollary 9.34] to ((?) L,) o) and
tel0,
obtain, for ¢ € [0,T), that

- a - '3
(Q> L =L, +/ (T “) dL, - % | (T -w*'L,_duas.
T oa™ T T Joan

Because L = (L,)e[o 1) has w-wise only countably many jumps, we can replace L,_ by L, in the last term. Then, taking this term to
the left side and using (3.2), we obtain (3.4). [

Now Proposition 3.3 (1) for a, # > 0 can be understood from Eq. (3.4) in the semi-martingale setting. The operator 7% preserves
the (super-, sub-) martingale property, which can be checked directly from its definition so that we leave out the proof:

Proposition 3.7. If a > 0 and L = (L,),go 1) is a cadlag martingale (cadlag super-, or sub-martingale), then (I} L),c(or) is a cadlag
martingale (cadlag super-, or sub-martingale).

It might be of future interest, that the Riemann-Liouville type operator 7% turns into a multiplier when commuting with the
horizontal and vertical derivative in the path-dependent setting:

Remark 3.8. Let D be the space of all cadlag functions x = (x(u)),eo7) : [0,7) = R. For x € D and ¢ € [0,T) we define the
horizontal modification %, by ¥,(u) := x(u A#) and the vertical modification x/ by x"(u) := x(u) + 1;, 7, (wh. Let Z : [0,T)X D > R
such that Z(-,x) € D for x € D and such that Z is non-anticipating, i.e. Z(z,x) = Z(1,X,). Then the horizontal and vertical derivatives

- hy_
may be defined as (9Z/dt)(t, x) := lim g per—, w and (0Z/ox)(t,x) :=lim,_, ZEX)2Z0D i the corresponding limit exist

(see [3]). Then one has

Sarn= (L)' (2) wa 2ao= (L) ().

9
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provided that all the corresponding limits exist. To check this one observes that
_ a
I°Z)(1, %) = / Z(u,0) 2 (T = )™ du + (u) Z(t, %).
[0,6) T« T

Then the second relation in (3.5) is obvious and the first one follows from

za, x)%(T e 7%(T — 0 Z(t,x) + (%) %(1, X)
T—1\"3Z
=( T ) o &%

For later use in the article we need the following quantitative relations:

Proposition 3.9. For a > 0, a cadlag martingale L = (L),efor) S L, and 0 < a <t < T one has, as.,

T 2a-1
F, 2 F 2o (T —u du
E”[II?L—IZLI]ﬂaE“[/a |Lu = Ll () 7], (3.6)
EFe [|1;1L - IgL|2]
T —a\% 2 7, T 2 (T —u\** du
() Il =2 | [P (S F 3.7)
Proof. For (3.6) we exploit (3.4) and It6’s isometry to get, a.s.,
_ 2a
B ||zie - 1L ] = B [/ (T=9) d[L]u] 3.8)
@™ T

2a F

a (T = v)**'dvd[ L] ]

T2 [/w] /[u,T) ‘
2a _p [ / / 2a-1

= L d[L](T — v)**'dv
T2 (a.1) J(aonn] “

2a .F [/ 2 2a—1
= 22 gF |Lyn — Ly |2(T = v)*'do] .
Tza @r) VAL a

Relation (3.7) follows directly from (3.6) and the orthogonality of L,,, — L, and L,. [J
4. Riemann-Liouville type operators and approximation of cadlag martingales

Various L -approximation problems in stochastic integration theory can be translated by the Burkholder-Davis-Gundy inequali-
ties into problems about quadratic variation processes. In the special case of L,-approximations this is particularly useful as there is a
chance to turn the approximation problem into — in a sense — more deterministic problem by Fubini’s theorem when the interchange
of the integration in time and in w is possible. When p # 2 this does not work (at least) in this straight way, see for example [11].
However, passing from global L,-estimates to weighted local L,-estimates, i.e. weighted bounded mean oscillation estimates, and
exploiting a weighted John-Nirenberg type theorem, gives an approach to L,- and exponential estimates.

The plan of this section is as follows:

(A) Theorems 4.3 and 4.4 are the key to exploit the local L,-estimates in the sequel. It turned out that one can formulate these
theorems in the general setting of random measures (I1,Y). For this we need relation (4.1), which is a general form of the
identity (4.12), the latter based on the conditional orthogonality of increments of an L,-martingale.

(B) By Assumption 4.5 we specialize the setting given in Assumption 4.1 so that the measure I7 will describe the quadratic variation
of the driving process of the stochastic integral to be approximated and Y will describe some kind of curvature of the stochastic
integral. As results we obtain Theorem 4.6 and Corollary 4.7.

(C) As an application we provide two approximation results for general cadlag L,-martingales: Theorem 4.9 describes a discrete
time martingale approximation which relates to real interpolation, while Theorem 4.12 provides a regularization, based on
adapted backward smoothing, leading to local Lipschitz trajectories.

4.1. The general result in terms of random measures

First we introduce the random measures and the quasi-orthogonality (4.1) where we use extended conditional expectations for
non-negative random variables.

Assumption 4.1. We assume random measures

I1,Y : Q x B((0,T)) = [0, 0],

10
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a progressively measurable process (¢,),c[o), and a constant « > 1, such that
(o, (0,5]) + Y(w,(0,5]) + sup |g,(w)| < oo
1€[0.6]

for (w,b) € 2x(0,T) and such that, for 0 <s<a<b<T,

e [ / PR H(du)]
(a,b]
~ ETe [Iwa—(pslzﬂ((a,bm / (b—u)Y(du)] as. “.1
(a,b]

When (4.1) holds with <, then we denote the inequality by (4.1)%, in case of >, by (4.1)>.

To simplify the notation in some situations we extend I7T and Y to I1,Y : 2x B((0,T]) = [0, ] by I (w,{T}) =Y (@, {T}) = 0 for
all w € Q.

Definition 4.2. For a random measure IT : Q x B((0,T)) — [0,c0] and a progressively measurable process (@,),cjo7) Such that
I (@, (0, b]) + sup;e(g 5 |#,(@)] < oo for (w,b) € 2 x(0,T) we define for 7 = {;}7_ € T the cadlag process [¢; 7] = ([¢; T]])oepo,r) DY

[p; 7]l = /
(0.l

and [p; 717 = limyrle; 7]] € [0, c0]. We also use the notation

2

n

0u= 2@y Ly an @] T (du)
i=1

[p;7];, =@ty — @71 for 0<a<b<T
so that, in particular, [¢; 7l5, = Lo ]y

The next two statements, Theorems 4.3 and 4.4, develop further ideas from [10, Lemma 3.8] and [11, Lemma 5.6] to a general
conditional setting using random measures we exploit in the sequel:

Theorem 4.3 (Upper Bounds). Suppose Assumption 4.1 with (4.1). If 6 € (0, 1], 7= {t; };':0 €T, and a € [t;_,,1}), then one has, a.s.,
E”. [[rp;T];‘,T]
Izlly

Ee [ / (T = w)' %Y (du) +
(a,T)

<K

(T —ty_)'?

2
e Rl H((a,rkb].

Theorem 4.4 (Lower Bounds). Suppose Assumption 4.1 with (4.1)? and assume 6 € (0,1].

=t
(D Ifr={t;}]_ €T, a€lt_y.1p), and |lzlly = #, then

Fa LT _
E [[(P’T]””k] 17, T -t

=
lizllo K

lpa =@, P ((a, tk])] as.
Tp =Ty

(2) For any a € [0,T) there exist t, € T, n € N, with a € 7, and lim,, ||z,||, = O such that, a.s.,

EFe |[; 7,17
u > LEE [/ (T - u)l-gy(du)] (4.2)
Iz, llo €4.2) (@T)

liminf
n
. 1
with ¢4 5) 1= 4x27.
Theorems 4.3 and 4.4 are proven in Section 6. Now we specialize Assumption 4.1 to the settings that will be used in Section 5:

Assumption 4.5. We assume that there are

(1) a positive, cadlag, and adapted process (c,),¢[or) Such that o, € L, and such that there is a ¢, > 1 with

b
EFe [bla/ o‘idu] ~e, 62 as. forall 0<a<b<T,
a

(2) a cadlag square integrable martingale M = (M,),/07) With My =0,

(3) let II(w,du) := cf(a))du and Y(w,du) := d(M),(») for u € [0, T), where (M) is the conditional square-function (see Section 2.4),
(4) a ¢ € CL([0,T)) such that Eq. (4.1) is satisfied and let [¢;7]° = [¢; 7]".

Now we transfer Theorem 4.3 and Theorem 4.4 into the setting of Assumption 4.5, where (4.1 and (4.1)? simultaneously hold

(see, for example Lemma 4.8 and Proposition 5.4). In this case the upper and lower bounds of Theorem 4.3 and Theorem 4.4 hold
simultaneously and are therefore sharp in general:

11
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Theorem 4.6. Suppose 0 € (0,1], a := #, that Assumption 4.5 holds, a € [0,T), and define c(4 3) := k@T'% v c,), C4.0) ‘= KCg,
1 1
Cas) =T 116x27, and c(4 ) := 16x20. Then the following statements are true:

(1) For all == (i}, € T and a € [t;_,.1;), one has, a.s.,
E"e [[(p; T]Z,r]

llzllo

T—-a
Efa | sup |I°M - I°M| | + ——2% |0, — 252 ). 4.3
< [relag)lx a I] T % eul 4.3)

< €(4.3)

(2) Fordll s € [0,a] thereisa t = {fi},’»':() eT withs=t,_, <a<t, and

T’H . o
E [[rp,ﬂﬂ]> L s

A _T=a o P as 4.4
[Izllg /0(444) (T =10 ¢ Tt Ta

(3) There are (z,),eny C T with a € 7, and lim,, ||z, ||y = O, such that, for all c-algebras G C F,, one has, a.s.,

ES (137,17,
> Tnlar
fiminf —— 1 > L g0 | sup jzam —zomP | (4.5)
n [EA P C(4.5) tela.T)
(4) One has
lll@: 715 I, ?
P — 6 0 sup |z M| (4.6)
er lzlle 1€[0,T) L
Proof. (1) For a € [t;_;,1;), Assumption 4.5 implies that
(T -t )]—9
BN |—E o, - ¢, P ((a.1])
Tp = Tgy
s, (T —t, )1—0
<0 o - [ |2#520k —a)
’ T =Ty
T-a 2 2
< mkﬂa -, |0,
Moreover, we have
o\ 1-8 o 1-0
o () ]| (2520
@n~ T @n~ T
_1-0
=FFe [/ (T ”) d[M]u]
@n~ T
F, a a 2
~y Ea |: sup |IfM —ISM | ] a.s. “4.7)
t€la,T)

by Doob’s maximal inequality and (3.4). Theorem 4.3 implies, a.s.,
Ea [[‘ﬂ?T]Z,T]
—
< KB [ / @ -y + T P rw]
(@T) T =Tk

_ T-a
<[ 4T E e | sup |1°M - I°M|*| +¢,——2— |0, — 0, %62 ).
=X ( relaT) I t a | 4 (T _ tk—l)g a Tk—1 a

Tty

(2) We choose a net 7 = L} €T such that s =7, , <a<1,=T and ||z]|, = T o

so that Theorem 4.4 (1) yields to
F, . 10
B ol ] )
lIzlly T ok Tty
1 T—-a 2.2
= — e, - a.s.
Ky (T —t,_1)° @0 = 0,1 0

(3) As we have G C F, we use Fatou’s lemma, (4.2), and (4.7) to get a.s. that

o, — @, (T - a)o}

[o;7,1°
ES | sup |T¢M — T M|?| < dey o TO'ES |liminf BFe | — 4T
P t a (4.2)
t€la,T) n ||Tn||9

12
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[o; 7,17
< ey T liminf BY | BV | — 2o
n 17,1l
o 7,10
= 4¢(40) T liminf BS | — 2T
n Iz, llg
(4) We let a = 0 and G := {#, Q2}. The equivalence (4.6) follows from Eq. (4.3) (where in this case only the first term appears
which gives the constant «4T'~¢) and from (4.5). [

By Theorem 4.6 we characterize ||[¢; 7]°|| Izl

bmo®” [0.7) <
Corollary 4.7. Assume that Assumption 4.5 is satisfied. Then for 6 € (0,1], a := %, and ® € CL*([0,T)) the following assertions are
equivalent:

(1) One has I°M € bmo‘z”[O, T) and there is a c(4 g) > 0 such that

]
T o
ﬁdba for 0<s<a<Tas. (4.8)
(T —a)2
(2) There is a constant c(4 o) > 0 such that, for all time-nets t € T,

@, — @slo, < cag)

10371 7, < Il “.9)

If @ = (6,¥)cjor)y Where ¥ € CL*([0,T)) is non-decreasing, then (4.8) is equivalent to the existence of c(410)cc411) > 0 such that the
following holds:

0e0,1): |o,— gl <cy10T —a) ¥, for 0<a<T as., (4.10)
T-s
T-a

0=1: |(pa—(pS|<c(4'H)(l+ln )'P for 0<s<a<T as. (4.11)

Proof. The equivalence between (1) and (2) follows directly from Theorem 4.6 and Doob’s maximal inequality applied to 7* M.
The equivalence between (4.8) and (4.10)-(4.11) follows from Lemma 8.6 below. []

4.2. L, - and bmo-approximation of cadlag martingales
First we show that Assumption 4.5 allows for the investigation of general cadlag martingales:

Lemma 4.8. Assume a cadlag martingale L = (L,),cio1) C Ly, 0 :=1, M := L — Ly, and ¢ := L. Then Assumption 4.5 is satisfied with
k=1

Proof. We have that IT(w, du) = du and only need to show Eq. (4.1), i.e.

E*a / |L, — LS|2du] =E. [(b —a)|L, - L* + / b - u)d(M)M] a.s. (4.12)
L/ (a.b] (a,b]

One can replace in the formula L by M and write on the LHS M, — M, = (M,,— M)+ (M, — M,). Using the conditional orthogonality
of these terms, we reduce the above equation to

E s /( , M, — Ma|2du] =FE (b- u)d(M)u] as.
L/ (a,

(a,b]
This equality follows from, a.s.,

Ea / |Mu—Ma|2du] =E. / / d(M)Udu]
L/ (a,b] (a,b] J (a.u]

=FE - u)d(M)u] . O
(a.b]

If 6 = 1, then the functional [L;7]° = [L;r]' measures by

t
[L;7)! =E/
0

the approximation of L by the martingale (}7_, L;,  L¢, ,.,1@)yeor) up to time ¢ € [0,T). To characterize the behaviour of [L; ]!
in terms of real interpolation, we replace a martingale L = (L,),¢[or) Dy its discrete time variant

2
du

n
L, - Z Ly L@
i=1

LY = (LR, with 1 =T (1-27%).

13
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1
For the interpolation couple we use the sequence spaces Z, 2(H) and ¢, (H) as introduced in Section 2.2, where H :=L,(2,F,P).
Since L is an L,-martingale, it turns out that

_1 T
defzz(H)(:A ||L,||i2dt<oo, (4.13)

LY et (H) = Ly = sup LIy, <o, (4.14)
t€[0,T)

where (4.13) follows from (4.15) below. The first condition, fo IIL, ||2 dt < o0, is a typical condition on martingales that appear as
gradient processes. The other condition, sup,o,7) Il L/ll, < oo, means that the martingale L is closable in L,. Here the interpolation is

done with the spaces fz : (H) and 7, (H) as these end-point spaces and the resulting interpolation spaces are technically convenient
to handle. An alternative approach might be to investigate the usage of L,([0,T); H), g € {2, %}, as end-points along with the results
from [19, Section 1.18]. However, here Bochner integration and related measurability issues have to be addressed.

Theorem 4.9. For 6 € (0,1), a := #, and an L,-cadlag martingale L = (L,);cjo 1) With Ly = 0 the following assertions are equivalent:
-1
(D) LY € (£, (H), £ o(H))gy.
(2) (I} L),eqo.) is closable in L.
(3) There is a ¢ > 0 such that E[L; 7]} < c||z|ly for all € T.

Proof. Because (1L, i) is non-decreasing we observe for s > —1/2 that
2
[[CFA

—2s
T = T =007 e~ 10lL, Iy

k=0
~ep / (T =772 L, ||, dr (4.15)
*Jo
for some ¢y ; > 1. The inequality > in (4.15) follows from
T )
/0 (T =07 "L, |l dr < k};)(rw 1T =t NL,

(8]
—1-2. 2
=2 (tar = e DT = 1) 2L, 11
k=0

<2 D (tar = 1T = 17 HNL, 13,
k=0

The proof of the inequality < is analogous. Now for s := (1 —6) (——) + 00 (so that —1 — 25 = —0) we use Proposition 3.9 (Eq. (3.7))
with @ =0 to get
T 20
_ T )
(T -070L, 3% dr = sup —E|T*L|%.
/0 i re[o,pT) 20!

Now the equivalence (1) < (2) follows from (2.4) and (4.15). The equivalence (2) < (3) follows from Eq. (4.6) applied to M := L,
g:=L,ando=1. [
Remark 4.10. From Theorem 4.9 (2) we get for all e > 0 a #(¢) € [0,T) such that for s € [t(¢), T) one has

2
E sup / (L — LT — 1) lidu <e. (4.16)

te[s.T)

Without the supremum the left-hand side is equal to E|Z}L — I? L|?, the statement including the supremum follows from Doob’s
maximal inequality. The behaviour in (4.16) when s 1 T might be seen as a replacement of the L,- and a.s. convergence of L in the
case L would be closable in L,.

The counterpart to Theorem 4.9((2) < (3)) for the bmo-setting follows directly from Lemma 4.8 and Corollary 4.7:

Theorem 4.11 (Approximation vs. Fractional Integration in bmo). For a cadlag martingale L = (L,),cor) € Ly, 6 € (0,1], and « := #
the following is equivalent:
ITL:1 Nlomo 0.7

lIzllo

(1) SUper

(T— 0)2

<00.

(2) I°L - L, € bmo,[0,T) and H SUPp<s<act
T V)z

14
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4.3. Backward in time regularization of cadlag martingales
Theorem 4.9 and Theorem 4.11 describe discrete time martingale approximations. Another possible approximation is obtained
by a backwards smoothing in time, which yields to local Lipschitz trajectories. For this we define H, : (-0, T] — [0,T] by
Hy(s) :=T —T/1 - max{(s/T),0}.

Fort € (0,T] and n € N let vg(t -) be the image measure of the uniform distribution (n /T)/lll P

the 1-dimensional Lebesgue measure and ¢ = Hy(s). We define the time adapted Lz-oscﬂlatlon of a cadlag process L = (L)) at
t €[0,T) by

Osc(L,1) := \// (L, — L,)?V(t,dv)
[0.1]

and set

with respect to H, where 4, is

L= / LVo(t,dv) for t€0,T).
[0.1]

Theorem 4.12. For a cadlag martingale (L,),eq0.1) € L, and 6 € (0, 1] the following is equivalent:

(1) Thereis a ¢ > 0 such that E/OT |0sc?(L, 1)]2dt < é forallneN.
1-6
(2) T2 L is closable in L,.

If (1) or (2) is satisfied, then

01
|Ln'9|H611([0,r]) < 2nf (1 - f) sup |L,|
rel0,t]

and

c

”L — 0 ( <<
L, ([0,.7)x£2) \/;

Proof. (2)=(1) For &,0 € (0, 1),
1) = {(i+§)z,i =0,....n—1 } Ul0.T)ET,
n

and r"(é) = Hg(T (&)) we get ||r‘9(§)||0 —, where we use %;Sﬂj/bgw < (b—a)/6 for 0 < a < b < 1. Because

1
/|L,—Lh(rg@’t)|2d§:|Oscz(L,t)|2 for te[0,T)

with h(z,1) =5, ift € [s;_y,s5;) and 7 = {s; }:_":O € T, Theorem 4.9((2) = (3)) implies

Jj=1
T 1 T
E / |Osc) (L, 0)*dt = / E[L:7(O)]pdé < e
0 0
(1)=(2) Directly from the definition of Oscz(L, t) we get that

nE / |0sc?(L, 1)|?dt

i’l 2
_n B(L, — Ly ) du | dt
T /<0T> </ So-Taztay o ew >
_n / / E / d[L], |dt
T So-Tastor JHwan

2
_ n -1 T —1
-E /(0 A7 / NS— (1, "+~ H; ®)defdrL1,.

n0.T)

For e € (O, 3 ) we choose n(¢) € N such that one has

0< Hy'(e)< H 1(T—5)+%<T
For r € [¢,T — €] and n > n(¢e) we get that

}12 —1 T -1

— (H rn+——-H, (t))dt

T -1 -1 -1 T 6 n 6
Hy\(0<HS (O<HG 0+

15
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2\ ! H;l (r)+%
I / (H;m+z—gﬂmms
2 \ 2n2 HH_] ) n

T ., 1 _ T r\1-?
~ SHyH ) =55 (1-7)  as n— .
Therefore the Lemma of Fatou implies that

.. 0 2 T r 1-0
hmmntE/(O’T) 0sc?(L, 1) 2dt > %E/ (1 - T) diLl,.

n—oo [e.T—€]

As this is true for all € € (0, g) we can replace the range of integration [e,T — €] by (0, T). By Proposition 3.6 this implies

1-0
2

L— Ly

t

liminntE/ 0se’(L, )?dt > ~ sup EIT
n—oo 1) 20 iep0,1)
Finally, ||L—L"||; qorxo < 10s¢/(L, I, qorxe and the standard computation |L™()|yg, o,y < 200 (1 —(t/T)%
sup,¢o, | L,(@)| imply the remaining part of Theorem 4.12. []

5. Gradient estimates and approximation on the Wiener space

One background of this section is the problem from stochastic finance to estimate and control the error while discrete time
hedging a continuous time portfolio for a European option. Estimates in the L,-sense for irregular pay-offs have been obtained
in [8-10,27,28]. Although the L,-estimates have the advantage that one can exploit arguments based on orthogonality, the
corresponding tail-estimates are usually far from being optimal - although the L,-estimates itself are optimal. To obtain better
tail-estimates is significantly more difficult, and led to and inspired results that went far beyond the original problem. In the
context we are concerned with there are two approaches: One can consider L -estimates as in [11], where one has to give up
the orthogonality, or one can consider bmo-estimates as in [14], where we keep some sort of orthogonality but use concepts similar
as in harmonic analysis, spaces of bounded mean oscillation and reverse Holder inequalities. In this section we develop further the
approach from [14] and provide weighted bmo-Holder estimates for certain gradient processes on the Wiener space to deduce from
them approximation results.

5.1. Setting

We suppose additionally that 7 = 7 and that (F,),cr; is the augmentation of the natural filtration of a standard one-
dimensional Brownian motion W = (W), With continuous paths and starting in zero for all @ € Q. We recall the setting
from [9] and start with the stochastic differential equation (SDE)

dX, = 8(X,)dW, + b(X,)dt with X,=x,€R (5.1)

where 0 < ¢, <6 € CPR) for some constant ¢, and be CRR) and where all paths of X are assumed to be continuous. From this
equation we derive the SDE

dY, = o(Y,)dW, with Y,=y,€ Ry
where two settings are used simultaneously:
Case (C1): Y := X witho =6, b=0, and Ry :=R.
Case (C2): Y :=eX with o(y) := yé(Iny), b(x) := -% 52(x), and Ry := (0, c0).
In the context of stochastic finance, (C1) describes the generalized Bachelier setting and (C2) the generalized Black-Scholes
setting. In both cases, we let Cy be the set of all Borel functions g : Ry — R such that

sup e~ / lglatx + )PP e dy<oco forall >0 (5.2)
R

xeR

for some m > 0, where a(x) = x in the case (C1) and a(x) = ¢* in the case (C2). Under (C1) and (C2) any polynomially bounded g
belongs to Cy. Let us denote by (¥~ )ser ) the diffusion Y started at time ¢ € [0,T] in y € Ry and let us define, for g € Cy,

G(t.y) :=FEg(¥;*) for (t.y) €[0.TIXRy.

Remark 5.1. We collect some facts we shall use and that hold in both cases, (C1) and (C2):

@A) o'l g,y + ool g,r,) < 0.
(B) In the case (C2) we have o(y) ~, y for y € Ry and some ¢ > 1.

(C) One has G € C*([0,T) X Ry) and 9,G + %azagyc =0o0n[0,T)X Ry.
D) E [lg(YT)|2 + Sup;e(o,5) ’(GayG) @.Y))

(E) The process ((a%ﬁyG) (t,Y,)) . is an L,-martingale.

t€[0,T)

2] < oo for all b € [0,T).

16
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(F) The process X has a transition density I'y in the sense of Theorem 8.5.

Items (A) and (B) are obvious, (C) is contained in [9, Preliminaries], (D) follows from the definition of Cy, Theorem 8.5, and [9,
Lemma 5.2], and (E) is [9, Lemma 5.3].

This yields to the following setting:

Setting 5.2. In the notation of Assumption 4.5 we set

(1) o= (601 = (6 ¥YDieor)
(252 . _ L
@2 M = ([0 <o‘ any) (u, Y“)dW“):e[o,T) (with M, = 0 and the continuity of all paths),

3 ¢ := (9,6, Y,))tem).
Denote by E(g;7) = (E,(g; 7))oy the path-wise continuous error process resulting from the difference between the stochastic

integral and its Riemann approximation associated with the time-net z = {1;,}/_ €7, Le.

E(g:7) :=/ @,dY, - Zq;,, (Yo=Y, a0 for t€(0,T].

We also denote the approximation error on (a, t] by
E, (g:7) ;= E(g;1)— E,(g:7) for 0<a<t<T

and remark that E,(g;7) = E,(g; 7). Then, for any 0 < a <t < T, we apply the conditional It6’s isometry to obtain that, a.s.,

t n 2
E [lEa,,(g; T)lzl =E [/ Pu = Z Priy ]1(',71,11'1(“) Gfdu]
a i=1
=E% [[“’; ’]ZJ] : (5.3)
For @ € CL*([0,T)) this implies that
L2
||E(g,f)||bm0§>[0j) I[g; 71° ||bm0@2 01" 5.4

To shorten the notation at some places we use, for (¢,y) € [0,T) X Ry,
Z, =00, 9t,y) :=0,G(t,y), H, =070, G1Y,).
Next we verify Assumption 4.5. For this reason and later usage, we have the following lemma:

Lemma 5.3. The following assertions hold true:

(1) In the case (C2) one has (Y[ﬁo(Yﬂl )0y € SM(0,T)) for p € (0,0) and B, f; € R.
(2) There is a constant c(s 5y > 0 such that, forall 0 < a<b< T,

b
B | ! / o’du| ~x o as. (5.5)
b—a ¢G5 9

(3) For g € Cy one has Esup,c(,79,0,1> < o for a € [0,T).

Proof. (1) Because 6 € B,(R), for all « € R there is a constant ¢5 ) = ¢(56)(a, T, &) > 0 such that
EFa [ sup ea/(ar (X )dW] < ¢(5.6) &S (5.6)
refa,T]

for a € [0,T]. Because b is bounded this implies that (Ytﬂ herory € SM,([0,T)) for all p € (0,00) and f € R. Therefore we may
conclude by Items (2)and (3) of Proposition 8.1.
(2) We only need to check the case (C2) where we replace ¢ by Y due to (B). As Y is a martingale we get EF« [ fa b Yuzdu] > (b—a)Ya2

. b
a.s., otherwise E« [[u Yuzdu] ”Y”sm qory®— a)Y? as.
(3) Because of (D) we only need to check (C2), use again (B) to replace ¢ by Y, and obtain

Y,2<o. O

E sup |p,Y, > =E [l "B | sup Y| | <IIYI Elp
u€la,T] a ¢ u€la,T) “ h SM((0.T) “

Proposition 5.4. The Property 5.2 under the assumptions made before in Section 5.1 guarantee that Assumption 4.5 is satisfied.
Proof. The statement follows from Lemma 5.3 and [8, Corollary 3.3]. [

17
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Fora>0and 0 <a<t<T we get by (3.4) and (3.8), a.s.,
T—-u

o
) H,dW,

m=/ (
1

and E ||[70M - 1iM[| = BT [/7 (%)2 szu]. (5.7)

Finally, we will use the following condition on a change of measure which implies the reverse Holder condition Q € RH,(P)
from Definition 2.4 for all g € (1, c0):

Definition 5.5. Given a measure Q on (£, F), we say that Q € RHﬁo(]P’) if there is a progressively measurable process & =()ej0.1
such that

T
do / _L T e 2
2 &AW, 1 fiF 16, Pdu
du“ < and — =e/om=tTuT3Jo lsu a.s.
” /0 1.1 L (P) e dP

If 0 € RHio(]P’) as in Definition 5.5, then for all ¢ € (l,c0) one has that 0 € RH,(P) with ||dQ/dIP>||RHq(]P>)
oLl /T g 2
<eXp( 2 ”fo 1] du“Lm(P)>'

5.2. Convergence and closure properties

In this section we explain that the process (I7 Z),¢[o 1 inherits its limit behaviour from the martingale (M,),o - The relevance
of the process Z is that Z, = (60,G)(1. Y,) is accessible as Markovian functional using the underlying PDE, has a direct interpretation
in option pricing models, and relates to the Malliavin derivative of g(¥;) by the Clark—-Ocone formula.

Theorem 5.6. For (a,q) € (0,0) X [2,0), @ € SM,([0,T)), g € Cy, and under the a priori estimate for the process Z = (Z,),c(0.1)
1
(T -12|Z,| € cp®; as. for te€[0,T) (Cy)
for some cg > 0, one has:

(1) (IZ - Zp)igior) € bmo3 [0,T) < I°M € bmo5 [0, T).

@ If sup,ejo.r) P: € Ly, then 1% Z converges (is bounded) in L, & I*M converges (is bounded) in L,ast? T.4
(3) I*Z converges a.s. < I*M converges a.s. if t 1 T.

(4 If sup,cio) @; €L, and 1°Z — Z, € bmo} [0,T), then lim,y I Z exists in L, and a.s.

We prove this statement in Section 7.1. In the cases, which we are interested in, condition (C,) will be satisfied and corresponds
to a known a priori condition from the theory of parabolic PDEs. For ¢ = 2 in item (4) the condition sup,¢o 1) @, € L, follows from
@ € SM,([0,T)).

5.3. Approximation results for Holder spaces and Holder interpolation spaces

In this section we formulate the results related to the approximation under Holder conditions. These can be seen as a counterpart
to Theorem 4.9((2) < (3)) and Theorem 4.11 in the context of weighted bmo-spaces. We start with the case § = 1 in which we
extend [14, Theorem 8] from the geometric Brownian motion to the process Y and which we prove in Section 7.2:

Theorem 5.7. For g € Cy and @ = o the following assertions are equivalent:

(1) There exists a Lipschitz function § : Ry — R such that g = § a.e. on Ry with respect to the Lebesgue measure.
(2) There is a ¢=0 such that 1E(g: Dllpmee oy < eV II7ll foradlzeT.
210,

In (1) = (2) one can choose ¢ = d|g|,, where d = d(c,T) > 0 is independent from g and §.

We have the following counterpart to Theorem 5.7:

Theorem 5.8. Let g € Cy, @ € CL*([0,T)) with @ > 0, and 0 € (0, 1].
(D) Ifr= {t[}l’_’=0 € T, then

E(g: 2
VEG O 0, .
< cus [4IT2 M|

lIllo bmog’[0.7)

4 For I°M the L,-boundedness and the convergence in L, is equivalent because of the martingale property.
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Lm:|

2
T—-a 2 O-g
sup - sup o —— oo, 1" o5

+ 9
ke{l....n} aelt_y.1p) (T —1_1) 2

where c(4 3) > 0 is the constant from inequality (4.3).
(2) There is a ¢ > 0 such that

”E(g;r)”bmog)[(),T) <cyllzlly forall te€T
1-6
if and only if 12 M € bmoJ[0,T) and there is a d > 0 such that

4
T —5)2
|(pa—<pslaasd%d§a for 0<s<a<Tas.

(T - a)?
Proof. Item (1) follows from Theorem 4.6 (1), where Doob’s maximal inequality gives the additional factor 4. Corollary 4.7 and Eq.
(5.4) imply item (2). [

In the next result, whose proof can be found in Section 7.3, we finally use Holder terminal conditions to apply Theorem 5.8:

Theorem 5.9. For (0, p) € [0, 1] X (0, ) and g € Holy(R) we have:

(1 glg, € Cy.
@) o € SM,(0,T)).
1-0
(3) For0<s<a<T and ¢z = ¢7.1)(6,T) > 0 from (7.1) it holds that (T — ) 7 |@,| < ¢(7.1)lglg0?™" so that
T—-a

2(0-1) 2(0-1)
_— o + o .
(T — s5)? a $ )

2
|(pa - (psl < 26(27_1)|g|§ (
(4 If 6 € (0,1), then there is a c(5 g) = ¢(5.8)(c, T, 6) > 0 such that

1-0
72 M|, <ciglglgs for g € Holy,(R). (5.8)

mogg [0,T)

(5 Let6 € (0,1)and A= Z — Zy or A= M. If g € Holy,(R), then

1-¢ 19
17 Aebmo®[0,T) and limZ,’
P 1T

.2 AexistsinL, and a.s.

Remark 5.10. The statement Theorem 5.9 (4) does not hold for g € Hol, ,(R) for g € (2, o], so that the condition g € Holy,(R) is
sharp (in [29, Theorem 5.1] we consider an example for the case c =1 and T = 1).

The above Theorems 5.8 and 5.9 will allow us to deduce Corollary 1.2 in Section 7.4. Moreover, in order to prove Corollary 1.4

we provide the following general tail-estimate, which might be of independent interest and which is verified in Section 7.5:

Theorem 5.11. Let (0,p.q) € (0,1) X (0,0) X (1,00), t €T, @ := AD(r,0) + Bo with constants A,B>0, A+ B>0,Q € RH,(P), and
let R e bmof [0,T) be continuous. Then one has for A > 1 and a € [0,T) that, a.s.,

e ¢ :(C)
F,)<c lin A2
e ¢ :(C2),0€eRHE, (P

t€la,T) a

|Rt - Ral R J)
o sup P > cl| ”me;)[()YT)

where ¢ > 0 depends at most on (o, p, q, ||dQ/d]P’||RHq<P)) in the case (C1), and on (T, o, p, q,)

1P
e

Finally we include terminal conditions g of bounded variation in our considerations. This is the key to obtain the results about
the binary option in Theorem 1.3 and Corollary 1.4. To simplify the formulation of the following theorem we do this for a special
class of g:

)) in the case (C2).

1
Theorem 5.12. For § € (0,1), D > 1, € := 2D 7 (sup,eg pr(»)~, where p; is the continuous density of Yr, and a right-continuous
distribution function g of a probability measure on B(R) with g(0) = 0, one has

1
(1) Bg(Yy)—Eg,(Yp) < D77 with g,(») := 1 [ g(2)dz < g(v),
@) NEE: T oo po.7) < cs_lz\% for @ := @(:%,6) with z° from (2.8),
1
(3) 9| < c¢519D7 on [0,T) x L2 with ¢° defined as in Property 5.2 (3) for g,,
where ¢ 15 = ¢515(T,0,06) > 0.

Balancing the corresponding errors from items (1) and (2) in Theorem 5.12 we arrive at the following result:
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Corollary 5.13. For § € (0,1/4), 6 :=(26)/(1-25) € (0,1), n€N, (g, 8,) asin Theorem 5.12 with ¢, = Zn’%(supyE]R< pr()!, and
for @ = &(<%,9) one has

s—1
IECe,: ) lomaro.r) + BEYr) = Bge, (V) < (e512+1) 1”72,
1
lo| < e519n27° on [0,T)x £,

where @¢» is defined for g, as in Property 5.2 (3).
6. Proof of results of Section 4
6.1. Proof of Theorem 4.3

To simplify the notation we set ¢ :=0. For = {t;,}]_ €T, a € [t,_.;), and 5; :=1; V a one has, a.s.,

F, .
o ]2 [
@r]
F, 2 S
=% / (pu_¢,k_l| I (du) + 2/
(a,ty] i=k+1 7 Wizl

2

n
Pu= 2, 0 L)@ H<du>]
i=1

2
ou=| H(du)]

2 n
< kB ||g, - @, | I((a, 1, ]) + Z/ (s; —w)Y (du)
i=k J (si—1.8i]
te— 1t 2(T =t
< kEFa | & k=l |, _ =RV 7((at
) [(T—’kl)l_g fa (ptk_l‘ T = T (@D

c Si—u 1-0
+ / —I—G(T —u) 7Y (du)
(8i-1-5i1 (T - u)

i=k
<«lizlly
2 (T =t )0
E [ Pa— (p,k_l‘ ﬁﬂ((a,zk]n/ (T —u)l—GY(du)]
Tk =Tk (1)
where we use —t = Tt ¢ _liThol 17|, for u € (s, 5,1 N[0, T) as s,_; <s; implies 1, =s;. []

(Tiu)l—e (Tfu)l_g = (T—t;_y )-6

6.2. Proof of Theorem 4.4

(1) Beginning the proof as for Theorem 4.3 with a € [1,_,, 1), we get, a.s.,

" 2
B ool | = B [ / TR S TR () H(du)]
(atk] i=1
F 2
=F @iy, | 1)
(a,ti]
> B l|og - o, | @rD|.
Dividing by ||z||, = _l=l we obtain the desired statement.

(T-tj_)'=?
(2) We partition the interval [a, T] with (uff);;o and (re‘“ " . As n,a,0 remain fixed in the following estimates we write for ease

in’i=1
of notation and readability simply »; and r; defined as

i=a+ (T —a) [1—(1—}1);], i=0,...n,

i
) set\o | .
i a+(T—a)[1—<1—'2—n) ], i=1,...,n

and add ry := a and r,,; := T. Choosing for both nets the remaining time-knots on [0, a] fine enough, we obtain nets z%(a) and
7%(a) satisfying

<
Il

‘
Il

Uy — Ui ~9 Fiv1 — 1
Ief@llg = sup ————— and |Z(@l,= sup ——.
" i=l,.n (T —u;_)1=? " i=0.1,...n (T —r)1=0
By a computation, we have for i =1,...,n and u € (u;_;,r;] that
(T - af’ c_miTn o #iu i (T—a)s’ 6.1)

<
gartly (T =)0 T (-0 T (T - )0 T on
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and fori=1,...,n—1 and u € (r;,u;] that

(T ]— a)’ < Tigl _2‘1 < Titl —1" < Figl — Iri < (T —a)g’ 6.2)
029!, (T —u)'-? (T —u) =0 (T -0 On
where the last inequality in the chain of inequalities in (6.2) holds for i € {0,n} as well. This implies
T —a)’ T - a)’
lf@ily < S22 and @, < 22 ©3)
On 6n

Next we obtain, a.s.,

E [ / (T - u)l—"Y(du)]
(a,ry]
n—1

= Z Ee [ / (T - u)l_gY(du)] + Z Ee [ / (T - u)l-"Y(du)]
i=1 iy ril i (ri,u;l

i=1

1 n
<8y e / @’ — u)Y (du)
(T -a) @iy ]

i=1
n—1
+ Y EN [ / (Figy — u)Y(du)H
i=1 (rju;]

[ l@) . (@7 @I ]
Iz8(@lly IZ8@lly

where for the last inequality we first use (4.1), that gives the factor x. For each n we choose the time-net that gives the larger

1
< (k20THETe [

1
quotient and obtain the desired nets as we have (6.3) and r, = a + (T — a) [1 - (1 - % ) 9] 1T asn— oo. []

7. Proof of results of Section 5 and Section 1

Lemma 7.1. Assume that 6 € (0,1], g € Cy, t €T, and ® € CL* ([0, T)) such that, for all a € [0,T),

2
+ T—-a
(T -1,

when a € [t;_y.1,). Then || E(g; Dllypeeior) < /a3 VIITllo, where ¢y 3) > 0 is taken from inequality (4.3).
710,

1-0
2

1-0
1> M-1," M

Ee [ sup a ®o— @iy,

t€la,T)

Proof. The statement follows directly from (5.4) and inequality (4.3). [

Lemma 7.2. For a >0 andt € [0,T) one has, a.s.,

(T-0"Z,=TZy+ | (T —-uw*H,dW, + / (T - u)e’(Y,) Z,dW,
O.1] 0.1]

—a| T-w'Zdu+ % (T - w)*(e6”)(Y,) Z,du.
(0.1 (0.1]

Proof. The assertion follows by Itd’s formula applied to the function (t,y) — (T —n* (oayG) (t,y) with Y, inserted into the
y-component, where we use the PDE from (C). [

Lemma 7.3. There exists a constant c(; 1) = ¢(7.1y(¢(g.3),T) > 0 such that for 6 € [0, 1] and g € H6l,(R) one has
0-1
0,6 0)| <71y l8lg o~ T =) T for @.y) € 10.T)x Ry. 7.1)
Proof. Set /' := g and F := G in case (C1) and f(x) := g(e*) and F(u,x) := G(u,e*) for (u,x) € [0,T) X R in case (C2). Let us fix
u € [0,T). In both cases, (C1) and (C2), we have

OXF(M,X)=/R@xfx(T—u,x,é)f(é)dé‘=/]RGXFX(T—u,x,é)(f(f)—f(X))dé

x2
where we use (F) with the transition density I'y from Theorem 8.5. For 7 > 0 denote y,(x) := —— e~ 2 . In the case (C1) we derive

V2rt

for y = x that

0,G(u,y)| = [0, Fu, x)| < Igly | |0:Tx(T —u,x,8)| |€ - x|°de
R
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_1
<lely [ e =0 F vy roax - DlE = x1'dg
R
o1 0
=lglo(T =) | cga)Yeq, MInl"dn
R
o-1
< glo(T —w)2 /C(s.sm(&g)(n)(l + |nDdn
R
where we use [ 0, Iy (T —u,x,£)dé = % Jo Tx(T —u,x,£)dé = 0. For y = e* we get for (C2) that
|y0,Gu.»)| = [0, Fa. )|
< lely [ 10T —ux. 0 1€ —e* g
R
= lglge’ / [0, Iy (T — u,x,&)| | " —1|%de
R
%0 -1 E-x 110
< lglpe . 8.3 T =) 27y 5 -y (x — O e —1]"dE.
We conclude by
/]R ety o6 = D 57 —11%0 < /R Vot - OIE1° 1 e
4
<(T-w? /IR ey 1’ VT dy

<T-w? /R ey A+ I eVTH dy

<.

A 1 ’ 2
Lemma7.4. LetdP := LdP with L := eJor 7' O0AW=3 fon 1/ 00FY 4nd ¢ € ¢y Then the process (o(t, Y, e = (0,6, Y etor is
a P-martingale.

Proof. Applying the PDE from (C) we get that
0,9(1,) + (65", 0, ) + %a(y)zaﬁyq;(r, »)
- % oG + %a(yﬁaﬁyc;(z, | =0
on [0,T) X Ry. By It6’s formula this implies that
ot Y,) = @0,y + /«m (aayq)) (u,Y,) [dW -0 (Y )du] a.s.

for t € [0, T). Because of (A) and Girsanov’s theorem we obtain a P standard Brownian motion W, =W, - /(0 " o'(Y,)du, t € [0,T].
Moreover, for 1 € [0,T), p,q € (1,0), 1 = i + r% = é + %, and with p’q’ =2 we have that

EP</|aa WY, du)

t
<@ L7y | EP (/ ‘(o‘()y(p) @ | du
0

oS
':\‘ =

o ,;17
1 ! 2 2
< |7 (et (o o)

1
S(EPL”)% <EP< sup (au_”/)> >p <EP/ ‘ 2() (p Y, du)
u€el0,T]

The last term is finite because of (E), the first term is finite as ¢’ is bounded, the second term is finite in the case (C1), but also
finite in the case (C2) because of 6(y) ~ y and Lemma 5.3 (1). As by the Burkholder-Davis—-Gundy inequalities applied to continuous
local martingales we also have
/ (00,0) WY,
(0,s]

/ )(aay(p) W) du
0,1]

for some absolute constant ¢ > 1 and ¢ € [0,T), we get that (¢(,Y,)),co) IS @ P—martlngale O

2 o
~e E" sup
s€[0,t]

]E]?’
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7.1. Proof of Theorem 5.6
(1) For t € [0, T) the relation
T '
(x/ (T —w* ' Z,,du = a/ (T —w* ' Z,du + (T - 1) Z,
0 0
and Lemma 7.2 imply that
a/ (T -w*'z,,du
0.,7]
=TZ, +/ (T —w)*H,dW, +/ (T —u)’c'(Y,)Z,dW,
(0,1] (0.1]
1

+ = / (T —u)*(co”)(Y,)Z,du a.s.
2 0,1]

Denote b,(w) := %(UG”)(Yu(a))) and B := %”UO_NHBb(RY) < oo. Dividing both sides of the equality above by T* and using (5.7), gives

T—-u

a
(I°Z - Zp) - 1°M = ( ) Z,(6'(Y,)dW, + b,du) a.s. (7.2)
0,11

Next we observe that, for 0 <a<?<T, a.s.,

1
21\ 2
Fu T—u\ ,
<E [/«m( T ) Z,6'(Y,)dw, ])
T a 2 %
rﬂ —u
+<E |:~/(0,t]< T ) |Z,b,|du :|)

1
T — 2a 3
< (o'l g,y + BVT) <EF" [/ ( T u) Zﬁdu])
(at]

< collo' g+ BV (70 | sup @2 [ (L) g ])’
h(Ry) welar) “Jan N T T-u
Co(||0’||3,,(73y)+3\/?)

V2a

Because of (7.2) Item (1) follows. "
(2) Also, the martingale ( /(o,r] (T;”) Z,6'(Y,)dW,),0.) converges in L, and a.s. because of @ € SM,([0,T)), sup,cjor) P; € L,
and (8.2) of Theorem 8.4. Again by (8.2), the non-negative and non-decreasing process

t
T —u\“
|Z,b |du>
</0 ( T ) o 1€l0.T)

a
converges in L, and a.s. For this reason ( fo’ (%) Zubudu) o) converges in L, and a.s. as well. So, again using (7.2), Item (2)
tel0,

A

T—a\*
|I¢||5M2([0,T>>(' T ) Pa-

follows.

(3) This part follows from the proof of (2) for ¢ =2 as @ € SM,([0,T)) gives sup,eior) @; € Ly-

(4) From sup,go7) @, €L, 1°Z - Z; € bmo‘zb([O, T)), and (8.2) of Theorem 8.4 we deduce that sup,ejo 1) | Z| € L. By (2) we
conclude that sup,cpor) || ZF M|l < oo and obtain from the martingale property the L,- and a.s. convergence of I7* M. Now we can
use (2) and (3) to obtain the L,- and a.s. convergence of (Z; Z)erory O

7.2. Proof of Theorem 5.7

(1) = (2) We may assume that g : Ry — R is Lipschitz. By Lemma 7.3 we have
|3yG(Ms y)| <coplely and  |Z,| < e plglio, for (u.y) €[0,T)XRy.

Let 0 < a<t<T.From Lemma 7.2 with « = 0 we get that

Z,=Z,+ H,dW, + / a'(Yu)Zuqu+l (c6"Y)Z,du as.
(] (@] 2 Jiaa)

Then one has, a.s.,

1
E%a [/ Huzdu]
a
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t
< y/EFa [|Z,—Za|2]+||a/||3h(Ry) EFa [/ ngu]
a
' 2
E7a /|ZM|du
a

VT ,
Ea [|Zz - Za|2] + [HG/”B,,(RY) + THGUN”B,,(RY)] EFa [/ Z,fd”]
a
<coleh [\/]Era [0? +aa]

\T
+ crlgh I:”G,”B,,(Ry)+ THGG”HB,,(RY)] VT | EFe |:MESll:1pT)ng|

1
+ §||6O'H||Bb(Ry)

T
<o lel [2+ VT gymy) + 5 100" a,cr,0 |

T
< C(7‘1)|g|1 [2 + ﬁ“a/”Bb(Ry) + 5”‘7‘7””31,(73},)] ||0||5M2([0,T)>0a

and hence

\/EPa [|M, - M,|?| = 1/E%a [/ Hfdu] < C(7A3)|g|1||°'||SM2([O,T))‘7a a.s., (7.3)
(a,1]

for some c(; 3)(,T) > 0. Applying Lemma 7.3 for 6 = 1 yields ‘0yG(u, y)‘ < ¢z lgly for (u,y) € [0,T) x Ry. Therefore, by applying
Doob’s maximal inequality in (7.3) and assuming a € [#,_,,,) we have

T-a

2

2

+—2 K
T -1t “

EFe [ sup |Mr - Ma|2:| Pa = Py

t€la,T)

2, 2 2

<4 eralgh ||G||5M2([0,T)) o, +4 [0(7,1) |g|1] o,
4l 2 2 2 2
=4 [c(7.3)”6”5‘M2([0,T)) + 5(7.1)] lglie,

where we used TT:“ < 1. Now Lemma 7.1 implies (2).

2)= (1) Give?rlklzl € (0,T), exploiting (4.4) and (5.3) give

T-a 2 2
sup —— |, — @]~ <c a.s. (7.4)
sefoa T —s a st =574
Fora € (gT ) we choose s € (0, a) such that ;:Z = % Therefore we may continue to

|6yG(a, vl < ‘0},G(s,ys) + \/Ec(7'4) forall y,y, € Ry

where we use the positivity and continuity of the transition density I'y with

1
Iy(t=s;y1,9) = y—rx(f = 5;1n(y)), In(y,))
2

in the case (C2) and I'y = I'y in the case (C1) (I'y is taken from Theorem 8.5), that thg support of the law of (Y,Y,) is Ry X Ry,
and the continuity of 4,G(t,-) : Ry — R for t € [0,T). Applying Lemma 7.4, we have EP (s, Y,) = (0,Y,) for s € [0,T). Therefore,
for each s € [0,T) there are 0¥, w! € Q such that for y := Y (&)) € Ry we have ¢(s,)°) < 9(0,Y)) < (s, y!). Because y — 9,G(s, y)
is continuous on Ry we find a y, € Ry such that ¢(s, y,) = ¢(0, yy). Therefore,

T
10,G@ )| <]0,60.30)| + V2eir.4) =t ) forall (a,y) € (E,T) X Ry. (7.5)
Let 2, € F be of measure one such that for all w € 2, one has
ltlTr;l G(1, Y () = g(Yp(w)).

Let I, := Y7(£,) C Ry. Then g is Lipschitz on I, with Lipschitz constant c(; 5), and since I, is dense in Ry (as Yy has a positive
density on Ry), the function g| 1, can be extended to §: Ry — R as a Lipschitz function on R,. Moreover, P(g(Yy) = §(¥7)) >
P@)=1 0O

7.3. Proof of Theorem 5.9

As (1) is obvious we start with (2). We only need to check the case (C2) and in this case we have o(y) ~ y so that we can use
Lemma 5.3 (1). (3) follows directly from Lemma 7.3.
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(4) By Proposition 5.4 we have that Assumption 4.5 (and therefore relation (4.1)) is satisfied. To derive (5.8), our idea is to use
the Stein—Weiss interpolation theorem [15, Theorem 5.4.1]. To do that, we need to establish the respective end-point estimates in

the cases 6 =0 and 0 = 1. We fix a € [0,T), a set A € F, of positive measure. First we observe that by (4.1) (applied to s = a and
with b 1t T), Lemma 7.3 for § =0, and Lemma 5.3,

1 T
— // (T — w)H2dudP
\/; AJa
T 2
< // |oy — @, o2dudP
AJa

T T
< \/// ZEdudIF’+\// (pg/ ogdud]P’
AJa A a

< \/ /A g(¥;)2dP + \/ /A [cfm)lglﬁagz(T - a)—‘][c(zsﬁ)(T - a)ag] dP
< qllgll B,ry) VI(A).

On the other hand, the end-point estimate for 6 = 1 follows from (7.3) as

/ T [
[4/ H?2dudP < ez lglhllellsa, o) Aa{%d[@.
a

and 4, being the Lebesgue measure we get

For the linear map 7' : g = (H,) /o7

|7 : chm® = Lyta D x 4.7 = yap @ )| < eV, (7.6)

“T { HOR) — Ly([a, T) X A, A ®]P’A)” < cn// c2dP,, (7.7)
A

where P, is the normalized restriction of P to A. Applying the Stein-Weiss interpolation theorem [15, Theorem 5.4.1] to (7.6) and
(7.7) yields

|7 : cpm. Hol @)y, — Lala. T x A (T =)' P4 @B,

0
2
SR (/AgﬁdPA> . (7.8)

with ¢; g 1= C(cy1/x)!?c!. In other words, we did prove

T 1 [
2 2
</A/ (T—u)l—GdeudPA> <o </Aa§dIPA> gl
a

For 6 € (0,1) and / € Z define A, := {§'*! < 62 < ¢é'}. Then

T
/A / (T - w)'"~? H2dudP
a

T
= Z / / (T —w)' P H dudP 44 | PA(AN A)
P(AnA))>0 \/An4; Ja

0
< C(27A8) Z </ UgdPAnA,> Py(ANnA) |g|§,2
P(ANA))>0 \/ AN4;

<y Z 8P 4(AN A gl
P(ANA))>0

2 -0 20 2
< c(7A8)5 /Aaa dP, Iglg,z.

As § € (0, 1) was arbitrary, we derive

T
/A/ (T—u)"eH,,zd“dlpASc(zfg)/AUngPA |g|§,2
a

and by (5.7), for0<a<t<T,
2 T
=F%a [/ (T - w'~"Hdu

25

1=0
2

1-9
I M-1," M

a

TI—BEFG |:

2 201,12
< ¢7.8)% |g|0’2 a.s.
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(5) From (2) we know that ¢? € SM,(10, 7)) for all g € (0, o) which also implies that sup,¢(o 1) of € L,. For a continuous adapted
process (A,),epo,ry With Ay =0 we know from Proposition 8.3 (2) and Theorem 8.4 (1) that

Al

bmog” [0.7) lAlbmo [0.T) |A|BM0;” [0.T)
e |A|BM0; 07 = ”A”bmo [0.7)

where ¢ > 0 depends at most on (p, ||6?|| Mo (07> llo?|l g Mp([O,T)))' The a priori estimate (C,) holds because g € Hél,,(R) € Hol, ., (R)

and Lemma 7.3. So the statement follows from (4) and Theorem 5.6. []

7.4. Proof of Corollary 1.2

By Theorem 5.7 we get some ¢; = ¢;(c,T) > 0 such that

b. 1
lE(g ),T)||bmo;[o,r) <qlg®L izl for reT.

Combining Theorem 5.8 with Theorem 5.9 we get

I1E?; T)”bmo;’“"”[o,r) < \/C(4 3) [4C(5 o)|8@15, +2¢%, 1)|g(9)|§] Vilzlle
< cplg?P0g2V17llg

1-0
with ¢y = ¢4(T, 6) > 0 where we exploit (2.3). Finally, ||z|l; < T'0|zlly, @ = |g©]4,P(z,0) + |gV] ;0 and ¢ := ¢y V(T 2 ¢)) give

1E: Dllymzio < VITely:

Now we check the moreover-part: For an x#-Holder function g with € (6,1) we apply Remark 2.1 with inequality (8.7) and get a
decomposition g = g@ + g with

|g(9)|92 +g! )|1 Cg|g<9)|91 + g )|1

cocs )8l e
for some ¢, > 1. This implies that
= 18V1g2@(7.0) + 18110 < ¢4c(s.7) |8, [P(7,0) + 0]

which proves this remaining part. []
7.5. Proof of Theorem 5.11

We fix 7 = {t;}/_, € T and will proceed in four steps.
(a) We choose r e (0, p) such that ¢ = £ so that (2.7) implies

||R||bmoleOT) < {/11dQ/dPlIry (IP’)“R“me 1) = P < .

For a € [0,T) and F € F, with Q(F) > 0 this implies

(2 “
D, t€la,T) (% )re[al)Q

[a.T)
From Proposition 8.3 (2), the continuity of the process R, Proposition 8.3 (3), and Theorem 8.4 (2) we deduce for y > 1 and v >0
that

Rl — Ry 1—u djr
Op| sup [———|>bpuv | <e ¥ +p0p| sup — >v (7.9)
t€la,T) qja t€la,T) d)a

where b, # > 0 depend at most on r.

(D) Let0<a<t<T,a€lty_y,t), and t € [t;_y,1)). If t tr_1, then we get

Jj=1 j-1=

@, _ AP0+ Bo, o  Pi(r,0)

@, AD(7,0)+ Bo, o, @,7,0)

0, 0-1 5
o, O +O-’HO-’ oy 610 oy ot oy

= —V # < —V 5 < sup —_ —_— .
o, ol + 6y s Ca 05 uelag) O, O,

Similarly, if #;_; > t,_,, then

6
@ o-,Vd)(‘r 0) vo'x o 0 < 2<0'u>9_1 o,
—_— sup — — p.
@, D ,(z, 9) o? = uefar] o, o,
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Using o(y) ~e 1 for (C1) and o(y) ~e, ¥V for (C2) we bound the last term with

1 (cn

6-1
O, O
2<_“> <22 y\O-1y
o) o, supue[a,n{(y—Z) Y_f} (€2),

where the factor cg, and not a higher order, comes from a cancellation.
(c) Case (C1): If we set v, := 2c§, then (7.9) implies for x > 1 that

QF< sup > [64/190/dP ks ) vo ||R||bm0¢m,ﬂu> <el*
t€la,T) P

which can be taken to the form used in Theorem 5.11.
1 /T —~
(d) Case (C2): By assumption we have dQ = Jor &dWu=7 Jo 1alPdu gp i H fOT |.)§M|2du“L ® < co. Therefore, W, := W, — fot &,du

RI_RH

a

1
< \/?”fOT |§u|2du”z we get that, a.s.,

is a Q-Brownian motion by Girsanov’s theorem. Using (b), Y =¥, and ” fOT |¢§u|du”L ®

o ()

sup 2 <cé sWPrefor| o) 6KV |

tela,T) (pa

1
T 2 2 ~ N ~
Ce2x/7||f0 14l d“”Lw(P)”G”Bb(R) ezsupte[a.T]'/(a,lj (X4, |

with ¢ = ¢(T,6) > 0 independent of . With y=v = ﬁ one can follow the arguments of [30, Lemma 6.2(ii)] to deduce from (7.9)
the desired bound. [

7.6. Proof of Theorem 5.12

For € > 0 we have g,g, : R - [0,1] with 0 < g, < g and g(y) = /[0,00) Lk c0)(MH(dK), Le. g is an average over functions of type
1k.c0)(») for K > 0. So g, is the corresponding average over (1 g o))e- AS [(L[k o0))eli = é, we get

1
|g&|1 < ;

Drawing (Lig o)) @and (Lig oo))r4, for t > 0, we see that

£

||(1[K,oo))g - (]1[1(,00));+5||C2(R) =1- t+_e’

whence ||g, — gl CO®) <1- 1+Ls Next, we observe [;(g(y) - g.(»)dy = % If p; : R = [0, c0) is the continuous density of the law of

Yy (see Theorem 8.5), then this implies

lpr Il B,(R) .
2

Now we are in a position to verify

|Eg(Yr) — Eg (Yp)| <

2t

K(t.g.: C(R), HOIY(R)) < & for 1>0 (7.10)
&
. . . 1 . .
This follows from the decomposition g, = (g, — &) + &1 With |g,. |} < — and |lg, — gl A®) <1- xi« = HLE which yields to
(7.10). We deduce that
® ar) 2
Igelo2 = ( / [17PK (1, g.; C)(R), Hél?(R))|27> <cpe? (7.11)
0
1
Finally, with ¢ := =2 this implies,
llor 1l By )
1 collprll’y ®) llprlls,m® 1
IEg(Yr) —Eg (YD)l S D77, Igloo < ————D. lgeh < —5—D7.

The first inequality is item (1). Using the second inequality, Corollary 1.2 (¢ := 0 and g := g,), and (2.9), we derive item (2),
where an upper bound for ||py | 5, can be found in Theorem 8.5 (2). The third inequality and Lemma 7.3 with ¢ = 1 imply item

3. O

27
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7.7. Proof of Corollary 5.13

1
T llerligy®  llerliBym

1

) =
In Theorem 5.12 we choose D,, := n° so that % -p ~9. We deduce || < 515D, =

\/; n
570 and
C5 1R an

D _1

llE(gfn;Tg)llbmo‘b[O,T) + |Eg(YT) - Egg(YT)l < C5,12—n + Dn 0
2 \/;

1

= (cs10+ 1)"5_5- Oa

7.8. Proof of Theorem 1.3 and Corollary 1.4

If g(y) = Lk o) (») for K > 0, then Theorem 5.12 and Corollary 5.13 remain true with the term P(g:(Yr) < 1 )(Y7))/2 instead
of Eljg o,(Yr) — Eg:(Yr), € € {e,¢,}. In fact, inspecting the proof of Theorem 5.12, we have P(g,(Yr) < 1ig o) (Y1) < ||pT||Bb(R)e
which implies this change for Theorem 5.12 and consequently for Corollary 5.13. By this observation Theorem 1.3 and Corollary
1.4 (1) follow. To check Corollary 1.4 (2), we note that Corollary 5.13 implies

.0 5—1
”E(gén’fn)”bmo‘;[o,T) < (CSJZ + 1) noz,

so that we may finish with Theorem 5.11. [J
7.9. Proof of Proposition 1.1

(a) We find an ¢, € (0,T] and for all € € (0,¢y] an #(¢e) € (0,1) such that
min {PGY, > D.POY, < D} > =

for € € (0,¢y] and y > 0 with |y — 1| < 5(e). In fact, the condition is equivalent to

£ &
min { P Wl>£+Llnl P Wl<£+ilnl >3 (7.12)
2 \fe ¥ 2 e vy 12

NG

Now, choosing first € € (0, T] small enough to bound =R and then #(¢) € (0,1) to bound Lg In i we can arrange (7.12).

(b) Define I, :=[-1/4,1/4], I, :=[3/4,5/4], and J :=(1/4,3/4). For A, B € R the density of Z := AY, + B is continuous and has
exactly two monotonicity intervals when A # 0, otherwise Z is a constant. For this reason P(Z € J) > min{P(Z € I)),P(Z € I,)},
which implies that there is an i, € {0, 1} such that P(Z € I, i) <1 /3. Let y > 0. The random variable 1, .,,(»Y,) only takes the values
0 and 1, each of them with a probability larger than or equal to 5/12. But Z € I; holds only with probability less than or equal to
1/3. Because the distance of II‘0 to i equals 1/4, this implies

1 /5 1 1
Bl 0¥ - ZP > = (S - 3)

£\1273) "o
(c) Now let T;, :=T — ¢, € (0,T] and define for a € [T}, T) the set B, := {|Y, — 1| < n(T — a)} € F,. We get from (a) and (b) that
2 dpP
1 Yr) — Y. -Y -
/Ba) “,00)( ) — v, + w,(Yr D] P(B,)
2
Yr Yr dP 1
= 1 Y,— | - -w,Y, Y,)—L > —.
/Ba [l,oo)( aYa) [(Ua w,Y,) + (w,Y,) Ya] 55 > 103

8. Auxiliary results
8.1. The class SM,, and BMO-spaces

We provide some facts about the class SM, and the BMO-spaces that are required in this article, in particular to apply the results
from [14]. We assume a stochastic basis (22, F, P, (F,),g[or7) With T' € (0, c0) such that (22, 7, P) is complete, 7, contains all null-sets,
and such that 7, = (¢ F, for all # € [0, T). Note that 7, is not necessarily generated by the null-sets only.

For this reason we add to Definition 2.3 in the definition of @ € SM,([0,T)) that @, € L,.
Moreover, we again use inf § := co. We start with some structural properties of the class SM, ([0, T)):

Proposition 8.1. For 0 < p, py, p; < oo with I]—] = i + pL and I = [0, T) the following holds:
1
() SM,[D) € SM,(I) and ||¢||5M,,(]1) < ||<I>||5Mq(ﬂ) whenever 0 < p < q < co.
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(2) If @ € SM,,(I), then @* € SM, (D) and [|®*[|sp ) < </1 + ”QHZ’MP(H)'
(3) For @' € SM, (), i =0,1, and @ = (D) ¢po.1) With @, := PLD!, one has

1Pl s a1, < ||([’0||5M (I[)||¢ lsa,, @-

Proof. (1) follows from the definition. Now let a € I. To check (2) we observe th =d, €L, and, a.s.,
a #1P| =k P *|P 1P
E” ngﬂ |1 ] =E" [sup@ ] IO+ 1PNy @) < A+ DI IR I7-

(3) We get ®0@] € L, and by the conditional Holder inequality that, a.s.,
E7a [sup o7 ]
a<tel

< {|ETa [sup (@07 sup (45,1)1’] < R [EFa [sup (dSP)PO] ” [EFa [sup (@] )l’l]
a<stel asrel astel astel

< II‘DOIISM,,O(H)”‘D] llsat,, VPP, = ||‘p0||5M,,0(H>||‘D] lsat, mPa O

Next we reformulate and extend definitions made so far to be in accordance with [14]:

Definition 8.2. Let p € (0,00), I=1[0,T) or I =[0,T], and @ € CL*(I).

(1) For Y € CLy(I) we let |Y|BM0"’(H) := inf ¢, where the infimum is taken over all ¢ € [0, ) such that, for all + € T and all
stopping times p : Q — [0,1],

T |1y, - Y, 1] < @b as.

(2) For I =[0,T] and Y € CL((I) we let |Y|m¢([0 - := inf ¢, where the infimum is taken over all ¢ € [0, o0) such that, for all

stopping times p : Q — [0,T],
T llYy =Y, 1P| < P@? as.

(3) For Y € CL((I) we let |Y|bm0¢(ﬂ) = inf ¢, where the infimum is taken over all ¢ € [0, o) such that, for all € I and all stopping
times p : 2 - [0,1],

B lY, - v, 1P <Pt as.

@) If o, € L, then we let |®@|¢ M@ = inf ¢, where the infimum is taken over all ¢ € [1, o) such that for all stopping times
p . Q — I one has

E”» |:sup tbf] < c”tpllj a.s.
p<tel
To be in accordance with the above definition we use, for example, the notation bmof([O, T)) instead of bmoZ’ [0,T) as we did
before. In [14] the definitions | - lW({o - and | - |¢ M0, has been used. We verify that these variants are consistent with the
o . p N
definitions we already introduced:

Proposition 8.3. Let p € (0, ), Y € CL(([0,T)) and @ € CL*([0,T)).

(1) If @y € L, then one has |®| s, 0.1y = 1Pl a1, 001
(2) One has |Y|bmog’<[o,r)> = ”Y”bmr);)([(),T))'
(3) One has

<2 (%’N[l @
F1Plsp,qorp 1Y e

|Y|BMO o, <Y IBMOd’([OTD BMO, ([0,T])’

where |®| ¢ My([0,7]) < is assumed for the second inequality.

Proof. (1) Because ||®|| g L10.7) < < |Plsp (00, T)) is evident we assume that ¢ := ||<D||5M,,([0,T)) < oo. Let p : 2 > [0,T) be a stopping
time, A : [0,T) — [0, o0) be given by A(r) := — — . For k, N € N, set
NNy e et ([ KRV o7y andlet HN@) = 31 by
[al,bN) := S5 o)) €10.T) andle ® ._Z;) (a3 OB}
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Then HN(t) | t for all t € [0,T) and pV := HN(p) : 2 - [0,T) is a stopping time as well. Then, a.s.,
E Y [ sup @f]
pN<i<T
b
= Z]E o ]l(ﬂ"’=’1£l} Nsup o= Z l{ﬂN=b£\')]E k ]l(pN=b£j‘f Nsup @
BN <i<T =0 Y <i<T
PP PP
< gl(psz%c By SOy

This implies that E"» [SUPPN << P ] < ¢’ER @’ | a.s. By N — oo, monotone convergence on the left-hand side and because @ is

cadlag, and dominated convergence on the right-hand side (@ is cadlag and E sup,cjo 7, @7 < c0) we obtain the assertion.
(2) Because ”Y”bmod’([OT)) < |Y|bm0¢(0T)) we assume ¢ = ||Y||bm0¢(0T)) < . Fort e [0 T), a stopping time p : 2 — [0,¢], and

] for

r

¢ €{l1,...,25}. By definition, p, (®) | p(w) for all @ € 2 as L — . Then E % [lY, - YsLlp] < c?@’, as. for £ =0,...,2%. Multiplying
13 Yf

L € Ny we define the new stopping times p; () := w; (p(w)) where y;(0) := 0 and y;(s) = st, := ¢£27Lt when 5 € (5571’

both sides with 1, P—— and summing over # = 0, ..., 2%, we get that
4

B [|Y, -Y, |P] < CP(DZL a.s.
For any M > 0 this implies E 7z [lY, LPA M] (cp<1>" )AM as. and

EF [|Y, ~Y,, 1" A M] <ER [(cqugL) A M] as.
The cadlag properties of Y and @ imply

T (1Y, =Y, 1P A M] < E? [P0 A M| as.

By M 1 oo it follows that |Y|bmo“’(0T)) ¢ as desired.

(3) The left-hand side 1nequa11ty is obvious. To check the other inequality we may assume that ¢ := lYlWod’([o - < c0. We let
, ([0,

t€[0,7] and p : 2 — [0,7] be a stopping time. Then, a.s.,
1 1 1
(B 1%, ¥, )7 <27 [(E”v (Y7 =Y, 1)) + (BT 17y - Ytlp])ﬁ]
1
<2V [app + (E7 1Yy - Y,|P])?] .

To estimate the second term we may assume ¢ € [0, T'). We find a sequence ¢, € (+,T] with ¢, | ¢. Using Fatou’s Lemma for conditional
expectations we get, a.s.,

1 1 1
(% [1¥r = Y,P]) 7 <timin (E% [1¥; - ¥, 1P| )" <liminf c (£ [0} ] )’
n n n n
< el@lspm, 0Py O

Finally, we state and verify the main statement of this section:

Theorem 8.4. Let0<p<g<oo, r€(0,00), [=[0,T) or [ =[0,T], and @ € CL*(I).

(D) If®eSM 7D with |®| g, L@ S < d < o, then there is a ¢ = ¢(p,q,d) > 1 such that | - |BMO‘D(H) ~e |- |BM0”’(]1)~
P q

(2) There are b = b(r) > 0, f = p(r) > 0, and cgo) = cgo(r,q) > 0 such that for Y € CLy(I), 0 < a < t € [,

D := (Y, = Y)uela, ’JlBMo (o) < o0, =1, and v > 0 one has, a.s.,
Pr < sup |Y, = Y,| > bDMv> <el ™t +pPy < sup @, > v>, 8.1
a u€la,t] a u€la,t]
Ee [ sup 1Y, <€, 2)D"EF [sup <I>z] if sup &, €L, (8.2)
u€la,t] u€la,t] u€la,t]

Proof ((1)a). For I = [0,T] and @ > 0 on [0,T] X 2 the result follows from [14, Corollary 1(i)], where we use Proposition 8.3 to
relate the formally different BMO-definitions to each other and Proposition 8.1 (1).

((1)b) For I = [0,T) and @ > 0 on [0,T) x £ this follows from (1a) by considering the restrictions of the processes to [0, t] for
te[0,7).

((1)c) For I=[0,T] or I=[0,T), and @ > 0 on I x £ we proceed as follows: For £ > 0 we consider @/ := @, + ¢ and observe that
| D¢ |SM L, = <c |¢|SM (@D and SUP,>0 |- lBMO‘D o = = |BMO‘D(H)
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(2) We restrict the stochastic basis to (4, F,n A4, P4, (F,NA),e[,) With A € F, and P(A) > 0, where P, is the normalized restriction
of " to A and 7, n A denotes the trace o-algebra. So we can assume that a = 0 and can replace P by P and E*. by E. Moreover, by
replacing @, by @ as above, proving the statement for the new weight, and letting ¢ | 0, we may assume that @ > 0 on [0,] X 2
(e | 0 gives sup,e(,, @, = v in (8.1), by adjusting b it can be changed into >). Now (8.1) and (8.2) follow from [14, inequalities
(5,6) and step (a) of the proof of Corollary 1]. [

8.2. Transition density

The following result, that is taken from [31, p. 263, p. 44], is crucial for estimates on gradients and curvatures on the Wiener
space:

Theorem 8.5. For b,6 € Cr®) with 6 > €, > 0 there is a jointly continuous transition density I'y : (0,T] xR X R — (0, 00) such that
P(X) € B) = fB I'x(t,x,8)d¢ for t € (0,T] and B € B(R), where (X;),o.r) is the solution to (5.1) starting in x € R, such that one has:

(1) One has I'y(s,-,&) € C®(R) for (s,&) € (0,T] x R.
(2) For k € N, there is a c(g 5) = c(k) > 0 such that for (s, x,&) € (0,T] x R X R one has that

k

1
(s x,8)| < ¢g.3)s 2yc(83)s(x &) where y,(n) 1= e . (8.3)

V2xt

(3) For ke Nand f € Cy (the set Cy from Section 5 in the case (C1)) one has

;k / Iy(s,x, )£ () = /

8.3. A technical lemma

X (s.x.8)f(E)dé for (s.x) € (0.TIXR.

Lemma 8.6. For 6 € [0, 1], a function ¢ : [0,T) - R, and a non-decreasing function ¥ : [0,T) — [0, o) the following assertions are
equivalent:

(1) There is a c(g 4) > 0 such that for any 0 < s < a < T one has

T -5)%
|(pa - (psl < €(8.4) —l’Pa' 8.9

(T —a)2
(2) (@) 0€[0,1): Thereis a cg 5 > 0 such thatfor a € [0,T) one has
¢, — ool < 5T — a) (8.5)

b 6=1: T?lerelsac(86)>03uchthatfor0 s <a<T one has

T-5
90 — @51 < Cs) (1 +In T—a)q/”' (8.6)

Proof. (1) = (2) Welett, :=T — - for n20.If s,a €lt,_;,1,], n > 1, then Eq. (8.4) implies

o 1 [1=(-5 1)] o-1 1+(1=0)n
00 — 0, < e PuTT T ———2 <V, T 7 (V2) .
(1-a- —)]
We now let s € [t,_;,t,) and a € [t,,, (.1, fOr n > 1, m > 0 arbitrarily. If & € [0, 1), then the triangle inequality and the
monotonicity of ¥ give

n+m

1+(1-0)k
lp, — @ol < 0(84)5UT T Z W2
k=1

o-1 (1-6)(n+m— 1) c(84)09‘1’
< caco?T T (V2) B e
(T - a) >

for some ¢, > 0 depending on 0 only. When 6 =1, SImllarly as above we get
100 — @5 < cs.0)Pa V21 +m) <2V 205 )P, (1 +n L = Z)

(2) > (1) If 6 € [0, 1), then Eq. (8.5) implies for any 0 < s < a < T that

= o0-1
[, — @5l < 1o, — ool + o — ool < g5 [5” T-a)2 +¥P(T -5)72 ]

oo (20 +(3=0) | =2
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0
(T -5s)?
< 20(845)11111—1'
(T -a)2

The case 0 = 1 is derived from the inequality 1 +Inx < 2\/§, x=>1. O
8.4. The fine lines in the scale of Hilder spaces Hol, ,(R)

To illustrate the scale of Holder spaces we consider the following example:
Example 8.7. Let

1Ax A
hgo(x) =0 if x<0 and hy,(x) = .9/ y1 <A
0

a
—> dy if x>0
—logy

for § € (0,1), A> 0, and 0 < a < (1 — §)A. In particular, hy((x) = (max{0, x})? A 1. Then we get

hgo € HOly (R) and  hy, € HOly ,(R) for a > 1/q and q € [1, ).

Proof. The case ¢ = 0 is obvious as Hol, ,(R) are the ¢-Holder continuous functions vanishing at zero. Let ¢ > 0. As
K(v, hy 43 CI?(R), Hél?(R)) < hy (1) for v € [1, ), we only need to check that

o7 K@, g s R, HER R wy <o

J(©1
for a > 1/4. This follows from

V0K (0, hy 43 C(R), HEL)(R)) < (1 + 6) (AL

a
> for ve(0,1].
—logv

To verify this fix v € (0,1, let £ := hy, and K(3) = Ljge,er, 05"~ ( )a. For x > 0 we decompose /(x) = /) x) + £ (x) with
f f”)(x) = 0“1 (K()AK(v))dy and f, ]E")(x) = f(x)-f f")(x) (for x < 0 the decomposing functions are defined to be zero). By definition

we have || f l(”)||H610(R) < K(v). Exploiting the monotonicity of K, where we use a < (1 — 8)A, we also have || f, ;”)H Ow) < Jo K()dy.
1 b

A-logy

Finally, a computation yields /,’ K(y)dy < gK (v) so that
K (v, hy,: COR), HBIO(R)) < gK(v) +vK(v) = (é + 1) vK(v)

_ 0 A ‘
= (1+0v <A—10gv> - o

8.5. Proof of relation (2.6)

By definition, for f € Hélg] «(R) we have
K(v, f; C)(R), HBI)(R)) < | f1g, 0" for v>0.

Assume ¢ > |flg, - For v =1 this gives a decomposition f = f, + f; with “f()”CO(R) + |f11; < c. So it remains to verify that
’ b
fo € Holy | (R). For v > 1 we have

K (v, fo; Cy®R), HOIIR) < Il foll oy < €5
and for v € (0, 1] we have

K (v, fo; C)(R), HOI)(R)) < K (v, f; C)(R), HOL)(R)) + K (v, f; Cy(R), HOL)(R))
<

0 0 0
[£10,,000"t + 1 f1110 € (f g 00 + [ f111)071 < 2¢ 071

Inserting this bound for K (v, fj; CI?(R), Htjl(l)(]R)) into the definition of the interpolation space Hélgo,l(R), we derive | f0|90,1 +1f1h <
cgy.0,¢ + ¢ so that

[folog,1 + 1111 < (cgy0, + DIfloy00 =1 cgnlfloy00- O (8.7)
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