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MG DAU

Giao trinh Hinh hoc tuyén tinh 13 tai lieu phuc vu giang day va
hoc tap hoc phan Hinh hoc tuyén tinh. Day 1a hoc phan bat buoc
v6i thoi lugng 5 tin chi trong chuong trinh dao tao ¢t nhan Su pham
Toan hoc theo hudng tiép can CDIO (Conceive - Design - Implement
- Operate). Hoc phan bao gom cac kién thitc co ban vé hinh hoc afin,
hinh hoc Euclid va hinh hgc xa anh. Cac ndi dung trinh bay trong
gido trinh da dugc thé hién trong céc gido trinh hay sach chuyéen
khao vé hinh hoc cho cac truong dai hoc su pham ma ching hodc
nam trong cting mot cudn vdi tén thuong goi 14 hinh hoc cao cap *
... ho#c dugc tach rieng thanh hai cudn: cudén thit nhat vé Hinh hoc
afin vd Hinh hoc Euclid 2,... vA cudn tht hai vé Hinh hoc xa anh
3. Tuy nhien, dé phuc vu dao tao, hoc phan can c6 mot tai lieu day
dn vé cac noi dung trén va dap tng yéu cau cia chuong trinh dao
tao. Gido trinh dugce bién soan nham phuc vu hoc tap cla sinh vién
thong qua hé théng tin chi theo tiép can ning luc ngusi hoc va dé
dap tng cac chuan dau ra ctia hoc phan.

Noi dung gido trinh gom 3 chuong, phan Hudng dan gii bai tap
va phan Phy luc:

Chuong 1 trinh bay vé Hinh hoc afin, bao gom khong gian afin,

anh xa afin va siéu mit bac hai afin.

Chuong 2 trinh bay vé Hinh hoc Euclid, bao géom khong gian

!Nguyén Mong Hy (1999), Hinh hoc cao cip. Nxb Gido duc, Ha Noi.

2Van Nhu Cuong, Ta Man (1988), Hinh hoc afin va Hinh hoc Euclid. Nxb
DHQG Ha Noi.

3Van Nhu Cuong (1999), Hinh hoc za dnh. Nxb Gido duc, Ha Noi.



vecto Euclid, 4nh xa tryc giao, khong gian Euclid, 4nh xa ding cu

va sieu mat bac hai trong khong gian Euclid.

Chuong 3 trinh bay vé Hinh hoc xa anh, bao gdm khong gian xa

anh, 4nh xa xa anh va siéu mit bac hai xa anh.

Phan Huéng dan gidi bai tap Chuong 1, Chuong 2, Chuong 3
gitip sinh vién ndm bat duge phuong phap va phuong phap gidi mot
s6 bai tap gin vdi noi dung Iy thuyét clia ting chuong.

Phan Phuy luc cung cip thém cac kién thic vé hinh hoc clia cac

miit bac hai thudng gip trong khong gian Euclid 3 chiéu.

Trong mdi chuong, cac kién thic duge trinh bay theo tha tu:
khong gian hinh hoc, cac phép bién doi ctia khong gian va siéu mat
bac hai trong khong gian. Céc kién thitc dugce trinh bay chi tiét, co
hé théng theo dé cuong hoc phan. Dau mdi chuong néu ro cac muc
tieu cu thé ma ngudi hoc can dat duge. Cling véi cac tinh chat dugc
chitng minh chi tiét, mot sb tinh chit yeu cau ngudi hoc tu kiém
tra xem nhu bai tap. Dé bién soan Chuong 1 vi Chuong 2, chiing
toi tham khdo chii yéu tit cuén Hinh hoc afin v hinh hoc Euclid
clia cac tac gid Van Nhu Cuong, Ta Man '. Dé bién soan Chuong
3, ching toi tham kh&o chi yéu tit cudén Hinh hoc xa anh clia téc
gid Van Nhu Cuong ? va cudén Hinh hoc cao cip clia tac gid Nguyén
Mong Hy 3.

Mac dau hoc phan hinh hoc tuyén tinh gom cac kién thitc co s,
xuat hién tit kha sém, tuy nhién, bang cac kién thic do, véi sy hd
trg ctia may tinh, nhiéu van dé thoi sy clia toan hoc c6 thé dugc giai
quyét. Dé minh hoa cho diéu nay, Muc 1.4 danh cho viéc gigi thieu
mot sb6 két qua vé tinh chat ctia ham bac hai trong khong gian afin,
dic biét, c6 nhitng két qua mdi thu dude trong vai nam trd lai day.
Hy vong ring, sinh vién c6 thé tiép can nghién citu cac van dé méi
tir cac kién thic linh hoi duoe qua hoc phan.

Van Nhu Cuong, Ta Man (1988), Hinh hoc afin va Hinh hoc Euclid. Nxb
DHQG Ha Noi.

2Van Nhu Cuong (1999), Hinh hoc za dnh. Nxb Gido duc, Ha Noi.

3Nguyén Mong Hy (1999), Hinh hoc cao cip. Nxb Gido duc, Ha Noi.



Hinh hoc tuyén tinh dugc nghién citu diya trén méi quan hé vai
dai s6 tuyén tinh, do vay, yéu cau nguoi hoc can c6 cac kién thitc
cd s6 vé linh vie nay. Mat khic, dé nim van dé dé dang hon, ngudi
hoc can c¢6 kha nang tryc gidc thong qua hinh hoc trén khong gian 2
chiéu va 3 chiéu thong thuong. Dé cling ¢b kién thitc va gitp ti hoc
¢6 hiéu qua, mot hé théng cau hoéi on tap va bai tap chon loc kem
theo huéng dan 16i giai ciing duge dua vao trong gido trinh.

Tap thé tac gia bién soan gido trinh gom c6: TS. Nguyén Duy
Binh la chti bién, bién soan noi dung Chuong 3; TS. Nguyén Ngoc
Bich bién soan Muc 1.1, 1.2 va 1.3 Chuong 1; TS. Nguyén Hitu Quang
bién soan Muc 1.4 Chuong 1 va Chuong 2.

Trong qué trinh bién soan, cac tac gid da nhan dugc nhitng ¥ kién
nhan xét va déng gép bod ich tit cac chuyen gia va dong nghiep, dic
bigt 1a PGS. TS. Nguyén Huynh Phan va PGS. TS. Nguyén Thanh
Quang. Cac tac gid xin chan thanh cam on.

Gido trinh duge bién soan sau nhiéu nam gidng day hoc phan
Hinh hoc tuyén tinh cho sinh vién nganh Su pham Toan hoc. Tuy
nhién gido trinh khong thé tranh khéi thiéu sét. Cac tac giad rat mong

nhan dugce sy gop ¥ cia ngusi doc.

Céac tac gia






CHUONG 1

HINH HOC AFIN

Muc tiéu chuong

Hoc xong chuong nay, sinh vien c6 the:

. Phat biéu dugce khai niem khong gian afin va mo ta khai
niém thong qua céc vi du. Nhan biét duge he diém doc lap,
hé diém phu thudc, muc tiéu afin trong khong gian afin. Xac
dinh dugc don hinh, hinh hop trong cac mo ta cu thé.

. Nhan biét dugce anh xa afin, bién déi afin. Giai thich dugc
khai niém “hinh hoc afin”.

. Lap dugc phuong trinh ctia phing; xac dinh duge vi trf tuong
ddi clia cac phang.

. Lap dugc phuong trinh phép bién déi afin.

. Gidi dugc mot s6 bai toan lien quan dén tinh chét clia anh
xa afin, bién doi afin.

. Phat biéu duoe khéi niém siéu mit bac hai va cdc khai niém
lien quan, mo ta chung thong qua cac minh hoa.

. X4c dinh dugc cac yéu t6 lien quan dén dudng bac hai: dang
cua duong bac hai, tdm cta duong bic hai; phuong tiém cén




1.1 Khoéng gian afin

1.1.1  Dinh nghia va vi du

Dinh nghia 1.1.1.1. Cho V la khong gian vecto trén truong K
(K=R,C,...), Alamot tap hgp khac rong ma cac phan tif clia n6
d H
duge goi 1a diem va dnh xa ¢ : AX A — V. Ky hieu p(M,N) = M N
véi M, N € A. Bo ba (A, ¢, V) duge goi la mot khong gian afin néu
hai tién dé sau théa man:
i) Véi mdi diém M € A, mdi vecto ¥ € V, ¢6 duy nhét diém
—
N € A sao cho MN =1
ii) V6i moi ba diém M, N,P € A ¢6 MN + NP = MP (heé thic
Chasles).

Khong gian afin (A, ¢, V) con duge goi la khong gian afin A lien
két v6i khong gian vecto 'V, hay goi tat 1a khong gian afin A trén
truong K (hosic K—khong gian afin A). Khong gian vecto lien két

%
V thuong duge k¥ hiéu A.

Khong gian afin A dugc goi 1a khong gian n chiéu néu dim(V) =
n. Khong gian afin n chiéu thuong duge ky hieu 1a A", s6 chiéu cla
khong gian afin A ky hiéu 1a dim(A).

Khi K 1a truong s6 thuc, ta noi A 1a khong gian afin thyc, khi
K 13 trudng s phiic, ta néi A 13 khong gian afin phitc.

Trong gido trinh nay, néu khong néi gi thém thi khong gian afin

duoe xét 13 khong gian afin thiyc va ¢6 chiéu hitu han.

Vi du 1.1.1.2. 1) Trong hinh hoc § truong trung hoc phd thong,
chiing ta can phan biét khong gian 3 chiéu thong thuong la khong
gian chi gdbm céac diém, ky hieu 1a E? va khong gian cac vecto "tu
do", k¥ hieu 1a E3. Véi phép cong hai vecto va phép nhan mdi s
thitc v6i mot vecto, E? 1a mot khong gian vecto 3 chiéu. Khi d6 viéc
"v&" vecto ndi hai diem A vi B chinh 14 anh xa lien két ¢ néi tren.

Ta c6 E? 1a khong gian afin lien két v6i khong gian vecto E? vi ¢6

6



thé d& dang kiém tra anh xa

go:E3><E3—>Eﬁ
(A, B) — AB

thoa man cac tién dé trong Dinh nghia 1.1.1.1.

2) Cho V la mot khong gian vecto, xét anh xa

p: VXV =V

(@,0) —T—1a

Khi d6, ¢ thdéa mén cac tién dé clia khong gian afin nén V 13 khong
gian afin lien két vGi chinh n6. Ta néi ¢ xac dinh mot cau tric afin
chinh téc trén khong gian vecto V hay V 1a khong gian afin véi cau
trac afin chinh tic.

Sau day la mot sb tinh chat don gian suy tit dinh nghia ctia khong

gian afin.

Py — — —
Tinh chat 1.1.1.3. i) MM = 0; VM € A, trong dé 0 la vecto khong
%
cua A.

That vay, theo Tien dé ii) ta c6: MM + MM = MM, suy ra
—_— N
MM =0.

ii) MN = —NM;:VM,N € A.

That vay, theo tien dé ii) ta c6 M N + NM = MM = 0. Do d6
— —
ta suy ra MN = —NM.

i) MN = PO khi va chi khi MP = NO.

Thatvay,m:@@m%—ﬁ:ﬁ\f—i-]\f =
MP = NO.

w) MN = PN — PM YM,N,P € A.

That vay, MN = MP + PN — —PM + PN — PN — PM.




1.1.2 Hé diém doc lap

Dinh nghia 1.1.2.1. Hé k + 1 diem {My, M; ..., M,} (k > 1) clia
khong gian afin A c\Iuoc goi 1a doc lap afin (hay goi tét 1a doc lap)
néu he vecto {MoMy, MyMs, ..., MgM,} doc lap tuyén tinh trong
khong gian X

Hé diém khong doc lap afin duge goi 1a phu thuoc afin (hay goi
tat 13 phu thuoc).

Quy udc: hé chi gom mot diem luon duge xem 1a doc 1ap.
Nhan xét 1.1.2.2. i) Trong dinh nghia trén diém M, khong déng
vai tro gi dic biet so véi cac diem M; khac. That vay, ta c6 thé

N .. —
chiing minh duge rang véi ¢ > 0 nao d6 heé cac vecto { MoM 1, MoMs,
— P . o1 1. 1 A —
ooy Mo My} doc 1ap tuyén tinh khi va chi khi, hé k vecto {M;M,,. . .,

> — 2
MiMi—h MiMi—‘rh ey Msz} dGC lap tlly@ll tinh.

ii) He con clia he diém doc lap 1 he diém doc 1ap, mot he diém chita
hé con phu thuoc la hé diém phu thuoc.

Dinh 1y 1.1.2.3. Trong khong gian afin n chiéu A™ luon cé nhing
hé m diém doc lap véi 1 <m <n+1, moi he gom nhieu hon n + 1

diém déu la hé phu thudc.

Chitng minh. Gia st {€;}", 1a mot cd sé nao do cla A" Vi A"
khong réng nén c6 My € A™, khi d6 méi 7 ton tai duy nhét cac diém
M, sao cho MM, = &. Theo dinh nghia, hé diém {Mo, My, ..., My}
14 he gom n + 1 diém doc lap. Khi dé, hién nhién he {M,, M, ...,
M1} v6i 1 <m < n+1, 14 he gdm m diém doc 1ap.

Néu he {No, N, ..., N,} gom hon n+ 1 diém thi p > n, do d6 he

— N P
{NoNy,...,NyN,} c6 nhiéu hon n vecto nén phu thudce tuyén tinh.
Theo dinh nghia, suy ra hé gdom p + 1 diém {Np, Ny,..., N,} 1a he
diém phu thuoc. O

1.1.3 Muc tiéu afin va toa do afin

a) Muc tiéu afin



Dinh nghia 1.1.3.1. Cho khong gian afin n chiéu A" lien két vai
%
khong gian vecta A™.
% 2
Gid stt e = {€1, €5, ...,€,} 1amot co 86 cia A" va O 1a mot diem
thuoc A™. Khi d6 tap hgp {O; €} hay {O; e, ..., €,} duge goi la muc
tieu afin cia A", O la diém gbc, é; 1a vecto cd s6 thit ¢ clia muc tieu,

e =1{€1,€,...,6,} 12 co 6 nén cla muc tieu.

Nhan xét 1.1.3.2. i) K¢ hieu B, 1a diém théa man OF, = &, khi
d6 he diém {O, By, Es, ..., E,} 1a hg diém doc lap. Nguge lai mot he
gom n + 1 diém doc lap {O, Ey, Es, ..., E,} x4c dinh mot myc tidu
afin {O;é,...,¢e,}. Do d6 ta ciing goi mot he ¢6 thit ty gom n + 1
diém doc lap {O; By, Es, ..., E,} 13 mot muc tiéu afin v6i diém goc
la O, E; dugc goi 1a dinh thi ¢ cia muyc tiéu.

ii) Mot muc tieu afin chi ¢c6 mot co s6 nén duy nhat, nhung nguge
lai v6i mot co 86 {é1,...,é,} cla An ¢6 thé 13 nén cia nhidu muc

tieu khac nhau trong A™.

b) Toa do afin

Trong khong gian afin n chiéu A" cho muc tieu afin {O; é, ..., €, }.
e a2 7 - N YRR
V6i moi diem X € A" ta ¢6 vecto OX € A", vi vay c6 duy nhat bo
n sb thuc 21, g, ..., 2, sa0 cho OX = 218 + ... + 1,6,

Bo n phan ti (1, ..., x,) nhu trén duge goi 1 toa do cla diém X

d6i vi muc tieu da chon, ky hieu X (xq, ..., z,) hay X = (z1,...,2,).

Nhan xét 1.1.3.3. i) Theo dinh nghia, d6i v6i muc tiéu afin {O; Ej,
..., B,}, diém O c6 toa do (0,...,0) va diém E; c6 toa do (0,
oy, 0) (s6 1 6 vi trf thit 7).

i) Néu X = (z1,22,...,2,) v&aY = (y1,%2, ..., y,) thi
e — . . .
XY =0V — OX = (y1 —x1)€1 + (Yo — x2)€s + ... 4+ (Y — Tp)En.

gy fe L. . R o , .
Vay vecto XY ¢6 toa do ddi véi co s6 € = {€), s, ..., €,} clia khong
. . 1.
gian A" 1a (y1 — 21,Y2 — o, ..., Yn — Tp).

9



iii) Gia st tren A™ da chon muc tieu ¢6 dinh {O;€} véi € =
{51, 52, ey €n} Xét anh Xa:
p: A" —- R"
v6i (z;) 1a toa do cia M d6i v6i muc tieu {O;e}. Ta ¢6 p 1a mot
song anh. Anh xa nay cho phép déng nhit mdi diém ciia A™ v6i mot
phan tit cia R™ vA nho d6 sau nay cac doi tugng hinh hoc sé dudc

dong nhat véi cac doéi tugng dai sb.

c) Doi muc tiéu afin

Trong khong gian afin n chiéu A™ cho hai muc tieu afin {O;éj,
€, ..., e (D va{0; ey, ey, ... e} (11). V6i méi didm X € A™ goi
(v1, 9, ..., 7,) 12 toa do clia X dbi v6i véi muc tieu (1), (x], xb, ..., 2),)
1a toa do ctia X dbi v6i véi muc tieu (IT).

~

Gid st toa do cta O’ ddi véi muc tieu (1) 1a (ag,aq, ..., a,) va

6/1 = 01151 + 02152 4+ ...+ Cnlgn

—

e’n = Clngl -+ angg + ...+ Cnngn
~ AL .~ ~ .~ ~ /
Ta tim moi lién he gita (x;) va (x).

Tit dang thiic OX = 00 + O'X ta co

16+ . A Tl = WE + ...+ a2+ .+ 2 E,
= &151 + ...+ ané’n + ZEII (01151 + ...+ Cn1€n>
++ZC;L(C1”€_"1++C””€”)
= (a;+xjcn+ ...+ cn)er + ...

+(a, + xicpr + .+ 2 Con) .

Suy ra

/ / /

T1 = C11T] + Ci2Ty + ... + C1p T, + a1
/ / /

Tog = C21T7 + C2Tg + ... + CopT,, + G2

Ty = C1 ) + CnaThy + ... + Cun @, + ap

10



!
T Xy Ci1 ... Cpi

Ky hieu [z] = | |, ] = : [, C=| : . : | (ma
Ty, x! Cin -+ Cnn
tran chuyén tit co s6 {€,é,...,€,} dén co s6 {6_;1,6_;27 o ,g’n} Vi
ai
[a] = | : |). Khid6, (*) c6 thé viét dusi dang ma tran nhu sau:
an
[2] = C'[2'] + [a]. (**)

Céac biéu thic (*) hodc (**) duge goi 1a cong thiic ddi toa do (hay

cong thitc doi muc tieu tit muc tiéu (I) sang muc tieu (II).

1.1.4 Phdng va phuong trinh cia phdng
a) Cac phiang trong khéng gian afin

Dinh nghia 1.1.4.1. Cho khong gian afin A lién két v6i khong gian
— 2
vectd A. Goi I 13 mot diém cta A va o 1A mot khong gian vecto
— —
con cia A. Khi dé tap hop a ={M € A: IM € 3} duge goi la
cai phang (hay goi tit 1a phing) di qua I, c6 phuong 1a a.
Néu @ c¢6 s6 chiéu bang m thi ta néi o 1a phiang m chidu (hay
m—phéng) va viét dim(a) = m.
Theo cach goi thong thuong, 1—phing 13 dudng thing, 2—phing
I3 mit phang. Phing (n — 1) chidu trong khong gian n chiéu dugce
goi 1 sieu phang.
Nhan xét 1.1.4.2. i) Khong gian afin A" 1a n—phang ciia no, ¢6
%
phuong la A™.
ii) Mdi diém 1a mot 0—phang.
iii) Néu a 13 phing di qua diém I thi I € o vh véi moi M, N € a,
— s T
vecto MN = IN —IM € @,

iv) Diém I trong dinh nghia ctia phing o khong déng vai tro gi dic

biét so v6i cac diem khac clia a. That vay, gia sit o 13 phang di qua
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I ¢6 phuong @ va J 1a mot diém nao d6 cia «. Didu do ¢6 nghia
13 7J € @. Ta c6 M € a khi va chi khi M € @ hay khi va chi khi
IM —TJ € @, titc 1a khi va chi khi JM € @. Didu d6 ching t6
rang diém J c6 thé dong vai tro clia diém 1.

v) Dudng thang dugc xac dinh bdi mot diém vi mot vecto chi phuong
khac 0. Mat phéng duoc xac dinh bdi mot diém va hai vecto doc 1ap
tuyén tinh (Hinh 1.1 va 1.2).

=
f NEEERN

Hinh 1.1: Dudng thing duge xdc Hinh 1.2: Mit phing duge xic
dinh béi mot diém va mot vecto chi  dinh bdi mot diém va mot cap vecto
phuong. chi phuong.

Dinh 1y 1.1.4.3. Néu o la m—phdng cta khong gian afin A va cé
phuong & thi o la khong gian afin m chiéu lien két vdi khong gian
vecto o .

Chitng minh. Gid st a 13 m-phang trong khong gian afin A tuong
ting véi bo ba (A, ¢, X) di qua I va ¢6 phuong . R6 rang o # 0
vi I € a. V6i moi cip diem M, N € «, theo dinh nghia ctia o thi
172 €, IT>V € o, suy ra ©(M,N) = ﬁ)\f—m € . Vay ta c6 thé
xét anh xa:

Olaxa 1 X @ — o
va anh xa nay thoa man hai tién dé i), ii) ctia khong gian afin. That
vay, tién dé i) suy ra tit dinh nghia ctia phing, con tien dé ii) ding
vi n6 ding trén toan bo A.
Vay (o, ©laxa, @) la khong gian afin hay o la khong gian afin
lien két vai khong gian vecto o O
DPinh 1y 1.1.4.4. Qua m + 1 diém doc lap ctia khong gian afin A

c6 mot va chi mot m—phdng (m > 0).

12



Chitng minh. Gia st My, My, ..., M,, (m > 1) la m + 1 diém doc
p . . - .

1ap ctia khong gian afin A lién két véi khong gian vecto A. Khi dé

hé m vecto
Tt R

= {MOM17M0M27"'7MOMm} N

ctia A 1a doc lap tuyén tinh. Goi o la khong gian vects con cia A

nhan m vecto d6 lam co s8. Goi a 14 phing di qua M, c6 phuong 1a
> 2

@. Vi MyM; € @ nen M; € a v6ii = 1,2,...,m. Vay o la phing

di qua m + 1 diém da cho. Sy duy nhét clia m—phing 1 hién nhién.

V6i m = 0, hién nhién vi mdi diém 13 mot 0—phang O

Hé qua 1.1.4.5. Mot he gom m+ 1 diém cia khong gian afin A la

doc lap khi va chi khi ching khong ciing thuoe mot (m — 1)—phdng
(m>1).

b) Vi tri tuong dbi ctia cac phing

Dinh nghia 1.1.4.6. Trong khong gian afin n chiéu A™ cho p—phéng
o va g—phéng 3 ¢6 phuong lan lugt 1a @ va E Khi do:

i) a va B duge goi 1a cit nhau néu chiing c6 diém chung;

i) a duge goi 1a song song véi § néu @ C E hoac F C d ky
hiéu « || B;

iii) @ va B duge goi 1a chéo nhau néu ching khong cit nhau va
khong song song véi nhau;

iv) Giao a N f hiéu theo nghia thong thudng ciia 1y thuyét tap
hop va dugc goi 1 giao clia hai phing o va f3;

v) Tong a + 3 1 giao ctia tat cd cac phing chita o va 8, a +
dude goi I tong ctia hai phing o va B.
Vi du 1.1.4.7. Xét trong khong gian 3 chiéu thong thuong E3. Ta
co:

1) Hai duong thang “cit nhau theo nghia ¢ hinh hoc pho thong”
13 hai 1—phang cit nhau tai mot diém (0—phéng). Tong clia chiing

13 mit phing duy nhat x4c dinh bdi hai dudng thang doé.
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2) Hai mat phing “cit nhau theo nghia & hinh hoc phd thong” 1a
hai 2-phéng cit nhau theo mot duong thing (1—phéng). Tong cla
chiing chinh la E3.

3) Hai dudng thang "song song theo nghia & hinh hoc pho thong"
13 hai 1—phéang song song. Tong clia chiing chinh 14 mit phang chia
hai duong thing do.

4) Tuong ty, hai mat phing "song song theo nghia & hinh hoc
phd thong" 1a hai 2—phing song song. Hai dudng thing "chéo nhau
theo nghia & hinh hoc phd thong" 13 hai 1—phing chéo nhau. Tong
ctia chiing chinh 13 E3.

d 16}

[/

Hinh 1.3: d || a; § va 7 chéo nhau

Dinh 1y 1.1.4.8. Giao ctia hai phing o va 3 hodc la tap rong hodc
la phing ¢ phuong an

Chitng minh. Néu a N 3 # () thi ching c¢6 it nhat mot diém chung
I. Goi v la phang di qua I c¢6 phuong 7 —an F Ta c6
—
Me~y o IMeq=an4
— —
o IMed,IMed
S Mea,Mep
& Meanp.
Nhu vay a N B la phing c6 phuong an F O
Heé qua 1.1.4.9. Néu hai phding o va B song song vdi nhau thi hodc

chiing khong c¢é diém chung hodc ching chita nhau.

14



Chitng minh. That vay, néu « || § thl & C F (hoiic F C d). Gid
st anpB+#£0tacoanplacii phang c6 phu(mgﬁﬁﬁza> (
EOF:F). Suy ra aN f =« (hodic aN B = f) hay a C S (hoiac
B Ca) O

hoac

Dinh 1y 1.1.4.10. Cho cdc phing o va B. Khi dé o0 B # 0 khi va
chi khi vdi moi diém P € o va moi diém Q € 5 ta cé ]ﬁ € E>+E

Chitng minh. GiastanB # 0va P € o, Q € . Lay diém M € ang.
— —
Khidé PM e @ va MO B,nen PO=PM+MOea+ 3.
Nguge lai, gia st P € a va Q € j3, tacé@é?—i—ﬁ, do doé
PO =i+7, véiidea,ie B.Khidotontai M € a,N € 8

— — — —
sa0 cho PM = @ QN = —i. Ta c6 PM = PO+ QN + NM. Suy
= il
va il — @+7—7+NM. D6d6 NM = 0. Vay M = N, tit d6
an g #0. O

Dinh 1y 1.1.4.11 (Dinh Iy vé s6 chiéu clia giao vd tong hai cai
phing). Trong khong gian afin n chiéu A™ cho p—phdng a va q—phdang
B ¢6 phuong lan lugt la o va .

i) Néu o va 3 cdt nhau th
dim(a + ) = dima + dim 8 — dim(a N §).
i) Néu o va 3 khong cdt nhau thy
dim(a 4 8) = dim a + dim 8 — dim (@ N 3) + 1.
Chitng minh. Néu a va 3 cit nhau va gid sit I € aN 3. Khi dé phing

qua I c¢6 phuong a4 E 13 phing bé nhat chia phing o va phing
3, titc 1a phing o + 3. Ta ¢6

dim(a + 8) = dim(a@ + F) — dimd + dimﬁ — dim(@’ N ?)
= dima + dimp — dim(a N B).

Néu « vd 8 khong cit nhau thi ¢c6 P € a va Q € 3 sao cho ]?6)2 §é
o+ F (theo Dinh 1§ 1.1.4.10). Goi 7 la khong gian con 1 chidu
sinh bdi @ va I 1a mot diém thuoc o. Xét phing qua I ¢6 phuong
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1a khong gian (o + F) @ 7, d6 1a phdng nhé nhit chita o va 3, do
d6 chinh la a4+ 5. Ta ¢6

dim(a+8) = dim((@ + 3)e7)
= dim(@ + ) +1
= dimd + dim? — dim (@ N F) +1
= dima + dimB — dim(@ N £) + 1.

]

Vi du 1.1.4.12. 1) Tit cong thitc vé s chidu suy ra tong cia mot
diém va mot duong thing khong chita né 13 mot mit phing, tong
ctia hai duong thiing cit nhau 14 mot mat phing.

2) Trong khong gian 3 chiéu, xét o va 3 1a hai dudng thang chéo
nhau. Ap dung cong thitc trong dinh 1y trén, ta c6 dim(a + 3) = 3.
Do d6 a + 3 1a toan bo khong gian.

Dinh 1y 1.1.4.13. Trong khong gian afin n chiéu A" cho siéu phdng
o va m—phang B (1 <m <n —1). Khi dé hodc B song song vdi o,
hodc 3 cit o theo mot (m — 1)—phdng.

Chitng minh. - Néu o vd (8 cit nhau thi c6 thé xay ra hai truong
hap:

+ Truong hgp 1: 8 C «, khi d6 o va  song song v6i nhau.

+ Truong hop 2: 8 ¢ «, khi d6 o+ 5 = A" Ap dung cong thitc
ctia dinh 1y vé s6 chiéu ctia giao vi tong cac phing (Dinh Iy 1.1.4.11)
ta co

dim(a + ) = dima + dim 8 — dim(a N ),
hay n =n —1+m — dim(a N f).

Suy ra dim(a N B) = m — 1. Vay a vad (3 cit nhau theo mot
(m — 1)—phing.

- Néu « va 8 khong cit nhau, ciing 4p dung Dinh 1§ 1.1.4.11, ta c6:
dim(a 4 8) = dim a + dim 8 — dim (@’ N ?) +1,
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hayn:n—l—l—m—dim(a)ﬂﬁ)—i—l.
Suy ra dim(ﬁﬂ?):m:dimﬁ. Thc IQFCE.

Vay ta c6 8 va a song song v6i nhau. Dinh Iy duge chitng minh.
O

c) Phuong trinh tham sé citia phang

Trong khong gian afin n chiéu A" v6i muc tieu afin {O; e}, véi
€ = {€1,&,...,€,}, cho m—phing a di qua diém I v c6 phuong
@ (0<m<n).

Chon m vecto doc lap tuyén tinh trong o : @, @, . . . @m, khi d6

{az, Doy dm} 12 Mot co s6 cla . Gi4 st toa do didm I déi vai
muc tieu {O; e} 1a (b, ba, ..., by,), toa do vecto a@; d6i véi co sG € 1a
(au, @52, . - - ,am)-

Gid st X € A" va toa do cia X d6i v6i muc tieu da cho 1a

(x1,T9,...,2,). Taco
XGO(@]—)%Eﬁ@ﬁk:tl(il—#tgd’g—f—...—f—tma’m

trong do6 ti,ts,...,t, € R.

Thc 1a
i=1 j=1 =1 i=1 \j=1
Vay ta co
ri= ) ajtj+bii=1,2,...n (1.1)
j=1

Heé phuong trinh (1.1) duge viét dudi dang tuong minh

1 = anity + agity + ...+ amity, + b1,
T — a12t1 + a22t2 —|— R amgtm + bz, (12)

Tpn = alntl + &Qntg + ..+ amntm + bn
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hay viét dudi dang ma tran
(2] = ti[a@1] + tolda] + ... + twldn] + (0], (1.3)

trong do6 [x], [b] 1an lugt 14 ma tran toa do cot ciia cac diem X, I va
[@;] 1a ma tran toa do cot clua vecto d;.

Hé phuong trinh (1.1) (hay (1.2), (1.3)) dudc goi la phuong trinh
tham sb clia m—phing «, cac phan ti t;,i = 1,2, ..., m dugc goi 1a
cic tham s6.

V6i m = 1 ta c6 phuong trinh tham sé clia mot duong thing o

trong khong gian afin n chiéu 1a

1 = Cth + bl,

To = agt + bQ,

Ty, = Qpt + by,
trong do ¢ 1a tham s6, cdc phan tit ay, as, . . . , a, khong dong thoi bing
0 1a cac thanh phan toa do clia vecto chi phuong ctia «, (by, ba, . .., b,)
13 toa do clia diém I cho trudc thudc a con (w1, 2o, ..., z,) 12 toa do

ctia diém tiy ¥ X € a.

d) Phuong trinh téng quat ctia phing
Trong khong gian afin n chiéu A™ véi muc tiéu cho trude, cho
m-phiing o vA gid sit a c6 phuong trinh tham s6 dang (1.1)

m

Sl‘i:zajitj—l-bi,i: L2,...,n,

Jj=1

trong d6 A = [a;;] ¢6 hang bang m. Néu xem phuong trinh tham
s6 clia o 1a mot hé gdm n phuong trinh déi véi m an ty,te,. .., ty
con cac x;,1 = 1,2,...,n la cac hing s6 thi tit diéu kien A = [a;]
c6 hang la m ta c¢6 thé chon trong n phuong trinh ctia hé mot hé
con gom m phuong trinh doc 1ap (c6 dinh thic clia ma tran he s6

clia an khac 0). Khong mét tinh tdng quét, gid st d6 1a he gdm m
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phuong trinh dau. Gidi he m phuong trinh d6 (he Cramer) ta tim
duge cac nghiém tq,t,, ..., t, va ching biéu thi mot cach duy nhét
dudi dang ham bac nhat clia xq, xa, . .., T,,. Thay m gia tri nay cia
cac t; vao n —m phuong trinh con lai cia hé ta thu duge hé phuong
trinh dang

ZCUSL’J’—FCZ‘:O,Z':1,27...,71—77’?,. (14)
j=1
Ma tran hé s6 clia h¢ phuong trinh (1.4) ¢6 hang n —m vi ¢6 dinh
thitc con cdp n — m ng v6i CAC AN Tpyy1, Timpa, - - -, Tp 12
10 ... 0
0 1 0
=1.
00 ... 1

Ta goi hé phuong trinh dang (1.4) 13 phuong trinh tong quat cla
m—phing a. Day 13 hé phuong trinh tuyén tinh gdm n — m phuong
trinh doc lap.

Ngugc lai, c6 thé thay ring mdi hé phuong trinh tuyén tinh gom
n — m phuong trinh doc lap clia cac bién z;, zs,...,x, 1& phuong
trinh tong quét cia mot m—phang nao d6 trong khong gian A™ (viec

ching minh diéu nay xem nhu mot bai tap).

Nhan xét 1.1.4.14. Phuong trinh tdng quat ctia mot siéu phing
trong A™ (ttng v6i m = n — 1) d6i v6i mot muc tiéu afin cho trude
c6 dang

a1y + asxs + ...+ apx, +b=0,

trong d6 cdc phan tit a; € R khong dong thai bang 0.

Nhu vay tit phuong trinh tong quat cia m—phéng, ta c6 thé xem

mot m—phang 13 giao ctia n — m siéu phang (doc lap) ndo do.
Vi du 1.1.4.15. Trong A* véi muc tiéu cho trude, cho cac diém
M(1,2,1,3),N(0,2,2,2), P(2,3,1,-2).
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Lap phuong trinh tham s6 va phuong trinh tdng quét ctia phing bé
nhat di qua M, N, P.

L&i giai: Ba diém M, N, P la doc lap nén phang bé nhéat chia
ching 14 mit phing di qua M va c6 cac vecto chi phuong Wv =
(—1,0,1,—1), MP = (1,1,0,—5). Phuong trinh tham s6 ciia mt
phang (M NP) 1a

rT1=1—¢t1 + 1t
Ty =24ty
r3 =141
T4 =3 — 1t — bty

t1,ty € R.

Rt t1,t, tit phuong trinh thi hai va thid ba ta ¢c6 t; = 23 — 1,1, =
x9 — 2. Thay vao phuong trinh thit nhat va phuong trinh thi tu, sau
khi bién doi ta c6 phuong trinh tdng quit ctia mit phing (M NP) :

$1—$2+ZE3:0
5$2+l‘3+l’4—14:0 '

1.1.5 Tam ty cu

Dinh 1y 1.1.5.1. Cho k diém Py, P, ..., P, ctia khong gian afin A
va k $6 M\, Ag, ..., M thude truong R sao cho Y& A # 0. Khi do
¢ duy nhat diém G sao cho Zle )\iCTﬁi =0.

Ching minh. Lay diém O tiy ¥ clia A ta c6

ZAiG‘ﬁzﬁ < ZM(OA]EZ—O@):(T
=1 i:l )

tic

k
1
S )\i;

=1

Vay diém G 1a xac dinh va duy nhét tir diéu kieu tren. O
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Diém G noéi trong dinh Iy trén dudc goi 1a tam ty cu ctia he diém
Pl,PQ,...,Pk gén vGi hO hé Sé )\1,)\2,...,>\k.

Chi §: Cac tam ty cu clia cing mot he diém Py, Ps, ..., P, gin v6i
hai ho he s ty 18: A\, Ag, ..., Ax VA A, tAa, ..., tA, (6 # 0) 1a trung

nhau.

Trong truong hop céc he s6 \; bang nhau, tam ty cy G cla he

diém Py, P, ..., P, dugc goi la trong tam ctia he diém. Theo chi ¥
trén, trong tam ctia he diém 1a tam ty cu gdn véi ho he s6 1,1,...,1.
No6i riéng,

2 Z H -

+ G 1a trong tam cia hé hai diem A, B néu GA + C@ =0,
2 P —> —
+ G la trong tam cua hé ba diem A, B, C néu GA+G@+G? = 0.
Nhan xét 1.1.5.2. Tu phép ching minh dinh 1y trén, néu chon O

13 gbe muc tieu toa do, ta c6 toa do clia tam ti cy duge tinh qua toa

d6 ctia hé diém nhu sau:

1
=5 > onP).

i=1"" =1

Dac biét, khi G 1a trong tam ciia hé diém, ta c6

@ =130IP)

Pinh 1y 1.1.5.3. Cho hé diém Py, P, ..., P,, trong khong gian afin
A. Khi dé tdp cic tam ti cu ciia hé diém (gin vdi cdc ho hé s6 khdc
nhau) la phdng bé nhat chita cdc diém nay.

Chitng minh. Goi o 13 phang bé nhat chita cac diem Py, Py, ..., P,,.
Khi d6 cac vecto Py Py, PO}%Q, ..., PyP,, thuoc phuong ciia «. Gia st
ﬁl, Pﬁg, o ,ﬁs, s < m la hé vecto doc lap tuyén tinh tdi dai
tit he trén. Ta c6 s = dim(a).

Gia st G 13 diém bat ky thude o, vi Poii thudoc phuong cua o

nén
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Bl = Z)\ﬁ ZA(@ cﬁ%)@@—
ZA@_O

) /\i) GDo +

Dleu nay ching t6 G 1a tam ti cu ctia he diém da cho gén véi ho he

1—2/\ A, X, 0,002, 0.

Nguge lai, néu G 1a tam ti cu clia ho diém da cho gin véi ho he s6
Ao, Ao A, thi

i=0 =0
s m:_ ZAﬁ
M‘o

z 0

sO

Suy ra m thudc phuong cia «, do d6 G thuoc a. O

Khi xét he diém 1a doc lap, tir dinh 1y trén ta c6
Hé qua 1.1.5.4. Gid st o la m—phdng di qua m + 1 diém doc lap
Py, Py, ..., P,. Khidé o chinh la tap hop cdc tam ty cu cia hé diém
dé (gdn vdi cdc ho hé s6 khdc nhau).
Dinh 1y 1.1.5.5. Gid si o la m—phdng di qua m + 1 diém doc lap

Py, Py, ..., P, va O la mot diém tay ¢. Khi dé diéu kien can va di
? 2 _—+ m P m
de diem M thuoc o la OM =", )\Z-O?Z—, trong do Y ;" A\ = 1.

Ching minh. Diem M € a khi va chi khi M 13 tam ti cu cta ho
diém Py, Py, ..., P, gin v6i ho hé s6 \j, M, ..., N | ta c6

) m?

S NMP =G & Y (0P, - 0M) =
=0 =0

- (ixz)m:i@z
=0 =0

o 01 =Y A\OP,

=0
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N m
trong d6 \; = —=m——, €0 > -,

A =1.
Yo N

1.1.6 Ty sé don, tap loi, don hinh, hinh hép

a) Ty s6 don

Cho P va @ 13 hai diém phan biét trong khong gian afin A. Diém
M thudc dudng thing d di qua P va Q, dong thoi M # @ khi va
chi khi ¢6 $6 thic k £ 0 dé MP = kMO. Khi dé k dude goi I ti
s6 don ciia hé ba diém M, P, Q thing hang lay theo thit tu dé. Ky
hicu k = (MPQ).

+ Khi k = —1, ta goi M la trung diém ctia cip diem P va Q.

+ Cho hai diém phan biet P, Q. Tap hop céc diem thudc duong
thang PQ gdm hai diem P, Q va céc diém M sao cho k = (M PQ) <
0 dugc goi la doan thing PQ. Hai diem P, Q dugc goi la cac dau

mit clia doan thing.

Pinh 1y 1.1.6.1. Cho hai diém phan biet A, B trong khéng gian
afin A, M 1o mot diém trong A. Thé thi M thuoc doan thing AB
khi va chi khi vdi diem O tay ¢ trong A, ton tai s6 thue \,0 < X < 1
sao0 cho OM = (1-— )\)(74—1- \OB.

Chitng minh. Gia st diém M thudc doan thing (do d6 thudc duong
thang) AB va O la diém tiuy ¥ trong khong gian, theo Dinh 1y 1.1.5.5
ton tai cac s6 thue A\, Ao, A\; + A2 = 1 sao cho
OM = 204 + 0,08
& OA+ AM = \0A + (04 + AB)
& AM = MADB = \y(AM — BM)

Néu M la diém khac A va B, khi d6 Ay # 0,1, tir ding thic tren

A
suy ra (ABM) = < 2 - Vi (ABM) < 0 suy ra 0 < A < 1. Do d6
-
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néu dat Ay = A, ta co
OM = (1-NOA+)\0B, 0<A<l.

Ké ca khi M 13 cac diém mat A, B clia doan thang, ta c6
OM = (1-NOA+ 0B, 0<Ar<1.
Nguge lai, gid st véi diém O tiy ¥ trong khong gian, ton tai sé
— —
thue A,0 < A < 1 sa0 cho OM = (1 — \)OA + \OB
Néu A = 0 thi M trung v6i diém A va néu A\ = 1 thi M tring
v6i diem B.
A< 1, tacs OM = (1— NOA + \OB < OM =
- — -
(1 — \)(OM + MA) + \(OM + MB) & (1 — NMA + \MB = 0

A A
MA = . 1]\@ Do d6 (ABM) = 1< 0. Vay M thudc doan
thang AB (khac A va B). O

b) Tap l6i
Tap X trong khong gian afin A dugc goi 1a tap 16i néu véi moi
diém P, @ thuoc X thi doan thing PQ nim hoan toan trong X.

Dé thay giao clia mot ho khong rdng cac tap 16i 1a mot tap 1oi.
Tt day ta c6 dinh nghia bao 161 cia mot tap X C A 1a giao cia tat
ca cac tap 10i chita X, tiic 1a tap 16i bé nhat chita X.

Vi du 1.1.6.2. 1) Mdi m—phéing a trong khong gian afin A 1 tap
16i vi néu P, @ 1 hai diém phan biét thuoc o thi toan bo dudng
thing PQ thuoc a, do d6 doan thing PQ ndm hoan toan trong a.

2) Goi a 13 siéu phing trong khong gian afin A. Ta chia tap A\«
thanh hai tap bang cach nhu sau:

Liy diém O € A\ a. Tap X gom nhitng diém M ma doan thing
OM khong c6 diém chung véi o. Tap Y gom nhitng diém M ma
doan thing OM c6 diém chung v6i . Khi d6 X va Y duge goi 1a
cac nia khong gian mé. Cac tap X U «, Y U a duge goi 1a cac nua
khong gian dong cua khong gian afin A.
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Ta ¢6 nita khong gian md va nita khong gian dong 1a cac tap 16i.
c) Don hinh m chiéu

Dinh nghia 1.1.6.3. Trong khong gian afin n chiéu A" cho m + 1
diém doc lap Py, Py, ..., P,. LAy O € A", khi d6 tap

H m m
S = {M eA”: OM:ZAi(ﬁZ,ZAi =1,\>0,i= 1,...7m}
i—0 i—0
duge goi 1a mot don hinh m chiéu hay m—don hinh véi cac dinh

PO,Pl,...,PmV(Pik}/fhiéulaS(Po,Pl,...7Pm).

Tit dinh nghia ta ¢c6 0—don hinh l4 diém, 1—don hinh I3 doan
thang. Theo cach goi thong thuong 2—don hinh la hinh tam giac,
3—don hinh 13 hinh t dién.

Nhan xét 1.1.6.4. Néu xét O 1a gbc ciia muc tiéu toa do, tir dinh

nghia trén, ta c6 don hinh véi cac dinh Py, Py, ..., P, 1a tap
S = {MGA" - [M] :Z)\i[ﬂ],z}\i:1,>\i20,z’:1,...,m}.
i=0 i=0

Tt mot hé con k + 1 diém ctia he diém doc lap Py, P, ..., P, ta c6
don hinh & chiéu nhan ching lam cac dinh, ta goi k—don hinh nay
&4 mot bien k chiéu ctia don hinh S(Py, Py, ..., P,,) va bién lap nén
tt m — k dinh con lai cia don hinh S(Fy, Py, ..., P,) dugc goi la

bién dbi dién ctia no.

Dinh 1y 1.1.6.5. Mdi don hinh la mot tap 16i bé nhat chia cic dinh
cta don hinh.

Chitng minh. Gia st S (P, P, ..., Py,) la don hinh chita céac dinh
Py, Py, ..., P, va M, N la hai diém bat k¥ thudc don hinh,

5?7[ - ZZO )\ZO?Z, ZZO )\z — 1, )\z 2 O,Vi,
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—
ON = Z?io NiO?ia Z;Zo wi =1, pu; > 0,Vi.
Diém X thuoc doan thang M N khi vi chi khi

OX = (1—t)OM +tON, 0<t<1

i=0 =0

m

— 3701 = )i + 1] OP..

=0

Ta ¢6 Y " [(L— )N +tp] = 1 va (1 — )X\ +tp; > 0,Vi. Do d6
XES(P(),Ph,Pm)VQYS(P(),Pl,,Pm> lamét tap 161

Tiép theo, ta ching t6 S (P, Py, ..., P,,) chita trong tap 16i bat
ky chia cac dinh Py, Py, ..., P,. Gid sit S’ 1a tap 16i chita cac dinh
Py, Py, ..., P,. Bang qui nap, ta chitng minh

S(Py,P,...,P,)CS.

Trude tien, doan thang (1—don hinh) S (P, P,) C S'. Gia st
S(P[),Pl,...,Pk) CS/ VaM€S<P0,P1,...,Pk+1). Khi do

. k+1 k+1
OM =S NOPi, SN =10 20, i=1,2... k+l.
1=0 1=0

Néu SF A =0thi Ny, =1va M =Py €8 NéuYr N =
A\ # 0, ta c¢6 thé viét

k
OM = A; Xﬁl + Akﬂﬁkﬂ-

Ai
Pat ON — ZLOXO*}Z = NeS(P,P,...,P) CS.

— —
OM = AON + Ms1OPriy v6i A+ A = 1 va A Ay > 0. Vi
N, Py €S vaS 1o, suyraM € 8. Vay S (Py, Py,...,Pyy1) C S
DaCbiét,S(Po,Pl,...,Pm)CS,. ]
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d) Hinh hop m chiéu

Dinh nghia 1.1.6.6. Trong khong gian afin n chiéu A" cho m + 1
diém doc lap Py, P, ..., P,,. Tap hop nhiing diém M trong A™ sao
cho
% m
Pob =" AFoP; v6i 0 < A < 1.
i=0
duge goi 1a hinh hop m chiéu hay goi tit 14 m—hop, ky hieu H(P,,
P, ..., P,).
Tit dinh nghia, 1—hop la doan thdng. Theo cach goi thong thugng
2—hop 1a hinh binh hanh, 3—hop 1a hinh hop.

Dinh 1y 1.1.6.7. Hinh hop m chieu la mot tap loi.

Chitng minh. Gia st ¢6 m—hop H (Py, Py, ..., Py) va M, N la hai
diém tiy ¥ thuoc m—hop do. Ta cé:

Poll =3 NRoPi, v6i0 <\ < 1

i=1

PW:Z%ﬁu vol 0 < < 1.

=1

2 —)() P
Khi d6 diem X thuoc doan M N khi va chi khi Py X =tPyM + (1 —
—_—
t)PoN,O <t< ]_, hay

ﬁ:tiximﬂuwiwﬁzi[m+(1—t)%]130_p§.

Taco 0 <t N,y <lmén0<t\N+(1—-t)y <t+(1—-1t) =1
Diéu d6 chitng t6 X thuoc m—hop H (P, Py, ..., Py). Vay m—hop
H (P, Py,...,P,) la mot tap 16i. O
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1.2 Anh xa afin, bién ddi afin

1.2.1 Anh xa afin

Dinh nghia 1.2.1.1. Cho_é, A’ 1a cac khong gian afin lien két v6i
— .
hai khong gian vecto A va A’. Anh xa f_>A — A’ dugc goi 1a anh xa
2 2 — »
afin néu c¢6 anh xa tuyén tinh ¢ : A — A’ sao cho véi moi cap diem
M,N € A va 4nh M’ = f(M),N’ = f(N) ta c6 M'N" = ¢(MN)
(hay F(M)F(N) = 6(MN)).

Anh xa tuyén tinh ¢ duge goi 1a anh xa tuyén tinh lien két véi

anh xa afin f. Ta con ky hiéu ¢ = f.

Vi du 1.2.1.2. 1) Xét anh xa dong nhat id : 15, : A — A Khi
do6 ta c6 id 1a 4nh xa afin v6i anh xa lien két 14 4nh xa dong nhat
=

Iz:A—A.

That vay, véi moi cip diém M, N € A, ta c6 M' = 1,(M) =

J A —
M,N'=15(N) = N. Do d6 M'N' = MN = 13(MN).
2) Xét anh xa f: A — A/, f(M) = P,YM € A, véi P la mot i1>em
2 N —
c6 dinh trong A’ (f dugc goi la dnh xa hing). Goi 6 : A — A’ la
anh xa tuyén tinh khong, tic 6(Z) = 0. Ta ¢6 4nh xa hing f Ia anh
xa afin nhan 0 14 anh xa tuyén tinh lien két.
— P —
That vay, véi moi M, N € A ta c6 M'N' = PP = 0 = 9(MN).
%

3) Cho khong gian afin A va vecto @ € A. Xét anh xa tz : A —
A, M — M’ sao cho MM' = a.

Anh xa t; nhu trén duge goi 1a phép tinh tién theo vecto d. Ta co6
phép tinh tién ¢; 14 mot anh xa afin lien két vai 4nh xa tuyén tinh
dong nhat 1.

That vay, ta co
M'N"' = MN = 1X(MN),VM,N € A.

Phép tinh tién theo vecto 0 chinh 1a anh xa dong nhét tren khong

gian afin.
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4) Cho khong gian afin A, mot diém I € A v mot s6 k 7& 0. Xét anh
xa VF: A — A M — M v6i M’ duge xac dinh bdi I]\/[’ = kIM
VIk dude goi 1a phép vi ty tam I ti s6 k. Ta co VI 14 4nh xa afin ¢é
anh xa tuyén tinh lién két ¢ : A X, o(7) = kZ, VT € A.

[ That vay, ta c6 M'N' = IN' — IM' = kIN — kIM = k(IN —
[M) —k;MN ¢(MN) VM,N € A.

5) Phép chiéu song song: Cho khong gian afin A vA phing o C A ¢6
phuong 1a khong gian con aC X Goi F C X la khong gian con
ciia A sao cho dim @ + dim? —dim& va @ N F — {0}. Khi do6
méi phang c6 phuong F sé cat o tai mot diém duy nhat.

Xét anh xa f: A — « (« la khong gian afin ¢6 khong gian lien
két 1a @) cho boi: véi M € A, f(M) = M’ 1a giao diém ctia phing
qua M c6 phuong 13 3 v6i phang a. Ta goi M’ 13 hinh chiéu cia
M len phang a theo phuong F va f 1a phép chidu song song khong
gian afin A len phing o theo phuong F (Hinh 1.4).

/M’

Hinh 1.4

Dinh 1y 1.2.1.3. Phép chiéu song song la dnh za afin.

Chitng minh. Gid st f : A — « la phép chiéu song song khong gian
. -
afin A 1én phang « theo phuong F Xét anh xa ¢ : A = a o F —
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o, T = i+7 — @ D& thiy ring ¢ 1a anh xa tuyén tinh. Gia sit M, N

13 hai diém bat ky cta khong gian A ¢6 anh qua f la M, N'. Ta c6
\/ / >/ / 4 AN — o3 1 /
MN = MM'+ M'N'+ N'N v6i M'N" € ‘o va MM —i—NNEF
Do d6 ¢(MN) = M'N’' = f(M)f(N). Vay f 1a anh xa afin lien két
v6i anh xa tuyén tinh . O

D

) Phép thau xa: Cho o la mot siéu phang trong khong gian afin A
—- N N
a [ la khong gian vecto mot chieu khong nam trong phuong cia

<

a, k 13 mot s6 khac 0 . Xét anh xa f : A — A xac dinh nhu sau:

+ Néu diém M € a thi f(M) = M.

£ . —

+ Néu M ¢ « thi duong thiang qua M c¢6 phuong [ cit o tai
mot diem duy nhat M. Goi M’ 1a diém dugc xac dinh béi didu kien
(M'MMp) = k.

bat f(M) = M’. Khi d6 f duge goi 1a phép thiu xa afin ti s6 k,
sieu phing a duge goi la nén thau xa va [ duge goi 1a phuong thau
xa (Hinh 1.5).

Z/an

Hinh 1.5

P N -, £ .
Phép thau xa v6i nen «, phuong [, ti s0 thau xa £ = —1 con
duge goi la phép doi xiing xién qua « theo phuong [ .
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Dinh 1y 1.2.1.4. Phép thau za la dnh za afin.

Ching minh. Gid st f la phép thau xa c6 nén la siéu phing a,
— P P
phuong [ va ti so6 thau xa k. Xét anh xa

Dé dang thay rang ¢ 1a anh xa tuyén tinh. Ta ching minh f 14 4nh
xa afin nhan ¢ 14 anh xa tuyén tinh lien két. That vay,
- Néu VM, N khong thuoc «, c6 &nh M', N’ va gia st My, Ny 1a

giao diem cia MM’ va NN’ véi a, ta co

— - - -
S(MN) = ¢ (MMO + MoNo + NON) — kMM + kNN + Mo,

—> \
M'Mgy + NoN' + MoNo = M'N' = f(M)f(N}.

_Néu M,N € a thi f(M) = M, f(N) = N, do d6 ¢(MN) =

MN = f(M)f(N).

- Néu chi mot diém thuoc o, gid st M € o, N € . Goi Ny la
giao diém ctia NN’ véi a, ta co f(N) = N’ voi (N'NNo) = k. Tu
a6 9(MN) = §(MNg + NoN) = MNo + kNN = MNy + NoN' =
MN' = f(M)f(N). O

Tinh chat 1.2.1.5. i) Mdi dnh za afin chi c6 mot dnh vq tuyén tinh
lien két duy nhat.

i) Cho dnh za tuyén tinh ¢ : A= K>’ va cap diem I € A I' €
A’. Khi dé c¢6 duy nhat dnh za afin f : A — A’ nhan ¢ la dnh za
lien két va f(I)=1'.

iit) Anh za afin f: A — A’ bién mot m—phdng trong A thanh
mot l—phdng trong A’ va 1 < m.

iv) Anh za afin bdo toan tij s6 don cia ba diém thing hang A, B, C
khi tyj s6 don ciia ba diém dnh A', B',C" ton tai, tic la khi (A'B'C")
ton tai, ta co

(ABC) = (A'B'C").
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v) Anh za afin bién tam ti cu ciia mot hé diém tuong ung vdi mot
ho hé so thanh tam ¢ cu ctia ho diém dnh tuong ing vdi cung ho hé
s0. Ddc biét, anh za afin bién trong tam thanh trong tam.

vi) Tich go f cta hai dnh za afin f : A — A’ vag: A — A" la
7 N Pl N Y ~ , ~ H
anh za afin nhan anh xq lién ket la ? o ?, tic la go f = ? o ?

Chitng minh. i) Gia st ¢, ¢’ la cac anh xa tuyen tinh lien két ctia anh
xaafin f: A — A Voi 7€ A, 7= MN, ta ¢6 6(7) = ¢(M—))
FODF(N) = ¢/ (MN) = (). Vay 6 = &

ii) Anh xa f: A — A’ bién m6' diém M thanh diém f(M), xéc
dinh bdi diéu kien W oI ) Hon nita, theo cach xac dinh

nay ta co

FOM)F(NY = T'f(N)—TI'f(M)=¢(I

Do d6 f 1a anh xa afin nhan ¢ 1a anh xa tuyén tinh lién két.

Néu c6 4nh xa afin f' nhan ¢ 13 anh xa tuyén tinh lien két va
Py = 't (M) = (IM) = T'F(M). Tie do f(M) = f/(M)
v6i moi M, tic f = f'.

Céc tinh chat iii); iv); v); vi) xem nhu bai tap. O

Dinh 1y 1.2.1.6 (Vé sy xac dinh anh xa afin). Cho n+ 1 diém doc
lap My, M, ..., M, trong khong gian afin n chieu A va n+ 1 diém
M, My, ..., M! trong khong gian afin A’. Khi dé ¢6 duy nhat mot
anh za afin f: A — A’ sao cho f(M;) =M, i=0,1,...,n

Chiing minh. Goi ¢ : A — A’ la 4nh Xa tuyén tinh duy nhét bién
cac vects cua co sG {MOMl, ooy Mg M, } tuong ing thanh hé vecto

{M{]M{, L M(’]M;L}. Khi d6 theo Tinh chat 1.2.1.5, ¢6 anh xa afin

B . —_—
duy nhat nhan ¢ la anh xa lien ket va f (My) = M. Ta c6 MM, =
& (MOM;) — F (M) f (M) = Mf (M. Do d6 f (M;) = M!,i =
1,2,...,n.

32



Néu f’ 14 anh xa afin sao cho f' (M;) = M!,i = 0,1,...,n. Dé
thay rang anh xa t\uyén tinh lign két ctia f’ bién cc vectd clia cd 6
{MOMl, L MOMn} titong ng thanh he vects {M{]M{, L MéM;l},
titec 4nh xa d6 trung véi ¢. Do d6 f’ trung f. O

1.2.2 Bién doi afin

Dinh nghia 1.2.2.1. Anh xa afin f: A — A’ v 1a song anh dugc
goi 1 dang cAu afin.

Ding cau afin f : A — A dudgc goi 1 bién doi afin hay phép afin.

Khi c6 ding cau afin f: A — A’ ta néi hai khong gian A va A’
14 ddng cau afin v6i nhau.

Vi du 1.2.2.2. Phép dong nhét, phép vi tu, phép tinh tién 1a cac
phép bién ddi afin. Phép chiéu song song A" len m—phing (m < n)
khong la ding cau afin.

Tinh chat 1.2.2.3. i) Anh za afin la ddng cbu afin khi va chi khi
dnh za tuyén tinh lien két la ding cau tuyén tinh.

ii) Hai khong gian afin la ddng cdu khi va chi khi ching cé cung
50 chiéu.

iii) Cho hai hé n + 1 diém doc lgp My, Mo, ..., M, va M,
M, ..., M., trong hai khong gian afin A, A’ ¢6 chieu n. Khi do
¢6 duy nhat ding ciu afin f : A — A’ sao cho f(M;) = M!,i =
1,2, .n+1.

i) Ddng ciu afin bién mot m—phdng thanh mot m—phdng.

v) Anh za nguge cia ding ciu afin lo ding cdu afin.

Céac tinh chat trén xem nhu bai tap.

Dinh 1y 1.2.2.4 (Dinh 1§ co ban ctia anh xa afin). ! Cho A, A’ la
cic khong gian afin n chieu (n > 2), f: A — A’ la mot song dnh

!Poan Quynh, Van Nhu Cuong, Hoang Xuan Sinh (1988), Dai s6 tuyén tinh
va hinh hoc. Nxb Gido duc, Ha Noi.

33



bdo toan tich chédt thang hang cia cic hé ba diém. Khi do f la mot

anh xa afin.

Dudi day 1a két qua yéu hon vé diic trung clia anh xa afin gitta
cac khong gian afin trén truong K bat ky c6 dac s6 khac 2.

Dinh ly 1.2.2.5 (Dinh 1§ co ban ctia 4nh xa afin). Cho f: A — A’
la mot song anh ti K—khong gian afin A lén K—khong gian afin A’
(K la mot truong cé dic sé khdc 2) bdo toan tinh chat thang hang
ctia cdc diém va bdo toan ti s6 don cla cic hé ba diém thdng hang.
Khi do f la mot anh xa afin.

Chitng minh. Lay I € A vi mot ding ciu afin g : A’ — A bién f(I)
thanh 7 thi h = go f : A — A 13 mot bién doi ctia A giit bat dong 7
va ciing ¢6 tinh chat néu trong gid thiét dinh Iy vé f. Chi can chiing
minh ring h 13 mot dnh xa afin (vi khi d6 f = ¢! o h 1a tich hai
anh xa afin).

Xét anh Xa¢:X—> A xhc dinh béi m:WQV’ME A va
chi can chitng minh ¢ 1a mot anh xa tuyén tinh. Ta c6:

1) (AF) = A$(Z) v6i moi A € K, # € A. That vay, diéu d6 1a
ro rang khi A = 0 hay @ = 0 (vi h(I) = I). Xét A #£ 0,7 # 0, ¢6
thé coi A £ 1. Lay IM — # TN — AZ thi I’ M, N phan bict, thing
hang, (NM1) = A. Vay h(I), (M), h(N) phan bigt, thing hang va
(h(NYR(M)R(I)) = A, titc Th(N) = XTh(M), do d6 $(AT) = ()

2) o(Z+7Y) = o(Z) + ¢(y), v6i moi T,y € A. That vay, co thé gia
stt 7,4 doc 1ap tuyén tinh (vi néu &, 7 phu thudc tuyén tinh, dang
thitc can ching minh suy ra dé dang tir 1). Lay M = :Z",I—]>\f = 1.
Goi P la trung diém ctia doan M N, titc IV = $(Z+¥) (do trudng
K c6 dac s6 khac 2 nén ton tai nghich ddo cta 2 1a 27! = %) thi
(MNP) = —1, do d6 (h(M)h(N)h(P)) = —1. Vay h(P) la trung
diém ctia doan h(M)h(N), tic Th(P) = L(Ih(M) + Ih(N)) va ta
duge ¢ (3(7 + 7)) = 5(6(F) +6(¥)), nhnmg ¢ (5(7 + 7)) = 36(&+7)
néen ¢(Z + §) = ¢(7) + (9). O
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1.2.3 Biéu thic toa do cia dnh za afin

Cho anh xa afin f: A" — A" Gia sit trong A" da cho muc tiéu
{0;¢1,...,é,}, O = f(O) ¢6 toa do ddi v6i muc tieu 1a (by, ..., b,),
7 bién co sG {€1,...,E,} bién thanh he vecto {5’1, o, ... ,67”} V3

6/1 =ap1e1+ ...+ A1n€n
6/2 =aq€e; + ...+ A92nCp
€, =ap€1+ ...+ s

Gi4 st X 1a mot diém bat ky trong A", goi X' = f(X). Gia sut

d6i v6i muc tieu da cho X (zy,...,2z,), X' (¢/,...,2',). Ta tim mdi
lien he gitta (xq,...,x,) va (2, ..., 2}). Ta co
— —  ——

O

X' =" aje; =00 + OX' =" b+ Y0 a0,
n — n n —
=i b€+ 20 Zj:l Ljij€;
n n —
=D i (bi + Zj:l ;jT;)€;.
Suy ra x; =b; + Y0 ayxs, i =1,...,n. Do dé

!
Ty ai; ... Qapi I b1

T A1p . Gpn Ty b,

Ky¥ hiéu gon la

(2] = Alz] + [0],
trong do6
an an1
A= :
Alp - Qpp
I ma tran chuyén tit co s6 {é1, ....€,} sang he vecto {e,...¢/,}.

Khi f 1a bién ddi afin, he {6_;1, . (37”} ciing 14 co s6 nén ma tran A
khong suy bién. Cong thiic trén duge goi la biéu thitc toa do (hay
phuong trinh) clia 4nh xa afin f d6i v6i muyc tieu da cho. Ma tran
A trong biéu thic trén 13 ma tran vuong va A khong suy bién khi f

1a bién doi afin.
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Ngudc lai, dbi véi mot muyc tiéu cho truée, mot phuong trinh co
dang trén 13 phuong trinh ciia mot anh xa afin nao d6 f: A" — A"
va f 1 bién ddi afin néu A 1a khong suy bién (viéc chitng minh xem
nhu bai tap).

Nhan xét 1.2.3.1. Néu [2/] = Afz] + [b] 14 phuong trinh cla anh
xa afin f d6i v6i muc tieu {O;é), ..., €,} thi phuong trinh clia 4nh
xa tuyén tinh lien két 7 doi voi co s6 {é1,...,¢e,} 1a [2] = Alx].
Vi du 1.2.3.2. Cho A, B,C 13 3 diém doc lap trong khong gian
afin A2 Goi f: A2 — A? 1a phép afin thoa man f(A) = B, f(B) =
C, f(C) = A. Lap phuong trinh ctia f ddi v6i muc tieu {A; B, C'}.
Giai. Co 56 lien két v6i muc tieu {A; B, C} Ia {AB, AC). Goi [ 1a

anh xa lien két ctia f, ta c6

F(AB) = BC = —AB+ AC,
f(ac) = BA=-4B.

Do d6 ma tran chuyén tit o 8§ {zﬁ, zﬁ} sang anh clia né qua anh

xa tuyén tinh lien két 1a
-1 -1
M = [ R } |
Toa do ctia diém B = f(A) d6i véi muc tieu {A4; B,C} 1 (1,0). Vay
phuong trinh cta phép afin la

=[5 o]

/

Ty = —T1 — T2+ 1,
/
2

= Z.

hay

Vi du 1.2.3.3. Trong khong gian afin A? véi muc tiéu cho trudc,
cho cac diém A(1,2), B(2,1),C(3,1), A'(—-1,0), B'(—2,2),C’(1, —3).

Chitng minh rang ton tai duy nhat phép afin f bién A, B, C tuong
ting thanh A’ B’ C".
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Lap phuong trinh phép afin f dbi véi muc tieu da cho.
Giai. Ta c6 {AB, AC)} Ia he doc lap tuyén tinh nen {A, B, C} 1a he
diém doc lap, do d6 c¢6 duy nhat anh xa afin tren A2 bién A, B,C
tuong tng thanh A’, B', C’.

Gia st {O; €1, €3} 1a muc tiéu da cho. Ta ¢6 z@ =€) — €, 1@ =
261 — €9, A/B/ = —e1 + 2627 A/C/ = 261 - 362.

Vi phép afin f bién A, B, C tuong tng thanh A’, B, C’ nén

F(AB) = AF,
J(AC) = aC.

Do dé6

Ta c6 hé

Tu do ta co
{ f

Ma tran chuyén tit co sé {€}, €} sang co sd {? (€1), ? (52)} la

A= [ 3 4 } . Do d6 phuong trinh ctia f déi véi muc tieu da cho

5 7
W= 5 S me | p ]

c6 dang
Thay toa do cap diém tuong ting A, A’ qua f vao phuong trinh ta c6

LS SR

| —-1=11+b B B
Taco{ 0= —19 + by = b =—12,by = 19.
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Do d6 phuong trinh cia f la [2/] = [ —35 —47 ] 2] + [ o }7

hay
x) = 3wy + 4wy — 12,
xh = —bxy — Txg + 19.

Vi Det(A) # 0 nén f 1a mot ding cau afin.

1.2.4  Hinh hoc ctia mot nhém cdic phép bién doi,
Hinh hoc afin

a) Nhém cac phép bién dbi ciia mot khong gian

Ta goi mot tap khac rong X 1a mot khong gian va moi phan ti
ciia n6 duge goi 1 mot diém, médi tap con clia khong gian X duoc
goi 14 mo6t hinh.

Mb&i song anh f : X — X dudc goi 1a mot phép bién ddbi cia,
khong gian X. Tap hop cac phép bién déi cia X lap thanh mot
nhoém véi phép hgp thanh céc song anh, méi nhém con ctia nhém dé

dugce goi 14 mot nhém bién ddi ctia khong gian X.

Vi du 1.2.4.1. Xét V 1a mot khong gian vecto, ta ¢6 nhém bién
doi bao gdm cac phép bién ddi tuyén tinh tren V. Xét A 1a khong
gian afin, ta ¢6 nhém bién ddi bao gdm cac phép bién doi afin tren
A (nhém afin trén A).

Trong khong gian afin, ta c6 tap gdm mot diém, mot he diém,
mot m—don hinh, mot m—hop; mot m—phing, ..., [a cic hinh.
b) Hai hinh tuwong duong d6i véi nhém bién doi

Cho mot khong gian X va G 13 mot nhom bién ddi tren X. Hai
hinh 13 dnh ctia nhau qua mot phép bién ddi ciia nhom G dugce goi
14 tuong duong vdi nhau (d6i v6i nhom G). Trong khong gian afin,
hai hinh 13 tuong duong véi nhau déi véi nhéom cac phép bién doi
afin con duge goi la tuong duong afin. Vi dy: hai he m diém doc
1ap 1a tuong duong afin; hai m—don hinh 1a tuong duong afin; hai
m—hop la tuong duong afin.
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c) Bat bién d6i v6i nhém bién doi

Ta goi mot tinh chat 1a bat bién déi véi nhom bién déi G tren
khong gian X néu tinh chit d6 ¢6 trén mot hinh H thi c¢6 trén moi
hinh H' tuong duong (ddi v6i nhém G) v6i hinh H. Bat bién doi
v6i nhom bién doéi afin con goi 1a bat bién afin. Khai niem duge xay
dung tir cdc bat bién afin goi 1a khai niém afin.

Ta c¢6 cac bat bién afin sau: tinh doc lap, phu thudc ciia mot he
diém; tinh dong quy cta cac dudng thing; tinh thing hang cta cac
diém; tinh cit nhau, song song, chéo nhau ctia hai phing.

T¥ s6 don ctia 3 diem, diic biet tinh chat 1a trung diém cta doan
thing, & cic bat bién afin.

Diém; m—phing; he diém doc lap, he diém phu thuoc; ty s6 don;
tam ti cy; ... l1a cac khai niém afin.

d) Hinh hoc ctia mét nhém phép bién déi. Hinh hoc afin

Moén hoc nghien citu cac bat bién déi vé6i nhom bién ddoi G ciia
khong gian X goi 1a hinh hoc cua nhém G trén khong gian X. Hinh
hoc afin n chidu 13 hinh hoc ctia nhém bién déi afin trén khong gian
afin n chiéu, nghia 1 nghién citu cac bat bién afin trong khong gian
afin n chiéu. Nhu vay, hinh hoc afin nghién citu tinh doc lap, phu
thuoc ctia hé diém; cdc phing; quan hé gitta cac phing (song song,
cit nhau, chéo nhau), m—don hinh, m—hop, tj s6 don, tinh dong
quy ciia cac duong thing, tinh thing hang ctia he diém, ....

1.3 Siéu mat bac hai

1.3.1 Kha: niém siéu mat bac hai
Trong khong gian afin A" v6i muc tiéu afin {O;é,é,,...,€,}
cho trude, xét phuong trinh bac hai:

n

[y, mo,. . xy) = Zaijxixj+22aixi+a020, (1.5)

ij=1 i=1
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trong do6 cac he sd a;;, a;, ap 1a cic sb thuc, cac a;; khong dong thoi
bing 0 va a;; = aj;. Tap hop tat cd nhimg diém X thudc A" sao cho
toa do (zq,x2,...,x,) cla n6 théa man phuong trinh (1.5) duge goi
13 mot siéu mit bac hai xac dinh bdi phuong trinh dé.

Néu (S) 1a siéu mit bac hai xdc dinh bdi phuong trinh (1.5) thi
phuong trinh (1.5) duge goi 1a phuong trinh clia (S) ddi v6i muc tieu
da cho.

V6in =2 va n = 3 thi cic siéu mit bac hai 1an lugt duge goi 1a

duong bac hai va mat bac hai.

Ky hieu A = [a;], Vi a;; = aj; nén A la ma tran doi xing
(A:AT) va A # 0.
I aq
T a9
Ky hi¢u [z] = | . |,[a]=| . |.Khid6, phuong trinh (1.5)
T n,

duge viét dusi dang

[z]" Alz] + 2[a]” [x] + ao = 0. (1.6)
Ma tran A = [a;;] dugc goi la ma tran bé, ma tran
(@ a1 as ... a, |
a0 of ay ay; a2 ... Qin
B = [a A} — | a a.m a.gg a?n
| @ Gn1 Qp2 oo Qg |

duge goi 1a ma tran 16n clia siéu mit bac hai (néu dat X = [ﬂ thi
(1.6) & XTBX = 0).

Mot siéu mit bac hai duge goi 1a khong suy bién néu ma tran
16n khong suy bién (detB # 0).

Dua vao cac tinh chat dic trung, ngudi ta goi mot siéu mit bac
hai suy bién véi hang clia ma tran l6n bing hang clia ma tran bé
14 siéu nén bac hai, mot siéu mat bac hai suy bién v6i hang clia ma

tran 16n khac hang ctia ma tran bé la siéu tru bac hai.
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Nhan xét 1.3.1.1. Khai niém siéu mat bac hai khong phu thudc

vao viéc chon muc tiéu trong A™.

That vay, gia st ta c6 phép ddi muc tieu

Thay gia tri ctia [z] vao (1.6) ta duge

[2]" Al] + 2[a]"[x] + a0 = 0

& (C+p) AC [ ] []) + 2 [] ( [2] +[b]) +ao =0
s ( bT> )
+2[a]T(C’ ('] + [B]) + ap = 0. (1.7)

Ta ¢6 (1.7) tuong duong véi phuong trinh sau:

@)" CTAC W) + ([) €T Al + ] AC [] + 2[a] C )
+[a)"[b] + ao = 0. (1.8)

Do [2/]" CT A[b] va [b)TAC ['] 1a céc ma tran vuong cap 1 nén
([x’]T CTA[b]> Lt ATO ] = )T CT A,
Do d6 (1.8) tr& thanh
2] CTAC (/] + 2 ()" AC + [a]TC) [2/] + [a]T[b] + ao = 0. (1.9)
titc 1a ciing ¢6 dang (1.5).

Vidu 1.3.1.2. Trong khong gian afin A? v6i muyc tiéu cho trude, cho
siéu mat bac hai c6 phuong trinh 22 +2x 29+ 323+ 221 —4xs+1 = 0.

Ta ¢6 a;p = 176L12 = 921 = 1,&22 3 a; = 1 , Q9 = —2,&0 =1.
11 1 1 =2

Ma tran bé A = . Ma tran 16n B = 1 1 1
L3 -2 1 3

khong suy bién nén siéu mat bac hai 14 khong suy bién.
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Dinh 1y 1.3.1.3. Qua phép bién doi afin, mot sieu mat bac hai bién

thanh mot siéu mdat bac hai.

Ching minh. Gid st ta ¢6 siéu mat bac hai (S) ¢6 phuong trinh
(xem (1.5)):
[2]" Alz] + 2[a]" [2] + a0 = 0, (1.10)

va mot phép bién doi afin f ¢6 phuong trinh
[z] = B [2'] 4 [b] (v6i detB # 0). (1.11)
Thay (1.11) vao (1.10) ta co:
(B +[B])" A (B[] + [b)) +2[a]" (B[] + [B]) + ap = 0.
Khai trién phuong trinh trén véi chi ¥ ring:
(') B"A[p] = [0 AB [«]

~ A 2 2 . N < ~ ~ A ~ 2 .
(vi 2 vé cia dang thitc 1& cdc ma tran vuong cap 1 nén chuyen vi

clia n6 bang chinh né), ta co:

T

[2']" BTAB [2'] + 2 (BT (A]B] + [a]))" [2'] + [b]" A[b]
+2[a)]"[b] + ag = 0.  (1.12)
Ta ¢c6 BTAB = (BTAB)T va hang ctia BT AB béang hang clia A vi
det B # 0. Do d6 BTAB # 0.
Vay (1.12) ciing la phuong trinh ctia mot siéu mat bac hai (S7),

do6 chinh la &nh cda siéu mit bac hai (S) qua dnh xa afin f. O

1.3.2 Giao cia siéu mdt bac hai vdi dwong thding

Trong khong gian afin A™ cho siéu mit bac hai (S) c6 phuong
trinh:
(2] Alz] + 2[a]" [z] + ap =0 (1.13)
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va duong thang (d) di qua diém B (by,by,...,b,) c6 khong gian
phuong sinh béi vecto ¢(cq,c,...,¢,). Khi d6 phuong trinh cda
(d) c6 thé viét dudi dang:

[z] = Ac] + [b], (1.14)

C1 b1
Co bg
lc] = SUE
Cn b,

Khi d6 giao diém ctia (d) véi (S) 6 toa do 1a nghiem ctia he (1.13)
va (1.14). Thay (1.14) vao (1.13) ta dugce:

(Ale] + [B) " A(Ale] + [b]) + 2[al” (Ale] + [B]) + a0 =0, (1.15)

hay
([c]"Ale]) A* +2PA+Q = 0, (1.16)

trong do6

P = [b]TA[c]—i—[a]T[c}:Zaijbicj—l—Zaici, (1.17)

ij=1

Q = [ Al + 20a)"[b] + ao. (1.18)

Néu A la nghiém ctia (1.16), bang céch thay vao (1.14) ta tim duge
toa do giao diém. Ta 6 cac truong hop sau:

+ Néu [c]T A[c] = 0 va P # 0 thi phuong trinh (1.16) ¢6 nghiém
duy nhat, tic 14 (d) cit (S) tai mot diem duy nhét.

+ Néu [¢]TA[c] =0 va P =0,Q # 0 thi phuong trinh (1.16) vo
nghieém, titc 1a (d) khong cit (S).

+ Néu [¢JTAlc] = 0 va P = 0,Q = 0 thi phuong trinh (1.16) ¢6
nghiém véi moi A € R, titc (d) chita trong (S).
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1.3.3 Tam, diém ky di cia siéu mdt biac hai

Dinh nghia 1.3.3.1. Tam cfia siéu mat bac hai (S) 1a diém ma khi
ta chon lam gdc muc tieu thi phuong trinh ciia (S) ¢6 dang:

n
Z aijximj + ag = 0,
1,j=1
hay viét dudi dang ma tran 1a

[2]" A[z] + ag = 0 v6i A = [ay] .

Tir dinh nghia trén ta suy ra néu diém M thudc sieu mat bac hai
(S) va (8S) ¢6 tam I thi diém M’ ddi xing véi M qua tam [ ciing
thuoce (S). Vay néu (S) # () thi tam ctia n6 ciing chinh la tam déi
xting clia tap (S).

Cho sieu mét bac hai (S) ¢6 phuong trinh d6i véi mot muc tieu
la

[2]" Alz] + 2[a])" [z] + ao = 0.

Ta tim didu kien dé diém I 4 tam ctia (S). Doi muc tiéu theo cong
thite [z] = [2/] + [I], T 1a gbc clia muc tiéu mdéi véi he toa do (/).

Trong muc tieu mdi, phuong trinh cua (5) la
(121" + [107) A (@) + 1)) + 20a)” (12') + [1]) + a0 = 0,

hay
(2] Alz] 4 2 ([I]TA + [a]") [2] + [1)"A[I] + ao = 0.

T dinh nghia ctia tam, suy ra
" A+ [a]" = 0 hay A[I] + [a] = 0.
Do dé6 tam I cta (S) c6 toa do théa man phuong trinh
Alz] 4 [a] = 0.
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Vi du 1.3.3.2. Cho dudng bac hai (S) trong A? ¢6 phuong trinh

:c% — 6129 +2x§ + 2% —4z9 — 3 =0.

Taco A= [ _13 _23 ] ,a] = [ _12 }.Tam c6 toa do la nghiém cia

RN EE

hay la nghiém cta hé phuong trinh

I1—3{E2+1:O
—3$1+2I2—2:0 '

phuong trinh

4 ?
Nghiém cta hé la 1 = ——, 29 = —. Vay tam cia (S) la diem

41 7 7

I=(—-=,2].

(+3)
Dinh nghia 1.3.3.3. Diém I trong khong gian afin A dugc goi 1
diém ki di clia siéu mit bac hai (S) néu I € (S) va I 1a tam clia (S).

Néu cho siéu mat bac hai (S) ¢6 phuong trinh
[2]" Alz] + 2[a]" [2] + a0 = 0,

thi diém ki di c6 toa do thda man hé phuong trinh

{ [z]T Alx] + 2[a]"[z] + ap = 0
Alz] + [a] =0

([2]"A+ [a]) [2] + [a]"[z] + ag = 0
@{ Alz] + [a] =0

1.3.4 Phuong tiém cin va duong tiém can ciua siéu
mat bac hat

Dinh nghia 1.3.4.1. Vecto ¢ = (¢y, ¢, ..., ¢,) duge goi 1a phuong

tiém can ciia sieu mit bac hai (S) véi phuong trinh (1.5) néu & # 0
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n

[(]"Ald] =) ajcic; =0. (1.19)
ij=1
Déi v6i sieu miit bac hai ¢6 tam duy nhat, mot dudng thing di qua
tam dugc goi 1a dudng tiém can clia siéu mat bac hai néu phuong
clia n6 1a phuong tiém can va né khong cit siéu mat bac hai.

Vi du 1.3.4.2. Trong khong gian afin 2 chiéu ta co:
2 2

+ Elip x_z + ?;—2 = 1 khong ¢6 phuong tiém can.
a
2?2
+ Hypebol — — =i 1 ¢6 hai phuong tiém can la ¢; = (a, b) va
a
¢y = (a,—b). Cac dudng tiém can tuong tng la
b b
y=-rvay=——1.
a a

+ Parabol y? = 2pz ¢c6 mot phuong tieém can 1a ¢ = (0,1) nhung
khong c6 duong tiém can vi khong cé tam.
2 P )
-+ Duong bac hai — = Z_Q = 0 ¢6 tam la goc toa do va cac phuong
a
tiem can la ¢ = (a,b) va ¢ = (a, —b) nhung khong c¢6 duong tiem
can.
+ Duong bac hai y? = 1 trong hé toa do (z,y) ¢6 vo s6 tam (céc
diém thuge dudng thang y = 0) nén khong ¢6 dudng tiem can.

1.3.5 Siéu phdng kinh cia siéu mdt bic hai

Dinh 1y 1.3.5.1. Cho hai diém M, M, thay doi clia siéu mat bac
hai (S) sao cho duong thing MM, ¢é phuong ¢é dinh @ # 0 (ma
khong phdi la phuong tiém can). Khi do tap hop cdc trung diém cia
doan thazng MM, nam trén mot siéu phazng va 816U phcfng do di qua

tam (néu cé) cia (S).

Sieu phing d6 duge goi la sidu phang kinh clia (S) lien hgp véi
phuong ¢ hoiic ¢ 1a phuong lien hgp véi siéu phang kinh do.
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Chitng minh. Gia st trong khong gian afin A™ véi muc tiéu da chon,

situ mit bac hai (S) ¢6 phuong trinh:
[z]" Alz] + 2[a]” [x] + ao = 0. (1.20)

Gia st My, My € (S) va I (by,bs,...,b,) 1 trung diém doan thang
M, M,. Phuong trinh dudng thing qua M, M, c6 dang:
[z] = [b] + [c]A
(x,:bz—i—czx\, i:1,2,...,n)

trong do6 (cy, ca, ..., ¢,) 12 toa do clia vecta & D@ tim toa do My, Mo
ta giai phuong trinh sau (trong d6 P, Q dudc xéc dinh bdéi (1.17) va
(1.18)):

([e]"Ale]) * + 2PA+ Q = 0. (1.21)

Gia st A1, Ay 1a nghiém ctia phuong trinh (1.21) tng v6i cac giao
dlém Ml,MQ. Ta co

My = (1) — (@
W:(Iz — (x
Mit khéc, m + ]T/[—z_} =

A+ X =0 (do @#0).

) = [b] = ([b] + [c]A2) = —[c]Aa.
0

nén suy ra [c]A\; + [cJA2 = 0 hay

Vay P =0 hay
P =[b]"Ald + [a]]d = Z agbic; + Z a;c; = 0.
hay
[e]" (A[p] + [a]) = 0.

Nhu vay toa do trung diém I ctia doan thing M;M, théa man
phuong trinh
[c]T (A]x] + [a]) = 0. (1.22)
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Trong phuong trinh (1.22) ta ¢6 [¢]TA # 0, vi néu [¢JTA = 0 thi
[T Alc] = 0, tiic ¢ 14 phuong tiem can. Vay phuong trinh trén la
phuong trinh ctia mot siéu phing.

Vi tam cua (S) ¢6 toa do théoa mén phuong trinh Az +a = 0
nén ciing thoa man phuong trinh (1.22). Vay néu siéu mat bac hai
(S) c6 tam thi siu phing kinh lién hop véi phuong ndo dé chita moi
tam cua (S). O

Vi du 1.3.5.2. Trong khong gian afin 2 chiéu ta co:

1) Puong kinh lien hgp véi phuong &= (¢1,¢o) cla elip
2 2
% + Z—2 = 1 13 duong thing c6 phuong trinh %ZB + %y = 0.
2) Duong kinh lien hgp v6i phuong ¢ = (¢p,¢) cta hypebol
2 2
% — % = 1 13 dugng thing c6 phuong trinh %x — l%y = 0.
3) Duong kinh lién hop véi phuong ¢ = (c1,¢2), (2 #0) clia
C1

parabol y? = 2px 14 dudng thing c6 phuong trinh y = p - —.
Co

1.3.6 Tiép tuyén va siéu tiép dién cia siéu mdt
bac haz

Dinh nghia 1.3.6.1. Trong khong gian afin A" cho siéu mat bac
hai (S). Duong thang (d) duge goi 1A mot tiép tuyén cia (S) néw:

+ Hoac phuong cta (d) khong phai 1a phuong tiém can cta (S)
va (d) cit (S) tai diing mot diém (diém nay duge goi 1a tiép diém).
Ta n6i (d) tiép xic véi (S) tai diem do.

+ Ho#c phuong cia (d) 1a phuong tiem can va (d) nam trén (S).
Dinh ly 1.3.6.2. Néu siéu mat bic hai (S) c6 phuong trinh

(2] Alz] + 2[a]" [#] + ap =0

va diém B (b, by, ..., b,) ndm trén (S) thi duong thing (d) di qua B

c6 phuong ¢ = (c1,¢a, ..., ¢,) la tiép tuyén cia (S) khi va chi khi
[b]" Alc] + [a]"[c] = 0. (1.23)
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Chatng minh. That vay, dé tim giao cta (d) va (S) ta di dén gidi
phuong trinh
[T A[]A* +2PA+Q = 0.

Trong truong hop nay  Q = [b]T A[b] + 2[a]T[b] +ao = 0 vi B € (S).
Vay phuong trinh trén tuong duong véi phuong trinh

[c]TA[c]\? 4+ 2P) = 0, (1.24)

hay
A ([c"A[dX +2P) = 0.

+ Néu [c]TAlc] # 0, titc ¢ khong phai 1a phuong tiem can, dé
duong thang (d) 1a tiép tuyén ctia (S) thi didu kien can va di 1a (d)
cit (S) tai mot diém duy nhat. Didu niy tuwong duong véi P = 0
hay [b]7 Alc] + [a]"[c] = 0.

+ Néu []T A[c] = 0, khi d6 ¢1a phuong tiém can clia (S), dé duong
thing (d) 1 tiép tuyén cta (S) thi didu kien can va di 14 (d) nim
trén (S), tic 1a phuong trinh (1.24) nhan moi gié tri cia A 1a nghiém.
Diéu nay ciing tuong duong v6i P = 0 hay [b]T Alc] + [a]T[c] = 0. O

Hé qua 1.3.6.3. Néu B la mot diém ki di cia (S) thi moi duong
thang qua B déu la tiép tuyén cia (S).

Chitng minh. That vay, néu B (by, bo, ..., b,) la diém ki di cta (S)
thi B la tam cia (S) nén toa do cia né théa man phuong trinh
A[b] + [a] = 0 hay [0]TA + [a]F = 0, suy ra [b]TAlc]+ [a]T]c] = 0,
§ day @ = (c1,¢9,...,¢,) 12 phuong ctia dudng thang qua B. Theo
Dinh Iy 1.3.6.2 duong thing di qua B la tiép tuyén ctia (S), He qua
duge ching minh. O

Dinh 1y 1.3.6.4. Néu B thuoc (S) va B la khong la diém ki di tha
cac tiép tuyén cia (S) tai B tao thanh mot siéu phding. Siéu phdng
dé dugc goi la sieu tiép dién clia (S) tai B.

Chitng minh. Gia st B (by, b, ..., b,) € (S) va M (21, x2,...,2,) #
B thi M ndm trén tiép tuyén clia (S) c¢6 phuong ¢ tai tiép diém B
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—_— N
khi va chi khi BM = A¢, A\ # 0. Dieu nay tuong duong véi toa do
—
vecto BM thoa méan phuong trinh (1.23), tic la:

[B]" A([z] = [b]) + [a]"([z] - []) =0

hay
([b]TA + [a]T) ([z] — [b]) = 0. (1.25)

Do B khong phai 1a diém ki di nen
[B]" A+ [a]" = (A]p] + [a])" # 0.

Do d6 phuong trinh (1.25) 14 phuong trinh clia mot siéu phang. [

Trong khong gian afin 2 chiéu, siéu tiép dién clia mot duong bac

hai chinh 1a tiép tuyén clia né.

Vi duy 1.3.6.5. Trong khong gian afin 2 chiéu ta co:

2 2
1) Tiép tuyén tai diem B (by, by) clia elip SC—2 + ZZ—Q =1 1a duong
a
. b b
thang ¢6 phuong trinh 2L + 29 .
a? b2
) ) . 2 qP
2) Tiep tuyen tai diem B (bi,bs) ctia hypebol — — i 11a
a
, b b
duong thang c6 phuong trinh l—f — bigy =1
a

3) Tiép tuyén tai diém B (by, by) clia parabol y? = 2pz 1a duvng
théng c6 phuong trinh byy = p (x + by).

1.3.7 Dang chudn tdc cia siéu mdt bac hai

Két qué sau day cho dang don gidn nhat phuong trinh ciia mot
situ mat bac hai trong khong gian afin déi véi mot muc tiéu thich
hap.

Dinh 1y 1.3.7.1. Cho (S) la mot siéu mat bac hai trong khong gian
afin A™. Khi dé ton tai muc tieu afin dé phuong trinh cia (S) doi
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vdi muc tiéu co mot trong cic dang sau:

—2— =Tt Tt 2= 0<k<r1<r<n,
(D

—x%—...—xz+xz+l+...—|—mf:0, ogkg[g},lgrgn,
(1)

—xf—...—xi—l—xiﬂ—k...—kx?:xr+1, 0<k< [g},1§r<n.
(III)

Ta goi cac phuong trinh trén 13 phuong trinh dang chuén tic clia
siéu mat bac hai.
n
ij=1
thé tim dugc mot co s6 € = {e/1,¢'5,...,€¢,} sao cho dang toan

Chiing minh. Xét dang toan phuong Y. a;zia?. Ta bict rang c6

phuong déi v6i co sé d6 trd thanh chuan tic, tic 1a c6 dang

n

> e voi e = £1 hoic ¢ = 0. (1.26)
=1
Khi d6 d6i v6i muc tieu afin {O; €'y, ey, ..., e} phuong trinh cia
S ¢6 dang
Z ) Z a;x; +ay = 0. (1.27)
i=1 i=1
Vi a;; khong dong thoi bing 0 nén phai ¢6 nhitng €; # 0. Ta ¢6 thé
gia su
& £0v6ii=1,2...,rn1<r<n; (1.28)
eg=0v6ii=r+1,2,... n (1.29)

Diuing phép doi muc tiéu

Xi:x;feia;,izl,l...,r; (130)
Xi=zi=r+1,2,...,n,
ta dua phuong trinh (1.27) trd nén:
Y aX?+2 ) alX;+aj=0. (1.31)

=1 i=r+1

o1



- Néu trong (1.31) ¢6 a,,y = al,, = ... = al, va aj = 0 ta dugc
phuong trinh cia S 1a
T

 6X!=0=+11<r<n (1.32)

=1

- Néu trong (1.31) ¢6 a, , = a, ., = ... = a), va aj # 0, thi bang

cach dat \; = —%,i =1,2,...,r, ta dugc dang (I)
0

i NX7 =1
i=1

Sau d6 diing phép déi muc tieu

X=X néu X\ >0
X! =+/=N néu X\ <O0; (1.33)
X = Xx néu r<k<n.

Khi d6 phuong trinh (1.33) s& duge dua vé dang (IT)

Zein =1,1<r<n.
i—1
- Néu trong (1.31) ¢6 it nhat mot he s6 a) # 0 chang han al,, # 0,

ta diing phép déi muc tieu

n b
Xt = 2 e 05X — 9’ (1.34)
X=X, i #r+1;

ta dua phuong trinh (1.33) vé dang (III)

o aX?=2X, g =+11<r<n-1.

i=1

Vay ta da ching minh dugc rang bang cdch chon muc tiéu thich
hop, moi siéu mit bac hai S trong A™ déu c¢6 phuong trinh thuodc

mot trong cac dang trén. O
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Nhan xét 1.3.7.2. i) Néu phuong trinh cia sieu mét bac hai (S)
c6 dang (I) thi (S) ¢6 tam va tam khong thudc (S).

ii) Néu phuong trinh clia sieu mit bac hai (S) ¢6 dang (II) thi
(S) ¢6 tam va tam thuoc (S).

iii) Néu phuong trinh clia sieu mat bac hai (S) ¢6 dang (III) thi
(S) khong c6 tam.

iv) M&i siéu mat bac hai, phuong trinh dang chudn tic ctia n6
chi thuoc mot trong 3 dang trén va tng v6i mot cip chi s6 (k,r)
x4c dinh. Didu nay suy tir 1,2,3) § trén va sy bat bién qua phép doi
toa do ctia chi s6 k va hang r clia ma tran cac hé s6 bac hai trong

phuong trinh ctia siéu mit.

Tt nhan xét trén ta c6 dinh nghia sau.

Dinh nghia 1.3.7.3. Hai siéu mat bac hai trong khong gian afin
thuyc A" duge goi 1a ciing loai néu phuong trinh chuan tic ctia ching
¢6 cung dang (I) hodc (IT) hodc (III) v6i gia tri ciia k va r gidng

nhau.

Dinh 1y 1.3.7.4. i) Phép afin bién mat siéu mdat bac hai thanh siéu

mat bac hai cung loas.

ii) Hai siéu mat bac hai cang loai la tuong duong afin.

Chatng minh. i) Ta nhan thiy ring phép bién ddi afin bién muc tiéu
thanh muc tiéu va toa do ctia mot diém déi véi mot muc tieu cling
chinh 1a toa do ctia diém anh déi v6i muc tieu anh. Vi vay phuong
trinh cia mot sieu mat bac hai ciing chinh la phuong trinh cuia siéu
mat bac hai d&nh dbi véi muc tiéu anh. Do d6 siéu mic bac hai va
anh cta n6 co cuing loai.

ii) Gia st hai situ mit bac hai cung loai (Sy),(S2) ¢6 dang
chuan tic 134 nhu nhau déi véi cac muc tieu {O;Ei, ..., E,} va
{0, E},... E'} tuong tng. Xét phép afin f bién cac diem O, Ej,
..., B, tuong tng thanh cac diém O', B, ..., E'. Khi dé anh cla
(S1) qua f 1a sieu mit bac hai ¢6 phuong trinh nhu (S;) déi véi muc
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tieu {O; EY,..., El}, do d6 triung véi (Sq). Vay (S1), (S2) 1a tuong
duong afin. ]

1.3.8 Phan loat cac duong bdac hai trong mat
phang

Dira vao dinh Iy vé phuong trinh dang chuan tic ctia siéu miit
bac hai 6 trén (Dinh 1y 1.3.7.1), trong khong gian afin A? ¢6 tat ca
9 loai duong bac hai (siéu mit bac hai) sau:

Lai+a3=1 duong elip.

2. —z7+22=1 dudng hypebol.

3. —x7 —z3=1 dudng elip do.

4.2 +22=0 cap dudng thang 4o cit nhau.
5. —a27+ 23 =0 cap dudng thang cit nhau.

6. 73 = To parabol.

7.2 =1 cap duong thing song song.

8. —ax?=1 cap duong thing 4o song song.
9. 22 =0 cap dudng thing triing nhau.

Ta nhan thdy cac duong bac hai khong suy bién, khac rong chi
thuoc 1 trong 3 loai: elip, hypebol, parabol, ta con goi chiing la cac
duong conic.

Vi du 1.3.8.1. Xac dinh loai cia duong bac hai sau trong mét
phang A2 :

x% + 22129 + 3353 + 221 —4z9+1=0.
Giai. Bién doi vé trai phuong trinh, ta c6

(z1 + x3)° + 222 + 221 — 4wy + 1 = 0.

/

Déi toa do theo cong thitc { i,l T1F T2
2

" , phuong trinh trén cé
2

dang
o422 + 220 —62h,+1=0
Bién doi vé trai, ta c6

3\ 9
Cr1) 422 -2) —==0.
(x1+)+ (xl 2) 5
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Tiép tuc ddi toa do

2 . V2

= —x +

~ 31T 3

Ta c6 phuong trinh ciia duong bac hai trong hé toa do méi 1a

"2 n2
v +a, =1

Do dé duong bac hai 14 mot elip.

1.3.9 Phan loar cac mat bac har trong khong

gian 3 chiéu

Ciing theo céch phan loai dya trén phuong trinh chuan tic cia

situ mat bac hai, trong khong gian afin 3 chiéu ta c6 tat ca 17 loai

mat bac hai, dé 1a cac mat cting véi tén goi sau day

1.

00 N O U W N

9.

10.
11.

12

13.
14.

15

16.

17

P4 +ai=1
—x?+as+ai=1
—x?—2i+ai=1
—x?—zi-2i=1
Bt ai+ai=0
—22 43 +a2i=0
7?4 23 = 273

— 2% + 23 = 2x3
+ari=1

-t +r=1
—?—a5=1
L+ a5=0
—zi+a5=0

— 22 =21,

i =1

—12=1

L2 =0

elipxoit.

hypeboloit mot tang.
hypeboloit hai tang.

elipxoit ao.

mat non ao.

mat noén.

paraboloit eliptic.

paraboloit hypebolic (m#t yén ngua).
tru eliptic.

tru hypebolic.

tru eliptic ao.

cip mit phang 4o cit nhau.
cip mit phang cit nhau.

tru parabolic.

cip mit phang song song.
cip mit phang 4o song song.
cip mit phang triing nhau.
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1.4 Mot sé két qua vé da thitc bac hai
trén khong gian afin (bai doc thém)

Trong phan nay chiing toi gidi thieu mot s6 két qua gan day, mot
sO bai toan md va mot vai huéng nghién ctu méi lien quan t6i hinh
hoc tuyén tinh, hy vong ring cac kién thitc mdi nay sé 1a tién dé cho
cac sinh vién yéu thich nghién ciu khoa hoc kham pha ra duge cac
tinh chat méi, gép phan lam phong phid thém kién thitc cho mon

hoc nay.

Nhu chiing ta da hoc & cac phan trudc, mot sieu mat bac hai
chinh 1a tap nghiém cta mo6t da thic bac hai, tic 1a tdp nghiém cua
phuong trinh c6 dang sau:

f(x) = Z a;x;r; + QZ bix; + co = 0. (1.35)
ij=1 i=1
Mot cau hoi dit ra 1a diéu kien dé phuong trinh trén c6 nghiem.
Dé thiy, v6i n = 1 thi phuong trinh (1.35) ¢6 nghigm khi va chi khi
A =12 —ajcy > 0. V6i n > 1 thi phuong trinh (1.35) ¢6 nghiem khi
va chi khi hosic ma tran A c6 cac gia tri rieng trai dau hosic ma tran
A ¢6 cac gia tri rieng cting ddu va néu f(z*) # 0 thi f(z*) phai c6

dau ngudc véi dau cia cac gia tri rieng cta A, trong d6

aiyp ... QAip bl
aiyp ... QAip bl
Ap1 .- Qpp n
Ap1 ... Qpp bn b b
1 n  Co

va z* 13 mot nghiém clia hé phuong trinh tuyén tinh Az + b = 0.
Cau hoi sé tré nen khé hon néu chiing ta xét sy ¢6 nghiem cia
hé hai hay nhiéu phuong trinh, bat phuong trinh bac hai nhiéu bién.
Sau day chiing to6i gii thieu mot vai két qua vé cau hdi nay. Dé thuan
tien cho vigc trinh bay, trong subt muc nay ta ky hieu {f * a} =
{r € A™ : f(z) * a} trong d6 * thudc tap cac dau =,<, <, >, >.
Chiing ta diing cac ky hieu A = 0,4 = 0,4 < 0,4 < 0 dé chi A I3
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ma tran nita xac dinh duong (tic 1a ma tran d6i xing c6 cac gia tri
rieng khong am), ma tran xac dinh duong (tic 1a ma tran d6i xing
c6 cac gid tri rieng duong), ma tran nita xac dinh am (tic —A = 0),
ma tran xdc dinh am tuong tng (titc —A > 0).

Dinh 1y 1.4.0.1. ! Trong khong gian afin A™ vdi muc tiéu cho trude,
cho cac da thic f(x) = 27 Az + 2a’x + ag, g(x) = 27 Bz + 2bTa + by
théa man diéu kien {x € A" : g(x) < 0} # (0. Khi dé he {f(z) <
0, g(z) < 0} vo nghiém khi va chi khi ton tai so thue X > 0 sao cho
f(z) + Ag(z) > 0 mdi moi x € A"

Dinh 1y 1.4.0.2. ? Trong khong gian afin A™ véi muc tiéu cho
trude, cho cic da thic f;(x) = 27 Az + 207w +¢;,i = 0,...,m, trong
dé A >0, m <n wva cic tap {x € A" : fi(x) <0},....{z € A":
fm(z) < 0} déu khdc rong. Khi dé hé {fo(z) <0, fi(z) <0, fru(z) <
0} vo nghiém khi va chi khi ton tai cdc so thuc \; > 0 sao cho
fo@) + Aifi(z) + ...+ Anfm(x) >0 mdi moi x € A™.

Dinh 1y 1.4.0.3. ? Trong khong gian afin A™ vdi muc tiéu cho trude,
zét cdc da thic f(x) = 2T Az + 2a’x + ag, g(z) = 27 Bx + 2bTz + by
trong dé cdc tap {x € A" : g(x) <0}, {z € A" : g(x) > 0} déu khdc
rong. Khi dé hée {f(x) < 0,g(x) = 0} v6 nghiém khi va chi khi ton
tai 56 thuc \ sao cho f(x)+ Mg(x) > 0 mdi moi x € A™ tru truong
hop sau: A c¢é duy nhat mot gia tri rieng am, B = 0,0 # 0 va

VIAV VT (Azo+a)

=0,
(efA+a")V f (z0) -
trong do xo = —ﬁb,v c R[4 ma tran co sé cia N(b), d

day N(b) = {z € A" : b7z = 0}.

V. A. Yakubovich (1971), S-procedure in nolinear control theory. Vestnik
Leninggradskogo Universiteta, Ser. Matematika, 62—77.

2A. Beck (2007), On the convezity of a class of quadratic mappings and its ap-
plication to the problem of finding the smallest ball enclosing a given intersection
of balls. Journal of Global Optimization, 39, 113-126.

%Y. Xia, S. Wang and R. L. Sheu (2016), S-lemma with equality and its
applications. Mathematical Programming, 156, 513-547.
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Dé dat dudc cac két qua néu trén, céc tac gia diing kha nhiéu
kién thic hién dai thudoc nhiéu chuyén nganh khac nhau ctia Toan
hoc. Gan day c6 phuong phéap tiép can khac, phat trién cac kién
thitc méi thuoc Hinh hoc tuyén tinh, theo dé cdc két qua ndi bat
4 trén va rat nhiéu két qua khac duge chitng minh mot cach ngan
ngon, dé hiéu va d& tiép can hon. O phan tiép theo ching toi sé gidi
thiéu phuong phap tiép can mdi nay va dong thoi gidi thitu mot s6
két qua noi bat gan day.

1.4.1 Sdp xép cdc tap mic cia da thic bac hai

Trong muc nay chiing ta luon gia thiét f(x), g(z) la cac da thic
lan lugt ¢6 dang f(x) = 2T Az +2a’ x4+ ag, g(x) = 27 Bx + 2bTz + by.

Dinh nghia 1.4.1.1. ! Trong khong gian afin A" v6i muc tiéu
cho trudce, cho céc da thic f(z), g(x), tap {f * 0} duge goi 1a tach
duge béi g tai 0 néu ton tai 2 tap khac rong L+ vh L~ sao cho
{f*x0}=LTUL™ vag(x)g(y) <0véimoize LT ye L.
Nhan xét 1.4.1.2. Tit dinh nghia trén ta suy ra rang néu tap { f*0}
tach duge bdi g tai 0 thi:

i) Tap {f * 0} dugc chia thanh 2 phan, mot phan ndm trong
{g < 0} phan con lai nam trong {g > 0}.

i) {f*0}N{g =0} =0, titc g(xr) = 0 khong c6 nghiém trong
tap {f * 0}.
Dinh 1y 1.4.1.3. ! Trong khong gian afin A™ vdi muc tiéu cho
trude, cho da thic f(z) = 27 Aa + 2a”x + ag, khi dé tap {f < 0}
khong lien thong khi va chi khi ton tai mot muc tiéu dé doéi vdi muc

tieu mdi f(x) cé dang sau
2 2 2
—xi+o6(xs+... 4+ x) + 7, (1.36)

trong dé 6,7 € {0, 1}.

'H. Q. Nguyen and R. L. Sheu (2019), Geometric properties for level sets of
quadratic functions. Journal of Global Optimization, 73, 349-369.

o8



Vi du 1.4.1.4. Trong A? cho da thic bac hai f(z) = 22 + 4z125 +
323 4+ x1 + 29 + .

- V6i o =1 thi tap {f < 0} la khong lién thong (Hinh 1.6).

I% 1= 41'11854—.__‘3:1'3 + a1 + ro+1<0

Hinh 1.6: {f < 0} khong lién thong.

- V6i o = 0 thi tap {f < 0} la khong lién thong (Hinh 1.7).

lT) + 4z + 3;1:3 +xa<0

Hinh 1.7: {f < 0} khong lién thong.

- V6i o = —1 thi tap {f < 0} 1a lién thong (Hinh 1.8).

.I:f + 4dxy120 + 34:'::; +x+ae—1<0

Hinh 1.8: {f < 0} lién thong.
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Heé qua 1.4.1.5. ! Trong khong gian afin A" vdi muc tiéu cho trude,
cho da thic f(x) = 27 Az + 2a”x + ag, khi dé tap {f < 0} khong
lien thong khi va chi khi ton tai mot muc tiéu dé déi vdi muc tiéu
mdi f(x) cd dang sau

—27+8(z3+ ...+ 12) + 7, (1.37)
trong dé 6 € {0,1},v = 1.

Dinh 1y 1.4.1.6. 'H. Q. Nguyen and R. L. Sheu (2019), Geometric
properties for level sets of quadratic functions. Journal of Global
Optimization, 73, 34/9-369. Trong khong gian afin A™ vdi muc tiéu
cho trude, cho cic da thic f(z) = 27 Ax + aa+ ag, g(z) = 2T Bz +
bTx + by. Khi dé tap {f < 0} duge tach bdi g tai 0 néu va chi néu
ton tai mot muc tiéu sao cho doi vdi muc tieu nay

(i) f(x) ¢ dang —a +6(x3+ ... +a2) + 6,

(17) g(z) ¢6 dang byxy + 6(baxy + ... + bypZy) + by, by # 0,

b b b
(444) flg=oy(z) = —(5b—2x2 +..+ 6b—xm - b—o)2 +0(x3+ ...+
1 1 1
22)+0 >0, V(zg,...,2,),

trong dé 9,0 € {0,1}.
Ddc biét, néu B # 0 thi {f < 0} khong thé tach duge bdi g tai 0.

~Y

Hinh 1.9

'H. Q. Nguyen and R. L. Sheu (2019), Geometric properties for level sets of
quadratic functions. Journal of Global Optimization, 73, 349-369.
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Vi du 1.4.1.7. Trong khong gian afin A2 cho f(z) =27 —1,¢g(x) =
x1 khi d6 tap mic {f = 0} gom 2 dudng thing lan lugt c6 phuong
trinh o1 = —1 va oy = 1. Dat L™ = {(x1,12) € A? : 2y = —1},
LT = {(x1,25) € A% : 2y = 1}, dé thay rang L~ U LT = {f =0} v&
g(z)g(y) <0 v6imoi z € L™,y € LT (Hinh 1.9).

Dinh 1y 1.4.1.8. ! Trong khong gian afin A™ vdi muc tiéu cho trude,
cho céc da thic f(z) = 27 Az + a”a + ag, g(x) = 27 Bz + b"x + by,
khi dé tap mac {f = 0} duogc tach bdi g tai 0 khi va chi khi ton tai
A € R sao cho B = \A wva tap mic {f = 0} duge tach bdi —\f + g
tai 0.

Sau day la cac vi du minh hoa cho tinh tach dugce cua cac tap mic:

X2

Hinh 1.10: V6i f(z,y) = —2% +4y? v g(x,y) = 2z —y thi tap {f < 0}
duge tach bdi g tai 0, trong khi d6 {f = 0} khong thé duge tach bdi g tai
0.

'H. Q. Nguyen and R. L. Sheu (2020), Separation properties of quadratic
functions. Available from: https://doi.org/10.13140/RG.2.2.18518.88647.
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T =0
{g =0}

{f <0} \

4

Hinh 1.11: V6i f(x,y) = —2® + 4y®> — 1 va g(x,y) = = — 5y thi tap
{f = 0} dugdc tach béi g tai 0 trong khi d6 {f < 0} khong thé dugc tach
béi g tai 0.

{9 <0}

Hinh 1.12: Tap {f = 0} dugc tach bdi g tai 0 vi mot nhanh cia
{f =0} nam trong {g < 0} vd mot nhanh khéac ndm trong {g > 0}.
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Hinh 1.13: Vi {g = 0}N{f = 2} # 0, {g = 0} khong thé dugc téch
bdi f — 2 tai 0 va {f = 2} khong thé dugc tach bai g tai 0.

B6 dé 1.4.1.9. ! Trong khong gian afin A" véi muc tiéu cho trude,
cho cic da thic f(zx) = 7 Ax + 2a’a + ag, h(x) = 'z + ¢y, khi
dé {f = 0} dugc tach bdi h tai 0 néu va chi néu hodc (f,fl,d) =
(f, A, a) hodc (f,fl,d) = (=f,—A, —a) théa man cdic dieu kien sau:

i) A c6 duy nhat mot gia tri rieng am, a € R(A) = {Az : x € R"},

ii) c€ R(A), c £ 0,

i) VIAV =0, w € R(VTAV), va f(zo) — " (VTAVT) o > 0,

. —c
trong dé w = VT (Ao + @), zo = ——c, va V € R 14 ma trin

cle
co sd cia N(cT).

Chiing ta c6 thé quan sat ring, su tach xay ra véi cac tap {g = 0}
va {f = 0}, nhu hinh 1.12, thi cdc thanh phan lién thong clia céc
tap nay nay dugc sip xép xen ké. Bo dé sau day khang dinh quan
sat nay la duang.

'H. Q. Nguyen, Ya Chi and R. L. Sheu (2022), Two quadratic mappings have
a convex joint range when their level sets do not mutually separate. Journal of
Industrial and Management Optimization, 18, 575-592.
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B6 dé 1.4.1.10. ! Gid st ring f va g la cdc da thie bac hai, khi dé
néu {g = 0} dudc tach bdi f tai 0, thy {f = 0} ciing dugc tach bdi g
tat 0.

Ménh dé sau day chi ra ring tinh chat tach cé thé duge giit
nguyén bdi mot t6 hgp tuyén tinh thich hgp cia f va g.

Ménh dé 1.4.1.11. ! Trong khong gian afin A™ vdi muc tiéu cho
trude, zét cic da thic f(x) = 2T Ax + 2a’x + ag, g(x) = 27 Bx +
207 x + by. Khi dé néu {f = 0} dugc tach bdi g tai 0, thy {of = 0}
duge tach bdi nf + 0g tai 0 doi vdi Vn € R,V0,0 € R\ {0}.

Ménh dé sau dugc xem nhu ménh dé ddo cia Ménh dé 1.4.1.11.

Ménh dé 1.4.1.12. ! Trong khong gian afin A™ vdi muc tiéu cho
trude, zét cic da thic f(x) = 2T Ax + 2a’x + ay, g(x) = 27 Bx +
2072 + by. Gid st {nf + 0g = 0} dugc tach bdi of + 7g tai 0 vdi
n,0,0,7 nao do théa man 06 —1n # 0. Khi do:

i) Neu A#0,B #0 thi tap {f = 0} dugc tach bdi g tai 0 va tdap
{g = 0} duoc tich bdi f tai 0;

i) Néu A#0,B =0 thi tagp {f * 0} dugc tach bdi g tai 0.

1.4.2 U'ng dung

Trong muc nay ching ta luon gid thiét f(x), g(z) la cac da thic
lan lugt ¢6 dang f(x) = 2T Ax +2a” x4 ag, g(x) = 27 Bx + 2bTz + by.
a) Bai toan vé su c6 nghiém ctia hé phuong trinh bac hai

Sau day chiing toi diing cac két qua tren dé dua ra mot diéu kién
can va da dé he {f(z) < 0,g(x) < 0} vo nghiem. Cha ¥ ring néu g(z)
luon khong am thi tap {g < 0} 1d mot cai phang hodc 1a tap rong,
néu g(z) luon khong duong thi tap {g > 0} 1a mot cai phiang hodc
la tap rong, khi d6 he {f(z) < 0, g(x) < 0} tr6 nén tam thuong. Do

'H. Q. Nguyen and R. L. Sheu (2020), Separation properties of quadratic
functions. Available from: https://doi.org/10.13140/RG.2.2.18518.88647.
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d6 dbi v6i bai toan xét tinh ¢6 nghiem caa heé {f(z) < 0, g(x) = 0},
chiing ta luon gid thiét ring g(x) nhan dong thoi gia tri am va gia
tri duong trén A™. Tuong tu d6i vdi bai todn xét tinh ¢6 nghiem cla
he {f(r) < 0,g(z) < 0} ta luon gia thiét réng ton tai 2* € A" dé
g(z*) < 0, titc tap {g < 0} # 0.

Dinh 1y 1.4.2.1. 1 Gid st {g < 0} # 0 thy he {f(x) < 0,g(z) < 0}
vo nghiém khi va chi khi ton tai X > 0 dé f(z) + Ag(x) > 0 vdi moi
r €A™

Dinh 1y 1.4.2.2. # Gid st g(x) nhan gid tri am va duong trong A™
thi he {f(z) < 0,g(z) = 0} w6 nghiém nhung khong ton tei A dé
f(x) + Ag(z) > 0 vdi moi x néu va chi néu {f < 0} duge tdch bdi g
tat 0.

Hé qua 1.4.2.3. # Gid st g(x) nhan gid tri am va duong trén A"
thy he {f(z) < 0,9(z) = 0} v6 nghiém nhung khong ton tei \ dé
f(z) + Xg(x) > 0 vdi moi x khi va chi khi ton tai mot muc tiéu dé
doi vdi muc tieu nay
(f(2) 6 dang — 22 + 6(x2 + ...+ 22) + 0,
g(z) 6 dang bac nhat by, + 6(baxa + . .. + byZym) + bo, by # 0,
b bin b
1 1 1

| +0 > 0,V(xs,...,x,), trong dé 6,0 € {0,1}.

Dinh ly 1.4.2.4. # Gid st g(x) nhan dong thoi gid tri am va duong
tren A" va hé f(x) <0,9(x) =0 vo nghiém. Khi dé

i) néu B # 0 thi ton tai A dé f(z) + \g(x) > 0 vdi moi z,

i) néu B =0 thi ton tai A dé f(x) + Ag(z) > 0 vdi moi x khi va
chi khi {f < 0} la lién thong,

V. A. Yakubovich (1971), S-procedure in nolinear control theory. Vestnik
Leninggradskogo Universiteta, Ser. Matematika, 62-77.

2H. Q. Nguyen and R. L. Sheu (2019), Geometric properties for level sets of
quadratic functions. Journal of Global Optimization, 73, 349-369.
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iii) néu {f < 0} la lien thong thi ton tai A dé f(z) + Ag(z) > 0
vt mot T,

iv) néu {f <0} la khong lien thong thi ton tai X dé f(z)+Ag(z) >
0 vdi moi x khi va chi khi B # 0.

b) Bai toan vé tinh chét clia tap anh ciia cic anh xa da thifc
bac hai

O phan dau ctia muc nay ching toi gi6i thieu tinh chat anh cia
tap {f < 0} qua anh xa g¢:

g{f <0})={seR|Jxe{f<0}saocho g(zr)=s}. (1.38)

Nhan xét 1.4.2.5. Néu {f < 0} 1a liéen thong thi g({f < 0}) cing
la lien thong do d6 g({f < 0}) la mot khodng trong R, bién cila
n6 la inf va sup clia g trén tap {f < 0}, do d6 tinh chat cla tap
g({f < 0}) 1a kha don gian. Trudng hop con lai néu {f < 0} khong
lien thong thi tinh chét cia g({f < 0}) phitc tap hon, tuy nhién hién
nay chiing c6 thé dugc nghién cttu bing cac sit dung cac tinh chét

clia sy sap xép cac tap mic clia cac da thitc bac hai.

Bo6 dé 1.4.2.6. ' Néu ton tain < v < f8 trong g(A") sao cho
{fg=mn{f <0} #0, {g=250{f <0} #0 nhung {g =
yIN{f <0} =0 (suy ra g({f < 0}) khong lien thong) thi {f < 0}
dugc tach bdi g — vy tai 0.

Dinh 1y 1.4.2.7. ! Tap g({f < 0}) la khong lien thong néu va chi
néu ton tai v € g(R™) sao cho {f < 0} dugc tach bdi g — v tai 0.
Dac biet néu B # 0 thi g({f < 0}) la lien thong (né la mot khodng
trong R).

Dinh 1y 1.4.2.8. ! Tap g({f < 0}) la khong lien thong néu va chi
néu né cé dang (—oo,a) U (B,+00) trong dé [a, B] c6 thé tinh todn

dugc bang mot cong thic tuong minh.

L H. Q. Nguyen and R. L. Sheu (2019), Geometric properties for level sets of
quadratic functions. Journal of Global Optimization, 73, 349-369.
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Sau day 1a vi du vé xéac dinh tap g({f < 0}) khi n6 1a tap khong
lién thong.
Vidu 1.4.2.9. Gia st g(z,y) = z—y, f(z,y) = —2?+3y*+222+4.
Taco {g=0}N{f<0}=0va

(g{f <0})? = {teR[{g=t}n{f<0}=10}
= {teR|—(t+y)*+By*+2:%) +4>0, Vy, 2}

2 0 —t
= (teR] 0 2 0 =0
—t 0 4—1t2

_ {tERM—%ZZU}: [—\/?\/g}-

Do d6 g({f < 0}) = (~o0, —/3) U (/3. +o0). v g({f < 0}) =
(—o0, —\/g)] Uy/3, +00).

Phan tiép theo chiing ta danh cho viéc gidi thiéu cac két qua gan
day vé tap anh F(A™) qua anh xa bac hai F(z) = (f(x), g(x)).

Mic dut van dé vé tinh chat clia tap anh cia cac anh xa bac 2 1a
mot hudng nghién citu ¢6 dién nhung vi tam quan trong clia n6 trong
cé 1y thuyét va itng dung nén chiing van dugc quan tam bdi rat nhiéu
nha todn hoc. Dines ! 1a tac gid dau tién da chitng minh dugc riang
anh ctia anh xa thuan nhat bac hai tit A" vao R? 14 mot tap 16i. Nam
1961, Brickman 2 da ching minh ring anh ctia hinh cau don vi qua
dnh xa thuan nhat bac hai tit R™ vao R?, tic 1a tap {(«T Az, 27 Bx) :
r € A", ||z|| = 1}, 1a mot tap 16i néu n > 3. Nam 1998, bing viéc ap
dung khéo léo két qua ctia Brickman, Polyak ? chitng minh dudc ring
néun > 2, fi(z) = xT Av+2a"z+ag va fo(z) = 2" Bx+ 20"z + by 1a

L. L. Dines (1941), On the mapping of quadratic forms. Bulletin of the
American Mathematical Society, 47, 494-498.

2L. Brickmen (1941), On the Field of Values of a Matriz. Proceedings of the
American Mathematical Society, 12, 61-66.

3B. T. Polyak (1998), Convexity of quadratic transformations and its use in
control and optimization, Journal of Optimization Theory and Applications. 99,
553-583.
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cac da thitc trén A", hon nita néu ton tai cip s, t sao cho sA+tB = 0
thi (f1, f2)(A™) la mot tap 16i. Dong thoi Polyak ciing chitng minh
duge raing néu n > 3, fi(x) = 2T Az, fo(x) = 27 Bz va f3(z) = 27 Cx
13 c4c da thic bac hai thuan nhét, hon nita néu ton tai s,t,w sao
cho sA+tB+wC = 0 thi (f1, fa, f3)(A") la mot tap 16i. Nam 2007,
Beck ! chimg minh duge ring néu m < n — 1, fi(z) 1a da thic bac
hai v6i ma tran lien két xac dinh duong (ttc 1a cdc gid tri rieng cla
A déu duong), fi(z) 1a cac da thic bac nhat véi moi m > ¢ > thi
(fi, fo, -y fm)(A™) 12 mot tap 16i. Nam 2016, Fabianet va cong su
2 nam 2022, Nguyén Hitu Quang va cong su ? dua ra va chitng minh
duge cac diéu kien can va du dé (fi, f2)(A") 1a mot tap 16i, trong
do fi(x) = 2T Az + 2a"x + ag va fo(x) = 27 Bx + 2072 + by.

Theo huéng nghién citu nay, cc bai toan vé tinh 15i ctia tap anh
ctia anh xa bac 2 néi chung van con la céc bai toan md, no cling dit
ra nhiéu huéng nghién citu tiép theo.

Sau day chiing toi gidi thieu mot két qua mdi, viéc chiing minh
kh& ngan gon bang cac st dung cac tinh chat méi vé sy sip xép cac

tap mic.

Dinh 1y 1.4.2.10. 4 Tap F(A™) la khong 107 néu va chi néu ton tai
a,f € R sao cho {f = a} duge tich bdi g — B tai 0 hogc {g = 5}
dugc tach boi f — « tai 0.

LA. Beck (2007), On the convezity of a class of quadratic mappings and its ap-
plication to the problem of finding the smallest ball enclosing a given intersection
of balls. Journal of Global Optimization, 39, 113—-126.

2F.B. Fabian and F. Opazo (2016), Characterizing the convexity of joint-range
for a pair of inhomogeneous quadratic functions and strong duality. Minimax
Theory Appl, 1, 257-290.

3H. Q. Nguyen and R. L. Sheu (2019), Geometric properties for level sets of
quadratic functions. Journal of Global Optimization, 73, 349-369.

“H. Q. Nguyen, Ya Chi and R. L. Sheu (2022), Two quadratic mappings have
a convex joint range when their level sets do not mutually separate. Journal of
Industrial and Management Optimization, 18, 575-592.
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Vi du 1.4.2.11. Cho 2 da thitc bac hai f, g nhu sau

3 3 1
flz,y) = —grv? + ng +r =35y

1, V3

1
g(z,y) = 2% — —y* + V31 — R

2 2

1 1 1
R(f,9) : Ei2+7§tk+5k2+\/§t—k20

(a) Tap mic {f = —4) dugc tach (b) Tap F(A™) = (f,g)(A") Ta
bdi g — 2 tai 0 v nhu hinh v&, d& khong 16i.

thay tap mic {g—2 = 0} dugc tach

béi f + 4 tai 0.

Hinh 1.14: Hinh vé nay minh hoa cho Dinh 1y 1.4.2.10, trong dé
floy) = Lo+ Ly’ 2 — Ly vagl,y) = ba® Ly’ +vBz - Ly,

Phan tiép theo ching t6i gi6i thicu mot thuat toan dé kiém tra
tinh 161 cta tap F(A™) = (f,g)(A™). Dé thiy ring néu ci hai ma
tran A vd B déu bing 0 thi F 14 mot anh xa afin va hién nhien
F(A™) luon 16i. Do d6 trong phan nay ta luon gia thiét c6 it nhat
mot trong hai ma tran A va B 1a khac 0, ta gid st ring A # 0. Khi
d6, Dinh 1y 1.4.2.10 néi ring F(A™) la khong lien thong khi va chi
khi ton tai a, 3 € R sao cho

{f —a =0} dugc tach bdi g — 3 tai 0. (1.39)

Hon nita Dinh 1y 1.4.1.8 khing dinh ring (1.39) luon c6 thé don gian
héa, v6i mot to hop tuyén tinh thich hgp ctia f va g, thanh trudng
hop mot tap mitc duge tach bdi mot da thic bac nhat tai 0. Cu thé
hon, (1.39) dat duge khi va chi khi cdc ma tran lien két ctia g —
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va f — a 1a phu thuoc tuyén tinh, nghia 1a B = \A, va tap miic
{f —a =0} dugc tach bdi —\(f —a) + (g — B) tai 0. Do do6, ching
ta c6 hé qua ctia Dinh 1y 1.4.2.10 nhu sau.

Heé qua 1.4.2.12. ! Gid st ring A # 0. Tap F(A™) la khong loi khi
va chi khi B = AA vdi A € R nao dé va tap mice {f = a} duge tach
bdi —\f + g — tai 0 vdi o,y € R nao do.

Chiing ta nhan thay ring 3 hang s6 trong He qua 1.4.2.12, A, v, «,
c6 thé xac dinh dugc mot cach kha don gian. That vay, diéu kien
"B = AA v6i A € R ndo do" 1a rat dé kiém tra. Néu B # \A, V) €
R, (f,9)(A") 1a 1. Nguge lai, (f,g)(A™) Ia khong 15i khi va chi
khi tén tai 7, a sao cho tap {f = a} dugc tach bédi siéu phang
{=A\f+g =~} BéiBodé 1.4.1.9, mot cip nhu thé v, o, néu ton tai,
phai thoa mén diéu kien sau: hodc (fa, A,a) = (f — o, 4, a) hodc
(fasA,a) = (= (f — a),—A, —a) théa man

i) A c6 duy nhat mot gid tri rieng am, a € R(A)

i) c=—-Xa+beR(A),c#0
iii) VTAV =0, w, € R(VTAV), V& fo(zy) — @l (VTAVT) 1w, > 0,
trong d6 @, = VT (Az, +a), z, = “29H000 0 3 Ve RO 1y
ma tran co s6 ctia N (cT).
Tuy nhién, v6i cac diéu kien i)-iii), chiing ta thiy ring a, ~ chi
xuat hién trong

—(=Xag + by — )
c
cTe

w, € R(VTAV), w, = V'(Ax, +a), x, =

(1.40)
folzy) =0l (VTAVT)Tw, > 0. (1.41)

trong do (fa,/_l, EL) = (f — a, A, a) hoic (fmf_l,(z) = (—(f— a), —A,
—a). Hon nita, ching ta nhan thay ring (1.41) phu thuoc vao (1.40).

'H. Q. Nguyen, Ya Chi and R. L. Sheu (2022), Two quadratic mappings have
a convex joint range when their level sets do not mutually separate. Journal of
Industrial and Management Optimization, 18, 575-592.
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Do d6 sit ton tai 7 sao cho (1.40) dat duge, chiing ta cé thé chon o dti
nhé (khi f, = f—a) hodc dt 16p (khi f, = — (f — a)) sao cho (1.41)
duge théa man. Trong bd dé sau, chiing t6i cho thay riing su ton tai
clia 7 dé thoa man (1.40) c6 thé duge ddm bio bdi "a € R(A)"
trong i), va do d6 vAn dé sy ton tai clia a, 7 c6 thé duge rit gon
thanh vigc kiém tra cac diéu kien (B1)-(B3) dudi day.

Bo6 dé 1.4.2.13. ! Néu h(x) ¢6 dang "z + ¢y va f(x) 6 dang
2T Az + 2aTx + ag thi cic diéu kién sau la tuong duong:

i) Tap mic {f = a} dugc tach bdi h — ~y tai 0 vdi a,y € R nao
do.
i1) Ma tran A=A or A= —A théa man 3 dieu kién sau:
(B1) A ¢6 duy nhat mot gia tri rieng am, a € R(A);
(B2) c € R(A), c#0;
(B3) VTAV =0,
trong dé V € R™ =Y [a mot ma tran co s6 cia N(cT).

Két hop He qua 1.4.2.12 va Bd dé 1.4.2.13 véi nhau, ching ta
thay ring, néu A # 0, tap (f, g)(A™) la khong 161 khi va chi khi cac

diéu kién sau duge théa man
- A va B 1a phuy thuoc tuyén tinh, nghia 1a B = \A;

- Hai hing s6 «, v ¢6 thé chon sao cho {f = a} dugc tach béi
—\f + g — 7 tai 0, diéu kien ndy c6 thé duge kiém tra bdi
(B1)-(B3),

Chiing ta tong két lai cAc nhan xét trén bing dinh 1y sau, né khing
dinh ring viec kiém tra tinh 15i ctia (f, g)(A™) ¢6 thé thyc hien dugce

mot cach don gian.

'H. Q. Nguyen, Ya Chi and R. L. Sheu (2022), Two quadratic mappings have
a convex joint range when their level sets do not mutually separate. Journal of
Industrial and Management Optimization, 18, 575-592.
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Dinh 1y 1.4.2.14. ! Cho trudc hai da thiic f(x) = 2T Ax+2aTx+aq
va g(x) = 2T Bo+2bTx+by vdi A # 0, khi dé tap (f, g)(A™) la khong
107 néu va chi néu ma train A = A hodc A = —A théa man j diéu

kién sau

(C0) B = XA vdi X nao doé.
(C1) A c6 duy nhat mot gia tri rieng am, a € R(A)
(C2) —Xa+beR(A), —da+b#0

(C3) VTAV =0
trong dé V € R™ =Y la mot ma tran co sd ciia N'((—a +b)7).

Qua trinh kiém tra tinh 13i cta (f, g)(A") dugce thuc hien béi

mot s6 bude cu thé sau

Cho truéc cac ma tradn A, B, a, va b.

Buéc 0 Kiém tra lieu ring A = B =0 hodc a = b = 0.

- Néu dung, thi (f, g)(A") 1a loi.

- Néu khong ding, ta qua budc tiép sau (khong mét tinh tdng
quét, gid st rang trong cac budc tiép theo A # 0).
Buéc 1 Kiém tra lieu ring B = AA v6i A ndo d6 trong R.

- Néu dung, dit ¢ = —Aa + b va sang budc tiép theo.

- Néu khong ding, thi R(f,g) 1a 16i.
Buéc 2 Kiém tra lieu ring ¢ # 0 va kiém tra lieu réing hai he phuong
trinh tuyén tinh Ay, = a vd Ays = ¢ ¢6 nghiém.

- Néu ding, dat V € R™ (™D 13 ma tran co sd ctia N (c") va
sang budc tiép theo.

- Néu khong ding, thi (f, g)(A™) la 16i.

'H. Q. Nguyen, Ya Chi and R. L. Sheu (2022), Two quadratic mappings have
a convex joint range when their level sets do not mutually separate. Journal of
Industrial and Management Optimization, 18, 575-592.
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Budc 3 Kiém tra liéu ring mot trong cac trudng hop sau xay ra:
(a) A c6 duy nhit mot gid tri rieng am va VT AV = 0;
(b) A ¢6 duy nhat mot gia tri rieng am va VT AV < 0.
- Néu mot trong hai (a) va (b) dat duge, thi (f, g)(A™) la khong

- Ngugc lai, (f, g)(A™) 1a 1oi.
Do d6 ta c6 thuat toan sau:

input : Cic ma tran A, B, a, b
output: Tinh 13i ctia tap R(f, g)

if A=B=0 or a=b=0then

return 107 ;
else if A=0 and B # 0 then
A+ B; /* Ludn gén A 1a ma trdn khic 0 */
B <+ 0;
end
if B=MXA vdi A € R nao dé then
c —Ada+b;
if ¢ # 0 then
if Cdc hé tuyén tinh Ay1 = a va Ays = ¢ déu cé nghiém then
V < ma tran cd s§ cho hat nhan cia c” ;
/* V 13 mdt ma trdn cd nx (n—1) */
if A ¢6 duy nhit mot gid tri rieng am and VT AV > 0 then
‘ return khong 16;
else if A ¢6 duy nhét mot gié tri riéng duong and VT AV <0
then
| return khong 16i;
end
end
end
end

return [oi;

Algorithm 1: Thuat todn dé kiém tra tinh 16i ciia R(f, g)
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Viduy 1.4.2.15. Gidst f(z) = 2T Av+2a’ 2z va g(x) = 2" Be+2b"x

13 cdc ham da thic trén A™ véi

0 0 -1 0 0 0 -20
10 5 0 3 |0 1 0 1
A=V 0 06 0 027 20 0 o0

0 3 0 3 01 0 1

T 3 . 3\
% — (2,&,2,&) 2 = (5,—,8,—)
V2 V2

R(f,g) : 4% — 4tk + k* + 31t — 12k +29>0

Hinh 1.15: Tap (f, g)(A*) trong vi du 1.4.2.15.

Buée 0 Dé thay A#0,B#0, a # 0 va b # 0.

Budc 1 Ta co6 B = XA v6i A = 2. Dat

—1 —1
c'=—-da+b= (1,—,4,—) .
V2T V2

Budc 2 Ro rang ¢ # 0. C4 hai hé phuong trinh tuyén tinh Ay, = a

va Ay, = ¢ déu ¢6 nghiém:

-1 -2
1 =1
Y1 = \/51 va gy = | P
- 2
1 =1
V2 2v/2

Buéc 3 Cacgidtririengcia Ala\; = —1, Ay =0, \3= Xy, = 1. Do

d6, A c6 duy nhat mot gia tri rieng am. Ta chon V € R*»*(»=1)
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14 ma tran co s6 cia N (cT) sao cho

1 1

5 4 5 1 -1 1
vo| L0 0 oY

0 1 0 v

0o 0 1 2 V2o o2

Ma tran VT AV ¢6 céc gia tri rieng déu khong am: n, = 0, 1, =
%ﬁ, Ny = %ﬁ do d6, VT AV 1a nita x4c dinh duong. Vay
ta di dén két luan riang (f, g)(A*) khong la mot tap 16i.

Hinh 1.15 14 minh hoa cho tap (f, g)(A*) trong vi du nay.
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TOM TAT CHUONG 1

Noi dung chinh ctia chuong nay bao gom:

1. Khai niém va cac tinh chat ctia khong gian afin, cdc khéai niém
va tinh chit cta: he diém doc lap, he diém phu thudc; phing; muc

titu va toa do afin; don hinh m chidu; hinh hop m chiéu.

s . ~ - £ 2 2 . 4 2. . P
2. Khai niém va tinh chat ctia anh xa afin, bien doi afin; khai

niém hinh hoc afin.
3. Khai niém siéu mat bac hai va cac khai niém lién quan: tam,

phuong tiém can, sieu phang kinh. Phan loai cac siéu mit bac hai.

TAI LIEU DOC THEM CHUONG 1
[1] Van Nhu Cuong-Ta Man (1988), Hinh hoc afin va Hinh hoc Eu-
clid, Nxb DPHQG Ha Noi (Chuong 1, 2, 3).

[2] Nguyén Mong Hy (1999), Hinh hoc cao cip, Nxb Gido duc, Ha
Noi (Chuong 1).

[3] M. Audin (2002), Geometry, Springer Science - Business Media
(Chuong 1).
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CAU HOI ON TAP CHUONG 1

1. Thé nao la khong gian vecto lién két vai khong gian afin?

2. He diém doc lap 1a gi? Muc tiéu afin 1a gi?

3. Thé ndo 1a toa do ctia mot diém ddi véi mot muc tidu afin?

4. m—phéng la gi, siéu phang la gi?

5. C6 thé xac dinh mot m—phing trong khong gian afin bing cach
nao?

6. C6 cac quan hé ndo giita hai phing trong khong gian afin?

7. Tam ti cu va trong tam cia mot he diém 13 gi?

8. (Giai thich tai sao lai noi ring doan thang, tam gidc, hinh binh
hanh 14 céc trusng hop riéng ctia khai niem don hinh, hinh hop tong
quat.

9. Hay dinh nghia doan thing bing cic cach khac nhau.

10. Méi quan hé gitta anh xa afin vd 4nh xa tuyén tinh lien két 1a
gi?

11. Diéu kien dé xac dinh mot anh xa afin, ding ciu afin 1a gi?

12. Thé nao 1a tuong duong afin, bat bién afin, hinh hoc afin?

13. Sieu mat bac hai; mat bac hai; duong bac hai la gi?

14. Hai siéu mat bac hai duge goi la c¢6 cung loai khi nao? Tai sao
noi cac

duong elip, hypebol, parabol ¢6 loai khac nhau?

15. Tam cha siéu miit bac hai 1a gi? Siéu phing kinh cla sieu miit
bac hai la gi?
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BAT TAP CHUONG 1

Khoéng gian afin

1.1. Chiing minh ring c¢6 thé xem trudng s6 phitc C 13 mot khong
gian afin thyc 2 chiéu.
N —

1.2. Cho khong gian afin n chiéu (A, p, A) v mot tap hop B # ()
tity ¥. Chiing minh ring néu c6 song anh f : A — B thi c¢6 thé xay
dyng B tré thanh mot khong gian afin n chidu (chuyén ciu tric afin
tit A sang B nhd song anh f).

1.3. Cho (A, ¢, A), <A’, o, A/> 3 hai khong gian afin. Xét 4nh xa:

B:(AxA)x(AxA)— A xA.
(M, M'),(N,N")) = (p(M,N),¢" (M, N"))

< - =
Ching minh rang ((A X A’), P, A X A’> la mot khong gian afin
(dugc goi la tich truc tiép clia hai khong gian A va A’).
_>

1.4. Cho khong gian afin (A, ¢, A), @ la mot khong gian vecto con

N z L
clia A. Hai diém M, N € A dudc goi 1 tuong duong néu MN € .

a) Chitng minh réng quan hé trong dinh nghia trén 13 mot quan
hé tuong duong.

b) Lép tuong duong chita M ky hiéu 1a [M]. Tap céc 16p tuong

%

duong ky hieu 1a A/@. Goi A/ la khong gian vecto thuong ciia
%
A trén o . Xét anh Xa

Chting minh rang (A/?, D, X/ﬁ) 1a mot khong gian afin.

1.5. Cho A 1 khong gian afin v& O 13 mot diém ctia A. Khi d6 anh
Z 2 _—% _>
xa bién diem M € A thanh vecto OM € A la mot song dnh. Nho

2 s . —
song anh nay c6 the chuyén cau tric khong gian vecto tit A lén A.
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Hay x8y dung cac phép toan cu thé tren A dé A 1a mot khong gian
vecto.

1.6. Trong khong gian afin A", chitng minh réng hé m + 1 diém
{Ap, Ay, ..., Ay} 14 doc lap khi va chi khi v6i moi diém O, tit hai
ding thitc

m _> . m

=0 =0

suyra A\g=A =... =\, =0.

1.7. Ching minh ring néu My, M, ..., M,, 1la m + 1 diém doc lap
thi diéu kien can va di dé m+2 diém My, M, ..., M,,, M,,,, khong
doc lap 1a véi diém O tuy § ta cé:

OMm+1 == i)\zm vel i)\z =1.
1=0 =0

1.8. Trong A? cho muc tiéu afin {O;é, €, e5}. Liy diém E € A®
sao cho
O? = 51 -+ 52 + 53.

Chitng t6 ring {F; €| + €, + €3,€3 + €1} cling 1a muc tieu afin.
Viét cong thitc doi muc tieu tit muc tiéu thi nhat sang muc tiéu thi
hai.
1.9. Trong A3 v6i muyc tiéu afin {O; &, €, €} (1) cho cac diém

Ao(1,1,1), A1(2,0,0), A(1,0,0), As(1, 1,0),

A/O(O, 0,0), All(l, 1,0), Al2(2, 0,1), Ag(L 0,1).

a) Chitng minh rang {AO;AoAl,AoAg,AoAg} (2) va
{Af); ALAL ALAL, A6A,3} (3) 1a cac myc tieu afin clia A3.

b) Tim cac cong thitc ddi myc tieu tit myc tieu (1) sang muc tieu
(2) va tit muc tiéu (2) sang muc tieu (3).
1.10. Chiing t6 rang mdi cong thic [2] = Alz] + [a], trong d6 A 1a
ma tran cip n khong suy bién déu tng véi mot phép doi muc tieu

trong khong gian afin A".
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1.11. Chiing minh ring luon ton tai hé m + 1 diém doc lap trong
mot m—phéng.
1.12. Trong khong gian afin A3 v6i muc tiéu cho trude, cho cac diém
M(1,2,3), N(0,-1,2), P(2,1,2).

a) Lap phuong trinh ctia phing a bé nhét di qua M, N, P.

b) Lap phuong trinh cia mat phang di qua Q(—2,1,1) vi song

song vii a.
1.13. Trong khong gian afin A", chitng minh ring néu phang o C A"
¢6 phuong trinh déi v6i muc tieu {O; é;} 1a
anr1+ ...+ apr, +b;,=0, 1=1,...,m
thi phuong trinh clia phuong o d6i véi co sé {é;} 1a

anr1+ ...+ a,x, =0, 1=1,...,m.

1.14. Trong khong gian A* v6i muc tiéu cho trude cho phang a c¢6
phuong trinh

21’1—ZE2+$3+21’4+1:O
.CL'1+3372—2.%’3—334:0

v diém M (2,2, —1,0). Lap phuong trinh ctia mit phing qua M va
song song vol a.
1.15. Trong khong gian afin A® v6i muc tiéu cho trudce, cho cac diém

M(1,2,1), N(0,1,—1) va phing o c¢6 phuong trinh:

T +21’2 - 2[E3 = 0.

a) Xét vi trf tuong dbi gitta dudng thang M N va a.

b) Viét phuong trinh mit phiang qua M va song song véi a.
1.16. Trong khong gian A* v6i muc tiéu cho trudc, viét phuong trinh
tong quat ctia phang c6 sé chiéu bé nhét cho cac truong hop sau:

1. Di qua diém A(1,2,3,4) v phuong chita hai vecto @(—1, 2,0, 3)
va b(2,0, —4,1)
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2. Di qua diém A(1,2, 3,4) va phuong chita ba vecto @(—2, 2,5, —1),
5(2,0,-2,0) va &0,2,3, —1).

3. Di qua hai diem A(1,1,1,1), B(2,3,1,0) va phuong chita hai
vecto @(—2,2,5, —1) va b(0,0, —2,0).

4. Di qua ba diem A(2,1,2,1), B(1,1,1,1),C(2,0,2,0).
1.17. Trong khong gian afin A* v6i muc tieu cho trude, cho cac diém
M(3,1,1,2), N(0,1,0,0), P(3,2,3,2), Q(1,0,0,1).

a) Xét vi trf tuong dbi gitta hai duong thing M N va PQ.

b) Tim giao diém ctia dudng thing PQ véi céc sieu phang toa
do (sieu phang di qua cac diém ctia muc tiéu trit mot dinh).
1.18. Chitng minh ring néu cac phing o vd § déu song song véi
phing v thi giao a N 3 (néu c6) 1a phing song song véi 7.
1.19. Cho hai sieu phéng a v 3 cit nhau. Néu sieu phing 7 song
song véi a N B thi cac giao vy N vad v N B (néu ¢6) song song véi
nhau.
1.20. Trong A"(n > 1) cho hai siéu phéng song song phan biét a va
o', m— phing 3 khong thuoc «. Chitng minh ring néu 3 cit o thi
B ciing cit o',
1.21. Cho hai phing o v& 8 song song véi nhau c¢6 s chiéu lan lugt

1a m va [ . S chiéu ctia a + 8 13 bao nhieu?

1.22. Trong A" cho G la tam ti cy ciia hé k diém My, Ms, ..., M,
gan v6i ho he s6 A\, A, ..., Ak (Ele i # O) ,G" 1a tam ti cy cia he
m—k diém M1, Myio, ..., M, gin v6i ho cac he $6 A\ji1, . . ., Ay, VO
St A # 0). Goi G” 1a tam ti ey ctia he diém My, M, ..., M,, gén
v6i ho he s6 Ay, Ag, ..., A (D010, Ai # 0). Ching t6 rang khi d6 G” la
tam ti cu clia G, G" gin véihohe s6 A = >F  \va N =37 A,
1.23. Ching minh céc tinh chat sau day cua trong tam:

a) Trong tam clia hé hai diém 14 trung diém ctia doan thing néi
hai diém do.

b) Trong tam clia hé ba diém khong thing hang 13 giao diém clia
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ba dudng trung tuyén.

¢) Trong tam ctia he bén diém khong dong phang 1a giao diém
ctia duong thing néi mdi diém véi trong tam cia ba diém con lai.
1.24. Trong khong gian afin A™ cho m—don hinh véi céc dinh
By, P,..., P,

a) Chitng minh ring bao afin clia hai bien ddi dien 1a chéo nhau
(bao afin ctia mot tap con trong khong gian afin 13 phing bé nhét
chita tap do).

b) Xét cac duong thang nbi mot dinh véi trong tam ciia bién doi
dien. Chitng minh riing céc dugng thing nay dong quy tai mot diém
G. Xét cac truong hgp dic biet m = 2, 3.

¢) Goi G',G" 1a trong tam clia mot ciip bién d6i dien. Hay tinh
(G'G"@G). Xét cac truong hgp dic bigt m = 2, 3.

1.25. Stt dung khai niém trong tam, giai bai todn sau: "Trong khong
gian thong thuong cho hinh ti gidc ABCD. Chitng minh ring ba
dudng thang sau déng quy: 2 dudng thang ndi trung diém cla cip
canh déi dien, duong thang néi trung diém ctia hai dudsng chéo".
1.26. (Dinh Iy Thales). Trong A™ cho ba m—phéng song song phan
biet. Hai dudng théng d va d’ cit ba m—phing dé lan lugt tai bo ba
diém A, B,C va A', B, C". Chitng minh ring

(ABC) = (A'B'C") .
1.27. Cho ba sieéu phang a, 3,y trong khong gian A” ciing di qua mot
(n — 2)—phing. Ching minh ring néu «, 8,7 cit hai duong thing
song song ll, lQ lén llIOt tal Al, Bl, Cl va, AQ, BQ, 02 thi (AlBlCl) =
(A27 BQa CZ) :
1.28. Trong A™(n > 1) cho muc tieu {O; E1, ..., E,} va diéem M c6
toa do (z;). Goi a; 1a sieu phang di qua he diém O; Ey, ..., E, trit
diém E;, o 1a sieu phang di qua M va song song véi a;. Khi dé c6
diém M; = OF; x a. Chitng minh ring (M;FE;0) = x;.
1.29. (Dinh 1y Pappus). Trong mat phang afin A2 cho hai dudng
thang d va d’ cit nhau tai O. Goi A, B, C 1a 3 diém phan biét thudc
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d khong tring véi O, A’, B’,C' 1a 3 diém phan biét thudc d’' khong
triing véi O. Gia st B'C cat BC' tai M,C A’ cat C"A tai N, A'B cit
AB' tai P. Chitng minh M, N, P thing hang.

1.30. Trong khong gian afin A™ v6i muyc tiéu cho trude, chitng minh
rang tap tat ca cac diém c6 toa do thoa min mot he phuong trinh
va bat phuong trinh tuyén tinh 13 mot tap 16i.

1.31. Trong khong gian afin A", ching minh ring: m—phing; doan
thang (déng, mé, nita déng); m—don hinh; m—hop 14 nhiing tap 15i.

Anh xa afin

1.32. Cho anh xa afin f: A — A’. Chiing minh réng:

a) f 1a don anh khi va chi khi dimf(A) = dimA.

b) f 1& toan anh khi va chi khi dim f(A) = dimA’.

¢) f 1a song anh khi va chi khi dimf(A) = dimA = dimA’.

1.33. Anh xa afin, phép bién d8i afin giit nguyen quan heé ndo giita
hai cai phiing trong s6 cic quan hé sau: song song; cit nhau; chéo
nhau.

1.34. Hay md rong khai niem phép thiu xa véi nén 13 mot m—phéng.
1.35. Trong mit phang afin A? v6i mot muc tiéu da chon (*) cho
cac diem A(1,0), B(0,2), C(=3,0), 4’(2,3), B'(—1,4),C(=2,-1).
a) Chitng minh rang {A; B, C'} 1a mot muc tieu afin.

b) Chitng minh ring c6 phép afin f ctia A? sao cho f(A) = A’, f(B) =
B, f(C)=C"
¢) Lap phuong trinh ctia f (n6i trong cau b) doi véi:
- Muc tiéu (x);
- Muc tieu {4; B, C}.
1.36. Trong mit phang afin A? cho anh xa afin f c6 phuong trinh
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d6i v6i mot muc tiéu la:
{ x) = 3r) + 209 — 2
xh =2xy 4+ 2w9 — 1
a) Ching minh r3ng f 1a phép bién doi afin ctia A% Tim f~1
b) Tim &nh va tao anh ctia diém M(1,2).

¢) Tim &nh vi tao anh clia dudng thing d c6 phuong trinh 13

3r] + 229+ 6 =0.

1.37. Trong mit phing afin A? cho anh xa afin f c¢6 phuong trinh
déi v6i mot muc tieu 1a:
{ x) =4z + 629 + 3
xh=4x; + 919+ 1 °

a) Hay tim cac dudng thang c¢6 phuong bt bién ddi vai f.
b) Hay tim diem kép clia f (tic 1 diém ma dnh ctia n6 qua f ciing
14 chinh no).
1.38. Chitng minh réng qua phép afin:
a) Anh va tao anh cia doan thing la doan théng.
b) Anh va tao anh cta tap 15i la tap 1i.
1.39. Trong mit phang afin A2 cho tam gidc ABC. Xét cic phép
bién déi afin f, ¢ ctia A% xéac dinh béi

f(4) = B.J(B) = C.f(€) = A

9(A) = A,g(B) =C,g(C) = B.

Y

a) Tim cic diém kép cta f va g.
b) Xéc dinh tich g o f.

1.40. Trong khong gian afin A® v6i muc tieu {O; ¢}, €, €3} cho cac

diem:

Ao(1,1,1), A1(2,0,0), A5(1,1,0), A5(1,1,0)
AL(0,0,0), A5(0,1,0), A4(2,0,1), A4(1,0,1).
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a) Ching minh ring {Ag, A1, As, A3} va {4}, A}, A}, AL} 1a cac he
diém doc lap.
b) Lap phuong trinh cla phép bién ddi afin f : A3 — A? sao cho
Ay Ali=0,1,2,3 dbi véi:

+ Muc tiéu {O; €}, é;, €3},

+ Muc tieu {Ag; A1, Az, Az}
1.41. Trong khong gian afin A3 cho t dien ABC D. Hay lap phuong
trinh clia phép bién ddi afin ctia A% d6i véi muc tieu {4; B,C, D}
sao cho A— B,B— A,C— C, D+~ D.
1.42. Trong khong gian afin A”™ cho muc tieu {O;é;}, xét anh xa
f: A™ — A" xdc dinh nhu sau: néu X = (zq, 29, ...,1,) thi f(X) =
(0,9, ...,x,). Ching minh f la anh xa afin. Tim anh cta f.
1.43. Chitng minh ring néu phép bién ddi afin f ciia A" c6 n + 1
diém kép doc lap thi f & phép dong nhat.
1.44. Cho anh xa afin f: A™ — A™ (n > 1). Ching minh ring f 1a
phép chiéu song song khi va chi khi fo f = f.
1.45. Cho f 1a phép afin ctia A" ¢6 diem kép I. Chitng minh ring
c6 dudng thang hodc mit phing 13 bat bién déi v6i f (nghia la dnh
ctia dudng thing hodic mit phiang 1a chinh no).
1.46. Ching minh rang:
a) Tich cta hai phép tinh tién la phép tinh tién.
b) Tich ctia phép tinh tién va phép vi tu vdi ti s6 khac 1 1a phép vi
tu.
¢) Tich clia hai phép vi ty 14 mot phép tinh tién hodc mot phép vi
tu.
1.47. Cho phép afin clia khong gian afin A"(n > 2), biét ring f
bién dudng thing thanh dudng thang song song véi n6. Chitng minh
rang f 1a phép tinh tién hodc phép vi tu.
1.48. Tim diéu kien dé hai tap gom cac hé ba diém la tuong duong
afin.
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1.49. Trong khong gian afin hai hinh binh hanh bat ky c¢6 tuong
duong afin khong? Hai hinh thang khong 1a hinh binh hanh c6 tuong
duong afin khong? Khi nao thi chiing tuong duong afin?

Siéu mat bac hai

1.50. Chitng minh réng s6 cac tam clia mot siéu mat bac hai chi ¢6
thé 12 0, 1 hoac vo han.

1.51. Trong khong gian afin A3. Tim giao diém ctia mit bac hai S
v6i duong thing d c6 phuong trinh lan luot la:

S:a? —2rywe + 222 + T3 — 11 — T2 =0

d:{xl—xgzo
1'1—1'3:0

1.52. Trong khong gian afin A™ cho m—phing o va siéu mat bac

hai S cit nhau. Ching minh rang giao 3 ciia S va a:
a) hoac la sieu mit bac hai trong oy
b) hodc la siéu phang trong «;
¢) hodc la a.
1.53. Trong khong gian afin A3, tim tam va diém ki di ctia méi sieu
mat bac hai ¢6 phuong trinh sau day:
a) T3 + T3 + 293 + 4wy — 205+ 1 = 0.
b) 223 — 22 — 22 + 2129 + 22973 — T173 + 11 — 239 = 0.
) 202 4+ 22 + 2m179 — 22103 — 21 — 4wy — 1 = 0.
1.54. Trong khong gian afin A3 cho mit bac hai S ¢6 phuong trinh
déi v6i muc tieu da chon la:
x? — 25E; + x?)) + 4dx129 — 81123 — 1421 — 14209 + 14225 — 11 = 0.
vae=(1,2,3).
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a) Ching t6 rang € khong phai 1a phuong tiem can clia S. Viét
phuong trinh sieu phang kinh ctia S lien hop v6i phuong €.

b) Cho diém M(1,—1,2) € S. Chiing t6 ring M khong phai 1a diém
ki di. Viét phuong trinh siéu tiép dién cla S tai M.

1.55. Trong khong gian afin A™ cho siéu mit bac hai c6é phuong

trinh:
n n
Z Qi LT + 2 Z a;T; + ag = 0.
=1

ij=1

K¥ hiéu ma tran

a1 Qi ... G Qi

a21 A29 ... A9y Q9
A=

Ap1 Ap2 ... QApp Qp

aq a9 Ce (07% Qo

Chitng minh ring néu S c¢6 diém ki di thi detA = 0. Diéu ngudc lai
c6 dang khong?

1.56. Trong khong gian afin A3 hiy dua phuong trinh cac mit bac

hai sau vé dang chuan tic:
a) 4x2 + 2% + 2x91w3 — 203 — 5 = 0;
b) a7 4+ 23 + 923 + 22122 + 62123 + 62225 + 2 = 0.
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CHUONG 2

HINH HOC EUCLID

Muc tiéu chuong

Hoc xong chuong nay, sinh vien c6 the:

. Nhan biét dugc cac diic diém ctia khong gian vecto Euclid,
hé vecto truc giao, hé vecto tryc chuan, co sé truc chuan ciia
khong gian vecto Euclid, sy tric giao ciia cac khong gian vecto
con.

. M6 ta dugc khong gian Euclid, muc tiéu tryc chuan trong
khong gian Euclid. Xac dinh duge quan hé tryc giao, bu tryc
giao clia cac phang.

. Tinh dugc khodng cach giita hai phing, thé tich cta don
hinh m chiéu, hinh hop m chiéu.

. Gidi duge céc bai toan vé quan hé triyc giao, bil triyc giao
clia cac phing.

. Xac dinh duge dang chinh tic ctia siéu mit bac hai trong
khong gian Euclid, siéu cau trong khong gian Euclid.

. Van dung dudc khéi niem va tinh chat ctia anh xa ding cir,
bién ddi ding cu dé giai cac bai toan lien quan.

. Giai thich dugc cac khai niém hinh hoc Euclid, hinh hoc
dong dang.
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2.1 Khong gian vecto Euclid

2.1.1 Dinh nghia khong gian vecto Fuclid

Dinh nghia 2.1.1.1. Cho V la khong gian vecto trén truong s thuyc
R, mot 4nh xa ¢ : V x V — R dat tuong tng moi (c?,g) eVxV
v6i mot 6 thue xéc dinh, ky hieu 1a (@, b) hay @- b, duge goi 1a tich

vo huéng trén V néu né théa man 4 tién dé sau:

— —

a-b=b-a
2)i-(b+&)=a-b+a-c

3) (A@) - b= A@-b);

4) @-a >0, v6i moi @ € V, ddu "=" xay ra khi va chi khi @ = 0;
v6i moi @,b,¢ € V, moi A € R.

Khi d6 a - b duge goi la tich v6 huéng cua a va b.

Khong gian vecto V clung v6i mot tich vo hudng trén né duge
goi la khong gian vecto Euclid.
Nhan xét 2.1.1.2. Tich vo hudng ¢ noi trén thyce chat 1a mot dang
song tuyén tinh doi xing, xac dinh duong trén khong gian vecto V.
Vi du 2.1.1.3. 1) Khong gian cdc vecto thong thuong trong mit
phang (hay trong khong gian 3 chidu) 1a mot khong gian vecto Euclid
v6i tich vo hudng thong thudng @ - b = ||d|| - ||b]] - cos(d, b), trong do6
@], ||b]| 1& do dai cla cac vecto @, b.

2) Xét khong gian vecto thye R™, khi d6 R™ 1a khong gian vecto
Euclid véi tich vo huéng chinh tic:

(T1, T2, Tn) - (Y1, Y2, -+ Yn) = T1Y1 + T2Y2 + -+ TpYn.

Tinh chat 2.1.1.4. Trong khong gian vecto Euclid n chiéu ta co:

i)a - (¥—y)=da-¥—a-vy, véi meid, ¥, j€ V.

i) @-0=0 vdi moi @ V.

iii) (@-b)2 < a- b2 vdi moi @b € V (Bét ding thitc Cauchy -
Schwarz).
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Chiing minh. i) va ii) 14 hién nhien.
iii) Néu d, b phu thuoce tuyén tinh thi ton tai s6 k& € R sao cho
@ = kb hoic b = kd. Khong mat tinh tong quat ta gid st @ = kb.
Khi d6 (@-5)? = (kD - B)? = &? (52)2, @5 = (kD)2 B2 = k2 (52)2.
Suy ra
(@-b)?=a- b (2.1)
Néu @,b doc lap tuyén tinh thi @+ kb # 0 v6i moi k € R, hay

(@+kb)?>0VkeR < bk>+23-b-k+a >0,VkeR

b* >0
< { A< 0
& (@ b?—a <0
& (@-b)?<a- b (2.2)
T (2.1) va (2.2) ta ¢6 diéu phai chitng minh. O

Nhan xét 2.1.1.5. Trén khong gian vecto Euclid R" vé6i tich vo
huéng chinh tic, bat déng thic Cauchy - Schwarz c6 dang

Dinh nghia 2.1.1.6. Cho vecto a trong khong gian vects Euclid
V, mo-dun (hay do dai) ctia vecto @, ky hieu ||@]|, 1a mot s6 xac dinh
béi: ||@|| = Vd-a. Néu ||d]| = 1, ta néi @ 1a vecto don vi.
Nhan xét 2.1.1.7. 1) ||d|| > 0,Va € V, ||@d|| =0 < @ = 0.

i) |Ad@]| = |A|||@]], vdi moi @ € V,VA € R.

— —) —

iii) |@-b] < ||d]| - ]| b v6i moi @,be V.

iv) ||@+ b|| < ||@|| + ||b]|, v6i moi @b € V (bat déng thic tam
giac).
Dinh nghia 2.1.1.8. Cho d, b la 2 vecto khac 0 trong khong gian

vecto Euclid V. Géc gitta 2 vecto d, b 13 mot 6 0 v6i 0 < 0 < 7 sao

cho ~
a-b

COSQ = =
1@l - [[ol]
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Néu @-b = 0, ta n6i @ vuong goc (hay tric giao) véi b, k¥ hicu @ L b.

Nhan xét 2.1.1.9. i) ||@ +b]|2 = ||@|> + ||b])> & @ L b;

ii) 0 =0« d=kb, vdi k > 0;
<

i) 0 = 7 < @ = kb, vii k < 0;
1V)9=%<=>JJ_5

2.1.2 Hé vecto truc giao, truc chudn

Dinh nghia 2.1.2.1. Cho V la khong gian vecto Euclid n chiéu,
Gy, . ... i@ € V. Khi d6

+ Heé vecto ay,ds,...,d, duge goi la hé truc giao néu a; L
G V1<i#j<k.

+ Heé vectd @y, do, . . ., d, duge goi 1a hé tryc chuan néu né Ia he
truc giao va ||a;|| = 1,Vi=1,... k.
+ He vecto {dy, do, . .., d} duge goi la ¢6 s6 tryc giao néu no 1a

hé tryc giao va la co s6 cua V.

+ He vecto {@y,a,...,d,} dudc goi la ¢o s8 truc chuan néu no
13 hé truc chuan va 1a co s6 cia V.

Toa do clia mot vecto ddi véi co sd truc chudn duge goi 1a toa do

true chuan.

Nhan xét 2.1.2.2. i) Heé vecto {@,,do, ..., d} 1a he tryc chuan khi
va chi khi

L. (Okhii#j

“"'“3_5”_{ 1 khii=j
i) Néu (21, 2a,...,2,), (Y1, Y2, - .., yn) 12 toa do truc chuan cla
cac vecto T, ¢ thi ¢ = zyy1+22ye+. . AToln, |7 = V23 + ...+ 22,

Dinh 1y 2.1.2.3. Moi hé truc giao gom cdc vectd khdc vecto khong
trong khong gian vecto Euclid la doc lap tuyén tinh.
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Chitng minh. Cho dy,ds, ..., dy 1a hé vecto tryc giao va a; # 6, Vi =
1,..., k. Gia st

M @1+ No@o 4 ...+ A\p@p = 0.

Lan lugt nhan hai vé cia ddng thic trén véi @;,Vi = 1,...,k, ta
dugc:

e N (@) =0

Vay hé dy, d, . .., d, 1a doc lap tuyén tinh. O

Hé qua 2.1.2.4. i) Hé truc chuan la hé doc lap tuyén tinh.

i) Hé n vectd {ay, . ..,a,} trong khong gian vectd Euclid n chiéu
. 1 khit=j
la co sd truc chuan khi va chi khi @; - a; = 6;; = Z Z ‘7
0 Fkhii#j

Dinh 1y 2.1.2.5. Trong khong gian vecto Euclid n chieu 'V cho hé
vectd truc chudn €y, ¢, ..., e (k <n). Khi dé cé thé bo sung (n—k)

vecto vao hé trén dé duge mot co sé truc chuan ctia V.

Chitng minh. Gia st €1,6,...,¢€, (k < n) la he vecto tryc chuan
trong khong gian vectd Euclid n chiéu V. Khi d6 ton tai vecto 7 € V

va 7 ¢ (€1,8,,...,¢) (khong gian sinh bdi hé vecto €1, é,. .., €).

k
i=7—Y (F&)-é.

=1

=1
tic1a @ L & voiVj =1,...,k Dit € :ﬁ, ta ¢6
a
"€k+1|‘ = 1;€k+1 e_; :07VZ: 1)"'7k'
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L1 S5 o . NN 2
Do dé hé vecto ey, éa, ..., €k, €1 1a hé tryc chuan.

Tiép tuc qua trinh trén dé nhan duge cic vectd €, ..., €y 520

cho €7, €, ..., ¢, 1a ¢o sb truc chuan cua V. O

Béi vi trong khong gian vecto khéac {0} luon c¢6 vects don vi, nén
tit dinh Iy trén ta co:

Hé qua 2.1.2.6. Trong khong gian vecto Euclid n chiéu, n > 0,
luén ¢é co sé truc chuan.

Trong khong gian vects Euclid, ma tran chuyén giita cic co cé
truc chuan 1a ma tran dic biet, d6 14 ma tran vuong A ma A- AT =1
(ma tran don vi), mot ma tran nhu thé duge goi la ma tran tryc giao.
Cu thé ta co:

Dinh 1y 2.1.2.7. Trong khong gian vecto Fuclid V", cho co sd truc
chuin ¢ = {€y,...,&,} v co s &' = {6_;1, .. .,g’n}. Gid st A la ma
tran chuyén tic e sang €. Thé thy A la ma tran truc giao khi va chi

khi €' la co sé truc chuan.
Ching minh. Biéu thi co s6 €’ qua co 86 ¢,
B/Z' = aué'l +CL2¢§2 + ... +amé’n,z’ = 1,2, s N

Khi d6 ma tran chuyén tir € sang &’ 1a A = [a;j].

Co 53 {5/1, N En} Ia tryc chudn khi va chi khi &; - &; = 4y,
tac > p_, aajr = 0;5,Vi,j = 1,...,n. Diéu nay tuong duong véi
A- AT =T, titc A la ma tran triyc giao. O

2.1.3 Khong gian con truc giao, bu truc giao

Dinh nghia 2.1.3.1. Cho P, Q la cac khong gian con trong khong
gian vectd Euclid V. Khi d6

+ P duge goi 1a tryc giao (hay vuong goc) véi Q néu véi moi
2eP,yeQthi ¥ Ly kyhieu P L Q;
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+ P duge goi 1a bu trye giao (hay bt vuodng goc) véi Q néu
PLQvaV=P+Q.

Tinh chat 2.1.3.2. i) Nou P L Q thh PN Q = {0}.
i) Néeu P L Q va R bu truc giao vdi Q thy P C R.
iii) Cho P la khong gian con trong khong gian vecto Euclid n

chiéu V. Khi dé khong gian bu truc giao ctia P la duy nhat, ki hiéu
P

Ching minh. i) That vay, néu P L Qvaz7e PNQ =7 1L 7 =
P?=0=17=0.Dod6 PNnQ={0}.

ii) That vay, giAstu e PCV=ReQ=u=7+¢q, 7€
R, 7€Q

= 0-(=77+7 (=7 7=0=q=0.

Do d6 7 = 7€ R. Vay P C R.

iii) That vay, tit tinh chit ii) suy ra tinh duy nhét cia khong
gian con b tryc giao ctia P. Dé chitng minh sy ton tai ctia khong
gian con bil tryc giao clia P, 13y co s tric chuan {€},..., &} trong
P. Theo dinh Iy vé st tdn tai co s& tric chuan, trong V c6 sd tritc
chuan {€y,...,é, ..., }. Xét khong gian con Q clia V sinh béi he
{€s1,...,6n}. Khi d6, dé thiy rang Q la khong gian bl truc giao
cua P. m

2.1.4 Anh za truc giao, bién doi truc giao

Dinh nghia 2.1.4.1. Cho hai khong gian vecto Euclid V va V',
Anh xa tuyén tinh ¢ : V — V' dude goi 1a anh xa tuyén tinh triuc
giao (hay anh xa tryc giao) néu ¢ bao toan tich vo hudng cia hai
vecto bat ki, tic 1a: ¢(d) - o(v) = 4 - v,Vu, v € V.

Anh xa truc giao ¢ : V. — V' 1a song anh dudc goi 1a ding ciu
tryc giao.

Dang cau truc giao ¢ : V. — V dudgc goi 1a bién ddi trye giao.
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Nhan xét 2.1.4.2. i) Anh xa tryc giao 1a don cdu tuyén tinh, vi tit

o) =0=> @ =1-1=p)- o) =0=i=0= Kerp = {0}.
ii) Tix i) suy ra néu V la hitu han chiéu thi anh xa trye giao

¢ : V — V la bién ddi truc giao.

Dinh ly 2.1.4.3. Anh zq v : V. = V' gitta cic khong gian vecto

Euclid la anh za truc giao khi va chi khi ¢ bdo toan tich vo hudng.

Chitng minh. Néu ¢ 13 d4nh xa tryc giao thi ¢ bdo toan tich vo hudng
(hién nhien). Ngugc lai, gia st (7) - o(7) = & - ¥ v6i moi &, 7, ta
can chitng minh (AT + BY) = A\p(Z) + Be(y) v6i moi A, B € R, tite

i = p(AT + BY) — Mp(¥) — B (¥) phai bang 0.

Vi v6i moi vecto p(2), ta co
u-p(2) = (p(AZ+ BY) — Ao(Z) — Bo(y) - ¢(2)
= M+BY)-Z-M\-Z—-By-7

nén 4 tryc giao véi bao tuyén tinh < I'mep >, nhung ro rang « ciing
thuoc < Imep > nén @- @ =0, tit d6 @ = 0. m
Dinh 1y 2.1.4.4. Cho dnh za tuyén tinh ¢ : V. — V' gidta cdc khong
gian vecto Buclid. Khi dé cdc ménh dé sau la tuong duong:

i) ¢ la anh xa truc giao;

ii) @ bién co sd truc chudan trong V thanh hé tryc chudn trong
V/;

iii) @ bao toan modun cia vecto.

Chitng minh. i) = ii): Gid st {€1,é,...,€,} 1a co sd truc chuan
trong V, ta cé
v (€)@ (&) =& - & = bij.
Tic {¢ (€1),¢(€2),...,¢(€,)} 1a he tryc chuan trong V.
i) =iil) : Gid st & € VvaZ = 2161 + 2262+ .. .+ 2,6, trong do

{&€1,&,...,E} 1a casd trye chuan trong V, khi d6 o(¥) = 210 (1) +

96



To@p (52) +.. Tnp (€n> Vi {517 527 s 7€n} va {90 (51)7 ¥ (52)7 RS
¢ (€,)} 1a cac he trye chuan nén ||o(2)|| = /22 +... + 22 = ||Z]|.
iii) = i): Gia st ¢ bao toan modun cac vecto va 7,y € V. Ta ¢6
le(@ + )l = 17+ 7l hay [[o(Z) + ¢(@)]| = |7+ ¥]|. Binh phuong
hai vé ta c¢6 ©*(Z) + 20(%) - o(¥) + V*(¥) = 2 + 27 -y + > Vi
le @) = 1211, @)l = 111, suy ra ©(Z) - o(5) = Z-§. Tiic @ la dnh
xa tryc giao. ]

DPinh 1y 2.1.4.5. Cho bién doi truc giao v : V. — V. Khi dé néu
U C V la khong gian con bat bién doi vdi o, tic o(U) = U, thi
khong gian Ut cing bat bién doi vdi .

Chiing minh. Gi thiét ¢(U) = U. Ta ching minh ¢ (U+) = U™
Lay 7 € ¢ (UtY), taco &= o(¥),7 L @,Vi € U. V6iVa € U =
©(U), gid stt @ = p(&), @ € U. Ta ¢6
T-d=@(y)- (i) =y-u0=0.
Do d6 Z € Ut = ¢ (U*) C UL, Vi ¢ la bién déi tuyén tinh, diéu
nay tuong duong véi ¢ (Ul) = Ut O]

Dua vao két qua clia dai s6 tuyén tinh vé sit ton tai khong gian
con 1 chiéu hodc 2 chiéu bat bién dbi véi mot bién ddi tuyén tinh,
tit dinh 1y trén ta co:

DPinh 1y 2.1.4.6. Cho bién doi truc giao ¢ : V* — V™. Khi d6 V"
6 thé phan tich thanh tong truc tiép cia cdc khong gian con 1 chiéu

hodc 2 chiéu bat bién doi vdi @ va doi mot truc giao vdi nhau.

Tit st phan tich thanh cac khong gian bat bién & trén, néu lay
o s6 trire chuan tir cac vecto thuodc cac khong gian con bt bién nay
thi ma tran ctia phép bién ddi tryc giao sé c6 dang dac biet. Cy thé

ta co

97



Pinh 1y 2.1.4.7. Cho bién doi truc giao ¢ : V" — V™. Khi dé ton

tai co sd truc chuan dé ma tran cia @ doi vdi né cé dang

A 0 ... i
0 Ay O
0O ... 0 A, 0 ...
A= O ... ... 0 B 0 ...
0 By 0
0 ... ... ... 0 By ]
trong dé A, ..., A la cde ma tran truc giao cap 1 nam trén duong
chéo, tic A; = £1, By, ..., B; la cic ma tran truc giao cap 2 ndm

trén duong chéo, tic B; co dang

cost —sinf; | .
Bz_|:31n02 COSGZ' :|7Z—1"”7l'

A duge goi la ma tran cé dang chinh tdic cia .

Chiing minh. Theo Dinh 1y 2.1.4.6, khong gian V" phan tich dugc
thanh tong cac khong gian con bat bién doi mot vuong géc 1 chiéu
Vi,..., Vi va 2 chiéu Wy, ..., W,;. Xét cosd truc chuan ciia V™ 1ap nén
tit cdc co sG truc chuan cta cac khong gian Vi, ..., Vi, Wi,..., W,.
Ma tran cta ¢ trén V; la +1. Ma trén ctia ¢ trén W; 1la ma tran tryc
giao cap 2, do d6 c¢6 dang B; & trén. Suy ra ma tran cia ¢ dbi véi

cd sd duge xét trén V™ c6 dang néi trong dinh 1y. O

2.1.5 Tw dong cdu doi xing va chéo hoa truc
giao

Dinh nghia 2.1.5.1. Cho khong gian vecto Euclid V, anh xa tuyén
tinh ¢ : V. — V théa man p(u) -v = u - p(v) véi moi u,v € V
duge goi 1ty dong ciu ddi xting tréen V. Ty dong ciu dbi xing ¢
tren V xac dinh dang song tuyén tinh ddi xing f trén V cho bdi
f(u,v) = u-p(v), duge goi la dang song tuyén tinh déi xing lién
két véi o.
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Ta thay rang ma tran cta ty dong cau doi xing déi véi mot co
sé tryc chuan 1d ma tran déi xing. Ngudc lai, cho trudc co sé truc
chudn, ta thiy mdi ma tran déi xting A x4c dinh mot ty dong ciu
d6i xitng (va do d6 xac dinh mot dang song tuyén tinh ddi xing lien

két) nhan A 1a ma tran cta n6 déi véi co sé da cho.

Dé dang chitng minh dugce két qua sau.

Dinh 1y 2.1.5.2. Ma trin cta tu dong cau doi zing va ma tran cla
dang song tuyén tinh lien két doi vdi mot co sé truc chuan la trang

nhau.

Két qua quan trong sau day néi vé dang don gidn clia ma tran

clia mot ty dong cau doi xing.

Dinh 1y 2.1.5.3. ! Ton tai co sd truc chudan dé ma tran cia tu dong

cau doi xing doi vdi co sd do la ma tran chéo.

Chiing ta biét rang, néu ma tran ctia mot ty dong cau doi vai
mot co sd 1a A, ma tran chuyén tit co s6 nay sang mot co sd thit hai
12 P thi ma tran clia tut dong ciu doéi vdi co sé thit hai 1a P~LAP.
Do d6, theo dinh 1y trén, néu A 13 ma tran cia tit dong cau déi xing
d6i v6i mot co sé truc chuan thi ton tai co sé truc chuan, ¢6 ma tran
chuyén tit co s6 ban dau sang co s6 mdi 1o P dé P~'AP 1a mot ma
tran chéo.

Khi dé ta con néi chéo hoa tryc giao A nhg ma tran tryc giao P.
Tu Dinh 1y 2.1.5.3 ciing cho thay tu dong cau dbi xing trén khong
gian n chidu c6 n gia tri rieng thyc (c6 thé trimg nhau). Duéi day

ta c6 them mot dic trung cia ty dong cau dbi xing.

B6 dé 2.1.5.4. Hai vecto riéng tuong dng vdi hai gid tri riéng khdc

nhau ctia mot tw dong cau doi xing la truc giao.

Chitng minh. Gia sit u, v la hai vecto riéng tuong ing véi hai gié tri

rieng khac nhau £, [ cia toan tit d6i xting A. Ta ¢6 ku.v = Au.v =

IR. Kaye, R. Wilson (1998), Linear Algebra. Oxford University Press.
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w.Av = lu.v, suy ra (k — )u.v = 0. Vi k — [ khéc 0 suy ra u.v = 0,
tic u, v tryce giao. O

2.2 Khong gian Euclid

2.2.1 Dinh nghia khong gian FEuclid

Dinh nghia 2.2.1.1. Khong gian afin dugc goi la khong gian Euclid
néu khong gian vecto lién két 1a khong gian vecto Euclid hitu han
chiéu.

Khong gian Euclid duge goi 1a n chiéu néu khong gian vecto
Euclid lién két 1a n chiéu.

Khong gian Euclid thuong duge ky hiéu la E, khong gian vecto
Euclid lién két v6i n6 duge ky hieu Vg hoic E Doi lac dé nhan

£ N =7

manh so chiéu ta con ky hiéu la E" va E".

Vi du 2.2.1.2. 1) Mit phéng (khong gian 2 chidu thong thudng)
duge hoc ¢ trusng pho thong 1a khong gian Euclid 2 chidu. Khong
gian vecto lién két ctia no6 1a khong gian cac vecto ty do trong miit
phing véi tich vo huéng thong thuong.

2) Khong gian 3 chiéu thong thuong duge hoc 6 trudng phod thong
12 khong gian Euclid 3 chiéu. Khong gian vecto lien két cta né la
khong gian céic vecto tu do trong khong gian véi tich vo huéng thong
thuong.

3) Khong gian vecto Euclid B 1a khong gian Euclid n chiéu lién
két v6i chinh né véi cau trac afin chinh tic.

4) Xét phang a trong khong gian E". Khi d6 a la khong gian
afin lién két vdi khong gian phuong ad.Vidc ﬁ nén o la khong
gian vecto Euclid véi tich vo huéng cam sinh, do d6 phéng « ciing
la khong gian Euclid.

Nhan xét 2.2.1.3. Khong gian Euclid ciing 1a mot khong gian afin

nén n6 ¢6 moi tinh chat cta khong gian afin.
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2.2.2 Muc tiéu va toa do truc chuan

Dinh nghia 2.2.2.1. Cho E" la khong gian Euclid n chiéu. Muc

tieu afin {O;¢;} ciia E" duge goi 1a muc tiéu trye chuan néu cd sé
X — N 9, 2 9 =2 ~ 2 « 2 A 2£,*

nen {€;} 1a c¢o s truc chuan cia E". Toa do ctia diem ddi v6i muc

tieu tryc chuan duge goi la toa do truc chuan.

Vi du 2.2.2.2. Xét khong gian R" véi tich vo hudng chinh tdc va
cu trac afin chinh tdc. Muc tiéu afin {O;€;} clia khong gian Euclid
R"™ v6i diem O(0,0,...,0) va {&} 1a co sd chinh tic ctia R", 1a muc

tieu truc chudn.

Nhan xét 2.2.2.3. Trong E" xét cong thite ddi muc tieu tir muc

tieu truc chudn {O;é;} sang muc tieu truc chudn {O'; €;}:
[z] = Al2"] + [a]. (2.3)

Do A 13 ma tran chuyén co sd tit co s6 tryce chuan {€;} sang co

s6 truc chuan {¢/;} nén A 13 ma tran tryc giao.

Nguge lai, m6i cong thic dang (2.3) v6i A 1a ma tran truc giao,
la cong thite doi muc tieu tit mot muc tieu true chuan sang mot muc

tiéu truc chuan khac.

2.2.3 Cdc phdng truc giao, bu truc giao

Dinh nghia 2.2.3.1. Trong khong gian Euclid E" cho phing o c6
phuong v phéng 3 c6 phuong ? Khi dé:

+ Hai phing a v § duge goi la tryc giao (vuong goc), ky hieu
a L B3, néu hai khong gian vecto a v 3 tryc giao.

+ Hai phang a va 8 dudce goi 1a bu truc giao (bt vuong géc) néu
%
hai khong gian vecto a va ﬁ bu tryc giao trong E™.

Vi du 2.2.3.2. 1) Mdi diém (0—phang) truc giao véi moi phing
trong E".

101



2) Hai dudng thing vuong goc trong mit phang (hodic trong
khong gian) trong chuong trinh hinh hoc phd thong 13 hai phang
tryc giao vGi nhau.

3) Dudng thing vuong géc véi mit phang trong khong gian trong
chuong trinh hinh hoc phd thong 1a hai phing bii tryc giao.

Nhan xét 2.2.3.3. Hai phing a va 3 trong khong gian E” trirc giao
khi va chi khi hai khong gian vecto @ va ? truc giao, nén o N F =
{0}. Suy ra n > dim(d + ?) = dim@ + dimg = dim(a) +dim(3).
Do d6 néu dim(«a) + dim(3) > n thi a va § khong tryc giao. Diéu
nay cho thiy hai mit phing trong khong gian 3 chiéu khong true

giao v6i nhau.

Dinh 1y 2.2.3.4. Hai phdng truc giao ¢é khong qud mot diém chung.

Hai phing ba truc giao ¢é mot diém chung duy nhat.

Chitng minh. Gid st hai phing a va B truc giao. Néu c6 hai diém
s N
M,NeanBthitaco MNe a@n B.Suyra MN € @, MN € 3
- —
dod6 MN - MN =0. Suyra MN =0,do d6 M = N.

£ . —q £
Néu « va 8 bu tryc giao thiﬁ@ng". Do d6 néuanp=1>0
thi theo Dinh 1y 1.1.4.11 ta cé:

dim(a + 8) = dima + dimB — dim(a N ﬁ) +1
— dim(@) +dim(F) +1=n+1.

Diéu nay vo 1y. Két hop vé6i ¥ dau suy ra a va 3 c¢6 diém chung duy
nhat. O

Béi vi hai phing truc bit giao c¢6 giao khéac réng, sit dung cong

thitc vé chiéu ctia phing tong, ta c6
Heé qua 2.2.3.5. Néu o va B bu truc giao trong E" thi E" = o+ 3.

Dinh 1y 2.2.3.6. Néu o truc giao vdi 8 va v bu truc giao vdi 5 thi

o va 7y la hai phdng song song.
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Chitng minh. Goi @, F, 7 lan lugt 14 phuong clia cac phing o,
va . Vi o truc giao véi F va 7 bu tryc giao v6i 5 nén e 7
Vay « song song véi 7. O]

Hé qua 2.2.3.7. Hai phdng cung bu truc giao vdi phdng thit ba thi

ching song song vdi nhau va co cung so chiéu.

2.2.4 Khodng cdch gitta cdc phang
a) Khoang cach va dudng vudng géc chung

Dinh nghia 2.2.4.1. Cho hai diém M, N trong khong gian Euclid
E". Khodng cach giita hai diém M, N, ky hieu d(M, N), dugc dinh

nghia béi:
— [——2
d(M,N)=|MN|=VMN . (2.4)

Khoang cach gitta hai phing o v& 3 trong khong gian Euclid E”, ky
hiéu d(a, ), dugc dinh nghia bai:

d(a, ) = inf d(M,N). (2.5)
Nepg

Nhan xét 2.2.4.2. inf xeca d(M, N) luon ton tai vi tap {d(M,N) :
Neg
M € o, N € f} khéc rong va bi chin dudi béi 0.

Tur dinh nghia trén va tit cdc tinh chat vé do dai cia vecto, ta co
cac tinh chat sau.
Tinh chét 2.2.4.3. i) d(M,N) = d(N, M),YM,N € E".

i) d(M,N) >0 va d(M,N) =0« M= N.

iii) d(M, N) + d(N, P) > d(M, P) vdi ba diém bat ki M, N, P €
E".

iv) Néu M,N,P la ba diém phan biét thi diém N thuoc doan
thang M P khi va chi khi d(M,N) + d(N, P) = d(M, P).

v) Neuw an B # 0 thi d(a, B) = 0.
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Dé x4c dinh khoang cach giita hai phing chiing ta can dén khai

niém sau.

Dinh nghia 2.2.4.4. Duong thing A dugc goi 1a dudng vuong géc
chung clia hai phang o vd 8 néu A tryc giao véi o va 3, dong thai
A cit a va 3.

Dinh 1y 2.2.4.5. Néu A la duong vuong géc chung cta hai phing
a va B, giao diem cia A vdi o va B lan luot la I va J thi

d(a, B) = d(1,J).

Chiing minh. V6i moi M € o, N € 3, ta co:
MN = MI +1J + JN.

Suy ra
— — — —
IMN|? = | MI+TJ+TN|? = | MI+TN |+ T2 +21J-(MI+TN
Viﬁ~mzo,ﬁ‘ﬁ20nén
— —
IMNI? = | M + NI + |1
Hay
—
IMN|? > TP
Vay d(M, N) > d(I,J),¥M € a,YN € §. Tic Ia d(a, ) = d(I, J).
U]
Dinh 1y 2.2.4.6. Néu an S = 0 thi luon ton tai duong vuong goc
chung cia o va 5. Puong vuong goc chung la duy nhat khi va chi khi
an g = {0
p . N z — — R
Chitng minh. + Tt gid thiét NS = @ ta suy ra o —1—3 # E". That
] —

vay, néuﬁ—l—F:E” khi d6 v6i moi A € a, B € 3 ta ¢6:
E?La@ —i—? & zﬁ—x—l—y,xe U €

o AMea,¥YNef: AB =

& 3Mea,¥YNep: AL -

& IMea,YNeB: M ‘ﬁ =

@ﬂﬂm
]
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TicTa an B £ 0 (voly) Vay @ + 0§ + B

Vid+ F + E" nén ton tai duy nhat khong gian vecto con 7
bu tryc giao véi a + F Lay P € a,@Q € 3, ta ¢6 phan tich duy
nht: PO — i+ 0, véi i€ @ + 3,5€ 7. Do @ € d + f nen ton
taid € a,b e F sao cho 7 = @+ b. Khi d6 tdn tai duy nhat didm
AEOz,BeﬁsaOChoﬂ:d’,wza Ta ¢o:

PG = PA+AB+BG
— G+b+AB

— i+ AB.

Diéu néychﬁ’ngtéﬁ:ﬁe Y. DoAca,Befvaanp=0nen
suy ra A # B. Vay dudng thing A di qua hai diém A, B 1a duong
vuong gbéc chung cua a va f.
+ Gia stt A’ cling 1a duong vuong goc chung clia  va 3, A cat
a va B 1an lugt tai I’ va J'. Ta co:
- = —
J=II+TJ +77J
— —
— (1 +77) 4 1T

— (2 — =22
= ||ITJ]2 = ‘ |+ HII’ '
— =\ =
(o (11" +J7J) - I'J' = 0). Ta lai c6 d(a, ) = — | TJ|| v d(a, 8) =
— — 2 — =
‘]’J’ “do d6 H’+J’J‘ — Ohay I+ = 0, tic a I = JJ',
7 T . = . . . o e
Suy ra II' = JJ' € @ N F Vay A trung véi A’ khi va chi khi

angd = {0} O
T hai dinh Iy trén ta c6 cac hé qua sau.

Hé qua 2.2.4.7. Vi diem A ¢ o, c6 duy nhit diem H € a sao cho
duong thang AH L o va khi dé d(A, H) = d(A, ). Ta goi H la hinh
chiéu vuong goc cia A lén a.

Hé qua 2.2.4.8. Néu a va B la hai phang song song va o C F thi
moi duong thing di qua A € «, truc giao vdi B va cit B8, la duong
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vuong goc chung cia o va B. Nhu vay ta cé d(a, 5) = d(A, ), vdi

moi A € «.
b) Cach tinh khoang cach
Dinh nghia 2.2.4.9. |[Dinh thic Gram| Trong khong gian vecto

Euclid E" cho he vectd iy, @, . . . , ilm. K hicu
Uy - Uy Uy - Us Uy - Uy,
Gr (1, o, . . . i) = | 2711 W22 2 tm (2.6)
Upy * Uy Uy - U ... Uy Up
va duge goi 1a dinh thic Gram cta hé vecto {uy, Uz, . .., Un}-

Bd dé 2.2.4.10. Dinh thitc Gram ciia hé vecto luon khong am. Dinh
thite Gram ctia hé vecto bang 0 khi va chi khi hé vecto phu thuoc tuyén

tinh.

Chitng minh. Goi W 1a khong gian vecto con m chiéu ciia V" va W
chtta iy, iy, . . . , Upy. Goi € = {€1,E,...,¢Ey,} 12 Mot co s6 trye chuan
cuia W.
Gia st ﬁz = (ah‘, agi, . -
z LN .. 2 . R m
Ky hieu A = (a;;),4,j =1,2,...,m. Deyrang 4;.4; =" | ara,;

- @) 12 toa do ctia u; doi véi co sd e.

= (AT A);; (phan t& 6 hang i, cot j clia ma tran AT A).

Do dé:
Uy - Uy Uy Uy Uy - Uy,
L . Uy - Uy U - Us U * Uy,
Gr (U, Uy, ..., Uy) =
Up + Uy Upy - Uy e Uy - Uy
_ T _ 2
= det (A" - A) = (detA)* > 0.
He @, s, . .., U, phu thuoc tuyén tinh khi va chi khi detA = 0

hay (detA)? = 0, tic 1a Gr (uy, Uy, . . ., Uy) = 0. O

Dinh 1y 2.2.4.11. Cho cdc phing o va B,aN B = 0, trong khong
gian Fuclid E". Gia st M € o, N € B va {uy, s, ..., Un} la mot co
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sd clia o + F Khi do

— — — —
Gr (ul,u2,...,um,MN>

Gr (ﬁl,ﬁg, “ee ,ﬁm)

d(a, B) =

Chitng minh. Goi AB la duong vuong goc chung ciua o va 5, A €
a, B € p. Ta co:
MN = MA + AB + BN.

Do (]\72%—?\0 J_jﬁ nén Gr <ﬁ1,ﬁ2,...,ﬁm,m> =
— Gr (ﬁl,ﬁQ,...,ﬁm,m+ﬁv) 4 Gr <ﬁ1,62,...,ﬁm,1@).

Chi y rang Gr <ﬁl,ﬁ2,...,ﬁm,m+ﬁ> = 0, nén cudi cung
ta 6 Gr (ﬁl,@,...,ﬁm,m> -

— Gr <7jl,ﬁ2, . ,ﬁm,,@) — | AB|2Gr (1, o, . . . , o)
Do dé:

— — — —>
Gr (ul,u2,...,um,MN>

d(o, B) = | AB| =

Gr (ty,Ua,y . . ., Uyp)
O
Nhan xét 2.2.4.12. T cong thic trén suy ra:
i) Khodng cach tit mot diem I dén m—phing o véi @y, @y, . . . , U,

13 co 86 tuy ¥ clia @ 1a

Gr (ﬁl,ﬁg,...,ﬁm,l—j>

Gr (171,’1?2, ce ,ﬁm)

d(I,a) =

Y

trong dé J 1a mot diém bat ky thuoc a.
ii) Khodng cach gitta hai dudng thing chéo nhau a, b trong khong

gian 3 chiéu I3

trong do6 a, b 1a vecto chi phuong tuong tng cua a,b va I € a,J € b.
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Vi du 2.2.4.13. Trong E3? v6i muc tiéu tryc chuan cho trudc, cho
cac duong thing a,a’ c6 phuong trinh

a:{ To=-2t ;d:{ wy=2—1t

Chitng minh cac dudng thing a va o’ chéo nhau. Tinh khoang
cach gitta a va a'.
Giai. Tac6 1(1,0,2) € a; J = (—1,2,—2) € a'. Cac vectd chi phuong
cla a, o’ tuong tng la u(2, —2,3), @'(3,—1,1). Vi hé 3 vecto u, ', [

doc 1ap tuyén tinh nén a,a’ chéo nhau. Khoang cach cta a va a’ 1a

17 11 =20
id  a  WT) 11 11 —12
d(a.d) al) @I 1) —20 —12 24 8
L= 2 adl 17 11 ~ Vi3
\ o o \ 11 11

c) Khoang cach tit mot diém dén mot siéu phang

Trong muc nay, chiing ta xét trudng hgp dic biét, do 1a khoang
cach giita mot diém va mot sieu phing, ngoai cach xac dinh khoang
cach ciia hai phing téng quat néi & trén, trong trudng hop nay ta
c6 cach tinh don gian hon duéi day.

Trong E™ cho sieu phang «, gid st a c¢6 phuong trinh téng quat

d6i v6i mot muc tiéu truc chuan la:
n
Z a;x; +a = 0. (2.7)
i=1

Khi d6 dé dang thay rang 7 (ay, as, . .., a,) 1a vecto phap tuyén cla
o (7 L @). Gid st M (29,29,...,29) € E*. Ta hiy tinh d(M, ).

Goi H 1a hinh chiéu cia M lén « (H € o, M H b tryc giao véi a).
—
Suy ra HM = tri. Ta c6:

d(M, a) = | MH]|| = [[{7 ] = ]| 7]
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—
Do HM = t7i suy ra H ¢6 toa do (29 — tay, 2§ — tas, ..., 20 — ta,).
Do H € a nén

n

Zai (:L‘?—tai) +a=0,

i=1
hay

n

Zn:aix? +a= Zt (af) = 2”: a; 7y + a = t||7]|?
=1 i=1

i=1

& Y aad +a= ()]l
=1

& Y il +a=+dM,a)|il.

i=1
T day suy ra:

> aad +al D, aix? + al
d(M7Oz)= : 1”7—;”z = = TZL - 2
> i €

Nhan xét 2.2.4.14. i) Trong E? cho dudng thing A c¢6 phuong
trinh az + by + ¢ = 0 va M (0, yo) . Khi d6

awo + byo + ¢

Va? + b?

la cong thiic quen thudc ctia hinh hoc gidi tich trong mit phing.

d(M, )

ii) Trong E? cho mit phéng o ¢6 phuong trinh az+by+cz+d = 0
va M (zo, Yo, 20) - Khi d6

- |CLCU() + byo + czo + d|

la cong thitc quen thuoc ctia hinh hoc giai tich trong khong gian.

d(M, «)

2.2.5 Goc trong khong gian FEuclid
a) Géc giita hai dudng thing
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Cho hai dudng thing d; va dsy trong khong gian Euclid E” ¢6 céc
vecto chi phuong lan lugt 13 @ va b. Khi d6 gbc gita hai dudng thing
dy v dy T s6 0,0 <6 < g xéc dinh béi:

Salt

ja-

lll][®]

cosf =

Nhan xét 2.2.5.1. i) Dinh nghia trén khong phu thuoc vao viéc
chon céc vecto chi phuong ctia duong thing d; va do.

iii) Néu dy L dy thi § = g
iv) Géc giita hai dudng thing bing goc gitta hai vecto chi phuong
khi géc gitta hai vecto 1a gdc nhon va bu véi géc gitta hai vecto chi

phuong khi goc gitta hai vecto la goc tu.

b) Géc giita hai siéu phang

Trong E™ cho hai siéu phing o va 8. Lay hai dudng thing d; va
dy 1an luot trie giao véi o va B. Khi d6 goc gitta hai siéu phing o
va B duge dinh nghia 13 géc gitta hai duong thing d; va ds.

Nhan xét 2.2.5.2. Dinh nghia trén khong phu thudc vao viéc chon
hai duong thing d; va d, tuong tng truc giao véi a va .

c) Géc giita dudng thing va siéu phang

Trong E” cho dudng thang d va siéu phang «, lay d’ truc giao véi
a va xac dinh géc @ gitta hai dudng thing d va d’. Khi d6 géc giita
dudng thing d va sieu phing a duge xéc dinh 13 gc § ma § = g—ec

Khi duong thing d tryc giao véi sieu phing o ta c6 § = g

Chia y 2.2.5.3. Néu 4 1a phuong ctia d va 7 [ vecto phap tuyén

cnua « thi:

]
e

sin @ = sin (g —9’) =cosl =

gy
3!
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2.2.6 Thé tich trong khong gian Euclid

a) Thé tich ctia hinh hop

Cho m—hop H xac dinh béi m + 1 diém doc lap Py, Py, ..., P,.
bit Pofi- = i;, i = 1,2,...,m. Thé tich cia m—hop H, k¥ hieu
V(H), dugc dinh nghia:

V(H) = \/Gr (i, U, . . ., Un).

Khi m = 1, hop H 1a doan thing P,P;, khi d6
— . —_—
V(H) = \/ Gr (Ul) == HU1|| = HPOPI

Trong truong hop nay thé tich doan thing con duge goi 1a do dai

=d(Py, P).

doan thang.
Khi m = 2, thé tich 2—hop con dudgce goi la dién tich.

Cho m—hop H xéac dinh béi m + 1 diém doc lap Py, Py, ..., Pp.
Goi (m — 1)—hop H' xac dinh bsi m diém doc lap Py, P, ..., Py_y
la day cta hop H tng v6i dinh P,,. Goi khoang cach tit dinh P, t6i
(m — 1)—hop H’ 1a chiéu cao clia hop H ting véi day H', ky hieu h.

Dinh 1y 2.2.6.1. Vdi ky hiéu J tréen ta c6: V(H) =V (H') - h.
Chitng minh. Goi I 1a hinh chiéu ctia P, len (m — 1)—phéing chita
H'. Ta c6

Do d6: Gr (@1, 1y, . . ., @) = Gr (al,ﬁz,...,ﬁ+ﬁ§m) _

_ Cr (ﬁl,az,...,ﬁm_l,ﬁm> (Vi @, iy, ..., Gm1, Pl 12 he vecto
phu thuoc tuyén tinh).

:Gr(ﬁl,@,...,ﬁm_l)-ﬁfn(vi TP, L il Vi — 1,2,...,m—1).

T d6 suy ra:
VH) =V (H)-d(I,Pn),
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hay

O
Nhan xét 2.2.6.2. Xét m—hop H xac dinh bdi cic m + 1 diém doc
lap Py, Py, ..., P,. Tit dinh nghia thé tich hinh hop va phép ching

minh ctia B6 dé 2.2.4.10 ta ¢6 nhan xét sau:

+ Khi u; = POIB;J =1,...,m la m6t hé tryc giao thi

V(H) = /Cr(tr, - i) = @] [l

+ Goi A la ma tran toa do cua hé vecto u; = PyFP;, i =1,...,m,
ddi v6i mot co s tryc chuan trong khong gian m chiéu sinh bdi

{t;,;i=1,...,m}. Ta cé

V(H) = |det(A)].

b) Thé tich ctia don hinh

Cho m—don hinh S xéc dinh béi m+1 diém doclap Py, Py, ..., Pp,.
Thé tich ctia m—don hinh S, ky hieu V(S), duge dinh nghia:

V(S) = ~V(H),

m!
trong d6 H 13 hinh hop xac dinh bdi m+1 diém doc lap Py, P, . .., P,,.
Chiéu cao ctia don hinh S tit dinh P, t6i day S, 1a (m —1)—don

hinh x4c dinh bdi m diém doc lap Py, Pi, ..., Pn_1, ciing 1 chiéu
cao cua hinh hop H tir dinh P, t6i day. Khi dé ta c6 cong thic
1
V(S)=—V(S)-h.
(8)=- V()

Khi m = 2,3 ta c6 cac cong thitc quen thuoc vé tinh dién tich tam
gidc va thé tich ti dién & trudng pho thong.

Vi du 2.2.6.3. Trong khong gian 3 chiéu da cho muyc tiéu tryc
chuan, tinh thé tich ctia t dien ABCD, trong d6 A = (1,0,1), B =
(0,2,1),C = (3,—-1,2),D = (0,2, 3).
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Giai. T dien 1a 3—don hinh c6 4 dinh, 14 4 diém doc lap A, B, C, D.
Ta ¢6 AB = (—1,2,0), AC = (2, -1,1), AD = (—1,2,2) va AB? =
5, AC2 —6,AD2 =9, AB - AC — —4, AB - AD = 5, AC' - AD — —2

5 —4 5
Gr(@,@,fﬁ): 4 6 -2 =56
5 -2 9

Thé tich ctia tt dién (3—don hinh) ABCD Ia

V(ABCD) = % \/GHAB, AC, AD) = é\/%

2.3 Anh xa ding cu, bién déi ding cu

2.3.1 Anh za ding cuw

Dinh nghia 2.3.1.1. Anhxa f : E — E' giita cac khong gian Euclid
E va E’ dugc goi 1a anh xa ding gr néu f 1a mot anh xa afin ¢6 anh
xa tuyén tinh lien két ? . E = F I anh xa trice giao.

Tit dinh nghia dé dang suy ra déi v6i moi cap diém M, N thuoc
E va anh ctia ching M’ = f(M),N' = f(N) ta ¢6 d(M,N) =
d(M’',N"). No6i cach khac anh xa ding cy bdo toan khoing céach
gitta hai diém bat ki. Ngugc lai ta cé:

Dinh 1y 2.3.1.2. Moi dnh za f : E — E' gitta cdc khong gian
Euclid ¢é tinh chit bio toan khodng cich gitta hai diem bat ki (tic la
d(f(M), f(N)) = d(M,N) vdi moi M, N € E) la dnh za ding cu.

Chitng minh. Lay diem I € E, goi I’ = f(I). Xét anhxa ¢ : E — E?
xac dinh nhu sau: Gia st @ € E ta lay diém M € E sao cho M =i
bat ¢(u) = I’—M’ voi M' = f(M). Ta ching minh ¢ bao toan tich
vo hudng clia hai vecto bat ki. LAy ¢ bat ki thuoc E v lay diém
N € E sao cho IN = 5, khi d6 ¢(&) = I'N véi N’ = f(N). Bdi vi
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f bao tdn khoang cach giita hai diém nén d(M, N) = d (M', N'). Do
do:

> 2

MN? = M'N* & (IN — TM)? = (I’—>N’ - J’_M') .
Ciing vi f bao toan khoang cich giita hai diém nén IN? — [’—>’2,
M2 — T2 suy ra TN.T'M = IN.IM tie 1a o(d) - (V) =u-U.
Vi ¢ bao toan tich vo huéng clia hai vecto u, v bat ki, theo Dinh 1y
2.1.4.3 ta ¢6 @ 1a anh xa triuc giao va ré rang ¢ la anh xa lien két

cta f. Vay f la anh xa ding cu. n

Tinh chét 2.3.1.3. Anh za ding cu béo toan sé chiéu cia cic phing,
tinh vuong goc cta cic phang, khodng cich ctia cdc phing, géc gita

cic duong thing.

Viéc chitng minh tinh chat trén xem nhu bai tap.

2.3.2 Bién doi dang cu

a) Phép dang cy, phép doi hinh, phép phan dsi hinh
Dinh nghia 2.3.2.1. Anh xa ding cu f : E — E tit khong gian
Euclid E vao chinh n6 duge goi 1a phép bién ddi dang cu (hay phép
dang cy) tren E.
Nhan xét 2.3.2.2. i) Anh xa ding cu f : E — E la song anh, do
do f 1a phép afin.

ii) Tap hop cic phép ding cu cia E" lap thanh mot nhém, 1a

nhém con ctia nhém céc phép afin cia E", ky hiéu Isom (E").

Trong E" v6i muc tiéu tryc chuan cho trude {O; €y, &, ..., 0},
gia st phép bién doi afin f : E* — E" ¢6 phuong trinh la:

Khi d6 A 1a ma tran ctia phép ding ciu tuyén tinh ? (lien két voi
f) d6i véi co s6 trye chudn {€y, €, ..., €,}. Do dé f 1a phép bién ddi
dang cut khi v& chi khi A 14 ma tran tryc giao, tic 1a AAT = I,. Vi
A la ma tran tryc giao nén detA = +1.
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Dinh nghia 2.3.2.3. Gia sit A 13 ma tran clia phép dang ciu tuyén
tinh 7 (lien két v6i phép dang cy f) ddi véi mot co sd trige chuan.
Néu det(A) = 1 thi f duge goi 1a phép doi hinh (hay phép doi). Néu
det(A) = —1 thi f dugc goi 1a phép phan dai hinh (hay phép phan
chiéu).

Tap hgp cac phép doi hinh trong khong gian Fuclid E™ lam thanh
mot nhém, 1a nhém con cia nhém déng cy, duge goi la nhém dsi
hinh va ky hiéu 1a Isom™ (E").

b) Phép dbi xitng qua m—phang

Dinh nghia 2.3.2.4. Cho m—phing a c6 phuong o trong khong
gian Euclid E". Véi diém M € E" ta dung phing 8 qua M va bit
vuong goc véi a. Khi déﬁlﬁ duyih)ét, dimf =n—mva fNa = {I}.
Lay M' € E" sao cho: IM’ = —IM. Khi d6 anh xa

fE"— E"
M f(M) = M’

duoe goi 1a phép déi xting qua m—phéng o.

Vi du. Phép déi xiing qua dudng thing trong E2, phép déi xing
qua mat phing trong E.

Dinh 1y 2.3.2.5. i) Phép dbi ziing la phép ding cu.
ii) Phép doi mimg qua m—phdng o trong E™ la phép doi hinh néu

n —m chéan, la phép phdn doi hinh néu n —m lé.

Chitng minh. i) Xét anh xa ¢ : E —dedtsdedt i+
—v. D& thay ring ¢ 14 anh xa tuyén tinh va bao toan tich vo huéng,
titc ¢ 14 4nh xa trygc giao. Ta ching minh ¢ 14 4nh xa lién két cuia
phép déi xitng f qua m—phing a. That vay, gid st M, N 13 hai diém
bat ky trong khong gian E c¢6 anh qua phép déi xting f 1a M', N'.
Goi H, K tuong ting la trung di(\%m cua MM’ Va\NN’(H, K e a). Ta
6 F(M)F(NS = M'N' = (M/H + KN') Y HE =
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= p(MH + KN + HK) = o(MN).
Tic f 1a anh xa afin nhan ¢ 14 anh xa lién két. Vay f 14 phép ding

cu.
ii) Xét co 6 tryc chuan &, ..., €, Emyt,. ..,y trong do
o - - o 0
€1, ,6m € O, €pm41,...,65 € 7.
Khi d6 anh qua ¢ clia ¢d 86 €1, ..., €m, Emat, -+ En 1A €1, ..., Em,
—€mals -y —€y. Do vay ma tran cia ¢ d6i véi co G €1, ..., €m,
€mils - -+ En 12 ma tran chéo c6 dang
1.0 ... 0 0 ... 0O T
o1 ...0 0 ... O
A=10 0 . 1 0 0
0 0 -1 0
(00 ...0 0 ... -1

gdm m s6 1 van—m s6 —1 trén duong chéo. Dinh thitc clia ma tran
d6 duong néu n —m chén, 1a &m néu n — m 18&, titc phép doi xiing 13

doi hinh néu n — m chdn va phan doi hinh néu n — m 1é. O

Nhan xét 2.3.2.6. Néu chon muc tiéu {O;eé1,...,€,} véi O € «
va co 8§ €1,. .., e, duge lay nhu trong dinh 1y trén thi phuong trinh

ciia phép déi xitng qua m—phang o la:

Nhan xét 2.3.2.7. Theo dinh Iy trén, ta co:

i) Phép dbi xting qua dudng thing trong mat phing E? 1a phép
phan doi hinh;
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ii) Phép déi xitng qua 1 diém (titc 0—phéng) trong E? 1a phép
dai hinh;

iii) Phép dbi xitng qua mat phang trong khong gian E3 14 phép
phan doi hinh;

iv) Phép déi xitng qua siéu phang 14 phép phan doi hinh.

c) Phép quay quanh (n — 2)—phang trong E"
Dinh nghia 2.3.2.8. Mot phép ddi trong E™ giit nguyen moi diém
ctia (n — 2)—phéang 3 dugc goi 1a phép quay quanh 3.

Noéi rieng, trong E? ta c¢6 phép quay quanh mot diém (0—phing);
trong E? ta ¢6 phép quay quanh mot truc (phép quay quanh mot
dudng thing).

Dinh 1y 2.3.2.9. i) Tich ciia hai phép doi zing qua hai siéu phang
cat nhau la mot phép quay.

i) Moi phép quay déu phan tich dugc thanh tich cia hai phép doi

zing qua hai siéu phdang cdt nhau.

a

Hinh 2.1

Chitng minh. 1) B6i vi tich clia hai phép phan d&i hinh 1a phép doi

hinh v& qua tich ctia hai phép déi xing qua hai siéu phang, moi
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diém ctia (n — 2)—phang giao duge giit nguyén nén tich ctia hai
phép dbi xting qua hai sieu phang cit nhau la mot phép quay quanh
(n — 2)—phéng.

ii) Gid st f 1a phép quay quanh (n — 2)—phang 3 (Hinh 2.1).
Lay P ¢ 3 va P' = f(P). Goi a; 1a siéu phiang di qua 8 va P, a, 1a
siéu phang trung tryc clia PP’ (tic 14 ay 13 di qua trung diém ca
PP’ va vuong géc v6i PP'). V6i moi diem I € B ta co f(I) = I, suy
ra IP=1P' dodo I € ay. Nhu vay a; Nay = 5.

Goi g1, ¢g» 1an luot 1a cac phép dbi xting qua oy va sy thi gy 0 g1
bién moi diém ctia 8 thanh chinh né va bién P thanh P’. Goi v la
2—phing di qua P va truc giao véi 8 thi 7 = Fl va cac phép dang
ctt f, g2 o g1 deu git v bat bién. Vi f|, va (g2 0 g1)], 1a phép quay
trong 2—phang v quanh diém I = BNy ¢6 f(P) = g,0g:(P) = P’ nén
fl, = (g2 0 91)‘7‘ Do d6 ton tai myc tiéu trong khong gian ma anh

cta ching qua f va g 0g; la nhu nhau. Tt d6 suy ra f = googy. O

d) Diém bat dong va vectd bat dong ctia phép ding cuy

Dinh nghia 2.3.2.10. Cho anh xa ding cy f : E* — E" ¢6 anh
£ — —d I3 2 P
xa lien két f : B — EF. Didm M duge goi a diém bat dong (hay
diém kép) ctia f néu f(M) = M. Vecto i dugc goi 1a vectd bat dong
cia f néu f(d)=d.
_>
Ky higu Inv(?) = {ﬁ e E" | 7(@’) = 1_[} = Ker(? —idg, ).
Inv(f)={M e E"| f(M)= M}.

—~ e . ? %
Nhan xét 2.3.2.11. Inv(?) la mot khong gian con clia E".
Dinh 1y 2.3.2.12. Cho f : E* — E" la bién doi dang cu trén khong
gian Fuclid E". Khi do:

i) Néu Inv(f) # 0 thi né la cdi phang cé phuong Inv(?).

i) Néu Inv(?) = {0} thi f c6 diém bit dong duy nhit.

i) Néu Inv(?) c6 50 chieu biang q thi f la phép doi hinh hay
phdn doi hinh tay thuoc n — q chan hay [é.
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Chitng minh. i) Néu Inv(f) # 0 thi ¢ [ € E", f(I) = I. Goi « 1a
phing qua I ¢6 phuong 1a Inv( f). Khi d6 M € Inv(f) < f(M) =
— — s T S
M e Tf(M) = IM < f(D)f(M) = IM < F(IM) = IM < TM €
Inv(?) < M e a. Vay Inv(f) = a.
ii) Biéu thtc toa do ctia phép dang cy f déi v6i mot muc tieu cé

dang

va [2/] = Alx] 1a biéu thitc toa do cia ? d6i v6i co 86 nén. Vecto
bat dong c6 toa do 1a nghiém clia phuong trinh

(A—Dz] = 0.

Vi Inv( ) = {0} nen det(A—1I) # 0, do 6 diém bét dong ¢6 toa do
14 nghiem ctia phuong trinh (A — I)[z] = —[a] ton tai v duy nhét.

iii) Vi 7 1a bién déi truc giao nén ton tai co sd truc chudn dé
ma tran A clia ? c6 dang chéo khoi, trong d6 cac khoi trén dudng
chéo 1a 1 hodic —1, hodic 13 cac ma tran triyc giao cap 2, hon nita s6
cac s6 1 trén dudng chéo bang dim(Inv( f)) = ¢. Gia sit s6 cac khdi
ma tran tryc giao cap 2 1a k, ta co

detA = (—=1)" 7972 = (—1)".
T trén suy ra néu n — ¢ chin, detA = 1, thi f 14 phép doi hinh va
néu n — q 18, detA = —1, thi f 1a phép phan doi hinh. O

Tiép theo, ta c6 két qua quan trong sau.

Dinh ly 2.3.2.13. Néu f : E* — E™ la mot phép bién doi ding cu
thy f ¢6 thé biéu dién duy nhat dudi dang

f:tﬁog7

trong do g : E* — E™ la mot phép ding cu cé dieém bat dong va
U e Inv(?). Ngoai ra,

tgog=gots
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C’hzmg minh. Ta dat @ = Inv ? va F la khong gian bl tryc giao
—
cua tUC%LEVa £ = @F Vi v6i moi ¥ € ta co

? GF do do ?f F, nén c6 anh xa
(7 - den) BB

Anh xa d6 1a don cdu (tit d6 suy ra ddng ciu) vi dé théy ring

Ker (7 ~ Idgz) ‘g — {0}

Diéu d6 c6 nghia 13, véi bat ky o € ? luon c6 vecto & € ? sao cho
F(@-7= 9. By giv iy mot diém tuy § P € B va goi P’ = f(P).
Ta phan tich PP’ = ¢ + &, trong d6 7 € o, ? Nhu trén da
néi, co vecto ¥ € ﬁ sao cho ?( ¥) — & = —. Ta lay diem @Q sao cho
PO — 7 v g0l Q' = f(Q). Khi d6

— > >
QQ’:Q?JFPP’JFP’Q’:PP’ +? — T+ — 1.

Bay gio néu xét g = (t;) " o f thi ¢ 1a phép ding cu cia E" va

9(Q) = (t) " 0 f(Q) = (ts) ' (Q) = Q- Khi d6 f = tyog la
cach viét can tim. Ta nhan thdy g o t; 0o ¢! 1a phép tinh tién (vi
?ot_vzogT{ = Idz ) va né bién Q thanh Q' nén

gotyog ' =tyhay goty=tzoyg.
Bay gio gia sit c6 hai cach phan tich
f=tiog=tyog,

trong d6 g,¢' la nhitng phép ding cu c6 diém bat dong vh v €
Inv(¢), v € Inv (¢’). Ta chi  ring Inv(¢) = Inv (¢’) = Inv(?).
Laiy mot diém P bat dong clia ¢ va goi @ 13 hinh chiéu \ﬂlg goc
ctia P len Inv(g). Goi P' = f(P) va Q' 1a diém sao cho QQ' = v,
thi

— —  — —

PP =i=PQ+QQ +QP =i +PO+QP.

N - —>

Chi ¢ ring 7,0 € o = Inv(?), con ]@ + Q' P’ thuoc khong gian

bl tryc giao cla @, suy ra v = 17’, hay ty=t;vadodo g=g4". O
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e) Phan loai anh xa ding cy trong E?
Trong E? ta da biét cac phép dang cu sau:
-+ Phép tinh tién theo mot vecto: ma tran ctia phép tinh tién 1a
ma tran don vi cap 2.
+ Phép quay quanh mot diém: ma tran cta phép quay déi véi
mot muc tiéu truc chuan 1a ma tran co6 dang
[cos 6 —sin «9}
sinf  cos@ |’
trong d6 0 < 0 < 7 la géc quay.

+ Phép dbi xitng qua truc (ddi xting qua mot duong thang).

Dinh nghia 2.3.2.14. |Phép ddi xing trugt| Trong khong gian
Euclid E? cho phép déi xiing g déi véi dudng thing o va phép tinh
tién tg, trong d6 ¥ € . Tich t7 0 ¢ duge goi 1a phép déi xting truot
(Hinh 2.2).

Ta ¢6 tyo g = g otz Phép dbi xiing truoct 1a tich ctia phép phan
ddi hinh va phép doi hinh nen n6 13 phép phan doi hinh. Khi 7 = 0,
phép dbi xiing trugt 1 phép dbi xting qua dudng thing.

M

M’ M

Hinh 2.2

Dinh 1y 2.3.2.15. Méi phép phdn doi hinh trong E? la mot phép
doi ming trugt, ddac biet la mot phép doi zimg.

Chitng minh. Néu f : E2 — E? 1 phép phan doi hinh thi s6 chiéu
clia Inv(?) bang 1, nén trong cach phan tich f = tzog thi g phai 1a
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phép ding cy ma diém bat dong ndm trén mot dudng thing d. Vay
g 1a phép ddi xting qua d. Khi d6 f 1a phép d6i xing trugt. O
Dinh 1y 2.3.2.16. Mdi phép doi hinh trong E? la mot phép tinh

tién hodc la mot phép quay.

Chiing minh. Gid st f : E? — E? 1a mgt phép doi. Khi d6 s6 chidu
clia Inv(?) bing 2 hodc 0. Ta c¢6 f = tzog, trong d6 g 1a phép déng
cu ¢6 diém bat dong va v € Inv( f ).

Néu Inv(?) c6 chiéu bang 2 thi g 14 phép dong nhat va f 1a phép
tinh tién.

Néu Inv(?) c¢6 chidu bing 0 thi g c6 diém bat dong duy nhét I
va ¥ = 0. Suy ra f 1a phép quay quanh 1. O

Céc phép dang cuy thé hien ¢ Dinh 1y 2.3.2.15 va Dinh 1y 2.3.2.16
do6 1a phép db6i xtng trugt, phép tinh tién, phép quay, ching dugc
goi 1a cac dang cu c¢6 dang chinh tic trong E2.

Vi duy 2.3.2.17. Cho phép ding cu f trong E? ¢6 biéu thitc toa do

trong muc tiéu trygc chuan 1a

1 V3

/
= —py = gy — 1
o %/_xl 5
3 1
.%/2:71’14‘51'24‘2

Hay xac dinh dang chinh téc cta f.

V3
2

1
Giai. Ma tran tryc giao A = é c6 |A| =1 nén f la

DN | —

2
phép doi. Vi A khac ma tran don vi nén f khong 1a phép tinh tién,

do dé f la mot phép quay. Tam quay la diém béat dong ctia f nén
toa do 1a nghiem duy nhat ctia hé phuong trinh

1 V3

xl:%/_xl_TxQ_L
3
$2:7$1+§l‘2+2.
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, 1 3
Do dé tam quay la diem [ = (—5 —V3,1— \/7_> T dang chinh

tac clia ma tran tryc giao A suy ra géc quay 6 xac dinh bdi cos = ~
hay 6 = 60°.

Vi du 2.3.2.18. Cho phép ding cu f trong E? ¢6 biéu thitc toa do

d6i v6i muc tiéu truc chuan la
!/
Ty = —x1 — 2,
I/2 =T+ 3.

Hay xac dinh dang chinh téc cta f.

0 1 Al = —1 nén f la phép

phan doi hinh, do d6 f 1a phép déi xiing trugt véi truc doéi xing

Giai. Ma tran truc giao A = [ -0 } cO

la duong thing di qua trung diém cta mot cip diém tuong tng,
¢6 phuong la Inv(?). Vecto bat dong c¢6 toa do la nghiém ctia he

T = —Tq,

To = T9.
Do d6 Inv(f) = {(0,a),a € R}. Xét O' = f(O) = (~2,3). Truc déi
xiing 1a dudng thang di qua trung diém I = (
vectd chi phuong 4 = (0,1). Xét I' = f(I) =
<L N = 7
tien la v =11' = (O —).

’ 2

phuong trinh

1, %) cua OO0’ va c6
( ,g). Vecto tinh
f) Phan loai anh xa dang cu trong E?

Trong E? ta da biét cac phép dang cu sau:

1) Phép tinh tién;

2) Phép ddi xitng qua mat phéng;

3) Phép quay quanh mot truc (quay quanh mot duong thang).

Tit tinh chit clia phép quay quanh mot (n — 2)—phang trong E"

ta co:

+ Tich ctia hai phép déi xiing qua hai mat phing o va S cit
nhau theo dudng thing d 13 phép quay quanh dudng thing d.
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+ Xét phép quay f quanh truc d. Néu goi v 1a mit phidng vuong
goc voi d tai I € d thi f|7 la mot phép dang cu cha v c6 diém bét
dong duy nhét I nén f|, 1a mot phép quay quanh diém I.

+ Ma tran ctia phép quay quanh mot truc c6 dang chinh téc 1a
1 0 0

A=10 cosf —sinf |,
0 sinf cosf

trong d6 0 < § < 7 la géc quay quanh dudng thing.

Dinh nghia 2.3.2.19 (Phép d6i xiing trugt). Trong khong gian
Euclid E? cho phép dbi xting ¢ déi véi mit phing a va phép tinh
tién ¢y , trong d6 ¥ € . Tich tz0 g, duge goi la phép dbi xing truot
(Hinh 2.3).

Nhan xét 2.3.2.20. i) tyog = g o ty.

ii) Khi @ = 0, phép déi xing trugt 1a phép dbi ximg qua mit
phang.

iii) Phép d6i xitng trugt 13 mot phép phan doi hinh.

M

M M

Hinh 2.3
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Dinh nghia 2.3.2.21. [Phép ddi xing quay| Tich clia phép doi
xing g qua mat phing o v mot phép quay ¢ quanh dudng thing d
vuong goc véi o duge goi 1a phép doi xitng quay (Hinh 2.4 a).
Nhan xét 2.3.2.22. i) Phép dbi xitng quay 1a phép phan doi hinh.

ii) Ta c6 f = qog = goq va trong trudng hop phép quay ¢ quanh
dudng thing d v6i géc quay 7 thi f 14 phép dbi xiing qua I (I la
giao diém ctia o v d). Khi d6 f bién diém M thanh diém M’ sao
cho I 13 trung diém ctia MM’

iii) Trong phép dbi xting quay f ta ¢6: Inv(f) = {I} (I = an
), iov( ) = {0},

Dinh nghia 2.3.2.23. [Phép xoén 6¢| Tich ctia phép quay ¢ quanh
dudng thing d vd mot phép tinh tién ¢z v6i v € 7 duoc goi 1a phép
xoén 6c¢ (Hinh 2.4 b).
Nhan xét 2.3.2.24. i) Ta c6 f = qoty = tzoq.

ii) Néu @ = 0 thi phép xo&n 6¢ f trd thanh phép quay q.

iii) Néu phép quay ¢ véi goc quay 0 thi phép xodn d¢ f 1a phép

tinh tién.

iv) Phép xodn 6¢ 1a phép doi hinh ctia E3.

Su phan loai cac phép ding cy trong E? duge cho béi céc két qua,
dudi day.

M

M

bomoeee e M
» 4// M

(a) Phép dbi xiing quay (b) Phép xoén bc

Hinh 2.4
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Dinh 1y 2.3.2.25. Mdi phép doi hinh trong E? la mot phép zodn oc,
ddc biét la mot phép tinh tién hodc la mot phép quay quanh dudng
thdng.

Chiing minh. Goi f : E> — E? la mot phép doi. Khi d6 Inv(?) cb
chiéu bing 3 hodc 1. Ta ¢6 f = tyog, trong d6 ¢ 1a phép ding cu c6
diém bat dong va 7 € Inv(?).

i) Néu Inv(?) 6 chiéu bang 3, tic ? 12 4nh xa dong nhat. Khi
do6 f 1a phép tinh tién.

ii) Néu Inv(?) c6 chiéu bang 1 thi g 1a phép doi hinh c6 cac diém
bat dong ndm trén mot duong thang d di qua mot diém bat dong [
c6 phuong 1a Inv(?). Do d6 g la phép quay quanh duong thing d.
Vi vay f 1a phép xoan oc. O

Dinh 1y 2.3.2.26. Méi phép phdn doi hinh trong E® la mot phép
doi ming trugt hodce la mot phép doi zing quay, ddc biét la mot phép

doi zing qua mat phdng.

Chiitng minh. Néu f : E> — E? 13 mot phép phan doi hinh thi
Inv(?) ¢6 chiéu bang 2 hodc 0. Ta ¢6 f = tyo g, trong d6 g 1a phép
dang cy c6 diem bat dong va 7 € Inv( f).

i) Néu Inv(?) c6 chiéu bang 2 thi g 1a phép phan doi hinh c6 cac
diém bat dong ndm trén mat phing o di qua mot diém bat dong [
va ¢6 phuong la Inv(?). Vay g la phép déi xitng qua mit phing o
Vi vay f 1a phép dbi xing trugt.

ii) Néu Inv(?) c6 chiéu bang 0 thi f c6 diém bat dong duy nhét
I. Tt ma tran dang chinh tic ctia bién ddi tric giao f, suy ra
c6 gia tri rieng —1 bdi 1 hodc 3. Goi o la khong gian riéng cta
tuong tng véi gia tri rieng —1. Khi do:

+ Néu dimd@ = 1, goi d 1a dudng thing qua diém bat dong I c6
phuong 13 @ thi f|, 1a phép dbi xing qua I. Goi 8 1a phing qua I
va vuong goc véi d thi f|g 1a phép quay quanh I. Vay f 1a phép dbi
xttng quay.
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+ Néu dim'@ = 3 thi hién nhien f 1a phép ddi xing qua I, ciing
c6 thé xem la phép dbi xitng quay. O

Céc phép dang cy thé hien ¢ Dinh Iy 2.3.2.25 va Dinh 1y 2.3.2.26,
d6 1a phép xodn 6c, phép ddi xiing truct, phép dbi xitng quay, chiing
duge goi 1a cac ding cu ¢6 dang chinh tic trong E3.

Vi du 2.3.2.27. Cho phép ding cu f trong E? ¢6 biéu thitc toa do

trong muc tieu tryc chuan la

) =—x9—1
xh = —x3+2
Jfé: 1'1—'—3

Hay xac dinh dang chinh tic cta f.

Giai. Ma tran ctua f la

Vima tran A ¢6 |A| =1 nén f 1a phép doi hinh, do d6 1a phép xoin
oc. A khac ma tran don vi nén Inv( f) ¢6 chiéu la 1 va la phuong
cia truc quay. Toa do diém bat dong ctia f 1a nghiem ctia hé phuong
trinh

ZL’1:—JI2—1 .731+l’2:—1

I1+ZE2:—1
To=—2T3+2 & To+ 13 =2 <:>{£L'—|—ZE —9
I3:$1+3 $1—I3:—3 2 3=

Day la phuong trinh mot dudng thing d trong khong gian va khi dé
f 1a phép quay quanh d. Tt dang chinh tic clia ma tran tryc giao
A suy ra géc quay 0 xac dinh béi

1 2
2cosf = Trace(A) — 1 = —1 titc cosf = ~5 do d6 0 = ?ﬂ
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2.4 Hinh hoc Euclid va Hinh hoc dong
dang

2.4.1 Hinh hoc Euclid, tuong duong afin trong
khong gian Euclid

a) Hinh hoc Euclid

Khong gian Euclid E” ciing 14 mot khong gian afin nén trén né
c6 cac phép bién doéi afin. Trén khong gian Euclid E” ¢6 nhém cac
phép bién d6i afin vi nhém cac phép bién ddi ding cu. Goi Af (E)
13 nhém cac phép bién ddi afin (nhém afin) ctia E", Isom (E") 1a
nhém cac phép bién ddi déng cy (nhéom dang cy) cla E, ta ¢6
Isom (E") C Af (E™).

Hinh hoc ctia nhém cac phép bién doi dang cu ciia E duge goi
13 hinh hoc Euclid n chiéu.

Trong hinh hoc Euclid hai hinh duge goi 1a tuong duong néu co
mot phép ding cu bién hinh ndy thanh hinh kia. Hai hinh tuong
duong con duge goi 1a bang nhau.

Vi duy. Hai doan thing biing nhau; hai tam gidc biang nhau.

Theo dinh nghia trén, hinh hoc Euclid n chiéu nghién cttu nhiing

bat bién qua cac phép ding cu cia E, tic 1a nhitng tinh chat néu

¢6 trong mot hinh thi cfing ¢6 trong moi hinh bang né.

Vi du 2.4.1.1. Trong hinh hoc Euclid ta c6: doan thing véi do dai
cho trude; tam giac déu véi canh cho trude; quan hé vuong goc cia

cac phéng; . ..

b) Mbi quan hé giita hinh hoc afin va hinh hoc Euclid trong
E?’L

Trong khong gian Euclid E" ¢6 nhom afin Af(E"™), do d6 ta cling
¢6 hinh hoc afin trén E™. Vi Isom(E™) 1a nhém con cia nhém Af(E™)

nén hinh hoc afin 13 mot bo phan ctia hinh hoc Euclid. Diéu dé c6
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nghia 13 cac tinh chat afin (nhitng tinh chit khong thay déi qua céc
phép bién ddi afin) ciing 14 cdc tinh chat FEuclid (nhitng tinh chit
khong thay ddi qua cac phép dang cu) va duge nghién citu trong hinh
hoc Euclid, nhung diéu nguge lai khong diang, béi vi cac tinh chat
bat bién ddi véi nhom ding cy Isom(E") chua hén 1 céc tinh chit
bat bién ddi véi nhom afin Af(E"). Vi du nhu tinh vuong goc cia
cac phang, s6 do khoang céich, s6 do géc ... Vi vay hinh hoc Euclid
tréen E™ phong phi hon hinh hoc afin trén E™. Khi nghién citu vé
hinh hoc Euclid, viéc phan biét mot tinh chat xem né la tinh chat
afin hay tinh chat Euclid 14 mot diéu quan trong. Gia st mot hinh
H nao d6 ctia E® ¢6 tinh chat 7. Néu 1a tinh chit afin thi nhitng
hinh tuong duong afin véi H ciing ¢6 tinh chat 7. Con néu la tinh
chat Euclid thi chi ¢6 nhitng hinh bing hinh H méi c¢6 tinh chat do.
Chang han tinh chit “trong tam gidc déu duong cao la duong trung
tuyén” khong thé 4p dung cho moi tam giac bat ki vi qua mot phép
afin mot tam gidc déu c6 thé bién thanh mot tam gidc ¢6 hinh dang
tiy ¥. Ngudc lai tinh chat “ba dudng trung tuyén ctia mot tam giac
dong quy” 6 thé ap dung cho moi tam giac vi tinh chit trung tuyén
clia tam giac, tinh chat ddng quy cia cic dudng thang déu 1a nhitng
tinh chat afin.
c) Phuong phap diing tuong duong afin dé giai toan

Hinh hoc afin 14 mot bo phan ctia hinh hoc Euclid nén khi nghién
cttu hinh hoc afin ta c6 thé diing cic phuong tién ctia hinh hoc Euclid.
Phuong phép nay cé thé tém tit nhu sau:

Gia stt can chitng minh mot hinh H nao do6 ¢6 tinh chat o ma «
13 mot tinh chét afin. Khi d6 ta c6 thé chiing minh tinh chat o d6
d6i vai mot hinh H' nao do6 tuong duong afin véi H. Bdi vay ta co
thé chon trong 16p tuong duong afin véi H mot hinh H' dac biat ma
tinh chat o dé chitng minh hon.

Ta 14y mot vai vi du dé lam sang t6 van dé nay.
Bai toan 1: Ching minh riang 3 duong trung tuyén trong mot tam

giac dong qui.
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Giai. Vi tinh chéit dong qui clia cac dudng thing 13 mot tinh chét
afin. Do d6 ta chi can chitng minh tinh chat nay trén mot hinh bat
ky tuong duong afin v6i tam giac da cho. Ta xét trén tam giac déu.
Qua sy tuong duong trén, 3 dudng trung tuyén clia tam giac ban
dau tuong tng véi 3 dudng trung tuyén clia tam giac déu. Ching ta
ching minh tinh chat dong qui ctia 3 dudng trung tuyén trong tam
giac déu. Trong tam giac déu, 3 dudng trung tuyén dong thoi 1a 3
duong trung tryc, vi vay ching dong qui (ching minh dé dang). T
két qua ding trong tam giac déu suy ra két qua ciing ding cho tam
gidc bat k¥ ban dau.
Bai toan 2. Cho hinh binh hanh ABCD. M la diém thuoc doan
AB, N la diém thuoc doan AD sao cho AM/AB = AN/AD. Dusng
thang qua M song song véi AD cit dudng thing qua N song song
v6i AB tai I. Chitng minh ring A, I, C thing hang.
Giai. Tinh thang hang ctia mot he diém 13 bat bién afin, do d6 dé
giai bai toan, ta chi can chitng minh két luan ding trén mot hinh
bat k¥ tuong duong afin v6i hinh binh hanh ban dau. Vi vay, ta giai
bai todn trong trudng hgp hinh binh hanh ABC'D 1a hinh vuong. Vi
ti s6 don ctia 3 diém la bat bién afin, nén trén hinh vuong ta ciing
c6 AM/AB = AN/AD. Vi AB = AD nén AM = AN, do d6 hinh
binh hanh AMIN la hinh vudng. Do AIB = 45° nen [ thuoec AC
hay A, I,C thing hang.
Bai toan 3: Cho tam gidc ABC. Trén cac canh BC,CA, AB lan
lugt 14y cac diém A’, B’, C’ sao cho:
(BCA') = (CAB') = (ABC") =k, k#0,1.

Ching minh réng hai tam giac ABC va A’B'C’ ¢6 cung trong
tam.
Giai. Ta nhan thay ti s6 don clia hé ba diém, trong tam cia tam
giac 1a cac khai niem afin, quan hé triing nhau ctia cac diém 1a bét
bién afin. Vi vay ta chi can giai bai toan trong truong hop tam gidc
da cho 1a tam giac déu (tuong duong afin véi tam giac bat ky). Xét
tam giac déu ABC v6i cac diém A’, B, C' trén ba canh, thod méin
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(BCA') = (CAB') = (ABC'") = k. Ta chitng minh trong tam cia
cac tam giac ABC va A’B’C’ trung nhau.

Tu gid thiét suy ra tam giac A’B'C’ ciing 1a tam gidc déu. Goi
G 13 trong tam cia tam gidc déu ABC. Xét phép quay tam G goc
quay 120°. Khi d6 A, B, C tuong ting bién thanh B,C, Ava (", A, B’
tuong tng bién thanh A’ B’, " (sit dung cdc tam giac bang nhau).
Do d6 G 1a tam cta duong tron ngoai tiép tam gidc déu A’B’'C’, nén
G ciling la trong tam cua tam giac A’B’'C’. Vay hai tam gidc ABC

va A'B'C’" ¢6 cung trong tam.

2.4.2 Nhém cdc phép bién doi dong dang, Hinh
hoc dong dang

a) Anh xa tuyén tinh déng dang
. . —
Dinh nghia 2.4.2.1. Arg xa tuyén tinh ¢ : E — E’ gitta cac khong
gian vecto Euclid EwE duge goi 1a mot anh xa tuyén tinh dong
dang néu c¢6 mot hing s6 thuc k # 0 dé
(@) - p(if) = ki - §, Vi j € E.

Nhan xét 2.4.2.2. i) Trong dinh nghia trén, s6 thyc & > 0 khi
dim(E) > 0. That vay, vi dim(E) > 0 nen ton tai  # 0, tic
72 > 0. Mt khéc, tir dinh nghia ta c6 0 < (¢(%))? = k(Z)?, do d6 k
phai 13 mot s6 duong.

ii) Anh xa tuyén tinh tryc giao Ia 4nh xa tuyén tinh déng dang
(v6i k =1).
Tinh chat 2.4.2.3. i) Tich cic anh za tuyén tinh dong dang la mot
dnh za tuyén tinh dong dang.

i) Anh za tuyén tinh dong dang bdo toan quan hé truc giao cia
cac khong gian con.

iii) Mot dnh za ¢ : E — E' gitta cdc khong gian vecto Fuclid co
tinh chat o(T).0(y) = k3y, VI, j € E vdi k la mot hdng so6 khdc 0,

la mot dnh za tuyén tinh dong dang.
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Chatng minh. D& dang kiém tra tryc tiép i), ii).

Chitng minh iii) twong tu nhu trudng hop dnh xa truc giao. [

b) Phép dong dang

Dinh nghia 2.4.2.4. Phép bién déi f : E» — E" dugc goi la phép
dong dang néu véi hai diém bat ki M, N € E" va anh ctia ching 1a
M' = f(M),N' = f(N), ta luon ¢6 d(M',N") = k - d(M, N), trong
do6 k 1a mot sb thue duong ¢6 dinh. S6 k duge goi 1a ti s6 dong dang
ctia phép dong dang f.

Nhan xét 2.4.2.5. + Phép dong dang véi ty s6 k = 1 1a phép ding
cu.

+ Phép vi tu ti s6 k 1 phép dong dang t1 s6 |k|.

Dinh 1y 2.4.2.6. Phép bién doi f : E* — E™ la phép dong dang
khi va chi khi f la phép afin cé danh za lién két la dnh za tuyén tinh
dong dang.

Chiing minh. + Gia st f : E® — E" la phép dong dang ti s6 k. Lay
diém O € E", goi O' = f(O). Ta dinh nghia anh xa ¢ : E' — B
nhu sau: V6i 7 € ﬁ, goi M 1a diém sao cho OM = Zva M’ = f(M),
dit o(7) = O’—]\/ﬁ Ta ¢6 ¢ la anh xa tuyén tinh dong dang. That
vay, v6i moi M, N € E", ta c6:

&2(M, N) = MN? = (ON — OM)? = ON? + OM? — 20N - OM
9 9 —_—
— (O, N) + d*(O, M) — 20N - OM

Vi M’ = f(M),N'" = f(N), ta co:

— —  ——\2
2 (M',N') = MN? = (O'N' - O’M’)

:O/NIQ—FO/MIQ—QO/N/'O/M\/
2 ! / 2 / ! BN / !
=d?>(O',N')+d*(O',M") = 20'N" - O'M'.

132



Mat khac, f 1a phép dong dang nén ta co:
d*(M',N") = K*d*(M, N);
&2 (0, N') = k2d%(O, N);
d* (O, M) = K*d*(O, M).

Tit trén suy ra O'N'-O'M’ = k2*ON-OM. Tit d6 o(T)-p(y) = k*7 -7,
—— 2 2
VZ,y € E". T d6, theo Tinh chat 2.4.2.3, ¢ 14 d4nh xa tuyén tinh
dong dang. D& thay ¢ 1a anh xa tuyén tinh lién két ctia f nén f la
phép afin.
+ Gia st phép bién déi f : E® — E” la phép afin lien két
Vi 4nh xa tuyén tih dong dang f. Khi d6 véi moi M, N € E",
) —
M = f(M),N' = f(N) taco f(MN)- f (MN) = kMN-MN, k >
— ——
0= VE|MN| = |M'N'| = Vk = dM',N') = Vkd(M, N).
Do d6 f 1a phép dong dang t§ s6 Vk. O

Tit dinh 1y trén dé dang chitng minh dugc két qua sau

Hé qua 2.4.2.7. Phép bién doi afin f : E* — E™ la mot phép dong
dang ti so k khi va chi khi phép bién doi tuyén tinh o lien két vdi f
c6 tinh chit:

E".

le(@)|| = kIl Z|| vdi moi ¥ €
Ta ¢6 két qua sau day (viéc ching minh xem nhu bai tap).

Dinh 1y 2.4.2.8. Tap hop cdc phép bién doi dong dang cta khong
gian Buclid E™ lap thanh mot nhém, duge goi la nhém dong dang.

27N - - . N . P 2
N6 la nhom con cia nhom afin va chita nhom dang cu.

Dinh nghia 2.4.2.9. Hai hinh tuong ttng v6i nhau qua mot phép
dong dang dugc goi 1a hai hinh dong dang. Hinh hoc ctia nhém dong
dang dugc goi 13 hinh hoc dong dang.

Hinh hoc dong dang nghién cttu nhitng bat bién ctia nhém dong
dang, ttc 13 nhitng tinh chat khong thay doi qua phép dong dang.
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Trén khong gian Euclid E” vi nhém ding cy 1a nhém con clia
nhém dong dang, nhém dong dang 1a nhém con ctia nhém afin nén
hinh hoc afin 13 mot b phan ctia hinh hoc dong dang va hinh hoc
dong dang 1a mot bo phan cia hinh hoc Euclid. Nhu vay trong hinh
hoc dong dang c¢6 moi khai niém va tinh chat afin. Tuy nhién, c6
nhitng khai niém, tinh chat cta hinh hoc Euclid khong phai 13 khai
niém, tinh chit cfia hinh hoc déng dang nhu do dai doan thing,
khoang cach tit mot diem dén mot m—phing, dien tich cic hinh

phang, thé tich cac hinh khong gian, ...

Chu y. Do dai doan thing khong phai 14 mot bat bién déng dang,
nhung ti s6 do dai cta hai doan thing 1a mot bat bién déng dang.
Ngoai ra ta con c6 sé do goc ciia hai dudng thing ciing 1 mot bat
bién dong dang. Tt d6 suy ra dinh Ii Pitago 14 mot dinh If ctia hinh
hoc dong dang va rat nhiéu nhing khai niém nhu hinh vuong, hinh

tam gidc déu, déu la nhitng khai niém ctia hinh hoc dong dang.

2.5 Siéu mat bac hai trong khong gian
Euclid

2.5.1 Dang chinh tic cia siéu mdt bic hai

Khong gian Euclid 1a khong gian afin, vi vay trong né c6 céac siéu
mat bac hai, gdm cac diém c6 toa do dbi véi mot muc tieu afin thoa
méin mot phuong trinh bac hai. D6i v6i muc tiéu afin thich hop,
phuong trinh ctlia siéu mit bac hai ¢6 dang don gian nhat, dudce goi
14 phuong trinh chudn tic. Sau day ta xét phuong trinh siéu mat bac
hai d6i véi cac muc tiéu truc chuan ctia khong gian Euclid. Trong
khong gian Euclid E" véi myc tieu trie chuan {O;é,, €, ..., é,} cho

situ mit bac hai (S) ¢6 phuong trinh:

(2T Alz] + 2[a]" [z] + ag = 0. (2.8)
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Vi A 13 mot ma tran vuong doi xing nén tir két qua § Muyc 2.1.5 ¢6
thé tim dugc mot ma tran truc giao B sao cho BT AB ¢6 dang chéo.
Khi bién ddi toa do [z] = B[2'] phuong trinh clia (S) déi véi muc

tiéu mdi c6 dang:
[2')" BT AB[2'] + 2[a)" B[z'] + a¢ = 0. (2.9)

Vi BT AB ¢6 dang chéo nén phuong trinh (2.9) c¢6 dang:

> bt +2) e +d =0, (2.10)
i=1 i=1
trong d6 1 <r <n,cacbh; #0véii=1,2,...,7.

Chi y rdng vi B 13 ma tran tric giao nén muc tiéu mdi ciing tryc
chuan. Nhu vay budc thit nhat ta da chitng minh duge ring luon 6
thé tim duge mot muc tiéu tric chuan sao cho phuong trinh ciia (S)
d6i voi muc tieu d6 c¢6 dang (2.10) titc 1a ving mat cac s6 hang chit
nhat x;z; voi 1 # j.

Dung phép déi muc tiéu tryc chuan:

C;

x/,i:$,i+ V6ii21,2,...,T

bi (2.11)
Tl =1} véij=r+1,....n

thi phuong trinh (2.10) tré thanh:
S ba?+2 ) caf+d =0. (2.12)
i=1 j=r+1

Chii ¥ ring viec chuyén muc tigu theo cong thitc (2.11) Ia mot phép

tinh tién muc tieu nén két qua ta vin dugc mot muc tieu tryc chuan.

+ Néue;=0v6ij=r+1,...,nvadd #0 thi phuong trinh (2.12)
clia (S) sé ¢6 dang:

daP=1, 1<r<n (1)
=1
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+Néuc; =0v6ij=r+1,...,nvad =0 thi phuong trinh cta (S)
c6 dang:

d NaP=0, 1<r<n (I1)

+ Néu r < n v ¢6 it nhat mot sé ¢; # 0, gid st ¢, 41 # 0. Trong

truong hgp nay ¢ phuong trinh (2.12) clia (S) ta luon luon cé thé

gid thiét d’ = 0, bdi vi néu d’ # 0 thi dung phép tinh tién muyc tiéu:
!

Cr1 (2.13)
af =xl véii#r+1

/. //
errl_ r+1+

ta sé dugc phuong trinh khong con hée s6 ty do da duge xét & dang
(IT). Boi vay ta xét phuong trinh (2.12) trong dé d' = 0.

Cj ..
Datm:,/zj r+1C§ VA ¢ zajvél‘]zr—l—l,r—l—l...,nthi

phuong trinh (2.12) ¢6 dang:

be"2+2m Z il =0, (2.14)

Jj=r+1

trong d6 cac ¢ thoa man dieu kien Y7, ¢ = 1. Bay gio dung phép
doi muc tieu sau day:

X;=a" i=1,2,.
Xrp1 =20 T,Hc;x;’, (2.15)
szzj e Yk k=r+2,....n

Ta 6 thé chon cac s6 vk; sao cho ma tran ctia phép bién doi (2.15)
la ma tran truc giao. Khi d6 muc tieu méi 1 muc tieu truc chuan.

D41 v6i muc tiéu nay phuong trinh (2.14) ctia (S) ¢6 dang:
> biX]+2mX, =0, 1<r<n (I11)
i=1

Ba dang (I), (IT), (III) tim dugc & trén duge goi la cac dang chinh

tdc clia sieu mat bac hai (S). Sy phan tich trén cho két qua sau.
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Dinh 1y 2.5.1.1. Déi vdi moi siéu mdat bac hai (S) trong khong gian
Fuclid E™ ta luon tim duoe muc tiéu truc chudn sao cho phuong trinh
ctia (S) doi vdi muc tiéu dé cé mot trong ba dang chinh tdac (1), (I1),
(IIT) ¢ tren.

Hé qua 2.5.1.2. Hai siéu mdt bac hai la bing nhau néu ching cé

phuong trinh chinh tdic giong nhau.

Vi du 2.5.1.3. Trong mat phéng Euclid véi heé toa do truc chuin

ta co
2 22
1 2 < s - < ? :
+ ] + » = 1 la phuong trinh chinh tac cua elip.
I’% SL’% o N p < k)
+ 22— > = 1 la phuong trinh chinh tac cua hypebol.
a

+ 22 = 2pxy 1 phuong trinh chinh tdc ctia parabol.

Vi du 2.5.1.4. Trong E? v6i myc tigu tryce chuan {O; €1, €3, €3} cho
sieu mit bac hai (S) ¢6 phuong trinh

I% + ZL’% + 4[E§ + 2[E11’2 + 41’11‘3 + 4I2[E3 - 61‘3 +1=0.

Hiy tim muc tiéu tryge chuan sao cho (S) ¢6 dang chinh tic va viét
phuong trinh chinh tic do.

Giai. Ma tran A clia sieu mét bac hai (S) ddi véi muc tiéu cho trude

la
11 2
A=|1 1 2
2 2 4

Ta chéo héa A bing bién ddi toa do truc chuan. Da thic dic trung
cua A la:
1—A 1 2

1 1-X 2 = —A(A—6).

2 2 4— A
Vay A c6 hai gia tri riéng 1a A\ o = 0, A3 = 6.

Ung v6i gia tri rieng A, = 0, cac vecto rieng ¢6 toa do théa man
a_+5)
2

phuong trinh xy + x5 + 2x3 = 0, ¢6 dang: @ = (a, B8, — . Ta lay
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mot trong cac vecto do: d; = (1, —1,0). Vecto thit hai la dy ta chon
vudng gbéc vOi d; va cling ing v6i gia tri rieng Ay = 0.
Toa do clia vecto ds thod man hé phuong trinh:
T — X2 = 0 (dé C_]:Q 1 61) s
To+ xo+2w3=0 (Gng vGi gid tri rieng Ay = 0) )
Ta ¢6 thé chon @, = (1,1, —1) théa man didu kién tréen.
Vecto ds ting véi gia tri rieng \3 = 6 truc giao véi dy, ds (Theo
Bo dé 2.1.5.4), ¢6 toa do théa man hé phuong trinh

T1 — Dx9 + 223 =0 &

—5l‘1+$2+2l‘3 =0 {
21‘1 + 21’2 — 2.1'3 =0

Ta c6 thé chon @ = (1,1,2) théa méan diéu kien trén. He vecto

ay, ds, s vudng goéc véi nhau tirng doi mot. Dat

. a, ( 1 1 O>

U= =7 =\ 7= 7=

' a | V2 V2

@ ( 1 1 1 )

U2 = 7=\ 7= —7=» =

@l \VB'VE VB

o a3 (1 1 2

Uz ===\ —7= 2=
|3 V6 6° V6

ta c6 co s6 tryc chuan {uy, iy, i3 }. Xét phép bién ddi toa do truc

chuan [x] = B [2/], trong d6

1 A1 1
V2 V3 Ve
B—| -1 I 1
V2 3 vE
0 -5 %

Qua phép bién ddi [z] = B[2'] ma tran A ciia (S) tré nén ma tran
BT AB ¢6 dang chéo nhu sau:
1

1 1 1 1
s w0 112 VR G 000
Lo 1Ll 19 - L Li_—1]0o00
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D&i v6i muc tigu mdi tng véi co sG trie chudn {iy, iy, i3}, phuong
trinh cta (S) la:

6:[‘%2 + 61’,2 B 12(133

NG

Diuing phép bién d6i muc tieu truc chuan:

+1=0.

/

/
o1
X3 T3 76

thi trong muc tiéu tryc chuan méi nay (S) c6 phuong trinh:
6X5

6X§+%:0,

hay
V3XZ 4 Xy = 0.

Day la mat tru parabolic.

2.5.2 Phuong chinh ciua siéu mat bac hai trong khong
gian FEuclid

Dinh nghia 2.5.2.1. Trong khong gian Euclid E” v4i muc tiéu tryc

chuan cho truéc, cho siéu mit bac hai S ¢6 phuong trinh:

[z]" Alz] + 2[a)” [x] + ao = 0. (2.16)
vecto &= (¢,¢9y...,¢p) # 0 duoc goi 1a phuong chinh clia (S) néu
Ale] = N[ tige la Y7 ajic; = Ae; véii = 1,2,...,n. Noi cdch khac,

¢ 1a phuong chinh ctia (S) néu ¢ la vecto riéng clia ma tran A.
Tinh chét 2.5.2.2. i) Phuong chinh khong phdi la phuong tiém can
khi va chi khi gia tri riéng tuong ing A # 0.

ii) Siéu phdng kinh lien hgp vdi phuong chinh & duge goi la siéu
phang kinh chinh, ¢é phuong vuong géc vdi ¢. Tw dé phép doi ring

qua siéu phdang kinh chinh ctia S bién S thanh chinh né.
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Chitng minh. i) That vay, ¢ 1a phuong chinh cta siéu mat bac hai S
khi va chi khi Alc] = A[¢]. Tir d6 ta suy ra [c]T Alc] = A\[]T[c].

Do &# 0 nen [¢]7[c] # 0. Vay [(]TA[] =0 A =0.

ii) That vay, néu ¢ khong phai 14 phuong tiém can ctia (S), nghia
1a [c]T A[c] # 0, thi sieu phang kinh lién hop véi phuong & ¢ phuong
trinh

[2]" Ale] + [a]"[c] = 0.
Vi ¢ la phuong chinh nén Alc] = \¢]. Phuong trinh siéu phang kinh
tré thanh

M T Alz] + [¢]*[a] = 0.
Do dé ¢ la vecto phap tuyén clia sieu phang kinh c¢6 phuong trinh
trén. O

Dinh 1y 2.5.2.3. Trong E" vdi muc tiéu truc chuan {O; €\, €, ...,

€.}, néu siéu mat phdang bac hai S ¢é phuong trinh:

zn:bzl'? +22n:ale +ag = 0
i=1 =1

thi cdc vecto €1, €s, . .., E, déu la cdc phuong chinh cia (S). Ddc biét,
néu phuong trinh cia (S) cé dang chinh tdc thi cic vecto €y, s, . .., e,

déu la cac phuong chinh.

Chitng minh. Theo gia thiét, ma tran A cia (S) la

by 0 ... O
I
0 0 ... by
nén cac vecto €1, €s, . . ., €, 1a cac vectd riéng ing v6i cac gia tri rieng
b1,bo, ..., by. O
22 P
Vi du 2.5.2.4. Cho elip ¢6 phuong trinh — + = 1 trong hé toa
a

do truc chuan, khi d6 phuong clia cac truc toa do la phuong chinh
va hai duong kinh chinh la hai truc cta elip.
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2.5.3 Siéu cau trong khéng gian Euclid
a) Siéu cau thuc

Dinh nghia 2.5.3.1. Trong E" cho mot diém I ¢6 dinh, tap hop tat
ca nhitng diém M thuoc E" sao cho d(I, M) = r véi s6 thye 7 > 0

cho trude duge goi la siéu cau thye (hay sieu cau) tam I ban kinh 7.

Ky hieu S(I,r) = {M € E" | d(I, M) = r}. Siéu cau trong E?
con dude goi 13 duong tron, siéu cau trong E? con dude goi la mit
cau. Bay gio ta xét phuong trinh clia siéu cau trong mot muc tieu
truc chuan. Gid st déi véi muc tieu truc chuan, diém I c6 toa do
13 (a1, as,...,a,) v goi toa do clia mot diém M 1 (z1, 2o, ..., Ty).
Khi d6 diéu kien can va da dé diém M nim trén siéu cau tam I ban
kinh r 1a

>

n
T — ;) =1 Z (2, — a;)® =12
i=1 i=1

Phuong trinh siéu cau S(I,7) con c¢6 thé viét dudi dang:

iz?—2iaimi+ia?—r2—0. (2.17)
i=1 i=1

i=1

Vay mot sieu cau thye S(I,7) 14 mot sieu mit bac hai. Doi toa do
(afin)

phuong trinh cia siéu cau trong he toa do (Xi,...,X,) co dang
X2+ X2+, +X2=1.

T do, siéu cau thudc loai siéu mat elipxoit. Dac biet, duong tron
trong mat phing thuoc loai elip, mit cau trong khong gian 3 chiéu
thudc loai mat elipxoit.
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Dinh nghia 2.5.3.2. Cho siéu cau thuc S(I,r) trong khong gian
Euclid E*. Mién trong clia siéu cau thye S(I,7) 1a tap hgp cac diém
T thuoc E® ma d(I,T) < r. Mién ngoai clia siéu cau thye S(7,7) 1a
tap hop cac diem N thuoc E” ma d(I, N) > r.

Tinh chat 2.5.3.3. i) Mién trong cta siéu cau thuc S(I,r) la tip
[63.
ii) Doan thiang néi mot diém thudc mién trong vdi mot diém thuoc

Y N N 2 . N .2
mien ngoai cat siéu cau thuc S(I,r) tai mot diem.

Chatng minh. i) That vay, véi P, Q 1a hai diém thugc mién trong ciia
sieu cau thye S(I,7), M 1a mot diem bat ki thuoc doan thang PQ
(Hinh 2.5a). Ta c6

IM =tIP+(1-)I0,0<t<1.

Do dé6

TN = 27102 + 21@%%147}%@
2

<t’r —|—(1—t) 2421 —t)r-r=r?

Q

Hinh 2.5

Vay M 13 mot diém thudc mién trong.

ii) That vay, dé ¥ ring mot diém M thudc dudng thang PQ khi va
2 7z N —>
chi khi v6i diém I bat k¥ ton tai ¢ € R sao cho IM = t1P+(1—)10
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Ngoai ra, M thuoc doan thang PQ khi va chi khi ¢ € [0,1]. Gia st
P 13 mot diém thudc mién trong clia sieu cau thye S(1,7), Q 1a mot

diém thudc mién ngoai ctia siéu cau thue S(I,7) (Hinh 2.5b). Xét

ham s6
— (TP + (1 - DIO? 1 eR
— TP + (1— t)2752 4 2t(1 — t)fﬁ : f@
f(0) = I@>rf ]?2<r Vay c¢6 t € (0,1) dé
_}>7 (1 -1 6 . Tttc ¢c6 M thudc doan thing PQ
—>
Sa0 ChO IM2 =12 & ||[IM|| = r. Didu nay c6 nghia 14 doan thing
PQ) cét siéu cau tai mot diém M. O

b) Siéu cau téng quat

Dinh nghia 2.5.3.4. Trong khong gian Euclid E” mot siéu mit bac
hai S dugc goi la siéu cau tong quat néu déi véi mot muc tieu truc

chuan phuong trinh ctia né cé dang:

Xn:xf +22n:aixi +ap=0. (2.18)
i=1 i=1

hay

n n

Z (a; 4+ x;)° = Z a? — ay. (2.19)

i=1 i=1
+ Néu Y7 af —ap > 0 thi (2.19) la phuong trinh ctia mot sieu
cau thuc tam I (—al, —Qg, ..., —0y).

+ Néu Y7 a? —ap = 0 thi sieu cau S duge goi la siéu cau diém
tam [ ban kinh 0.

+ Néu Y a? — ap < 0 thi sieu cau S duge goi la siéu cau o
tam I vi né khong chtta diém thic nao.

Nhan xét 2.5.3.5. i) Dbi vdi sieu cau téng quat moi vecto & # 0
déu khong phai 14 phuong tiém can va luon 1a phuong chinh.
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That vay, vi ma tran A ctia phuong trinh sieu cau téng quét 13
ma tran don vi nén moi ¢ +# 0 déu la phuong chinh.

ii) Moi sieu phang di qua tam I(—a;, —ay, ..., —a,) cla siéu cau
tong quat déu la siéu phang kinh chinh vi tryc giao véi phuong lien
hop.

That vay, siéu phing qua tam I c6 phuong trinh dang Yor g a(wi+
a;) = 0. D6 1a siéu phing kinh lién hop v6i phuong a(ay, ..., a,),
la phuong chinh, nén sieu phing kinh la siéu phing kinh chinh. R6
rang phuong lién hop @ 1a vecto phap tuyén cta sieu phang kinh.

iii) Sieéu phang di qua diém M, thuoc siéu cau S(I,r) va vuong
goc véi dudng thang I M, 1a siéu tiép dién cia sieu cau tai diém M,.
Vecto I My 1a vecto phap tuyén ctlia siéu tiép dien.

That vay, ta c¢6 phuong trinh clia siéu tiép dién clia siéu cau tai
diém M, chinh la phuong trinh ctia siéu phang qua M, va vudng géc
v6i duong thang I M,.

Pinh 1§ 2.5.3.6. Cho hé n+ 1 diém trong khong gian E*. Khi dé
diéu kien can va di dé he diém do doc lap la ton tai duy nhét mot

N PN . . 3.2 » A
stéu cau di qua moi diem cua heé.

Ching minh. Gid st n 41 diém doc lap A;,i =1,2,...,n+1 ¢6 toa
do déi v6i mot muc tieu trye chuan 1 (a1, o, . . ., Ging1). Siéu ciu
chita cac diém dé6 c6 phuong trinh déi v6i muc tieu truc chuan tren

&
xf—i—x%—l—...%—xi—%lxl—2a2x2—...—2anxn+b20.

Thay toa do céc diem A; vi phuong trinh trén ta nhan duge he n+1
phuong trinh tuyén tinh véi cac an aq,as, ..., a,,b. Hé c6 nghiem
duy nhat khi va chi khi

a1 . Q1n 1

an1 N Ann 1
Ap+11 -+ Qniidn 1



Didu nay tuong duong véi he diém 1a doc lap. Do do6 diéu kien doc
lap ctia hé diém 13 can va di dé ton tai duy nhit mot sieu cau chia

cac diém cua heé. O

c) Phuong tich ctia mot diém déi v6i mot siéu cau

Dinh nghia 2.5.3.7. Trong khong gian Euclid E" v6i muc tiéu cho
trude, cho sieéu cau (S) ¢6 phuong trinh:

[y, @, ... xy) :Zx?+22aixi+a0:0.
i=1 i=1

Véi méi diém M, thuoe E" ¢6 toa do truc chuan (29,29, ...,20), gia

’n

tri
n

f(af,25,....20) = Z (%)% + ZZaiLE? + ag
=1

i—1
duge goi 1a phuong tich ctia diém M, dbi véi sieu cau (S) va ky hidu
P (M) /(S).

Ta c¢6 P (M) /(S) = f(29,29,...,29).

’n

Dinh 1y 2.5.3.8. Trong E" cho siéu cau S(I,r) va mot dudong thang
A di qua diém My cdt siéu cau S tai hai diem M, va Msy. Khi do:

P (My) /(S) = MoM - MoM.

Ching minh. Gia st déi v6i muc tieu truc chuan da chon, diém M,

¢6 toa do (29, 29,...,2%) va vecto chi phuong ctia dudng thing c6

A toa do 1a @ = (uy, uy, ..., u,). Khi dé dudng thing A cé phuong
trinh:

rp=a) 4+ Ay véii =1,2,...,n.

Dé tim céc giao diem M; vi M, clia dudng thang A véi mit cau S

ta phai giai phuong trinh sau:
(([mo} + [Au] ([xo} + [)\u]) + 2[a] ([xo} + [/\u]) +ag = 0)
hay
([)T[u]) A2+2 ([u)” [2°] + [a]7[u)) A+ [2°]" [2°]+2[a]” [2°]+ao = 0.
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Day 1a mot phuong trinh bac hai d6i véi A. Goi A1, Ay 1a nghiém cua
phuong trinh trén, tng véi hai giao diém M, M. Ta co:

(2" [2°) + 2[a] [« +-ag _ f (29,23, ..,a%)
[u]"u] [Wu]

Mat khac ta co: MOM1 = )\11_[, MOM2 = )\26 Do d6:

MoMy - MoMy = MA@ = >\1)\2[U]T[U] =f ($(1)a$(2)a cee 73591) =
=P (M) /(S). O

Dinh 1y 2.5.3.9. Trong E" cho hai sieu cau (S) va (S) cd tam
khong tring nhau. Khi dé tap hop nhing diém M ¢ cing phuong
tich doi vdi (S1) va (Sy) s€ ndm trén mot sieu phang. Siéu phdng

nay vuong goc vdi duong thdang noi hai tam cia hai siéu cau da cho.

Chitng minh. Trong E™ gia stt déi v6i muc tiéu trire chuan cho trude,

cho hai siéu cau c¢6 tam khong trung nhau 1an lugt c6 phuong trinh

la:
filxy, oo, ... 2,) = [2]7[2] + 2[a]" [2] + ap = 0 (S1),
fo@r, 2o, .. ) = [z 2] + 2[0)] [2] + 0o =0 (Sy).

Nhitng diém M (z1,xs,...,7,) c6 cing phuong tich déi véi (S;) va

(S2) phéi ¢6 toa do thoa man diéu kién:

filxy, zoy .. ) = folxy, @e, ... xy)
hay
2([a] — [b))"[x] + ag — by = 0. (2.20)
Sieu cau (Sy) ¢6 tam I (—ay, —ag, ..., —a,), situ cau (Sy) ¢6 tam
I (=by,—=by,...,—b,). Vi I} # I nén (2.20) 1a phuong trinh cia

mot sieu phing. Sieu phing nay nhan vecto 77 = (a1 —by, ag—ba, ...,
an — by) lAm vecto phap tuyén nén né vuong goéc véi dusng thang
ndi hai tam I; va I, ctia (S;) va (Ss). O
Dinh nghia 2.5.3.10. Tap hgp cac diém c6 clting phuong tich doi
v6i hai sieu cau (S;) va (S;) khong dong tam 1a mot siéu phang. Sieu
phéng nay dudc goi la sieu phing ding phuong clia hai sieu cau da
cho.
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Sieu phing ding phuong luon vudng goéc véi duong thing ndi hai
tam ctia hai sieu cau cho trudc.

Trong mat phang ta ¢ truc dang phuong (situ phing dang
phuong) clia hai dudng tron 13 mot dudng thing vuong goc véi duong

thang ndi hai tam clia hai dugng tron.

2.5.4 Bat bién ciua ham da thidc bac hai va ung
dung

Trong muc nay ching ta trinh bay mot s6 bat bién clia ham da
thitc bac hai va st dung ching dé nghien citu dudng bac hai trong
mit phang Euclid.

a) Bat bién ctia ham da thic bac hai

Trong khong gian Euclid n chiéu E™ véi muc tiéu tryc chuan, cho

situ mit hai (S) xac dinh bdi phuong trinh:

Z Qi X35 +2 Z a;xr; + ag = 0. (221)
it =1
Vé trai ctia phuong trinh (2.21) duge goi 1a mot ham da thic bac
hai. Ta thdy mot ham da thic bac hai hoan toan dugce xac dinh bdi

ma tran
ag Qaqp Lo Qp
T a; a a
— a a 1 i1 .- 1n
A=1]"" = . _ (2.22)
a A
Ap Ap1 ... Qpp

That vay, bdi tinh chat ctia phép nhan ma tran ta co

n

. 177 Ta o711
Z Qi TiTj + 2 Z a;T; + ag = z a A o . (223)
=1 =

=1
j=1

Duing phép bién doi muc tieu tryc chuan
n

/ .
T; = E cijr;+d;, 1=1,2,....n

j=1
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dua phuong trinh (2.21) vé dang

Z g T2 4 2 Z a;z; + ay = 0. (2.24)
i=1 =1

j=1

Khi d6 ham da thtic bac hai duge xac dinh béi ma tran

o / T
A = {29 ?4, } . (2.25)

Néu dét C= (Cij)7 d= [dl d2 Ce dn]T va

o H g} (2.26)

thi v6i cac phép tinh toan truc tiép ta co

Dinh nghia 2.5.4.1. Xét M la tap hop tat ca cdc ma tran doi xting
A dang (2.25) véi cac phép bién ddi A — C' A C clia M vao chinh
n6. Mot ham ¢ : M — R tréen M dugc goi 1a bat bién ddi v6i moi
bién ddi néi tren néu ¢(A) = p(C" A O).

Nhan xét 2.5.4.2. Tu dinh nghia trén, ta thay bat bién ddi véi
moi bién doi dang trén twong duong bat bién déi véi moi bién doi
muc tiéu Euclid hay d6i v6i moi bién déi dang cu ctia E™.

Dinh nghia 2.5.4.3. Néu han ché chi xét cac phép bién déi dang
A QTAQ véi Q = [ (1) g } véi C' 1a ma tran tryc giao thi ham

©: M = Rmid oA = o(QTAQ) véi moi A € M vi véi moi Q
dang trén thi ¢ duge goi la ban bat bién.

Tir cac dinh nghia trén ta ¢6 nhan xét rang: néu ban bat bién ¢
13 bt bién v6i cac phép tinh tién, titc 1a p(A4) = p(PTAP) v6i moi

p- { clz ]0 } thi o tr& thanh mot bt bién,
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Trong dai s6 tuyén tinh ta c6 dang thic sau:

Det(A—AI,) = (—1)" A" (=1)" L T A" (= 1) 2 A" 2 4,

(2.27)
trong do
a/ilil ai1i2 e ailir
Qigiy  Qigig -+ -+ Gigi,.
Jp = E ) o S l,r=1,...,n. (2.28)
11 <t <...<ip : : ) :
aiTil am-z Ce am-r

Xét anh xa J, : M — R, A+ J,, trong dé J, dugc xac dinh bai
cong thic (2.28). Ta ¢6 két qué sau:

Dinh 1y 2.5.4.4. Cdc ham J, (r = 1,...,n) néi trén la nhing bat
bién.

Chitng minh. Ta c6 det(A'—\I,,) = det(CTAC—\I,,) = det(CT AC—
CTAIL,C) = detCT(A — \I,,)CT = detCT - det(A — \I,) - detC =
detCT-detCT-det(A—\I,,) = det(CTC)-det(A—\I,,) = det(A—\I,)
(do C'la ma tran truc giao). O

Nhan xét 2.5.4.5. Ta da biét ring bang cach chon mot muc tiéu
trye chuan thich hgp (xem Dinh ly 2.5.1.1), phuong trinh clia mit

bac hai da cho sé c6 mot trong cac dang sau day

Z)\ix?%—m:() 1 <r<n,m#0; (T)
i=1
d X =0 ,1<r<n; (I1)
i=1
Z)\ix;2+2mx;+1:0 1 <r<n. (III)
i=1

Khi d6 cac Joq1, Jrga,...,J, déu biang 0 va Jy,Jo,...,J, la céc
ham d6i xtng so cap thd 1,2,...,r clia cdc gia tri rieng khac 0
A, Ao, A cla Ar Jp = Zlgigr*)\i; Jy = Zl§i<j§r/\i)\j; J3 =
Zl§i<j<k§r AiNAK - S =AM A
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Dinh 1y 2.5.4.6. Ham ¢ : M — R dugc zac dinh bdi

T
— Qo a
Ar—>det<a A—)\In>’

trong dé \ la mot so bat ky, la mot ban bat bién.

Ching minh. V6i QQ = [ (1) g] va vi C la ma tran tryc giao,
T
. TN agp a'C _ 1 0 |
ta ¢6 Y(QTAQ) = det [ CTa CTAC AL | = det 0 CT]

T T
Qo a 1 0] ao a - -
det[a A—/\In]'det[() C]—det[a A_/\]n]—w(A).
Do d6 1 1a mot ban bat bién. O

Tt dinh 1y trén dé dang suy ra:

Hé qua 2.5.4.7. Cdc hé so ciia da thic bic n cia \:

T
ao a _
det = Ki(=\)"+ Ko(=\)""1+... + K, (=) +
a A—M,
Kyi1, trong dé Ky = ag, K41 = det(A),
ao (7% Ay Ce a;,
ail aml aim e aim
Kr—l—l = Z Qjy Qi Qigig - oo Qigs, , = 2, o, n, la
11 <12<...<ip . . . .
CLiT CLZ'M‘I ai,-ig .. az}-iy-

cac ban bat biéen.

Dinh 1y 2.5.4.8. i) Néu A ¢6 dang chinh tdc (I) va r < n, thi
Ky =Kpag = .. = Kpa1 = 0;

+ Koy =mAAy.. A\, =md,. #0.

i) Néu A c6 dang chinh tdc (II) va r < n, thi

K, =0 vot Vi >r.
i) Néu A c6 dang chinh tac (III) thi
Ko = (=1)"m(=1)" M mA Ay . A\ = —m?J, #£0
i) Ban bat bién K, 1 = det A la mot bat bién.
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Chatng minh. i) D6i muc tiéu tryc chuan 2 = Cy + ¢ phuong trinh
cua S tré thanh

yT (CTAC)y + 2(c" A+ a") Oy + T Ac + 2a™ ¢ + ag. (2.29)

Gia stt C' 13 ma tran tryc giao sao cho CTAC ¢6 dang

A AN AOVi=1,...,r.  (2.30)

Vi K; 1a cac ban bat bién nén
T T
A ag a - _ 1 0 ag a 10
sl a]) - s er][v 4]0 e])
T
_ ao a' C
K@([C% CTACD'

Vi S ¢6 dang (I) nén ta c6 thé lay ¢ dé v6i muc tieu truc chuan

gtren r = Cy+ ¢, S ¢6 dang
Y Ayi+m=0 ,1<r<nm#0. (2.31)
=1

T (2.29) va (2.31) ta ¢

Ac+a=0vam=c"Ac+2a"c+ay # 0. (2.32)

Do d6 ¢ 1a mot nghiém ctia hé phuong trinh tuyén tinh Az = —a.
Tit d6 ta suy ra a 1a mot to hop tuyén tinh ciia cidc ma tran cot clia
ma tran A. Didu nay két hop v6i dang clia ma tran CT AC nhu 2.30,
ta suy ra

T _ _ T —
a'Cryy=...=a C, =0, (2.33)
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trong d6 C; 1a ma tran cot thi ¢ cia C.

T
Ta da ching minh dugc rang ma tran [ (;L?Qa C?T/fC } c6 dang

ap a'Cy a'Cy ... aTC, 0 ... 0

aTC’1 /\1

aTC'Q )\2
: " 0

JTC. A, (2.34)
0 0
f 0 -
0 0

Do d6 cac dinh thiic con cip 16n hon 7 + 1 déu c6 chita it nhat mot
cot khong, nén K, = ... = K, = 0.

Hon nita vi CT'C; = 1 nén (khai trién dinh thitc sau theo cot 1)

ag a'Cy aTCy ... dTC,
aTCl )\1 r T
— T A - B a’a
K, =det | @ .CQ 2 .O = Jr(ao Z N )-
: O . =1
a’'C, Ay
(2.35)
O tren ta da chi ra rang ¢ 1a mot nghiém cia he Az = —a, tic

Ac = —a, suy ta CTAc = —CTa. Do d6 (CTAC)CTe = —CTa (Vi
C 1a ma tran tryc giao). Bdi dang ctia CTAC va (2.33) ta suy ra r
phan tit dau tién ctia C7c 1a
Cla Cla Cla
N T

, trong d6 C; ma tran cot thit ¢ cua C.
(2.36)
Theo (2.32), (2.33), (2.36) va ¢ la mot nghiem ctia he Ax = —aq,

néen m = ¢’ Ac+ 2a’c+ ag = ag + (Ac + 2a")c = ag + a’c =

T
ap +a*CC%T¢ = ag + (aTC)(CTe) = ag — >, a)\g

. Két hop véi
(2.35) ta ¢6 K,.1 = mdJ,, diéu phéi chitng minh.
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ii) va iii) dugc chitng minh tuong tu phan i).
iv) Vi C = { cll 8 } va C' la mot ma tran tryc giao nén ta co

det(C") = det(C) = 1, do a6 det(C" AC)=det(A), titc K, la bat
bién. O

b) Nghién cttu dudng bac hai nhd bat bién
Trong mit phing Euclid E? v6i muc tiéu tryc chuan, cho duong
bac hai (S) xac dinh bdéi phuong trinh sau:

a11$% + 2@121'133'2 “+ a92X99 + 2&1%’1 -+ 26621'2 + ag = 0. (237)

Xét cac bat bién

J1 = an + ag,
Jo = M M2 get(A).
Q21 A22

Khi d6 Aq, A2 1a céc gia tri riéng ciia A cling 1a nghiém ctia phuong
trinh
N — TN+ Jy = 0.

Xét cac ban bat bién:

Kl = Qyo,
Qg Qi Qg Q2
KQ - + ;
ay ain Qo  A22

Gy ap Qaz
Kg = a; ai; aie :det(A)
Az A21 Q22

+ Néu (S) ¢6 phuong trinh dang chinh tic (I), tic 1a
)\133’/12 + )\233'/22 +m =0. (I)
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- Néu Jy # 0 thi m = ]5—23 Do d6 phuong trinh clia (S) c6 dang

K-
(8): Ma+ Al + 73 =0 (Ar-XA#£0). (2.38)
2

—Néu JQZ)\]_)\QZOthi )\1 =O,A27é0hoac )\1 #0,)\220 (dO
K.
rank(A) > 0). Theo Dinh 1y 2.5.4.8, ta ¢c6 m = J—2 Khi dé phuong
1
trinh cta (S) la:

(S): M+ % —0(\ £0). (2.39)

Néu S ¢6 phuong trinh chinh tdc (II) thi S ¢6 phuong trinh dang
)\11’/12 + )\21’/22 = 0, )\1, )\2 7& 0.

Néu S ¢6 phuong trinh chinh tic (ITI) thi S ¢6 phuong trinh dang

)\1.1‘/12 + 2mx'2 = 07 )\1 7é 0.

K

Khi d6 theo Dinh 1y 2.5.4.8, K3 = —m?2.J; suy ra m2 = ——=. Do d6,
1

phuong trinh cia (S) c6 dang

K.
M 4y —71395’2 = 0.

2.5.5 Phan loai duong biac hai nho bat bién

Xét hai truong hgp sau:

1) Trudng hgp K3 # 0. Khi d6 (S) 1a mot dudng bac hai khong
suy bién.

(a) Néu J, # 0 thi phuong trinh chuan tic (S) c6 dang

K.
(8) . )\1$/12 + /\2$/22 + J_3 =0 ()\1 . )\2 % O) .
2
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Xét cac truong hop sau:
- Néu J, > 0 thi A\j, Ay ciing dau. Khong mét tinh tong quat, ta gia
st A1, Ag < 0.

+ Néu K3.J; < 0thi K3>0do J; = A\ + Ay < 0. Do d6 phuong
trinh ciia (S) 6 thé dua vé dang

IIQ $/2 K K
S+ =1 w6 a= b=
( ) (l2 + b2 Vet “ JQ (—)\1)’ JQ (—)\2)

Suy ra (S) la mot elip thuec.

—+ Néu K3.J1 > 0 thi Kg < 0do J = )\1 +>\2 < 0. Do dé6 phlIOIlg
trinh ciia (S) 6 thé dua vé dang

Q:/2 23,2 K K
S): L 42— 1 i a=./—b= il
(&) % VO =N TN TN oy

Suy ra (S) la mot elip do.

- Néu Jy < 0 thi A, \y trai dau. Khong mét tinh tong quét gia sit
K3 < 0,A\; < 0, > 0. Khi d6, phuong trinh ciia (S) c¢6 thé dugc
viét lai dudi dang:

:L‘IQ (El2 -K K
S L -2 =1 w6 a=/-—1b= 2
8): % % N S Ve S

Suy ra S 1a mot hypebol.

elip thye néu Jo, >0, K3J; <0,
Tém lai ta c¢6 (S) la elip 4o néu Jy >0, K3J; <0,
hypebol  néu J, <0.

(b) Néu J, = 0 thi phuong trinh chuan tic (S) ¢6 dang

(8) : Mz £2 _f%; = 0(M\ #0).

1
Suy ra (S) la mot parabol.

2) Trudng hgp K3 = 0. Khi d6 (S) 1a mot duong bac hai suy bién.
(a) Néu J, # 0 thi phuong trinh chuin tic (S) c6 dang

(S): a2 + X2 =0 (M #0).
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Khi d6, néu J, < 0 (J > 0) thi (S) 1a cip dudng thang thie (30)
¢t nhau.

That vay, néu Jo < 0 thi A\, Ay trai dau, khong mét tinh tong
quat gid st A\; > 0, Ay < 0. Khi d6 (S) c¢6 thé duge viét dudi dang:

12

g ay i /1 [—1
(8>§_ﬁ:0 vOl a = )\_1be A_Q

Suy ra (S) 1a cip dudng thing thuc cit nhau. Néu Jo > 0 thi A, Ay

cling dau, khong mat tinh téng quat gia st A1, Ao < 0. Khi d6 (S)
c6 thé duge viét dudi dang:

2 x? -1 -1
S): L 4+2=0 véi a=,/—b=y/—.
(S) > + 2 véi  a N »
Suy ra (S) 1a cip dudng thang 4o cit nhau.

(b) Néu J, = 0 va Ky # 0 thi phuong trinh chuan tic (S) ¢6 dang

K
(8) : Mz + =2 =0.
Ji

Do dé néu K, < 0 thi (S) 1a mot cip dudng thing thyc song song;
néu K, > 0 thi (S) Ia cip duong thang 4o song song.
(c) Néu J, = Ky = 0 thi phuong trinh chudn tic ciia (S) ¢6 dang
(8) . )\1!13/12 = 0.
Suy ra (S) la hai duong thing triing nhau.

Vi du 2.5.5.1. Dua cac duong bac hai sau vé dang chuan tic.

(a) (S): —32* + 4wy — 10z — 2y + 3 = 0. Ta ¢o:

3 -5 —1
Ky=|-5 -3 2 =11+#0
-1 2 0
-3 2
Jo ‘ 9 O'——4<O
J = -3.
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Suy ra (S) 1a 1 hypebol, ¢6 phuong trinh dbi véi muc tieu mdi:

(S) : M2 + Moy + ? =0,
2

v6i A1, Ao 1a nghiém cua phuong trinh dac trung

A =1

2 — =
N+3\—4 O@{)\QZ_ZL )

Suy ra phuong trinh chuan tic ctia (S) la
X2 y?
(2) ()
2 1

(b) (S) : 822 + 2y* + 162y + 20z + 4y + 9 = 0. Ta c6:

9 10 2
Ky=|10 8 4|=-7240,
2 4 2
8 4
Le| 3 8]0
Ji=2+8=10.

Suy ra (S) 1a mot parabol, ¢6 phuong trinh d6i véi muc tieu mdéi:

[—K.
(8) . )\[E/Q + 2 Tlgy/ = O,

v6i A la nghiém khéc 0 cia phuong trinh:
A =101 =0« A= 10.
? 2 3
Do d6 phuong trinh chuan tic cia (S) la 2 = 2——1/

5\/3y'

(¢) (S): 2® + y? + 6y + 202 + 4y + 2 = 0. Ta c6:

2 10 2
Ksy=110 1 3 |=0,
2 3 1

1 3
J2_’3 1‘——8<0,
J=1+1=2.
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Suy ra (S) 1a cip dudng thang cit nhau, c6 phuong trinh trong muc
tieu mai:
(S) . /\137/2 -+ )\23/2 = 0,

vGi A1, Ao 1a nghiém cia phuong trinh:

AN =4

2— — e
N-2-s=0e |\ 7

Do d6 phuong trinh chuan tic ciia (S) 1a 42 — 2y = 0.
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TOM TAT CHUONG 2

Noi dung chinh ctia chuong nay bao gom:

1. Khai niém khong gian vecto Euclid, cdc khai niem va tinh chat
cua modun; géc; cac khong gian con vudng goc, bu vudng goc; co sé

truc chuan trong khong gian vecto Euclid.

2. Khai niém va céc tinh chit ctia anh xa tric giao, bién doi triuc
giao.

3. Khai niém khong gian Euclid va cac khéi niém trong khong
gian Euclid: khoang cach; muc tiéu tryc chuan; toa do truc chuan;
thé tich ctia don hinh m chiéu, hinh hop m chiéu; cac phang vuong
goc, bt vuong goc; siéu cau.

4. Khai niem va tinh chit ctia 4nh xa dang cu, bién ddi dang cu.
Phan loai cac phép ding cu trong khong gian 2 chiéu, 3 chidu. Khai
niém Hinh hoc Euclid, Hinh hoc dong dang.

TAI LIEU DOC THEM CHUONG 2

[1] Van Nhu Cuong-Ta Man (1988), Hinh hoc afin va Hinh hoc Eu-
clid, Nxb DHQG Ha Noi (Chuong 4).

[2] Nguyén Mong Hy (1999), Hinh hoc cao cip, Nxb Gido duc, Ha
No6i (Chuong 2).

[3] M. Audin (2002), Geometry, Springer Science - Business Media
(Chuong 2, 3, 4).
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CAU HOI ON TAP CHUONG 2

. Khong gian vecto Euclid 1a gi?

. Co 86 tryc chuan 1a gi?

. Thé nao 13 hai khong gian con tric giao, bt tric giao?
. Thé nao la 4nh xa truc giao, bién déi truc giao?

Tai sao néi khong gian Euclid ciing 1a khong gian afin?
Tai sao néi muc tiéu true chuan cling 14 muc tiéu afin?

Thé nao 13 hai phiing truc giao, bt truc giao?

e B

Khoang céch giita hai phang la gi? Duong vuong géc chung cé

quan hé gi dén khoang céch cta hai phing?
9. Anh xa ding cy 1a gi? Phép doi hinh, phép phan doi hinh 1 gi?

10. Thé nao la phép dbi xting qua m—phing? Phép quay quanh
(n — 2)—phéng?

11. Hinh hoc Euclid 1a gi?
12. Phép dong dang la gi? Hinh hoc dong dang 13 gi?
13. Thé nao 1 gidi mot bai toan nho tuong duong afin?

14. Thé nao 1a dang chinh tic ctia mot siéu mit bac hai trong khong
gian Euclid?

15. Siéu cau la gi? Siéu cau tong quat 1a gi?
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BAT TAP CHUONG 2

Khong gian vecto Euclid

2.1. Xét R? nhu mot khong gian vecto trén R. Xét anh xa:

albg + a2b1 agbg

£:R* x R? = R* &(a,b) = arby + 5 3

v6i a = (a1,az),b = (by,by) € R2

a) Chiing minh £ 13 mot tich vo huéng trén R2.

b) Xét R? v6i tur cdch 1a mot khong gian vecto Euclid véi tich vo
huéng &. Hay chi ra mot co s§ true chuan cia R2.
2.2. Trong R—khong gian vecto n chiéu V cho co 86 € = {é), é, .. .,
€,}. Chitng minh ring trong V ¢6 mot tich vo huéng duy nhat dé
V tré thanh khong gian vecto Euclid ma ¢ 1a co sd trie chuan cia
no.

2.3. Trong khong gian vecto Euclid 4 chiéu véi co sd trige chudn

—

cho truée, cho cac vecto @ = (1,1,3,1),b = (-1,2,0,—1),¢ =
(—3,4,—1,1),d = (0, —1,—4,0).

a) Tinh (@ —b) - & va (@ — d)2.

b) Xét tinh nhon, tu, vudng ctia mdi cap vecto trén.
2.4. Trong khong gian vecto Euclid 3 chiéu V cho hé 3 vecto {dy, do, d3}
trong d6 a2 = 1,d; - dy = —1,d; - @3 = 0,d3 = 3,dy - d3 = 0,a3 = 2.

a) Chitng minh rang he {d, ds,d3} doc lap tuyén tinh.

b) Trong V cho hai vecto @, v ¢6 toa do ddi v6i co s6 {dy, da, ds}
la@=(0,1,-1), 7 = (2,1,3). Tinh tich vo huéng @ - 7.

¢) Trong khong gian V ¢6 co sd tric chuan nao dé déi véi no
céc vecto U, U n6i ¢ cau b) ¢6 toa do © = (1,0,4),7 = (0,0, —1) hay
khong?

2.5. Trong khong gian vecto Euclid 4 chiéu V véi co sé true chuan

-

da chon, cho céc vecto d(1,1,1,2),b(1,2,3, —3).
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a) Chiing t6 a truc giao véi b.
b) Hay bd sung vao he {@,b} hai vecto khac 0 nita dé dwge mot
co sG tryc giao.

2.6. Trong khong gian vecto Euclid 4 chidu V véi co sé true chuan

da chon, cho cac vecto

— —

d(1,1,1,2),b(1,2,3, —3),8(1, -2, 1,0), d(25, 4, —17, —6).

a) {d, b, C, cf} ¢6 phai la he tryc giao khong?

b) Goi W = (d, b), Z = (¢,d). W va Z ¢6 phai 1a hai khong gian
con bu truc giao khong?

2.7. Trong khong gian vecto Euclid V" cho co s trye chuan ¢ =
{51,52, ce gn} V6i ¥ € V™, glé S Zﬂs = (ZEl,J]Q, . ,ZEn). Goi «; 1a
goc gifta T va €;. Chitng minh ring:

a) x; = ||Z]| cos .

b) S costa; = 1.

2.8. Trong khong gian vecto Euclid 4 chiéu V véi co s truc chuan
da chon, cho khong gian con W xéc dinh bdi hé phuong trinh:

21’1+l’2+3$3—$4 =0
3I1+2$2—21’4 =0 .
3$1+J]2+91’3-(L’4 =0

Tim hé phuong trinh xac dinh phan bu trie giao W+ clia W.
Khong gian Euclid

2.9. Trong khong gian Euclid n chiéu E™ cho 3 diém bat ki A, B, C.
Chitng minh rang

a) d(A,B) +d(B,C) > d(A,C).
b) d(A, B)+d(B,C) = d(A, C) khi va chi khi B thuoc doan AC.
2.10. Trong khong gian Euclid n chidu E” cho 4 diém bat ki A, B, C, D.

Chﬁ:ngminhréng@-@—i—ﬁ-ﬁ%—@-ﬁzo.

2.11. Trong khong gian Euclid n chidu E" cho 4 diém bat ki A, B, C, D.
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Chitng minh rang
d(A,B)+d(C,D)+d(A,C)+d(B,D) > d(A,D)+d(B,C).

2.12. Chiing minh ring trong khong gian Euclid E" néu phing P
bil vuong géc véi phang Q thi P 4+ Q = E™.

2.13. Trong khong gian Euclid n chiéu E" cho phing P vi diém A.
Chitng minh ring ton tai duy nhat phing Q di qua A va bl vuong
gbe véi P.

2.14. Trong khong gian Euclid n chidu E" cho diém A vi phing P.
Chiing minh ring tén tai duy nhat mot diém H sao cho d(A4, H) <
d(A, M), v6i moi M € P.

2.15. Trong khong gian Euclid n chiéu E™ cho phing P va dudng
thing A vuong géc véi P, cit P tai diem H. Cho diem A € A va
diém B € P. Chiing minh

[d(A> H)]Q + [d(H7 B)]Q = [d(A’ B)]2

2.16. Trong khong gian Euclid n chiéu E™ v6i muc tiéu truc chuin
{0;¢&,,é,,...,&,} da chon, cho siéu phang P c¢6 phuong trinh
a1ry + asxo + ...+ ayx, +b=0,

712 vecto c6 toa do (ar, as, . . ., a,) dbi véi co s6 trye chuan {éy,. .., €, }.

a) Chitng minh ring ¢ 13 mot vecto phap tuyén ctia P (nghia 1a
7 # 0 va trye giao véi phuong ciia P).

b) Cho diém M (29,29, ...,2°), lap phudng trinh dudng thang di
qua M va tryc giao véi P.
2.17. Trong khong gian Euclid E" v6i muc tiéu tryc chuan cho
trude cho diém M (29,29, ..., 2°) va vecto T (ay, as, . . ., an) # 0. Lap
phuong trinh clia siéu phang P di qua M va c6 phuong ? tryc giao
Vi U
2.18. Trong khong gian Euclid n chiéu E™ cho hai muc tiéu tryc

chuan
{O, El,EQ, e 7En} Va {O/;El,Eg, .. ;En}
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Goi P la siéu phang xac dinh bdi don hinh Ey, F,, ..., E,. Chiing
minh ring OO’ tryc giao v6i P va cit P tai trong tam G clia don
hinh do6.

2.19. Trong khong gian Euclid 4 chidu E* cho muc ti¢u tryc chuan
{0; By, By, B3, E,} vavdiém E(1,1,1,1). Goi P 1a phang x4c dinh bdi
cac diém O, Ey, E va Q 1a phdng xac dinh béi cac diem E;, By, E5, E,.
Xac dinh phang giao ctia P v Q.

2.20. Trong khong gian Euclid E” v6i muc tiéu truc chuan cho trudc,
cho m—phéang P xac dinh béi he n — m phuong trinh

n

Zakixi—i—bk:(), (k:1,2,...,n—m).

=1

a) Goi P phuong ctia P. Chitng minh rang P tryc giao véi
cac vecto

A (g1, g2,y - - Q) (K=1,2,...,n—m).

b) Goi Q l1a phang di qua A (29,29, ..., 2°%) va bu tryc giao v6i P,

_> S — — —
Q 1a phuong ctia Q. Ching minh rang hé vecto {dy, ds, ..., 4y m}

la mot co s cua Q.
¢) Lap phuong trinh ctia phing Q néi 6 cau b).

2.21. Trong khong gian Euclid 5 chiéu E® véi myc tiéu truc chuan
cho trude, cho diém A(1,3,4,—1,5) vi phang P ¢6 phuong trinh:

T3+ T4 —3=0
r3+2x4y—2x5 +3=0 .
—$3+LL’5 +1:0

Lap phuong trinh phing Q di qua A va b vuong géc véi P.

2.22. Trong khong gian Euclid 5 chiéu E® v6i muc tiéu tric chuan
cho trudce, cho diem A(1,3,4,—1,5) va phang P ¢6 phuong trinh:

$3:4
ZL‘4:—]_
£C5:5



a) Tinh dimP.
b) Lap phuong trinh phing Q di qua A vi bt vudéng goc véi P.

2.23. Trong khong gian Euclid 5 chiéu E® v6i muc tiéu trie chuan
cho trudc, cho phiang P ¢6 phuong trinh:

T3+ T4 -3 =0
r3+2x4—25 +3 =0
—T3 + T3 +1 =0

va phing Q c6 phuong trinh:

1+ o —4 =0
31’1 — 21’2 +3 =0 '
Hoéi P va Q ¢6 vudng gée v6i nhau khong?

2.24. Trong khong gian Euclid 5 chidu E® v6i myc tiéu tric chuin
cho trude, cho cac diém
A(1,3,4,-1,5),B(1,2,-2,3,4),C(1,4,—1,4,5), D(2,4,—1,4,5)

va phang Q c6 phuong trinh

I = 1

T = 3
a) Lap phuong trinh ctia phing P x4c dinh béi 3 diém A, B, C.
b) Phéng P c6 tryc giao v6i duong thing C'D khong?

¢) Xét vi trf tuong déi clia P va Q.
2.25. Trong khong gian Euclid 3 chiéu E? v6i muc tiéu trie chuan
cho trudc, cho céc diem A(3,4, —1), B(2,0,3), C(—3,5,4). Hay chiing
td6 A, B, C khong thing hang va tinh dien tich tam gidc ABC.
2.26. Trong khong gian Euclid 4 chiéu E* véi muc tiéu truc chuan
cho trude, cho mit phang P di qua 3 diém A(1,1,1,1), B(2,2,0,0),
C(1,2,0,1) va duong thang d di qua 2 diém D(1,1,1,2), £(1,1,2,1).

a) Chitng minh P va d chéo nhau.

b) Viét phuong trinh duong vuong goéc chung va tinh do dai doan

vuong goéc chung cua P va d.
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2.27. Trong E? cho tt dien ABCD, cac dinh c6 toa do truc chuan
la:

A(0,0,2), B(3,0,5),C(1,1,0), D(4,1,2).
Tinh chiéu cao ti dién ha tit dinh D t6i mat ABC va tinh thé tich
tit dien ABCD.
2.28. Trong khong gian Euclid E™ véi muc tiéu trie chudn cho trudc,
cho siéu phang P di qua cac diém:

A1(al,O,...,0),A2(0,a2,...,0),An(O,O,...,an).

Hay tinh khodng céch tit gbc toa do dén sidu phing do.
Anh xa ding cu

2.29. Cho phép bién ddi afin f: E" — E". Gid stt {4, 41,...,A,}
13 (n + 1) diém doc 1ap trong E" v f(4;) = A, i = 0,1,...,n.
Chttng minh ring f ding cu khi va chi khi

d (A, Aj) = d (A}, AY) Vi, j=0,1,...,n.

2.30. Hai don hinh S (Ap, A1, ..., An), S'(Ay, A}, ..., Al) duge goi
la bang nhau (S = 8') néu d (A, A;) = d (A}, AY) Vi, j =0,1,...,n.
Chiing minh ring néu S = &' thi ¢6 phép dang cir duy nhat f : E" —
E" sao cho f(A;) =A,i=0,1,...,n.

2.31. Cho siéu phing o trong E" vi phép dang cy f : E* — E™.
Chitng minh ring néu f khong phai 1a phép dong nhat va f(M) = M
véi moi M € o thi f 1a phép ddi xitng qua a.

2.32. Chiing minh réing phép quay trong E? 1a tich ctia hai phép ddi
xiing truc.

2.33. Chitng minh ring phép ding cy f : E® — E™ 1a tich cia khong
qua (n + 1) phép dbi xitng qua siéu phing.

2.34. Trong E™ v6i muc tieu truc chuan cho trude, cho sieu phang

n
E a;x; + ag = 0,
=1
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véi
n

2 _
a; = 1.

i=1
Viét phuong trinh phép déi xing qua a.
2.35. Trong E? cho fi, f> 1an luot 1a cdc phép doi xtng dbi véi cic
duong thang d;, dy. Chitng minh ring:

a) Néu dy || do thi f = fy 0 fi 1a phép tinh tién.

b) Néu d; cit dy thi f = fo 0 f1 14 phép quay.

¢) Néu dy vuong goc vii dy thi f = fyo fi 1a phép dbi xitng tam.
2.36. Cho phép dang cu f : E* — E", f khong c6 diém bat dong.
Chitng minh ring f c6 dudng thing bat dong.
2.37. Cho phép ding cy f : E? — E2?, f khong c6 diém bat dong.
Chitng minh rang néu I 13 mot diem ma d(I,1') < d (M, M') véi
moi M € E? (véi I' = f(I),M' = f(M)) thi dudng thang 1’ 1a
dudng thing bat dong.
2.38. Cho phép ding cu f : E* — E”, f khong c6 diém bat dong.
Chitng minh ring cic dudng thing bat dong song song véi nhau.
2.39. Cho phép ddi f : E" — E" v phép tinh tién ty : E" — B,
Chitng minh ring fotyo f~1 = 12 @)
2.40. Trong E? cho tap hop P gdm ba duong thing a,b,c cung di
qua mot diem va doi mot vuong géc véi nhau. Héi c6 bao nhieu phép
ding cy trong E? bién P thanh P.
2.41. C6 bao nhieu phép ding cy trong E? bién hinh lap phuong
thanh chinh né.

2.42. Trong E? v6i muc tiéu truc chuan da chon, cho elip:

Tim céc phép dang cy trong E? bién elip thanh chinh né.
2.43. Trong E? cho tam giac ABC, mdi canh cia n6 dugc chia thanh

ba doan bing nhau. Néi cac diém chia v6i cac dinh déi dien véi ba
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canh 4y, ta dugc 6 duong thang lam thanh mot luc giac. Chitng minh
rang cac duong chéo clia luc giac ay dong quy.
2.44. Trong E? cho tam gidc ABC. Trén cac canh BC,CA, AB lay
1an lugt cac diém A, B’, C’ sao cho

1

(ACB) = (B'AC) = (C'BA) = —2.

Chitng minh ring mdi doan trong ba doan thing AA’, BB, CC’ bi
hai doan thing kia chin thanh ba doan thing c6 do dai ti le véi
3:3: 1.

2.45. Cho phép dong dang f : E® — E" v6i ti s6 k # 1. Chiing
minh ring f c6 diém bat dong.

2.46. Cho phép dong dang f : E® — E" v6i ti s6 k # 1. Chiing
minh ring f = fi o fo, trong d6 f; 1a phép vi tu, f» 1 phép ding cy.

2.47. Cho phép dong dang f : E? — E2 v6itiso k # 1 vadet(f) >0
(ta dinh nghia det(f) la det(?)). Ching minh réng f = fi0fo, trong
do fi 1a phép vi tu, fo 1a phép quay.

Siéu mat bac hai trong khong gian Euclid
2.48. Diing phép ddi toa do tryc chuan dua phuong trinh dugng bac
hai S trong E? sau day vé dang chinh tic

52 + 4wy + 8y? — 322 — 56y + 8 = 0.

2.49. Dung phép ddi toa do truc chuan dua phuong trinh mat bac
hai S trong E? sau day vé dang chinh tic

2+ 4y? + 622 +day + 122 +5=0.

2.50. Tuy theo gid tri «, hay xac dinh dang cia duong bac hai &
trong E? khi S ¢6 phuong trinh déi v6i mot muc tieu truc chuan 1a

x% — 20119 + ac% =1.
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2.51. Trong E? v6i muc tieu triyc chuan, cho duong bac hai S ¢6
phuong trinh

31’% — 2x129 + x% + 6z —9=0.
Chitng minh S 1a elip.
2.52. Chitng minh ring néu mot hinh binh hanh noi tiép trong mot
elip thi tam cta hinh binh hanh trung véi tam elip.

2.53. Chiing minh ring moi elip déu c6 thé noi tiép trong mot tam

giac sao cho trong tdm cua tam giac trung véi tam cuia elip.

2.54. Chitng minh ring phuong trinh sau day xac dinh mot cap mat
phang trong E?

y* + 2ry + 4wz — 4 — 2y = 0.

2.55. Trong E" cho p diém Ay, Ay, ..., A, vachoho he 86 i, Ay, ..., A,
V6i k 1a s6 thuce cho trude, tim tap hop cac diém M sao cho:

p
> nd’ (M, A;) = k.
i=1
2.56. Trong E" cho siéu cau C.

n

Z (ai — CL’z‘)Q = 7"2

i=1
va siéu phang «

i=1
Tim dicu kien cla a;, A;, r de:
a) C' vd « khong ¢6 diém chung.

b) C' va a tiép xic.
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CHUONG 3

HINH HOC XA ANH

Muc tiéu chuong

Hoc xong chuong nay, sinh vien c6 the:

. M6 ta duge cac khai niem: khong gian xa anh; diém; vecto
dai dien; m—phing trong khong gian xa anh. Xéc dinh duge
cac he diém doc lap; muc tieu va toa do xa anh; t¥ s6 kép ctia
hé diém thing hang. Mo ta v& van dung dudc nguyén tic déi
ngau.

. M6 ta duge mo hinh xa anh cua khong gian afin.

. Mo td dugc khai niem anh xa xa anh; nhan biét dude cac
yéu td ctia hinh hoc xa anh.

. Lap dudc phuong trinh clia phang; xac dinh dugc vi tri tuong
déi clia cac phang.

. Lap dugc phuong trinh phép bién doi xa anh.

. Giai duge mot s6 bai toan lien quan dén anh xa xa anh, anh
xa phéi canh giita hang diém va chim duong thing trong mat
phing xa anh.

« Mo t4 duge khai niém siéu méit bac hai va ciac khai niém
lién quan.

. Giai thich duge mot s6 dinh 1y ¢o dién vé dudng conic trong
mit phing.

. Giai dugc mot s6 bai toan lien quan dén siéu mit bac hai
trong khong gian n chiéu v dudng conic trong mat phing.
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3.1 Khong gian xa anh

3.1.1 Khong gian xa anh: dinh nghia, cac mao
hinh cua khong gian xa anh

Dinh nghia 3.1.1.1. Gid sit V*™! 1a khong gian vecto n + 1 chiéu
(n > 0) trén truong K, [V™"1] 1a ky hiéu tap hop tit cd cac khong
gian con mot chiéu cia V"' nghia 13 mdi phan t ciia [V*] 1a
mot khong gian con 1 chiéu ctia V™1, X 14 mot tap hop khac rong
va mot song anh p : [V*™] — X. Khi d6 bg ba (X, p, V") dugc goi
14 khong gian xa anh n chiéu trén truong K, lién két vai K—khong
gian V"1 bdi song anh p.

Ty theo V™! 13 khong gian vecto thie hay phiic, ta duge khong
gian xa anh (X, p, V") thyc hay phitc. Trong gido trinh nay néu
khong néi gi thém, khong gian xa anh duge xét 1a khong gian xa anh
thuec.

Néu khong s¢ bi nham 1an, c6 thé ky hieu khong gian xa anh la
P, va dé chi 16 n6 c6 s6 chidu bing n, ta ky hieu 1a P™.

Mbi phan ti ctia X dude goi 13 mot diém cta khong gian xa dnh
P". Nhu vay méi diém ctia khong gian xa anh P™ la anh ctia mot
khong gian con V! qua song 4nh p. Ta thuong dong nhat tap X céc
diém ctia khong gian xa anh P" v6i chinh P" (ngam dinh c6 khong
gian vecto lien két va song anh lien két véi no).

Goi 4 1a vecto khac 0 ctia V1 (@) 1a khong gian vecto con mot
chiéu sinh béi @, thi p((@)) = U 1a mot diem ndo d6 ctia P™. Khi d6
ta néi vecto 4 la dai dién cta diem U.

Nhu vay, hai vecto ¢ va ¢ (khac 6) ciing dai dién cho mot diém
khi va chi khi ching phu thugc tuyén tinh, tic 1a @ = kv (k # 0).

Xét khong gian xa anh (P",p, V") vi Vil € Vol 1y khong
gian con m + 1 chiéu cia V"1, Khi d6 [V™ 1] C [V"*!]. Ta goi tap
anh p ([V™*]) c P" 1a (cai) phédng m chidu (hay m—phang) trong
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P". D& thiy riing m—phang p ([V™*!]) ciing 14 khong gian xa anh
lien két v6i khong gian V™*1, do d6 con ky hieu m—phéng trong P
la P™.

Ta thiy cic 0—phang 13 cic diém ctia khong gian. Ta con goi
1—phéang 13 duong thing, 2—phéng 13 mat phing, (n — 1)—phing
trong khong gian n chiéu 13 sieu phing.

Vi du 3.1.1.2 (Céc mo hinh)
a) Mo hinh vectao

Gia stt V™! 1a khong gian vecto n + 1 chidu (n > 0). Khi d6
tap hop P = [V"™!] trd thanh khong gian xa anh n chiéu lién két
v6i V"1 bdi phép dong nhét cia [V*F1] 1én chinh n6. Mé&i diém cta
khong gian xa anh nay 14 mot khong gian vecto con mot chiéu cia
[V 1], mbi m—phang 12 tap hgp cic khong gian con mot chidu cla
mot khong gian vecto con m 4+ 1 chiéu nao dé trong Vi,

b) M6 hinh s6 thuc

Xét khong gian vecto R™*!, trén tap R\ {0} ta xét quan he
tuong duong sau: (z1,Z2,...,Tpni1) ~ (Y1,Y2,.--,Yns1) DéU toN tai
s6 thue k # 0 sao cho (y1, v, -, Yns1) = k(w1 29, ..., 20y1). Dit
X = R"1\ {0}/~, khi d6 X la mot khong gian xa anh n chiéu lien
két v6i khong gian vectos R™™! bdi phép dat tuwong ng mdi khong
gian con mot chiéu ciia R™™! sinh béi vecto ' = (x4, 22, ..., Tpy1) # 0
v6i phan tit clia tap X 14 16p tuong duong chia (1, T, ..., Tpi1)-
c) M6 hinh bé

Cho A™*! 1a khong gian afin lién két véi khong gian vecto VL,
Goi B la tap hop cac dudng thing ciia A"+ cling di qua diém O cho
trude. Tap hop B thuong duge goi 1a b6 duong thing c6 tam la O.

Xét song anh p : [V**1] — B duge xac dinh nhu sau: néu W la
khong gian vecto con mot chi¢u ctia V*+! thi p(W) 1a dudng thang
di qua O c6 phuong 1a W. Bing cach dé b6 dusng thang B trd thanh
khong gian xa anh n chiéu.

Trong khong gian xa dnh B mdi diém 13 mot duong thang cla
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A" di qua O, mdi m—phéng I3 tap hgp cac dudng thing qua O va
ndm trong mot cai phang m + 1 chiéu di qua O clia A"
d) Mo hinh afin

Ta nhan thay ring néu P 1a khong gian xa anh lien két v6i khong
gian vecto V bdi song anh p va néu ¢6 tap hop P’ ciing véi song 4nh
p' : P — P’ thi P’ ciing 14 khong gian xa anh lién két véi khong gian
vecto 'V bdi song anh p’ o p.

Bay gio cho A"t 1a khong gian afin lién két véi khong gian vecto
V71 Goi A™ la sieu phing ctia A"+, ¢6 phuong 1a khong gian vecto
con V" ctia V™1, Xét tap hop P = A" U[V"], ma mdi phan ti ciia
né dude goi la mot diém. Nhu vay mdi diém ctia P 1a mot diém cia

A™ hodc mot khong gian vecto con mot chiéu ctia V™.

N
77\

D

An

Hinh 3.1

Chon mot diém O ctia khong gian afin A"+ khong nim trén A"
(Hinh 3.1), goi B 14 b6 duong thing trong A" ¢6 tam 1a O. Ta
biét ring B 1a khong gian xa dnh n chiéu. Bay gio ta xay dung song
anh p’ : B — P nhu sau:

- Néu duong thang d clia bo B cit A™ tai diém D thi dat p'(d) =
D.

- Néu d || A" thi dat p'(d) = d (phuong clia dudng thang d).
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Bing cach d6 P = A" U [V"] trd thanh khong gian xa anh n
chidu lien két v6i VL. Cac diém thuoc [V"] duge goi 1a cac diém
vo tan ctia P. Trong khong gian d6, mdi m—phéng xa anh P™ sé la:

_> 2

- Hoic P™ = A™ U [Am}, trong d6 A™ la m—phang nao do

cia A™. Nhu viy, m—phing xa dnh bao gdbm m—phing afin bd sung

2 — 2 2
them cac diem thuoc [Am] (céc diem vo tan). Dic bigt, duong thang
xa anh P! bao gdm dudng thang afin A! bd sung thém mot diém vo
tan (khong gian con 1 chiéu, 1a phuong clia Al).

- Hodic P™ = [V™H1] v6i VT 13 khong gian vecto con m + 1

chiéu cua V™.

3.1.2 Muc tiéu va toa dé xra anh

a) Hé diém dac lap

He r diém {My, My, ..., M,}, v6i r > 1, clia khong gian xa anh
P” dudc goi 1a hé diém doc 1ap néu hé r vecto dai dién &1, 2, ..., @
13 hé vecto doc lap tuyén tinh trong V™', He diém khong doc lap
duge goi la hé diém phu thuoc.

Nhan xét 3.1.2.1. i) Hé chi ¢6 mot diem 1a doc 1ap.

i) He gdm hai diém 1 doc 1ap néu hai diém dé phan biét.
b) Muc tiéu xa anh

Nhan xét 3.1.2.2. Cho co s6 {€1,€5,...,E,41} trong khong gian
V™ Goi S1,9, ..., Shi1 € P 1a cac diém tuong tng nhan €, é,

.., €41 12 cac vecto dai dien va diém E nhan vecto € = &, + & +
...+ €y la vecto dai dién. Ta c¢6 heé ¢6 thi tu {S1,Ss, ..., Sni1; £}
gdm n + 2 diém va hé bat ki n + 1 diém trong n + 2 diém dé 1a doc
lap. He n + 2 diém véi tinh chit nay din ching ta dén dinh nghia

Sau.

Dinh nghia 3.1.2.3. Trong khong gian xa anh P" lién két vdi
khong gian vects V™. Mot tap hop cé thi tu gom n + 2 diém
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{81,5%,...,8n1; E} cia P™ duge goi 1a muyc tieu xa anh néu he bat
ki n + 1 diém trong n + 2 diém do6 1a doc lap.

Céc diém S; dugce goi 1 cac dinh clia muc tiéu xa anh, diém E
dugce goi la diém don vi.

Cac m—phang (m < n) di qua m + 1 dinh duge goi la cac
m—phing toa do, dic biét cac duong thang S;S; (véi i # j) duoe

goi 1a cac truc toa do.

Theo nhan xét trén, mot c¢o sG xdc dinh mot muc tiéu xa anh,

ngugce lai, ta co:

Dinh ly 3.1.2.4. Vdi moi muc tieu zg dnh {Si,S2,...,Su1; E}

luon tim duge co sd {€1,€,...,Eni1} clia V' sao cho vecto € la
dai dién cia dinh S;(i = 1,2,... ,n+1) va vecto € = €14+ex+. . .+€,41
la dai dién cia diem E. Néu <e'q,€eo,. .. ,e’n+1} la co sd khdc cia

VL ciing théa man dieu kién nay thi ton tai so thuc k # 0, sao
cho & =ke;i=1,2,....,n+ 1.

Chitng minh. Lay céc vecto ¢/; dai dien cho cde dinh S;, va vecto € dai
dién cho diém E. Vi n+1 dinh S; doc lap nén n+ 1 vecto e7i doc lap
tuyén tinh trong V"L Vi thé ta ¢6 € = ki€ +kol's+. . .+ kni1€ni.
Ta ¢6 cac s6 k; déu khac 0, bdi vi néu ton tai k; = 0,k; = 0 ching
han, thi n+1 vecto o, ... ,e_7n+1, € phu thuoc tuyén tinh, do d6 n+1
didm S, ..., Sns1, E khong doc lap, trai véi gia thiét. Dat & = k;e/;
i=1,2,...,n+1, thi {€,é,...,€41} 12 co 86 can tim. Tiép theo,
gid st hai co 88 {€1,8, ..., En1} VA€, €y, ... ,67”+1} ciing thoa
méan diéu kién trong dinh 1y. Khi d6 €; = /{:1672(2 =1,2,...,n+1) va
€=ke hay & + &+ ...+ € :k<e71+e72+...+e7n+1>. Do d6
by =k = o = ket = K

Co s6 néi trong dinh 1y trén duge goi la co sé dai dién cho muc
tieu dang xét. Muc tiéu xa anh c¢6 nhiéu co sd dai dién va ching chi

sai khac nhau mot hing sb k.

c) Toa d6 xa anh
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Trong khong gian xa anh P lién két vdi khong gian vecto V™!

cho muc tiéu xa anh {Sy,Ss,...,S,41; F} ¢6 co s6 dai dien {é],
€y ..oy Eny1). Gid st X 13 mot diém cia P", ta lay 7 1a vecto
dai dien ctia X. Khi d6 toa do (z1,2s,...,T,1) cla vecto T d6i
vOi ¢ 86 {€1, €5, ..., Enp1} dude goi 1a toa do clia diem X dbi véi
muc tieu {S7,S5s,...,S1; E}, vA viet X = (z1,x9,...,7,41) hay
X (1,29, ..., Tpi1).

Nhan xét 3.1.2.5. + Néu (21,9, ...,7,41) 12 toa do ciia mot diém

X trong khong gian xa dnh P™ thi ton tai it nhat mot x; # 0 (vi
vecta dai dien cho mot diém luon khac 6)

+ Hai b0 s0 (21, %9, ..., Tny1) VA (2, 25,...,2],,) cing 1A toa
do ctia mot diém khi va chi khi ¢6 k& € R\{0} dé z; = ka!. Dé dién
ta tinh chit d6 ngudi ta con viét toa do ctia diém X dudi dang:
X=(x1:@o:...: Tpy1)-

+ D61 voi muc tieu {S;; E'}, toa do clia cac dinh S; va toa do cua
diém don vi F la:

d) DPdi muc tiéu xa anh

Trong P" cho hai muc tiéu xa anh {S;; E} va {S); E'}. Goi toa
do ctia diém X ddi v6i hai muc tieu do 1an lugt 1a (21, 29, .., Tpi1)
va (2,25, ...,2),,). Ta tim moi lien hé gitta cac (z;) va (z}).

Goi {é;} va {e’i} l1an lugt 1 hai co sé dai dién cho hai muc tiéu
d6 thi (z1, 2, ..., Tpt1) va (2], 25, ..., 2, ) chinh 12 toa do cla céc
vecto dai dien 7 va & cia X ddi véi co s6 {€;} va {e’i}, do do6

7' = k7. Theo cong thitc doi toa do clia vecto 2’ it co 88 {€;} sang
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co s6 {e’i}, ta co

n+1
kri =Y agahi=1,2,...n+1k#0. (3.1)
j=1
trong do6 (ai;, g, - . ., any1i) 12 toa do cta ¢ ddi véi co 6 {€;}.

Hé (3.1) duge goi la cong thitc ddi muc tiéu xa anh. Ma tran
A = [ay] 1A ma tran chuyén tit co s {€;} sang co s6 {Qi}, no
ciing duge goi 1a ma tran chuyén tir muc tieu {S;; F} sang muc tiéu
{S!: E'}. Ma tran chuyén muyc tiéu duge x4c dinh sai khic mot hing
s6 nhan khac 0, nghia l1a néu A la ma tran chuyén tng véi hai muc

tiéu nao do thi kA (k # 0) ciing 13 ma tran chuyén ng véi hai muc

tieu do.
Ky higu
T )
T ) x
z]=1 . |, []=
Tnt1 Tpg

13 ma tran cot toa do ctia diem X déi véi hai muc tieu, cong thic
(3.1) 6 thé viét dudi dang ma tran:  k[z] = A[2/].
e) Cach tim ma tran chuyén

Dé x4c dinh cong thitc ddi toa do, ta chi can tim ma tran chuyen
gitta hai muc tiéu.

Ma tran chuyén tit muc tieu {S;; £} sang muc tieu {S!; E'} duge
x4c dinh néu biét toa do cta cac diém S! va B’ ddi véi muc tieu
{S;; E}. That vay, gia st (b1, bz, - .., bins1) 12 toa do clia diém S/
doi véi muc tieu {S;; B} va (c1,¢a, ..., cnp1) 12 toa do clia diém E'.
Goi {€;} 1a co s¢ dai dién clia muc tiéu {S;, E'}, {g’z} 1a co s6 dai
dién ctia muc tieu {5}, E'}. Vecto ¢; dai dien cho S! ¢6 toa do doi

vii co sG {€;} la:
e = (kibii, kb, ... kibpgri), ki #0
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va vecto

n+1

+

e = e;

=1

dai dién cho diém E’, do dé:

n+1
Zkibjizcj7 j:1,2,,n—|—1
i=1

Heé phuong trinh trén déi véi cac an k; c6 nghiem vi dinh thic cia
ma tran (b;;) khac 0 (do céc vecto ¢ doc lap tuyén tinh). Giai he
phuong trinh trén tim duge nghiem k;. Dat a;; = k;b;; thi A = (a; )

14 ma tran can tim.

Vi du 3.1.2.6. Trong khong gian xa anh P2, hay lap cong thic
ddi toa do tit muyc tieu {5y, So, S3; E} sang muc tieu {57, S, St; E'},
biét riang doi v6i muc tieu tha nhat S; = (0,1,1),55 = (2,0,1), 55 =
(1,1,0), E' = (1,1, 1).

Giai. Toa do cia cac vecto thudce co sé dai dién cho muc tiéu thi
hai 1a

6_;1 - kl(O, 1, 1),6_;2 — k2<2,0, 1),53 - k’g(l, 1,0),

trong do ki, ko, k3 1a nghiém cia hé phuong trinh

k1(0,1,1) 4 ko(2,0,1) + k3(1,1,0) = (1,1,1).

1 1 2
Giai hé nay ta d ki=—=,ko=— k3= —.
ial hé nay ta dudgc k; 32 =3 =3

Do d6 ma tran chuyén tit muc tiéu thit nhat sang muc tiéu thi
hai Ia
0 2/3 2/3
/3 0 2/3],
1/3 1/3 0

hay

—__ o
— O N
o NN
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Do do6 cong thitc d6i toa do 1a

hay
kxy = 2z + 22
kxy = o + 225 [k eR.
kxs = x| +

3.1.3 Cdc phdng trong khong gian za dnh, phwong
trinh cia phdng

a) Phang trong khéng gian xa anh

Cho khong gian xa anh (P" p, V') va W 1a khong gian vecto
con m+1 chiéu ctia V™! (m > 0). Ta nhic lai réng, tap hop p([W])
13 cai phing m chidu (hodc m—phang) ciia P® vA m—phéng p([W])
1a khong gian xa anh m chiéu lien két véi khong gian vecto W badi
song dnh plw) : [W] = p([W]).

Hai cai phiing trong khong gian dugc goi la cit nhau néu ching
c6 diém chung, khi d6 giao clia ching ciing 14 mot cii phing. Hai

cai phing khong cit nhau con duge goi 1a chéo nhau.

Dinh 1y 3.1.3.1. He r diém (r > 2) la doc lap khi va chi khi ching
khong cung thuoc mot (r — 2)—phang.

Chitng minh. Gid st My, Ms, ..., M, 1a r diém ctia khong gian xa

anh P, ¢6 dai dién 1a r vecto miy, Mo, ..., m, cia V" (r > 2). He
diém My, Ms, . .., M, 1a doc lap khi va chi khi hé vecto iy, Mg, . . ., M,
1a doc 1ap tuyén tinh, hay khi va chi khi cac vecto mq, s, ..., m,

khong cing thugc mot khong gian vecto con r — 1 chidu ctia V™,
Titc 13 khi va chi khi hé diém My, Ms, ..., M, khong cing thuoc mot
(r — 2)—phang. O

Dinh 1y 3.1.3.2. C6 duy nhat mot (r — 1)—phdng di qua hé r diém
doc lap cho trudec.
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Chitng minh. Gia st My, Mo, ..., M, 1a r diém doc lap clia khong
gian xa anh P". Cac vecto mq,mo, ..., m, dai dién cho ching lam
thanh hé vecto doc lap tuyén tinh nén c6 duy nhat mot khong
gian vecto con r chitu W chita ching. Khi d6 p([W]) chinh la
(r — 1)—phing duy nhét di qua r diém My, My, ..., M,. O
Dinh ly 3.1.3.3 (Dinh 1y Desargues). Trong khong gian xa anh cho
6 diem A, B,C, A", B',C" trong dé khong c6 3 diém nao thdang hang.
Khi dé hai meénh dé sau la tuong duong:

i) Ba duong thang AA', BB',CC" dong quy (cé diem chung);

i) Giao cia cdc duong thing AB va A'B', BC va B'C',CA va
C'A’ la ba diém thdng hang.

Hinh 3.2

Ching minh. 1) = ii): Gia st AA’, BB',CC" dong quy tai S (Hinh
3.2). Goi @b, ¢ o, U/, ¢, §1an luot 1a céc vecto dai dien cla cac
diém A, B,C, A", B',C",S. Vi A, A’, S phan biet va thing hang nen
3 vecto d, 5,:? cung thuoc mot khong gian vecto con hai chiéu. Do
d6, néu da chon trude vecto §thi ¢6 thé chon @,a’ sao cho §= G+d.
Tuong tu doéi véi g, v va c, J. Téom lai, ta c6 thé chon sao cho:

—

T =c+c.

<

I
Sall

a+

g

Datﬁzﬁ—gthiﬁzﬁ—gzly—aﬁnénvectoﬁdai dién cho diém
P 13 giao ciia hai duong thing AB va A'B’.
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—

Tuong tu, vecto ¢ = b—¢&=c — U dai dién cho giao diém @ cla
BC va B'C',vecto F=¢—a=ad
CAva C'A'". Nhung p+ ¢+ 7 =
hay 14 ching thing hang.

ii) = i): Giast ABNA'B'= P, BCNB'C'=Q,CANC'A' =R
va P,Q, R thang hang. Xét 6 diém A, A, R, B, B, Q ta thiy trong
dé khong c6 ba diém nao thidng hang. Ngoai ra, ba duong thing
AB, A’B’, RQ dong quy tai P. Theo chiing minh phan trén ta suy
ra giao diém S ctia AA’ va BB', giao diém C ciia AR va BQ, giao
diém C’ cha A'R v B'Q) thing hang. N6i cach khéc, ba dudng thing
AA', BB',CC" dong quy. O

J dai dien cho giao diém R clia
nén ba diém P, Q, R phu thudc,

b) Phuong trinh ctia phang
bl) Phuong trinh tham s6

Trong khong gian xa 4nh P lien két v6i khong gian vecto V"1
cho muc tiéu xa &nh {51, Ss,...,S,.1; E'} ¢6 cos6 dai dién 1a {é7, 5,
.y €ny1}. Goi U 1a m—phing lien két véi khong gian vectd con m+1
chiéu ﬁ Ta tim diéu kien can va da dé diem X = (21, 29,...,Tp1)
thuoce U.

Tren U lay m + 1 diém doc lap Ay, As, ..., Apyr. Néu A; =
(CL“,CLZ‘Q, . ,axin+1)7 thi vecto dal dlén cho no 1a 6@ = (ail, a2, .. .,
@int1). Khi d6, ma tran (a;;),i=1,2,...,m+ 1;j=1,2,...,n+1
c6 hang bang m + 1.

Diém X = (x1,7,...,7,.1) thuoc U khi va chi khi vecto dai
dién cho n6 1a & = (x1,x2,...,2,41) thude ﬁ, hay 1a ¥ = t1a; +
tgag + ..+ tm+16m+1. Suy Tra

m+1
vi= Y ajt;, i=12...n+L (3.2)

Jj=1

Hé phuong trinh (3.2) duge goi 1a phuong trinh tham s6 ctia m—phang
U, v6i m + 1 tham s0 ty,ts,...,tny1 khong dong thai bang 0. Ky
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X1
X2

2] =

Khi d6 phuong trinh (3.2) ¢6 thé viét dudi dang ma tran nhu sau:
[2] = t1 [A1] + t2 [Aa] + .. + tins1 [Amsa] (3.3)

trong do cac s t; khong dong thoi biang 0 va [A;] 1a ma tran cot toa
do cta diém A;.

Dic biét, phuong trinh tham s6 clia dudng thing di qua hai diém
A va B c¢6 dang:

[z] = t1[A] + £5[B]

trong do6 t; va ty khong dong thoi biang 0.
b2) Phuong trinh téng quat

Gia st m—phing U c6 phuong trinh tham s6 (3.2). Hé phuong
trinh (3.2) gdm n + 1 phuong trinh véi m + 1 tham s6. Vi ma tran
[aij],i=1,2,...m+1;j=1,2,...,n+1 c6 hang bang m+ 1 nén c6
thé khit m + 1 tham s6 dé tir hé phuong trinh tren. Cu thé 1a chon
m + 1 phuong trinh doc 1ap trong (3.2) roi giai hé gom cac phuong
trinh vita chon dé tim céc tham sé ¢; theo céc x; c¢6 trong hé nay.
Thay céc gia tri d6 cia tham sé vao n —m phuong trinh con lai cia
hé (3.2) ta duge hé phuong trinh tuyén tinh thuin nhat:

n+1
Zbijxj:O, i:1,2,...,n—m, (34)
j=1

trong d6 ma tran (b;;),i = 1,2,....,.n —m,j = 1,2,....n+ 1 ¢o
hang bing n — m. He (3.4) dugc goi 14 phuong trinh tdng quat cla
m—phing U.

Ngugc lai, ta c6 thé chitng minh ring méi hé phuong trinh tuyén
tinh thuan nhéit clia cac bién 1, zs, ..., T, v6i ma tran cac hé sé
¢6 hang bing n — m déu xac dinh mgt m—phéng (viéc ching minh

xem nhu bai tap).
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Vi du 3.1.3.4. Trong khong gian P? v6i muc tiéu cho trude, cho
cac diém M(1,0,2,2), N(0,—1,3,2), P(2,3,1,4). Lap phuong trinh
tham s6 va phuong trinh téng quat ctia phing nhé nhat chita céc
diém M, N, P.

Giai. Cac vecto dai dién cho 3 diém M, N, P 1a he doc lap tuyén
tinh nén M, N, P 1a hé diém doc lap. Vi vay 2—phéang chita M, N, P
13 phdng nhé nhét chita ching. Phuong trinh tham s6 ctia phang nay

la

hay
Ir = tl + 2t3
To = —tg + 3t3

T3 = 2t1 + 3t2 + tg
Ty = 2t1 + 2t2 + 4t3

Giai t1,to, t3 tit 3 phuong trinh dau ta co

—10x1 4 629 + 223

1 =

—6
6I1 — 31‘2 — 31’3
ty =
—6
o — 2[E1 —3$2—ZE3
° —6

Thay vao phuong trinh cubi ciing ctia hé trén, sau khi bién doi, ta

c6 phuong trinh tong quat ctia phang la
To + X3 — Ty = 0.

Nhan xét. C6 thé gid st phuong trinh clia 2—phéng (siéu phing)
qua M, N, P la

11 + Qoo + A3T3 + ATy = 0.

Thay toa do M, N, P vao phuong trinh, tit d6 tim duge cac he s

a1, dg, as, Gy.
b3) Toa do cua siéu phang
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Trong P" v6i muc tiéu da chon, phuong trinh tdng quat ciia mot
siéu phing U c6 dang:

UTy + UpTo + ..+ Upy1Tpp1 = 0,

trong d6 cac w; khong dong thoi bang 0. Bo s6 (uy,ug, ..., Uni1)
duge goi 1a toa do cia sieu phang U déi v6i muc tieu da chon. Ky
higu U = (ug, ug, ..., uyr1) hay U (ug, ug, ..., Upy1)-

Ky hiéu ma tran cot toa do clia siéu phang u 13 [u], khi d6 phuong

trinh ctia U c6 thé viét dudi dang ma tran:
[w]"[z] = 0.

Nhan xét 3.1.3.5. Néu (uy, us, ..., Uny1) 12 toa do clia siéu phang
U thi
(k:ul, kUQ, ceey kun+1) s k 7é 0

ciing 1a toa do cia siéu phang U. Béi vay, toa do clia siéu phang U

con duge ky hieu 1a: U = (ug ug : ... 2 Upgq).

Vi du 3.1.3.6. Sieu phang toa do di qua moi dinh ctia muc tieu
xa anh tru dinh S; ¢6 phuong trinh z; = 0, toa do ctia né la

(0,...,0,1,0,...,0) (s6 1 ndm & vi tri 7, con lai 1a s6 0).

b4) Hé siéu phang doc lap
Hé gém T siéu phéng Ul,U27 e ,UT co tQa d6 IJz = (Uil, U;9,
.y Uiny1) dude goi la doc 1ap néu hang cia ma tran [u;],i =
1,2...,m5=1,2,...,n+1, bing r.

Néu r sieu phing doc lap thi cidc phuong trinh tdng quat cia
chiing lam thanh mot hé phuong trinh tuyén tinh thuin nhat c6
hang bing r. Tt d6 suy ra giao ctia 7 siéu phang doc lap 13 mot
(n —r)—phang. Ngudc lai, mdi m—phang déu c6 thé xem la giao clia
(n —m) siéu phang doc lap.

c) Céac qui tic cd ban trong P?
Céc qui téc sau day cho chiing ta xac dinh nhanh toa do diém 1

giao clia 2 dudng thing, toa do dudng thing di qua 2 diém va diéu
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kien dé 3 diém thing hang, 3 duong thing dong qui khi biét toa do
cta ching (viéc chitng minh xem nhu bai tap).
Qui tac 1. Trong P2 cho hai diém A (ay, az, as), B (b1, b, b3) phan
biet. Khi d6 toa do clia duong thang AB la:

az as as a a;  a )

( b2 b3 b3 b1 b1 bg
Qui tic 2. Trong P? cho hai dudng thing a va b khac nhau c¢6 toa

Y Y

do 1a (a1, az, as) va (by, by, b3). Khi dé toa do giao diém clia a va b
az as as ai ay;  as )

fa: by by || bs by || by by
A(al,ag,a3), B(bl, b, 53), 0(01,02763)-

Qui tic 3. Trong P? cho ba diém

Didu kién can v da dé ba diém thing hang la:

a1 as as
by by bz | =0.
Ci Cy C3

Qui tac 4. Trong P? c¢6 ba duong thing a,b,c lan ludt c6 toa do
(ay,as,as), (by, by, b3) (c1,ca,c3). Didu kien can va di dé ba duong

thing a,b, c déng quy la:

ap az as
by by by | =0.
Ci C2 C3

Ap dung qui tic trén ta xét cac vi du sau.

Vi du 3.1.3.7. 1) Trong P? trén hai duong thing phan biét a,d’,
cho 6 diém phan biet A, B,C cava A, B',C’ € d’. Goi a = AB’ x
BA', B = AC'xCA',y = BC' x CB'. Chiing minh ring o, 3, v thing
hang (dinh 1§ Pappus).

Giai. Chon muc tieu {A;, Ay, As; £}, trongdo Ay = A, Ay = B, A3 =
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A’ E = B'. Thé thi C(1,m,0),C"(1,1,n).

A'C(—m,1,0)
B(0,1,0) }
C'(1,1,n)
B'(1,1,1) }
C(1,m,0)
BC'(n,0,—1)

B'C(—m,1,m—1)

Ta co

A(1,0,0)

A'(0,0,1)

} = «a(0,—1,-1)

= AC'(0,—n,1)
= A'C(—-m,1,0)
= (=1, —m, —mm)
= BC'(n,0,—1)

= B'C(—m,1,m —1)

B(0,1,0) _

B’(1,1,1)

Hinh 3.3

Theo qui tic 3 trén day suy ra a, 3,7 thing hang.

2) Trong P? cho muc tieu {A, Ay, A3; E}. Ki hicu E; = Ay Az X
EAl,EQ = A1A3 X EAQ,Eg = A1A2 X EAg GO] a = A2A3 X
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EQEg,ﬂ = AlAg X ElEg,’}/ = A1A2 X E1E2 ChfIng to réng 3 dlém
a, 3,7 thang hang (Hinh 3.3).

Giai. Ap dung dinh 1y Desargues déi véi 2 tam gidc A;A>As va
E1E»E; cho ngay két qua. O day ta giai bing cach 4p dung cdc qui

tac trén.
Ta c6
A2A5(1,0,0)
EA(0,1,1) 50.-11)
A1 A5(0,1,0)
Ean0.n) [ = BL0-D)
A1 45(0,0,1)
Eano.n) [ = B(110)
A145(0,0,1)
E1E2(1’171) } = ’7(_17170)
A2 A3(1,1,0)
FoEs(1,1,1) = «a(0,-1,1)
A1A3(07 ]-70>
BiEs(-1,-1,-1) [ = PELOD.
-1 1 0
Do| 0 —1 1| =0, theo qui tdc 3 trén day ta c6 a, 3, thing
-1 0 1
hang. O

3.1.4 Ty sé kép
a) Ti s6 kép ciia bén diém thing hang

Dinh nghia 3.1.4.1. Trong khong gian xa anh P" lien két v4i khong
gian vects V™! cho bén diém thing hang A, B,C, D trong d6 ba
didm A, B, C' doi mot khong tring nhau. Goi @, b, ¢, d 1an lugt 1 cic
vecto dai dién cho céc diém A, B, C, D thi cac vecto d6 thudoc mot
khong gian vectd hai chidu, trong d6 @,b doc lap tuyén tinh. Ta c6
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cac s6 k1,1 va ks, Iy sao cho:

(vi C khong trung v6i A v B nén k; # 0,1; # 0). Khi do:

) ke K
+ Néu ti s6 l_2 : l—l ¢6 nghia (tic la ly # 0 ), thi n6 duge goi la ti
2
s6 kép ctia bon diém thing hang A, B, C, D va ky higu 1a (ABCD).

L 2 k . 2
+ Néu I, = 0 thi phan so t_2 khong c¢6 nghia. Khi d6 ta xem ti
2
s6 kép ctia bon diem A, B, C, D bing vo cung (co). Nhu vay:

kQ_kl Z
(ABCD) — E.Eneub#o.

oo mnéuly=0

Nhan xét 3.1.4.2. Dinh nghia ti s6 kép trén day khong phu thuoc
vao viéc chon cac vects dai dién cia cac diém va véi muce tiéu cho
trude, ta co thé xac dinh cac heé sé ki, ko, l1, I tit su biéu thi toa do

cua cac diem

€]
D]

ki[A] + 4 [B],
koAl + 1] B).

Tinh chéat 3.1.4.3. Néu bon diem A, B,C, D thing hang va phan
biet thi:
i) (ABCD) = —~ - L .
- (ABDC) (BACD)’
ii) (ABCD) = (BADC);
iii) (ABCD) = (CDAB);
iv) (ABCD)=1—- (ACBD)=1—- (DBCA);

v) Néu nam diém A, B,C, D, E thdang hang va phan biét thi:

(ABCD) - (ABDE) = (ABCE).

Chitng minh. i) Suy tit dinh nghia.

ii) Hé qua cua 1).
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iii) Gid stt @ = k@ + 11b va d = kod@ + Lb. Ta co:

Io@ = kylo@ + 1115 va 1yd = koly@ + 1115,

Suy ra:
(kily — koly) @ = 1@ — ld
va
ko = kykod + Likob va kyd = kykod + kylob.
Suy ra:
(k’llg - kgll) g: _k25+ k’ld_'
Do do f l bk
(CDAB) = —2: 2 =2 .21 — (ABCD).
kv =l kL
iv) T cac he thie
5: k16+ llb,
d = kol + lsb.
Suy ra
Lb = —kd+¢,
lle == k2116+l2116
= kolid+ 1y (—k1d+©)
= (kzll - lzkl) C_I: + lgg
Béi vay
(ACBD) = foh —bly Ty bk (ABCD).
Iy 1 laky

v) Suy ra tit dinh nghia.

Néu ti s6 kép (ABCD) = —1 thi ta néi ring cip diem C, D chia
didu hoa cap diem A, B. Vi (ABCD) = (CDAB) nén (CDAB) =
—1, do dé cap diém A, B ciing chia diéu hoa cap diém C, D. Béi vay,

ta con néi cip diém A, B va cip diém C, D lién hiep diéu hoa hay

A, B,C, D la hang diém diéu hoa.
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Dinh nghia 3.1.4.4. [Hinh b6n canh toan phan| Tap hgp bon dudng
thang a, b, ¢, d trong P2, trong dé khong cé ba duong nao dong qui,
duge goi 13 hinh bén canh toan phan. Cac duong a, b, ¢, d duge goi
13 cdc canh. Mbi giao diém ctia hai canh dugce goi 13 mot dinh (c6
6 dinh). Hai dinh khong cung thugc mot canh duge goi 1a hai dinh
ddi dien (c6 3 cap dinh déi dien), duong thiang di qua cip dinh d6i
dién duge goi Ia dudng chéo (c6 3 duong chéo). Giao diém clia hai
duong chéo duge goi la diém chéo (c6 3 diem chéo).

Dinh 1y 3.1.4.5. Trong mot hinh bon canh toan phan, trén moi
duong chéo, hai dinh doi dién va hai diém chéo lien hop diéu hoa vdi

nhau.

Hinh 3.4

Trong Hinh 3.4, trén duong chéo CC', hai dinh doi diéen C,C"

chia diéu hoa hai diém chéo I, J.

Chitng minh. Cho hinh 4 canh toan phan AA’BB'CC’ ¢6 cac dudng
chéo AA’', BB, CC". Trén duong chéo C'C’ ta can chitng minh (CC'1.J)
= —1. Chon muc tieu xa anh {A, B’ B; A’}. Ta 6 C = ABN A'B’
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suy ra C' = (1,0,1).
C'=AB'NA'B= (' =(1,1,0),
I=CC'NAA = T1=(2,1,1),
J=CC'NBB = J=(0,1,-1).

Ta co
1] = [C]+[C]
[J] = =[]+ 1],
Do d6 (CC'1J) = (1JCC")=1:(-1)=—1.
Tuong ty, ta c6 (BB'DJ) = —1, (AA'DI) = —1. O

b) Ti sb kép ciia chiim bén siéu phang

Dinh nghia 3.1.4.6. Trong khong gian xa anh P, tap hgp cac siéu
phing ciing di qua mot (n — 2)—phéng duge goi la chiim siéu phang

va (n — 2)—phéang duge goi la gia ctia chim.

Nhan xét 3.1.4.7. Xét chiim siéu phang c6 gia 1a giao ctia hai sieu
phéng phan biet U, V. Thé thi mot sieu phang X thudc chiim khi va
chi khi 3 sieu phang U, V, X khong doc lap, diéu nay tuong duong
véi toa do clia X bidu thi duge qua toa do cac sieu phéng U, V, tic
1a
[X] = p[U] +q[V].

Dinh nghia 3.1.4.8. Cho chiim 4 siéu phing U, V, W, Z sao cho 3
sieu phang U, V, W doi mot phan biét, cac sieu phing W, Z thuoc
chiim ¢6 gia xac dinh béi hai sieu phing phan biet U, V nén cé céc
hée s6 ki, ko, 11, 5 sao cho

(W] =k [U] + L[V],

1Z] = ko [U] + 1] V].
Ti s6 kép ctia chiim 4 siéu phéng theo tht tu U, V, W, Z, k¥ hieu
(UVWZ), duge dinh nghia béi

LI
uvwz) = L 1, neu ZQ#O.

00 néu l, =0



Néu (UVWZ) = —1 thi ta néi U, V, W, Z lap thanh chum diéu
hoa hay U,V chia di¢u hoa W, Z.

Két qua sau day cho sy lien hé gitta ty s6 kép clia hang 4 diém

va ty s6 kép clia chiim 4 siéu phéng.

Dinh 1y 3.1.4.9. Trong khong gian za dnh P™ cho bon siéu phing
U, V., W, Z thuoc mot chum, trong do U, V, W Z doi mot phan biét.
Néu d la duong thing cdt bon sieu phdang dé lan lugt tai cdc diém
A,B,C,D (khong thujc gid ciia chum) thi ti s6 kép clia bon diém
dé khong phu thujc vao vi tri cia duong thing d va (ABCD) =
(UVWZ).

Hinh 3.5: (ABCD) = (UVWZ)

Chitng minh. Xét muc tieéu {S1,Ss, ..., Spe1; E} saocho Ss, ..., Spiq
thuoc gid ctia chim va S; = A, S, = B. Khi d6 siéu phing U c6
phuong trinh 25 = 0 va sieu phing V ¢6 phuong trinh z; = 0, do d6
toa do cia Ula (0,1,...,0) vatoa docia V1a (1,0,...,0). W thudc
chiim véi gia 1a U NV nén toa do cia W ¢6 dang (Aq, i11,0,...,0)
v phuong trinh ctia W ¢6 dang \;x; + 17, = 0. Dudng thing AB
¢6 phuong trinh tham s6 [X] = t;[A] + 2 B].
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Do dé toa do giao diém C ctia AB véi sieu phiang W 1a (¢4, to, 0,

., 0) v6i t,ty thoa man Aty + pite = 0. Chon ¢ = py,te = — Ay,
titc toa do C 1a (uy, —A1,0,...,0). Tuong tu, sieu phing Z cé toa
do (Mg, g2, 0,...,0) va toa do giao diém D clia dudng thing AB va
Z 1a (g, —X2,0,...,0). Tit d6 (ABCD) = =22 ; ZA — A2 . A

12 M1 12 M1

(UVWZ) (Hinh 3.5). O

Tit dinh 1y vé hinh b6n canh toan phan § trén, ta co:

Hé qua 3.1.4.10. Trong hinh bon canh toan phan, hai dudng chéo
di qua mot diém chéo nao dé chia diéu hoa hai duong thing néi diém
chéo dé vdi hai dinh nam trén duong chéo thi ba.

3.1.5 Nguyén tdc doi ngau

a) Phép dbi xa trong P"
Ky hieu II" 1a tap hop cac phang trong P" c6 sb chiéu bé hon

n. Chon trong P" mot muc tiéu xa anh nao dé va xac dinh anh xa
7 : II™ — II"™ nhu sau:

- Néu A la mot diém (titc 1 mot O—phang) thi m(A) la siéu phang
¢6 toa do gibng toa do ctia A, cu thé 1a: néu A = (a1, as,...,a,41)
thi m(A) = (a1, az,...,a,:1)-

- Néu U la cai phang nao d6 thi 7(U) = )y oy 7(X).

Tinh chat 3.1.5.1. i) Phép doi za bién méi diém (0—phdng) thanh
mot siéu phang.

ii) Phép doi xa bién m diém doc lap thanh m siéu phdng doc lap,

bién m diém khong doc lap thanh m siéu phdng khong doc lap.
iii) Phép doi a bién r—phdng thanh (n —r — 1)—phdng.
) Cho hai phang U va V, néu U C V th n(V) C 7(U).
Chiing minh. i) Hién nhien.
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11) That vay, cho m dlém A,L,Z = 1,2, oo, M. Véi A,L = (a“, a;2,
<y Qiny1) khi d6 7(A;) 13 siéu phang c6 toa do bang toa do clia A;.
Xét ma tran (a;),t=1,2,...,m;j=1,2,...,n+ 1.

He m diém A; 1 doc lap khi va chi khi ma tran (a;j) ¢6 hang
biang m, tic 1a khi vi chi khi m siéu phang 7(A;) doc lap.

iii) That vay, gia sit U 14 r-phang, tren U lay r + 1 diém doc lap
Ay, Ay, ..., Anyq, khi d6 v + 1 siéu phang 7(A1), 7(As), ..., 7(Ar1)
ciing doc 1ap (theo tinh chét ii), nén giao ctia ching la cAi phing V
¢6 s6 chiéu 1a (n —r — 1). Ta chiing minh V = 7(U).

- Theo dinh nghia ctia 7(U), ta ¢6 7(U) C V.

- Bay gio ta ching minh V C 7(U): Lay X bat ky thuoc U thi
r+2diém A, Ay, ..., A1, X khong doc lap, do d6 r +2 siéu phing
(A1), m(A2),..., m(A41), 7(X) khong doc lap, do d6 n(X) DV
hay 7(U) D V.

iv) That vay, theo dinh nghia 7(U) = Nycy7(X) va n(V) =
Nyev 7(X). Béi vay, néu U C V thi n(V) C #(U). O

b) Nguyén tic déi ngau

Hai cai phang U v V trong khong gian xa anh P" dugc goi 1a ¢
quan hé lien thudc néu mot trong hai phiing d6 chita phang kia. Khi
d6 ta n6i U thuoe V hosic V thude U. Ching han, néu diém A nim
tren dudng thing a thi ta noéi: diém A thudc duong thing a, hodc
néi: dudng thing a thuoc diém A. Nhu vay, tir “thudc” dong nghia
vOl mot trong cdc tir: “nam trén”, “di qua”, “chita”, “chita trong”.

Véi cach hiéu nhu vay, ta c6 thé noi ring: phép déi xa giit nguyén
quan he lien thuoc giita cac phing, nghia 1a néu U thuge V thi 7(U)
thuoc 7(V).

Bay gio, gia st M 1a mot ménh dé nao do6 trong khong gian xa
anh P" néi vé cac phang va cac quan hé lien thuoc giita chiing. Néu
trong ménh dé céc tit “r—phang” dugc thay bing cac tit “(n —r —
1)—phéang”, cac tit khéc giit nguyén thi ta dugc ménh dé méi M*,
dudce goi 13 ménh dé déi ngdu clia menh dé M. Hién nhién, ménh
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dé M 1a d6i ngau clia ménh dé M*, bdi vay ta noi M va M* 1a cap
ménh dé d6i ngiu véi nhau.

Tu tinh chat cta phép dbi xa, ta c6 két qua sau day duge goi
14 nguyéen tac d6i ngdu: “Trong khong gian xa anh cap ménh dé doi
ngau véi nhau hodc ciing ding, hodc cung sai”.

Luu y. Cach thanh lap meénh dé déi ngau trong P? va P3:

+ Trong P2, dé c6 ménh dé déi ngiu clia ménh dé M, ta thay

tit “diém” béi tir “dudng thing” va nguoc lai, con cac tit khac gitt
nguyen.
Vi du: Ménh dé: "Ton tai duong thang di qua (thuoc) hai diém phan
biet". Ménh dé déi nglu la: "Ton tai diém thuoc hai dudng thing
phan bigt". Diéu nay c6 nghia 1a hai dudng thing trong P? ludn c6
diém chung.

+ Trong P3, dé c6 ménh dé déi ngiu ctia ménh dé M, ta thay tit
“diém” béi tit “miit phang” va nguoc lai, con cac tit khac gitt nguyen.
¢) Khai niém déi ngau

Mot khéi niem trong khong gian P” néi vé cac phang cé khai

niem déi ngdu néu trong dinh nghia clia né, ta thay tit “r—phéng”
béi tit “(n — r — 1)—phéng”.
Vi du 3.1.5.2. 1) Khai niém r diém doc lap trong P" dugce dinh
nghia la: “r diém khong cting thudoc mot (r —2)—phang c¢6 khai niém
ddi nglu 1a r sieu phang doc lap, dude cho béi dinh nghia: "r sieu
phing khong cting thuée mot (n — r + 1)—phang".

2) Trong P? d6i ngau ciia khéi niém hinh bén canh toan phan la
khai niem hinh bén dinh toan phan.

3) Trong P, khai nigm chiim siéu phang (tap hop cac sieu phang
cling di qua mot (n — 2)—phéang) c¢6 khai niem déi ngdu duge dinh
nghia bdi: tap hop cac diém ciing thuoc mot 1—phéng, d6 1a khai
niem hang diém.

4) Cho bén diém A, B, C, D thang hang, ¢6 ti s6 kép (ABCD) =
k. Qua phép ddi xa, cdc sieu phang 7(A), 7(B),n(C), (D) thudc
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mot chiim va tit dinh nghia ti s6 kép clia hang 4 diém va ciia chiim
4 sieu phang ta suy ra: (ABCD) = (7(A)x(B)7(C)x(D)). Bdi vay
ta néi riing: khai niem ti s6 kép clia hang 4 diém va khai niem ti s6
kép clia chiim 4 sieu phéng Ia céc khai niem d6i ngiu.

5) Khai niém hang diém didu hoa va khai niem chiim siéu phang

diéu hoa la cip khai niem dbi ngau.

3.1.6 Moé hinh xa anh cua khong gian afin

a) Xay dung mo hinh

Ching ta nhic lai mo hinh afin ciia khong gian xa anh: khong

gian afin A™ b6 sung thém cac phan ti ctia tap hgp [A"] duge tap
%

hop P" = A" U[A"], khi d6 P" lap thanh khong gian xa anh va tap

[A"] 1a mot sidu phéng ctia P™.

Bay gio ta mo ta qua trinh nguge lai, bo bét di tir khong gian xa
anh P™ mot siéu phing nao dé va ching té phan con lai lap thanh
mot khong gian afin. Bing cach d6 ta duge mo hinh xa anh cla
khong gian afin.

Gia st P" la khong gian xa anh lien két v6i khong gian vecto
V™l Goi W 1a mot siéu phang ndo do ctia P". Dat A" = P\ W.
Ta xay duyng A" thanh khong gian afin bing cach sau day:

Pua vao P™ mot muc tieu xa anh {S;; E'} v6i cac dinh Sy,..., S,
nim tren W. Khi d6 sieu phing W sé c6 phuong trinh 2, = 0.

Néu diém X € A" thi X c6 toa do (v1,7,...,7,11), trong d6
Tpyr # 0 (W1 X € W). Bdi vay, néu diat X; = z;/xp1, VO § =
1,2,...n thi ta duge mot bo thi tu gom n s6 (X, Xo, ..., X,) vdi
X; € R, dugc goi 1a toa do khong thudn nhét cta diém X vi viét
X = (X1, Xy, ..., X,). R0 rang c6 mot song anh tit tap A" vao tap
R™ bang cach cho mdi diém tuong iing v6i toa do khong thuan nhét
cua nob.

Néu c6 hai didm cia A" 1a X = (X, Xy,...,X,) va Y =

o
(Y1, Ya, ..., Y,) thi ta ky hisu XY 1a vecto (Vi —X), Yo—Xo, ..., YV, —
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X,) cia R™ (xem R" 1a khong gian vecto trén truong R). Bang cach
—

do6 ta ¢6 anh xa ¢ : A" X A" — R", p(X,Y) = XY thoéa mén cac
tien dé ctia khong gian afin vd do d6 A™ trd thanh khong gian afin
n chiéu lién két vai khong gian vecto R™.
b) Cac thé hién trén md hinh
bl) Muc tiéu afin

Xét muc tieu xa anh {S;; F'} trong P™ nhu trén. Goi E; l1a giao
diém ctia duong thing S,.1S5;,i = 1,2,...,n véi sieu phing di qua
E va moi dinh cta muc tiéu, trit cac dinh S, 1, S;. Ta c6 toa do

khong thuan nhét cta cac diem:

Ngoai ra, hién nhien S,41 = (0,0, .. ., 0). Bi vay, néu ta diit Sy, q By —
¢; thi ta duge muc tieu afin { S, 1; €1, €a, . . ., €n }, Viét tat 14 {S,,11; €},
va duge goi 14 muc tieu afin sinh ra bdi muc tieu xa anh {S;; E'}.

Néu diém X c6 toa do khong thuan nhat (X1, Xy, ..., X,,) thi

Sn—&-l}\ = Xlgl + ngg + ...+ Xngn

nén (X, Xo,...,X,) chinh 1a toa do afin cla X ddi v6i muc tieu
afin {Spy1; ).

A Ay Ap Ay

Hinh 3.6
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Vidu 3.1.6.1. Trong mit phang afin A2 = P2\ P!, ta thiy muc tiéu
afin {As; By, Es} duge sinh ra bdi muc tieu xa anh {A;, Ay, As; E'}.
Trong truong hgp nay duong thing P! = A; A, 14 dudng thing vo
tan c6 phuong trinh 23 = 0 nén khong c6 trong mit phing afin. Cac
duong thing dong quy tai A; hosic A, ndim tren P! trd thanh nhing
dudng thang song song v6i nhau trong mat phang afin (Hinh 3.6).

h2) Cac phang afin
Ta chitng minh rang: néu m—phang xa anh U ctia P™ khong nim

trén siéu phang W thi tap U’ = U\W 14 mot m—phang afin trong
khong gian afin A”. That vay, gid st m—phing U c6 phuong trinh
d6i v6i muc tieu {S;; E} 1a:

n+1

Zuij%‘ =0, :=12,....,n—m,

j=1

trong d6 ma tran (u;;),i = 1,2,....n—m;j =1,2,....,n+ 1, c6
hang bing n —m. Vi U khong ndm trén siéu phang W nén khi thém
vao hé phuong trinh trén phuong trinh thd n —m+11a 2,41 =0
(phuong trinh cia W), ta duge hé n — m + 1 phuong trinh ma ma

tran cdc hé s6 ¢6 hang bang n — m + 1. Tu d6 suy ra ma tran

(uij),i=1,2,....,n—m;j=1,2,...,n ¢6 hang bang n — m.
Diat U’ = U\W, ta ¢6 U’ # () va mdi ditm X € U’ ¢6 toa do
(r1,%9,...,Tpy1) thoa man hé n — m phuong trinh trén, dong thoi

Tpr1 # 0. Tt d6 suy ra toa do afin (Xy, Xo,...,X,,) cia X thoa
méan hé phuong trinh:

D uiXj+ iy =0, i=12....n-m
j=1
trong d6 ma tran (u;;),i = 1,2,...,n —m;j = 1,...,n, c6 hang
bing n — m. Diéu d6 ching t6 ring U’ = U\W 1a mot m—phang
ctia khong gian afin A",
Nguge lai, mdi m—phing trong khong gian afin A" déu nhan
dugce tir mot m—phéng xa anh khong nam trong W sau khi bo di

céc diém thude W.
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Néu I = (a1,as,...,a,,0) 1a diém vo tan ciia phang afin U’ =
U\ W, titc toa do I théa man hé phuong trinh xac dinh giao cia
U va W, ta nhan thay ¢ = (a1, as,...,a,) thudc phuong clia phing
afin U’. Dic bigt, khi m = 1, ta ¢6 ¢ la vecto chi phuong cta duong
thang afin nhan dugc tit dudng thang xa anh sau khi bo di diém vo
tan.
b3) Quan hé song song clia cic phing

Trong P" cho hai cii phing P” vad P* phan biét (r > s) déu
khong thuoc siéu phing W = P! va gid st PP NP = P*~! C
P 1 (P! = P! N P*) Ta can ching minh P"\P"~! va Ps\P"~!
13 hai phing afin song song. Déi v6i muc tieu xa anh {A;; E} da
chon, gid st P” va P?® ¢6 phuong trinh:

n+1

(PT):Zaijxj:(),izl,Z,...,n—r,

j=1
n+1
(P?%) : sz‘j%‘ =0,i=1,2,...,n—s.

=1
Khi d6 theo gia thiét ta c6 P*~! = P'NP*NP" ! nén phuong trinh

cua P51 la:

n+1 . .

1 ijllaijxj:(), 1=1,2,...,n—r;

S— . n+ o . .

(P> S bijry =0, i=1,2,...,n—s;
Tntl1 = 0.

Hé nay gom c6 2n— (r+s)+1 phuong trinh nhung vi dimP*~! = s—1
nén trong hé trén c6 n — (s — 1) = n — s + 1 phuong trinh doc lap.
Do dé ta c6 thé lay n — s + 1 phuong trinh cudi ctia hé trén lam
phuong trinh ctia P*~!. Nhu vay dong hé s6 6 vé trdi cia n — r
phuong trinh dau duge biéu thi tuyén tinh qua cac dong hé s6 & vé
trai ctia n — s + 1 phuong trinh cudi.

Bay gi néu goi A" va A® 1a hai phang afin dudc sinh ra bdi hai
cai phiang xa anh P” va P* thi khi d6 phuong trinh clia chiing di
v6i muc tieu afin lan lugt 1a:

(A"): > 1 aii X+ i1 =0 i=1,2,...,n—7;

j=1

(As)zyzlblej_Fbln-i-l:O i:1,2,...,n—8.
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Tit trén ta suy ra dong hé s6 cac bién trong méi vé trai cia n —r
phuong trinh dau dude biéu thi tuyén tinh qua céc dong hé sb cac

bién ctia n — s phuong trinh sau, nghia la:

;5 = kil blj + kig bgj +...+ ki,n—sbn—s,j

1=1,2,...,n—r;7=1,2,...,n.

X 2 2 2 2 ? ~ -~
Dieu do6 chiing t6 cac phang A°, A" c6 phuong théa man A°® C
_>
A". Vivay A° song song vii A".

Chu y. Ta thuong goi cac diém ciia sieu phang P! 1a cac diém vo
tan. Do d6 néu hai cai phing P” vi P® ¢6 giao 13 phang Q chita toan

diém vo tan, nghia 1a Q C P!, thi ta c6 A® song song véi A”.

Vi duy 3.1.6.2. Trong A? = P?\P! hai dudng thing a, b song song
v6i nhau nghia 1a hai duong thang d6 cit nhau tai mot diém nim
tren PL. Hinh t&t giac ABCD c6 ABN DC va AD N BC thuoc P!
thi tit gidec d6 bicu thi cho hinh binh hanh ABCD trong mit phiang
afin (Hinh 3.7).

" \

Hinh 3.7

b4) Ti s6 kép
Cho 4 diém phan biet A, B,C, D ndm trén mot dudng thing xa
anh [ cia P". Xay ra 2 truong hop sau:
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+ Gia stt khong c6 diém nao trong bén diém thuoc sieu phing
P!, Ta chon muc tieu xa anh {4; E} sao cho A, = A, A =
INP" 1. Khi d6 cac diem B, C, D c6 toa do biéu thi tuyén tinh qua
toa do ctia A, 1 va A;. Ta co:

Thute vay, ta hiy tinh toa do diém B (by, by, ..., byy1)

by 0 1 L [ /)] b
b 0 0 0 0 0
=A== =
by, 0 : 0 0 0
| bt | 1] o] [A] [ 1] |1

Tuong ti ta tinh duge toa do diéem C va D.

AiAn}l

Hinh 3.8
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Bay gio ta hay tinh ti s6 kép (ABCD). Ta c6:

_b—c c

C Al + -[B];
€1= =541+ 15
D] = ——[A] + -[B].
D] = =5[] + 5 [B)
. c d
Néu chuyén toa do xa anh clia cac diém A, B, C, D sang toa do
afin ta co:
A=(0,0,...,0)
B = (b,0,...,0)
C = (c,0,...,0)
D = (d,0,...,0)

T d6 ta tinh duge toa do cua cac vecto:
H H
CA=(—c0,...,0); DA=(-d,0,...,0);

CB=(b—c,0,...,0); DB=(b—do0,...,0).

va (DAB) = ——% Tir do (ABCD) =

c
D 5 AB) = —
o d6 (CAB) — —

(CAB)
(DAB)’

Nhu vay ti s6 kép (ABCD) ctia bén diém A, B, C, D bing ti s6
cia hai ti s6 don (CAB) va (DAB).

+ Néu c6 mot trong bon diem A, B, C, D la diém vo tan, thi du
diém D thuoc sieu phang P!, thi khi D = A; ta co:

c 1 c
b—a -1 b—a
Dic bigt, néu (ABCD) = —1 va D la diém vo tan thi (CAB) =
—1, khi dé C la trung diém ctia doan AB.

nén (ABCD) = = (CAB,).

c) Mot s6 4p dung clia md hinh
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Trong muyc nay, cac yéu t6 noi dén trong khong gian xa anh dugc
hiéu thuoc hinh hoc xa anh (dinh nghia chinh xdc hinh hoc xa anh

sé trinh bay ¢ muc sau).

c1) Dung hinh hoc afin dé nghién citu hinh hoc xa anh

Ta c¢6 thé chitng minh mot s6 dinh 1y ctia hinh hoc xa anh bing
cach dya vao nhitng két qua da biét cia hinh hoc afin. Sau khi chon
siéu phing vo tan P"~! mot cach thich hgp, ta c6 thé chuyén vé mot

bai toan afin ma cach giai dé thyc hién hon.
Vi duy 3.1.6.3. Chiing minh ring trong mot hinh bon canh toan
phan, tréen méi dudng chéo hai dinh déi dien va hai diém chéo lien
hiép diéu hoa véi nhau.

Trude day ta da gidi bai todn ndy bang cong cu clia hinh hoc xa

anh, bay gio ta hiy ding mo hinh afin ctia khong gian xa anh dé

giai bai toan nay.

Duong thing vé tan

Hinh 3.9

Gia stt hinh bén canh toan phan trong P? ¢6 cac cip dinh ddi dien
Ava A, Bva B', C va ¢’ (Hinh 3.9). Chon dudng thing vo tan P!
di qua hai diém C,C’ ma khong di qua mot dinh nao khac nita ciia
hinh bén canh toan phan. Khi d6 ta c6 hai dudng thang AB v A’B’
song song v4i nhau. Hai dudng thing AB’ va A’B ciing song song vi
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nhau. Tit giac ABA’B’ 1a mot hinh binh hanh trong khong gian afin
A2, Theo két qua clia hinh hoc afin ta c6 diém chéo D la trung diém
cia AA’ va BB'. Vi vay, trong P? diém D va diém vo tan F lien
higp didu hoa véi hai diém A, A, béi vi: (AA'DE) = (DAA') = —1.

Tuong tu, D va F lién hgp diéu hoa véi B va B’

¢2) Dung hinh hoc xa anh dé nghién ctu hinh hoc afin

Ta c6 thé ching minh mot s6 dinh 1y ctia hinh hoc afin bing cach
dua vao nhing két qua da biét clia hinh hoc xa anh. Cu thé la, tit
mot két qua da biét trong hinh hoc xa anh, bd di mot sieu phing

thich hop ta nhan duge két qua mong mudn trong hinh hoc afin.

Vi du 3.1.6.4. Giai bai toan afin sau day:

“Cho hinh binh hanh ABCD. Mot dudng thing song song véi
canh AB cit cac canh AD, BC lan lugt tai £ va F. Mot duong
thing song song véi canh AD cit cac canh AB, DC lan lugt tai G
va H. Goi P = BENDG,Q = EFNGH. Chiing minh ring ba diém
P,Q,C thang hang” (Hinh 3.10a).

Hinh 3.10

Giai. Ta hiy bo sung cac diém vo tan vio mit phing afin chita hinh
binh hanh ABCD. Céc dudng thing AB, EF, DC ddng quy tai mot
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diém v6 tan M. Cac dudng thing AD,GH, BC dong quy tai mot
diém vo tan N (Hinh 3.10b). Sau khi dua thém duong thing vo tan
vao mit phiing afin ta c6 mat phing xa anh v trén dé ta cé bai toan
xa anh sau day: "Cho ba diém G, B, M thuoc mot dudsng thing va
ba diém F, D, N thuoc mot dudng thang khac. Goi P = EB N DG,
Q = EMNNG, R=MnNNB. Chitng minh ba diém B, Q, R thang
hang". Sau khi chuyén thanh bai todn xa anh, ap dung dinh 1i Pappus

ta c6 ngay két qua can ching minh.

¢3) Sang tao cac bai toan méi

- Tt mot bai toan xa anh trong khong gian xa anh, bang cach
chon céc sieu phing khac nhau déng vai trdo sieu phing vo tan, ta
c6 nhiéu bai toan afin khac nhau ma ching duge suy ra tir két qua
da biét ctia bai toan xa anh.

- Tt mot bai toan afin ta c6 thé suy ra mot bai toan xa anh bing
cach bo sung them vio khong gian afin nay nhitng diém vo tan thudc
mot sieu phing vo tan. Khi dé ta c6 mot bai toan trong khong gian
xa 4nh ma cac két qud dudc suy ra tit bai toan afin.

- Tit mot bai toan afin ta c6 thé suy ra nhiéu bai toan afin khéc

bing cach két hop ca hai cach lam trén day.

Vi du 3.1.6.5. Tu bai toan afin: "Trong mot hinh thang duong
thang di qua giao diém ctia hai canh bén va giao diém ctia hai dudng
chéo cit hai day tai trung diém ctia mdi dudng” suy ra bai toan xa
anh, do 1a tinh chat da biét trén hinh 4 canh toan phan. Tiép tuc,
tir bai toan xa anh nay, bang viéc chon duong théng vO tan thich
hgp ta suy ra bai toan afin: "Trong mdt hinh binh hanh, cic dudng

chéo cit nhau tai trung diém ctia mdi dudng".

Thong qua mo hinh xa dnh ctia khong gian afin, chiing ta thay
gitta hinh hoc afin va hinh hoc xa dnh ¢6 mot sy lién quan mat thiét.
Hinh hoc afin va hinh hoc xa anh con c¢6 nhiéu méi lién heé ma ching

ta sé tiép tuc tim hiéu theém trong cic phan sau.
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3.2 Anh xa xa anh va bién doi xa anh

3.2.1 Anh za za dnh: dinh nghia, cdc tinh chét

Dinh nghia 3.2.1.1. Cho hai khong gian xa anh 1a P va P’ 1an lugt
lien két v6i hai khong gian vecto V va V. Mot anh xa f : P — P’
duge goi 1a anh xa xa 4nh néu ¢6 mot anh xa tuyén tinh ¢ : V. — V’
sao cho néu ¥ 1a vecto dai dién cia diém A € P thi ¢(F) i vecto dai
dién ctia diém f(A) € P’. Khi d6 ta néi ring anh xa xa anh f ducc
cam sinh bdi anh xa tuyén tinh ¢ va ¢ duge goi la dai dién cta anh

xa xa anh f.

Vi du 3.2.1.2. Tu dinh nghia dé thiy ring anh xa dong nhat trén
khong gian xa anh P la anh xa xa anh, c¢6 anh xa dai dién la anh xa

dong nhat trén khong gian vecto lién két V.

Tinh chat 3.2.1.3. i) Anh za tuyén tinh dai dién cia dnh T 0
dnh la don cau.

i) Anh za za dnh la don dnh.

i) Anh za za dnh bdo toan tinh doc lap va tinh phu thudc cia
mot hé diém.

w) Moi don ciu tuyén tinh o : V. — V' la dai dién cho mot dnh
za za dnh duy nhat f : P — P'. Hai don ciu tuyén tinh ¢ : V — V/
va ¢V — V' cang dai dién cho mot anh za za anh f : P — P’
khi va chi khi c6 s6 k # 0 sao cho o = ky'.

v) Anh za za dnh bién mot m—phcfng thanh mot m—ph(ing.

vi) Anh za za dnh bdo toan ti s6 kép cia 4 diém thdng hang.

Chitng minh. 1) That vay, gia st ¢ la dai dién ctia anh xa xa anh f.
Néu vecto € V\{0} la dai dien cho diém A € P thi o(Z) 1a vecto
dai dien ctia didm f(A) € P’ nén ¢(Z) € V\{0} tic Kerp = {0}.
Do d6 ¢ 1a don cau.
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ii) That vay, gid sit A vd B 1a hai diém ctia P ma f(A) = f(B).
Khi d6, néu goi @ va b la cac vecto dai dien ciia A va B thi (@) va
©(b) ciing dai dien cho mot didm f(A) = f(B) nén (@) = kp(b) =
@(kl;), k # 0. Vi ¢ don cAu nén @ = kb, titc A vd B tring nhau.

iii) That vay, do don cdu tuyén tinh béo ton tinh doc lap tuyén
tinh hay phu thudc tuyén tinh clia mot hé vecto.

iv) That vay, néu da cho don ciu tuyén tinh ¢ : V — V'’ thi
anh xa xa anh f : P — P’ dudc hoan toan xac dinh. Cu thé 13, néu
M € P c¢6 vecto dai dién 1a 7 € V thi f(M) c6 dai dién 1a o(Z).

Néu ¢’ : V — V' ciing la dai dién cho 4nh xa xa anh f :
P — P’ thi v6i méi vecto & € V, cac vectd ¢(Z) va ¢'(Z) cung
dai dien cho mot diém thuoc P’ nén ¢(¥) = k.¢'(¥). Liy mot
co 86 {€1,€y,...,Ey1} trong V, khi d6 p(é)) = k1¢'(€1), v(€r) =
ko' (€2), ., p(€nt1) = kns1¢' (Enyr) VA

@)+ ...+ @) =pE1+...4+ 1) =k (E1+ ...+ Eni1).

ko' (@) + ...+ knir (Engr) = k@' (€L + ...+ €Eni1),

hay ¢ (k1€1 4 kaly + ... + kpp1€hy1) = ¢ (k€1 + ... 4 ké€py1). Vi

don anh nén /ﬁé’l + kggg + ...+ kn+1€n+1 = ]{51 +...+ k€n+1. Do do

ki =ky=...=kpy = k. Tu do o(¥) = k¢'(Z),VZ, hay ¢ = k¢'.
Diéu nguge lai 13 hién nhién.

Céc tinh chat v) va vi) xem nhu bai tap. O

Dinh ly 3.2.1.4 (Vé sy xac dinh dnh xa xa anh). Cho hai khong
gian za dnh la P va P’ lan lugt c6 s6 chiéu la n va m (n < m).
Trong P cho muc tiéu za anh {S1,5s,...,Su+1; E} va trong P’ cho
n+ 2 diém phu thuoc Sy, S5, ..., Sl 1; E' sao cho bat ky n+1 diém
trong ching déu doc lap. Khi dé, c¢6 mot va chi mot anh za za dnh
f:P =P saocho f(S;)=5li=1,2,....,n+1va f(F)=FE"
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Chitng minh. Goi V™ va V™*L 1an lugt 1 cac khong gian vecto
lien két ctia P va P’. Trong V"™ 1ay co 88 & = {€},6,...,E,41} dai

dién cta muc tieu {51, Sa, ..., Sni1; E}.

Trong V™ 1ay n + 1 vecto doc lap tuyén tinh €1, €/, ..., &nit
sao cho ¢; dai dien cho S/ va Z?jll €; dai dien cho diém E’ (nhu
viec chi ra co s6 dai dién clia mot muc tieu). Khi d6 ¢6 duy nhat
don cdu tuyén tinh: ¢ : V1 — V™ ga0 cho ¢ (€) = ¢; véi
1=1,2,...,n+ 1. R6 rang ¢ la 4nh xa dai dién cho mot anh xa xa
anh f: P — P’ va f 1a anh xa xa 4nh duy nhat théa man yéu cau
cua dinh ly. ]

3.2.2 Phép chiéu ruyén tam

Trong khong gian xa anh P” xét hai siéu phing P"~' va P 1,

O 13 mot diém khong ndm trén hai siéu phing d6. Xét anh xa
f . Pnfl N P/nfl

xac dinh nhu sau: v6i M € P!, duong thing OM cit P! tai
mot diem duy nhat M'. Dat f(M) = M. Anh xa f xac dinh trén
day dugc goi 1a phép chiéu xuyéen tam tit sieu phang P"~! len sieu
phéng P! v6i tam chiéu O.

Dinh 1y 3.2.2.1. Phép chiéu zuyén tam la mot anh za wa dnh va

moi diém cta phang P2 =P ' NP ! la diém bat donyg.

Dic biet, trong P? phép chiéu zuyeén tam tit mot duong thang lén
mot duong thdang khdc la mot dnh za za dnh va giao diém ctia hai
duong thang la diém bat dong.

Chitng minh. Goi V", V™ la cac khong gian con lan lugt lien két
véi P* 1 va P!, Trong sieu phang P! ta lay n diém doc lap
Ay, Ay, o Ay, trong d6 Ay, As, ..., A, 1 thuoe P"2. Goi f 1a phép
chiéu xuyén tam véi tam chiéu O. Ta ¢6 f(A;) = A; v6i i =
1,2,....,n—1va f(A,) = A, (A ¢ P ). He diém A, Ay, ..., A

13 he diém doc 1ap (vi néu trai lai, A/, € P*1).
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Goi €1, €5, ..., €y, 67“, 14 cac vecto 1an luot dai dien cho céc diém
Ay Ay, AL AL O VI Ay, AL O thang hang va doi mot phan biet
nén ¢6 thé bidu thi

€=+ AN 0.

Goi ¢ 14 dang ciu tuyén tinh tit V" len V'™ bién céc vecto clia co
sé {e1, ey, ..., e, } tuong ing thanh cac vecto clia co sG {51, €, . .. ,e_;n}.
Khi d6, néu diem X € P! vé6i vecto dai dien 14 © = 216, + 2165 +
... 1,E, thi p(F) = &+ x,\€. Dang thitc ndy ching t6 ¢(Z) dai dien
cho mot diém cta dudng thing OX. Miat khac (%) dai dién cho
diém thuge P! nen (%) 1 dai dien cho diéem X' = OX NP1,
Do d6 ding ciu tuyén tinh ¢ la dai dién ctia phép chiéu xuyén tam

f, titc phép chiéu xuyén tam la mot anh xa xa anh. O

Dinh 1y 3.2.2.2. Cho f: P" ' — P! la danh za za dnh gida cdc
sieu phdng trong khong gian za dnh P"(n > 2) sao cho moi diém
ciia P"2 = P 1 NP1 [a diém bat dong. Thé thi f la mot phép

chiéu zuyén tam.

Chitng minh. Goi f : P"1 — P! |3 anh xa xa anh c6 tinh chét
f(M) =M v6i moi M € P"2 =P ' NP ta chitng minh f la
phép chiéu xuyén tam. Trong P"~! chon muc tieu {A;, As, ..., A,; B}
sao cho Ay, As, ... A,y € P2 Goi Al = f(A,),E' = f(F). Khi
d6 {Ay, Ay, ..., Al E'} 1a muc tiéu caa P! Goi M = A, ENP" 2.
Vi M = f(M) néen M € A'E'. Trong mat phéng xa dnh xac
dinh béi hai dudng thing A,F va A’ E', hai dudng thing nay cit
nhau tai mot diém O. Phép chiéu xuyéen tam véi tam chiéu O tit
P! t6i P! bién muc tieu {A;, As, ..., A,; E} thanh muc tieu
{A}, Ay, ..., A; E'}. T su xac dinh duy nhat clia anh xa xa anh
suy ra phép chiéu xuyén tam nay trung véi f, nghia 1a f 13 mot phép

chiéu xuyén tam. O]
3.2.3 Bién doéi xa dnh, hinh hoc xza dnh
a) Bién doi xa anh
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Dinh nghia 3.2.3.1. Anh xa xa anh f : P — P’ 13 song anh dugc
goi 1a ding ciu xa anh, vi khi d6 hai khong gian P va P’ dugc goi
14 dang cau.

Anh xa xa anh f: P — P dugc goi la phép bién déi xa anh (hay
phép xa anh) cia P.

Nhan xét 3.2.3.2. i) Vi anh xa xa dnh 1a don anh, do d6 anh xa
xa anh f : P — P’ I3 ding cau khi vi chi khi P va P’ ¢6 cling s6
chiéu.

ii) Anh xa tuyén tinh dai dién cho ding cAu xa anh 1a ding ciu
tuyén tinh.

iii) T dinh 1y vé sy xac dinh anh xa xa dnh ta suy ra: néu trong
khong gian xa d&nh P™ cho hai muc tieu {S;; E} va {S/; E'} thi ¢6
phép bién d6i xa anh duy nhét f ctia P™, bién cac diém S; thanh
cac diem S/ (i =1,2,...,n+ 1) va bién diém E thanh diém E'.

b) Biéu thiic toa d6 ciia phép bién ddi xa anh

Cho phép bién doi xa anh f : P" — P" cia khong gian xa anh
P7, lien két véi khong gian vecto V1. Trong P" chon muc tiéu xa
anh {S;; E}. V6i méi diém X bat ki, goi (z1,29,...,2Z,41) 12 toa do
cia X va (o, ),..., 2, ) la toa do ctia X' = f(X) d6i v6i muc
tieu da chon. Ta tim mdi lien he gitta (z;) va (z}).

Goi e = {€1,é5,...,E,41} 1& co s6 trong P™ dai dién cho muc
tieu {S;; E} va o : V™ — VFL 13 bién doi tuyén tinh ctia V"
dai dien cho bién ddi xa anh f. Déi véi co s e, xét vecto ¥ =
(z1,9,...,T,41) dai dien cho diém X. Thé thi (&), 1a dai dien cla
X', ¢6 toa o (%) = k (¢}, h,..., 2, 1),k # 0. T biéu thic toa
do cta bién doi tuyén tinh ¢ ddi véi co s6 €, ta co

n+1
kl‘; = E aijmj,i: 1,2,...,n—|—1
j=1
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trong d6 [z] va [2'] 1a ma tran cot toa do clia X va X', A = (a; )
14 ma tran chuyén tit co sG {€1,é,...,€E,,1} sang co s§ anh ciia nd

qua anh xa ¢.

Hé thic trén duge goi la biéu thic toa do (hay phuong trinh clia
f) déi v6i muc tieu da cho. Ma tran A = (a;;) duge goi la ma tran
clia phép bién ddi xa anh f d6i v6i muc tieu {S;; F}.

Ngugc lai, mot phuong trinh ¢6 dang k[z'] = A|x], trong d6 A 1a
ma tran khong suy bién, l1a phuong trinh ctia mot phép bién ddi xa

anh trong khong gian xa anh déi v6i mot muc tiéu nao do.

Nhan xét 3.2.3.3. Néu chon muc tiéu xa anh trén duong théng Xa
anh, phuong trinh clia bién ddi xa anh trén duong thing c6 dang:

11 a2

kl'll = a1121 + a12x2
(21 A22

trong do :
/{ZZLJQ = 211 + A92T9 ’ &

£0.

Néu diung toa do khong thuan nhat trén dudng thing, tic diat X =
/

x x
X = —,1, thi phuong trinh trén trd thanh :

X — an X + (112.
an X + ag

Vi du 3.2.3.4. D6i v6i mot muc tieu {S;; F} clia mit phang xa anh
P2, cho céc diém E; = (0,1,1), By = (1,0,1), B3 = (1,1,0).
a) Chiing t6 ring c6 phép bién doi xa dnh f : P2 — P? lan lugt bién
cac dlém Sl, 327 53, E thanh cac dlém El, EQ, Eg, Sl.
b) Tim biéu thitc toa do ctia f déi v6i muc tieu da cho.
Giai. a) Chi can chitng té bat ky hé 3 diém ndo trong bén diém

E.\, E,, E5, S, déu doc lap. Diéu nay do cac dinh thitc dudi day khac
0:

— = O

1 1]lo11|]lo1 1|10
01,1 01[,]1 10,11
10/[100||1T00]]10

o O =

b) Anh xa dai dien clia f bién co s6 dai dien clia muc tieu {51, Sa, S3;
E'} thanh co s¢ dai dién cia muc tiéu {E,, Ey, E5; S1}. Goi ma tran
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chuyén tit muc tiéu thtt nhét sang muc tiéu thit hai 1a A (ciing 1a ma
tran chuyén giita hai co s¢ dai dién tuong ting clia chiing). Thé thi ma
tran ctia f do6i voi muc tiéu da cho 1a A. Gid st 6_;1, 6_;2, 6_;3 & co sé dai
dien cho muc tieu thi hai. Toa do €1, €y, & ddi v6i co s6 &1, &, &3
dai dien cho muc tieu ban dau la k;(0,1,1), k2(1,0,1), k3(1,1,0),
thoa man k1(0,1,1) + k2(1,0,1) + k3(1,1,0) = (1,0,0). Giai ra ta c6
ki = —1,,ky = ks = 1. Ta ¢6 ma tran chuyén muc tiéu

0 1 1
A= -1 0 1
-1 10
Do d6 biéu thitc toa do clia f déi véi muc tieu da cho la

kx| = xo + x5
k’.TIQ = -2+ 23
kxty = —x1 + X9

c) Lién hé giita bién d6i xa anh va bién doi afin
Gid st f : P* — P" 1a mot phép bién ddi xa anh bién siéu phing

P71 thanh chinh n6. Xét khong gian afin A® = P"\P""!. Ta tim

hiéu vé tinh chéit cia anh xa

S

An - ATL — An

Chon muc tiéu xa dnh trong P™ sao cho P"~! ¢6 phuong trinh 2, =
0. Nhu vay A" bao gdm céc diém ctia P” ma z,,; # 0. Phép bién
ddi xa anh f bién P! thanh chinh né c6 phuong trinh

/
]{31’1 =anr+ ... +a,x, + A1n+1Tn+1

/

kx), = anir1 + ... + pp®1 + Gpnp1Tngn
/ _

kxn+1 = An+1n+1Tn+1

Dé ¥ ring nhimng diém thugc A" va anh cia ching ¢6 z,., # 0 v&
x4 # 0, do d6 khi chia vé v6i vé n phuong trinh dau cho phuong
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trinh sau ciing cua hé trén, ta co

/
T a X a T a
1 11 1 in n In+1
= = +...+ +
xn+1 Ap+1n+1 Tn+1 Ap+1n+1 Tn+1 Ap4+1n+1
* 7
/
T aq T a Xz Ann+1
n n nn n nn
= +.o +
Tt An+1n+1 Tn+1 An+1n+1 Tn+1 An4+1n+1

X{ = b11X1 + ... +b1an+C1

X =bu X1+ ...+ b Xn +

/
~ x d ~ o~ o~
va X; = ——,i=1,2,...,n la toa do khong
Tn+t1 Tpiq

thudn nhat cla cac diém trong A" vi clia diém anh tuong tng,

trong d6 X; =

d6 cling chinh 1a toa do afin ctia cac diém trong khong gian afin
Ambyy = —2—;¢ = —"*1 Vi ma tran B = [b;;] khong suy
An4+1n+1 Ap41n+1

bién nén day chinh 14 phuong trinh ciia mot phép bién ddi afin cia
A". Nhu vay
Flan: A" 5 A"
la mot phép afin.
Nguge lai, mdi phép bién déi afin tren A™ déu duge cam sinh tir
mot phép bién ddi xa anh trén P™ bién siéu phiang P! (sieu phang

v0 tan) thanh chinh né.

d) Pinh 1y co ban ctia anh xa xa anh

Dinh 1y 3.2.3.5. Cho f : P" — P™ (n > 1) la mot song dnh bdo
toan su thdng hang cia ba diém bat ky. Thé thi f la dnh za za dnh.

Chitng minh. Lay mot siéu phdng W nao d6 ciia P™ va goi W/ =
f(W). Theo B6 dé 3.2.3.7, W' ciing 1a siéu phing. Goi g : P"* — P"
14 dnh xa xa anh sao cho g (W) = W.Khidé h =gof : P" — P"la
song anh bao toan sy thing hang ctia ba diém bat ky va h(W) = W.

Xét khong gian afin A™ = P"\W va song anh ' : A" — A" la

han ché clia h tréen A™. Vi song anh k' bdo toan sit thiing hang cia
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ba diém tity ¥ nén theo dinh 1§ co ban ctia bién déi afin, ta suy ra
h' 14 bién ddi afin. Vi phép bién déi afin k' dugc sinh ra béi phép
bién ddi xa anh duy nhét, ta d& thiy ring phép bién déi xa anh dé

triing v6i h. Tt d6 suy ra f = g~ ! o h cling 14 4nh xa xa dnh. [

Duéi day 1a mot két qua yéu hon vé dac trung ctia bién ddi xa

anh trén khong gian xa anh trén truong K tuy ¥.

Dinh 1y 3.2.3.6. Cho P" la khong gian za dnh trén truong K, néu
f:P™ = P™ la mot song danh bio toan su thing hang cia ba diém
va bdo toan ti s6 kép cia bon diém thdng hang thi f la phép bién doi

za anh.

Dé chitng minh dinh Iy trén ta c6 bd dé sau

B6 dé 3.2.3.7. Cho P" la khong gian za dnh trén truong K, néu
f:P" = P"™ la mot song dnh bdo toan su thdng hang cla ba diém

bat ky thi f bién m—phdng thanh m—phdng.

Ching minh. Gia st U la m—phang di qua m + 1 diém doc lap
Ay Ay Ay, Goi AL = f(Ay),i=1,...,m+1. Goi U’ Iz phiang
bé nhat di qua cac diéem A} Trudc hét ta ching minh ring néu M
thuoc U thi M’ = f(M) thuoc U’. R rang diéu nay ding khim =1
va m = 2. Gia st dieu d6 dang v6i m = k, ta ching minh dang véi
m=k+ 1.

Néu M thuoc U khong trung véi Ay, thi
Ak+1Mm < Al,AQ, o ,Ak >=1.

Khi d6, néu I’ = f(I) thi:
+ Theo gia thiét clia f, ba diém A}, M’, I’ thang hang, tic M’
thuoe A; I,

+ Theo gia thiét qui nap, I’ thuoc cai phing bé nhat di qua
Al AL, L AL T d6 suy ra M’ thuoe U'.
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Bay gid ta chitng minh hé diém Aj, A), ... , A1 noi trén ciing
doc lap. That vay, ta lay them cac diém A, o, ..., A, dé dugc
n + 1 diém doc lap Ay, Ay, ..., App1. Goi A = f(A;). Néu he
AL Ay AL khong doc lap thi he n+ 1 diém A}, A, ... AL,
ciing khong doc 1ap, nén theo diéu vira ching minh tren, f (P™) #
P7, trai voi gia thiét f 13 toan anh. Nhu vay U’ ciing 1 m-phing va
f(U) c U. Néu lay diéem M’ thuoc U’ thi do f 1 toan anh nén c6
M dé f(M) = M'. Diem M thuoc U vi néu khong ta c6 hé m + 2
diém Ay, As, ..., A1, M doc lap nhung anh ciia ching khong doc
lap.

Tém lai, f bién m-phang U thanh m-phing U’ O

Ching minh Dinh ly 3.2.3.6. Lay muc tieu xa anh {S;; E'} trong P"
va goi S! = f(S;),E' = f(E), theo b6 dé tren, {S!; E'} ciing 14 muc
tieu xa anh. Goi g Ia phép bién déi xa anh ctia P”, bién muc tieu
{S;; E} thanh muc tieu {S); E'} va h = ¢! - f. Khi d6, h 1a song
anh ctia P" lén chinh né bao toan tinh thing hang ciia ba diem, bao
toan ti s6 kép ctia bén diem thing hang va giit bat dong cac diém
cia muc tieu {S;; E}. Ta ching minh i 1 phép dong nhét. Sau day
ta chitng minh diéu d6 bing qui nap theo n.

Néu n =1 thi néu M’ = h(M) ta ¢6
(517527Ea M) = (517527E7 Ml)a

cho nén M = M’. Gia st diéu d6 dung v6i n — 1, ta chiing minh
né dang véi n. Goi W; 1a sieu phang di qua moi dinh clia muc tieu
trit dinh S; va E; 1a giao diém ctia W; véi dudng thing S;FE, vi
h (W) = Wi v h (SiE) = S;E nen h (E;) = Ei. Tit d6 theo gia thiét
qui nap ta ¢6 hyy, = idw,. Bay gio gid st M 13 mot diém bat ky
khong ndm trén cac siéu phang W;. Dudng thing S; M cit W, tai
diém bat dong dbi véi h nen dé la duong thing bat dong.

Tuong ti, duong thing S, M ciing bat dong. Vay M bat dong,
hay h 1a phép dong nhat. O
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e) Hinh hoc xa anh

Tap hop cac bién d6i xa anh ctia P* lap thanh mot nhém, duoc
goi 1a nhom xa anh ctia khong gian xa dnh P" (nhém xa dnh n
chiéu). Tt sy lien he gitta phép afin vA phép xa &nh trong 3.2.2 suy
ra nhém afin n chiéu 14 nhém con clia nhém xa anh n chiédu.

Trong khong gian xa anh P™ hinh H dugc goi 1a tuong duong xa
anh v6i hinh H’ néu c6 mot phép bién doi xa anh f bién H thanh
H'. Quan hé tuong duong xa anh ciia cac hinh trong P” 14 mot quan
hé tuong duong.

Mot tinh chat trén hinh H duge goi 1a tinh chat xa anh (hay bat
bién xa anh) néu moi hinh H' tuong duong xa anh v6i hinh H déu
¢6 tinh chat d6. Nhu vay, hai hinh tuong duong xa anh déu c6 cac
tinh chat xa anh giéng nhau.

Khai niem duge xay dung tit cac bat bién xa anh dudc goi 1a khai

niém xa anh.

Vi du 3.2.3.8. Diém; m—phing; hé diém doc lap, phu thuoc; ti s6
kép:... 1a cac khai niém xa anh.

Tap hop cac tinh chit xa anh trén cac hinh cia P™ dude goi la
hinh hoc xa dnh trén P (hinh hoc xa &nh n chiéu). Nhu vay, hinh
hoc xa anh bao gdm: diém, duong thing, m—phing, tinh doc lap,
tinh phu thudc clia cic diém, ti s6 kép ctia 4 diém thing hang, ti s6

kép ctia chiim 4 siéu phing,. ..

f) Phép thau xa

Trong muc nay ching ta xét mot loai cac phép xa anh dic biét
sau.
f1) Phép thau xa cip

Phép xa anh f: P" — P™ dugc goi 1a phép thau xa r—cap (noi
gon 13 phép thau xa cip) néu c¢6 r—phang U va (n —r — 1)—phang
V khong giao nhau sao cho moi diém ctia U va V i céc diem kép.
Khi d6 f con dugc goi 1a thau xa r—cap véi co s6 1a cap (U, V). Khi
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r =0 thi U la diém, con duge goi 13 tam ctia phép thau xa va V 14
siéu phang, con duge goi 1a nén clia phép thau xa.

Di nhién thau xa r—cap v6i co s6 (U, V) thi ciing 1a thau xa (n—
r — 1)—cap véi co s6 (V,U). Néu chon muc tieu {Ay,..., A,41; E}

sao cho Ay,...; A,y 1 € U, Ao, ..., Ayyr € V thi ma tran clia f ¢6
dang

P 0 0 0 0 0

0 D 0 0 0 0

0 0 .p 0 0 0

0 0 . 0 ¢ 0 0 [’

0 0 0 0 q 0

0O 0..0 0 0 ..gq

d6 1a ma tran chéo, c6 r+1 86 p va n — r s6 ¢ trén dudng chéo. Khi

p = ¢ phép thau xa f 13 anh xa dong nhét.

Dinh ly 3.2.3.9. Néu phép thau za cip (U, V) khdc phép dong nhat
thy méi diem M ¢ UUV ¢6 anh M’ # M va duong thing MM’ cdit
U,V tai hai diem X,Y théa man (MM'XY') = k khong phu thuoc

vao vi tri M. S6 k dudc goi la ti so thdu zq.

Chitng minh. Gid st f 1a phép thau xa r—cip (U,V). Chon muc
tiéu dé ma tran ctia phép thau xa c6 dang tren. Gia st diém M =
(X1, Trg1, Trgay - oo Tng1)- Néu M khong nam tréen U va V' thi
trong céc s6 x1,...,T,41 phai co it nhat mot sd khac 0 va trong
CAC SO Tyi9,...,Tne1 Phai c6 it nhat mot s6 khac 0. Ta c6 M' =
(DT1, ... PTyy1, QTryay - - - GTpp1). Diém X nd3m trén MM’ nén ta
c6 toa do cia X : [X] = k[M] + [[M']. Mat khac X nidm tren
U nén toa do cia né phai thdéa man phuong trinh cia U, do do
kr;+lgr; = 0,7 =r+2,...,n+ 1. VI c6 it nhat mot z; # 0 nén
k+1g=0.Taldy k=1val= —q,[X] = —q[M] + [M']. Tuong ty,
dudng thang MM’ cit V tai diéem Y ma



Tt do suy ra
(MM'XY)=-p:—q=p:q

va do d6 khong phu thudc vao M. O]

f2) Phép thau xa don

Phép xa anh f : P* — P™ ¢6 mot sieu phing géom toan diém
kép ducc goi 1 phép thau xa don, siéu phing dude goi la co sd cla
phép thau xa don. Phép thau xa don c6 diém kép khong thudce co sé
chinh 1a thau xa (n — 1)—cép.

Dinh 1y 3.2.3.10. Moi phép thau za don khdc dong nhat déu cé duy
nhat mot diém bt dong O sao cho moi dudng thing qua O déu bit
dong. Diém O duoc got la tam

Chitng minh. Goi V 14 co s6 ctia thau xa don f. Xét muc tieu
{Al, e 7An+1; E} tI’OIlg do A27 ce 7An+1 eV. Dlém EO = (O, 1, ceey 1)

cling bat dong nén ma tran cta f déi véi muc tiéu c6 dang

ay 0 ... 0
a a ... 0
any1 0 ... a
Dé ¥ ring cac s6 a; — a,as,...,a,., khong ddng thai bing 0, vi

trai lai f 1a phép dong nhit. Xét diem O = (a; — a, a, ..., Gpy1).
D& thay ring O la diém bat dong. Lay mot duong thing d bat ky
qua O, ta ching minh d 13 duong thing bat dong. Gid st X =
(X1, ., Tpy1) € d. Anh X' ctia diédm X ¢6 toa do

X' = (a121, 0271 + axg, . .. Gpi1T1 + ATpyq)
suy ra X' = aX + 2,0 € d. Do dé6 f(d) = d. Diém O véi tinh chit
trén 13 duy nhét vi trai lai f sé 1a phép dong nhat. m

- Néu diém bat dong O néi trong dinh 1y trén khong thuoc sieu
phéng co s thi phép thau xa don ciing 1a phép thau xa 0—ciip.
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- Néu O thuoc co sd thi phép thau xa don f khong 1a thau xa
0—cép, trong truong hop nay con goi f 1a thau xa don dac biét.

f3) Cac phép thau xa trong P2, P?
Cac phép thau xa trong P2, P? duge mo ta truc quan dudi day.
- Phép thau xa 0—cap (O, V) trong P? (Hinh 3.11).

Hinh 3.11

- Phép thau xa don dic biet trong P? (Hinh 3.12)

Hinh 3.12
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- Phép thau xa 0—cap trong P? (Hinh 3.13).

0

Hinh 3.13

- Phép thau xa don dic biet trong P? (Hinh 3.14).

M

VY

Hinh 3.14

- Phép thau xa 1—cap (d,d’) trong P? (Hinh 3.15).
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Hinh 3.15

f4) Lién hé véi cac phép afin trén A" = P"\P"!

- Gi& stt f 1a phép thau xa 0—cap khac phép dong nhat c6 co s6
13 (O, V), trong d6 O 1a mot diém clia khong gian va V 14 mot siéu
phang va gid st ti s6 thau xa 1a k.

+ Néu chon V lam siéu phang vo tan va xét khong gian afin A" =
P™\V. M la mot diém clia A" khac O. Khi d6 ta ¢c6 (MM'O) = k,
tic O—]\>4 = /{O—]\}[’, hay W = %O—]\}[ Do d6 fla» 1a phép vi tit tam
O tis6 1.

+ Néu chon mot sieu phang W di qua O lam siéu phing vo tan,
thi W bat bién qua f. Néu M la diém khong thudc V va c¢6 anh
M’ thi trong khong gian afin A" = P"\W dudng thing MM’ c6
phuong khong ddi (xac dinh béi diém vo tan O). Goi B la giao diém
cia MM' v6iV tacé6 (M'MB) = (M'MBO) = (MM'OB) = k. Do
d6 fian 12 phép thau xa afin ti s0 k véi nen 1a V\W.

- Gia st f 1a phép thau xa don diic biet c6 co s6 1a sieu phang V
va tam thau xa 14 diém O nim trén V. Néu lay hai cip diém tuong
tng M, M’ va N, N’ thi hai duong thing MM’ va NN’ di qua O va
hai duong thing M N, M'N’ cit nhau tai mot diém I nim trén V.
Bdi vay néu lay V' 1am sieéu phing vo tan thi trong A" = P™\V ta c6
MN/JM'N’ va MM'//NN', titc MM’ = NN'. Do d6 fian 1a mot
phép tinh tién.
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3.3 Siéu mat bac hai

3.3.1 Siéu mat bac har va phan loat xa anh cua
ching

a) Dinh nghia siéu mat bac hai

Dinh nghia 3.3.1.1. Trong khong gian xa anh P" v6i mot muc

tieu xa anh da chon, tap hgp tit ca nhitng diem X ma toa do

(x1,22,...,2py1) cla ching théa man mot phuong trinh bac hai
c6 dang:
n+1
[, @) = Z aijz;ix; = 0, (3.5)
ij=1

vOi cac he s6 a;; = aj; va cac a;; € R khong dong thoi bang 0 duge
goi 1a mot sieu mit bac hai cia P™. Khi d6 (3.5) duge goi 1a phuong

trinh ctia siéu mat bac hai déi v6i muc tieu da chon. Néu ky hicu

a11 a12 s Qip4
21 22 e A2n+41
A= ] ] . k , (3.6)
an4+11 Ap412 -+ Gpilntl

thi phuong trinh trén c6 thé viét dusi dang ma tran nhu sau:
[z]" A[z] = 0.

trong d6 [x] 1a ma tran cot toa do cia diém X.

Ma tran A dugce goi 14 ma tran cta siéu mit bac hai da cho. Ta
c6 A = AT vi hang cta A 16n hon hoiic bing 1.

Néu det A # 0 ta no6i sieu méat bac hai khong suy bién, néu detA =
0 ta no6i situ mat bac hai suy bién.

Sieu mat bac hai trong P? con goi 14 dudng bac hai va siéu mit

bac hai trong P3 con goi 13 mat bac hai.
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Vi duy 3.3.1.2. Trong P? cho siéu mat bac hai S ¢6 phuong trinh

x% — 2x1729 + ng + 221203 — x% =0.

1 -1 1
Taco6 A= | -1 3 0 |,det A+#0, do d6 S khong suy bién.
1 9 -1

Nhan xét 3.3.1.3. -+ Dinh nghia siéu mat bac hai va siéu mat bac
hai khong suy bién khong phu thuge vao viéc chon muc tiéu toa do.
That vay, néu ding phép bién ddi toa do [z] = B[z'] trong d6 B la
ma tran vuong cip n + 1 khong suy bién thi siéu mit bac hai (2) ¢6

phuong trinh d6i véi muc tieu méi la:
(B[2'))" AB[2'] = 0% [2']" BTAB[2'] = 0,

trong d6 ma tran A’ = BT AB 1a ma tran clia siéu mit bac hai déi
v6i muc tieu méi. A’ khong suy bién khi va chi khi A khong suy bién.

+ Ciing tir bidu thitc toa do, suy ra qua mot phép bién doi xa
anh mot siéu mit bac hai cia P™ ¢6 anh 13 mot siéu méat bac hai.
No6i cach khéac situ méiat bac hai la mot khai niém xa anh. Hon nita,
khai niém "suy bién" hay "khong suy bién" clia mot siéu mit bac

hai 14 nhitng khai niém xa anh.

b) Giao diém ctia siéu mit bac hai véi dudng thing

Trong P™"(n > 1) v6i muc tiéu xa anh cho trude, cho siéu mit
bac hai (S§) ¢6 phuong trinh:
n+1
(2] Alz] = Z a;;x;x; =0

ij=1

va dudng thing xac dinh bai hai diém U (u;) va V (v;) phan bigt ¢6
phuong trinh:

Ti=M;+pv;, 1=12....n+1
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Dé tim giao diém ctia dudng thing vi sieu mat bac hai ta can giai
phuong trinh:
n+1
ZJZI a;; (Au; + pv;) (Auj + poj) =0 (3.7)

= PN +2QM\u + Ru? = 0, (3.8)

trong do6
n+1

P=[u" Al =Y ajuu;,

ij—1
n+1

Q = [u]"Af] = ) ajui;,
ig=1

n+1
R =[] Ajv] = Z a;;v;v;.

ij=1
Mbi cip s6 (A, p) khong dong thoi biang 0 nghiem phuong trinh (3.8)
cho ta mot giao diém can tim. Ta xét cic truong hgp:
i) Truong hop Q> — PR#0 :
+ Gid st P # 0, khi d6 néu g = 0 thi P\2 =0, taco A = 0
khong théa mén diéu kien (X, u) # (0,0), bdi vay ta xét p # 0. Chia
hai vé ctia phuong trinh (3.8) cho p? ta c6:

p<i> +2Q(i)+R:o.
ft f

, A
Ta dugc mot phuong trinh bac hai déi véi —. Vi Q? — PR # 0 nén
o
phuong trinh bac hai d6 ¢6 hai nghiém phan biét. Néu hai nghiém
dé 1a thyc thi ta duge hai giao diém thyc. Néu hai nghiem dé 1a
phtic lien hgp ta dudc hai giao diém 14 4o lien hop.
+ Néu P =0 titc 1 [u]TAfu] = 0, khi d6 diém U thuoc siéu mat
bac hai. Vi Q> — PR # 0 va P = 0 nén ta suy ra Q # 0 va phuong
trinh (3.8) ¢6 dang

20\ + Rpi> = 0 < (2Q) + Ry)p = 0.
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Ta c6 mot nghigm 1a (A, 0) va d6 chinh 1a diém U tng véi u = 0. Dé
tim nghiém thit hai ta gid thiét pu # 0 va duge phuong trinh:

A
2Q° + R =0.
7

Phuong trinh nay luén cho ta mot nghiem la giao diém thit hai
khac vé6i U.

Tém lai néu Q> — PR # 0 duong thing UV sé cit situ mat bac
hai (S) tai hai diém phan bigt hodc hai diém 4o lien hgp.
ii) Truong hop Q* — PR = 0. Gia st mot trong cac s6 P, Q, R khac
0 dé cho phuong trinh bac hai tdn tai, khi d6 phuong trinh tim giao
diém (3.8) chi c6 mot nghiem duy nhéat v do d6 duong thing UV
va siéu mit bac hai (S) ¢6 mot giao diém kép duy nhat. Ta néi ring
duong thang UV tiép xic vdi situ mit bac hai (S).
iii) Truong hop P = @ = R = 0. Trong trudng hop nay moi cip
(\, pt) déu nghiém phuong trinh (3.8) nén toan bo dudng thing UV
déu thuoc sieu mit bac hai. Ta néi ring dudng thing UV 1a mot

dudng sinh ctia siéu miat bac hai (S).
Vi du 3.3.1.4. Tim giao diém ctia siéu mit bac hai (S) :
x% + 23:% —3T120 — 2173 + X273 = 0,

va dudng thing d

xIr = 2t1 _t2
l’gztl
T3 = —tl +t2

Giai. Thay z; tir phuong trinh ctia d vao phuong trinh cia (S) ta
di dén phuong trinh

t] — 3tita + 215 = 0.

t t .

Giai phuong trinh trén ta duge t_l =1 hoac t_l =2 Layt1 =ty =1
2 2

va t; = 2,1ty = 1 va thay vao phuong trinh cia d, ta dugce toa do hai

giao diém ciia (S) va d 1a (1,1,0) va (3,2, —1).
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Chi ¥ 3.3.1.5. C6 thé ching minh dudc riing, giao clia mot siéu
mit bac hai (S) vd mot m—phéng P™ 14 mot sieu mit bac hai trong
P™ hoic 1a toan bo P™ (m—phing chtta trong siéu mat bac hai).
No6i rieng, khi m = 1 ta di nhan duge két qui vé giao ctia dudng

thang va siéu mat bac hai ¢ tren.
c) Phan loai xa anh cac siéu mat bac hai trong khong gian
xa anh

Dinh 1y 3.3.1.6. Vdi moi siéu mdt bac hai (S) ciua khong gian za
anh P", ta luon coé thé tim duge mot muc tiéu za dnh, sao cho doi
vdi muc tieu dé phuong trinh (S) cé dang:

iyt — .. 2 =0 (3.9)

T

trong dor <n-+1wva k>

(ta luon c6 thé gia sit k > — titc 1a s6 cac hé s6 duong 16n hon hay

o3 N3

béang s6 cac hé s6 am, bdi vi néu xay ra truong hdp ngudc lai ta chi

can nhan 2 vé clia phuong trinh 3.9 véi —1).

Chitng minh. Gid st situ mit bac hai (S) ¢6 phuong trinh ddi véi
muc tiéu cho trude la:

n+1

Z ajja;x; = 0.

irj=1
Vé phai ctia chuong trinh trén 13 mot dang toan phuong. Ta biét
rang luon cé thé tim duge mot phép ddi bién tuyén tinh, khong suy
bién [2/] = B[z] sao cho dang toan phuong d6 bién thanh dang toan
phuong chuan tic:

12 2 2 12
g Tt FXYy — Ty — T

4w
Ta xem mdi phép ddi bién tuyén tinh ciing 13 mot phép bién ddi toa
do xa anh xac dinh bdéi hai muc tieu xa anh. Do d6 déi véi muc tieu
xa anh mdi phuong trinh siéu mit bac hai (S) ¢6 dang chuan tic
(3.9). O
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Mot phuong trinh chuan tic nhu thé sé duge xac dinh bdi cap
$6 (k,r) trong do6 k 1a s6 cac he sd duong va r 1a s6 cac he s6 khac
0. Vi k va r bt bién qua phép ddi toa do, mdi situ mat bac hai (S)

chi ¢6 mot phuong trinh dang chuan tic hoan toan xéac dinh.

Dinh nghia 3.3.1.7. Hai siéu mat bac hai dugce goi 1a cting thuée
mot loai néu ching c6 phuong trinh chuan tic giéng nhau, nghia I3
cap s0 (k,7) clia cdc phuong trinh chuan tic ctia hai siéu mit bac

hai d6 trung nhau.

Dinh 1y 3.3.1.8. Diéu kién can va di dé hai siéu mdt bac hai (S))

va (S2) tuong duong xa dnh vdi nhau la ching thuoc ciung mot logi.

Ching minh. Gia sit hai sieu mit bac hai (S1) va (S2) tuong duong
xa 4nh nghia 3 c6 mot phép bién doi xa anh f sao cho f (S)) = S..

Chon muc tiéu xa anh { A;; E'} sao cho ddi véi muc tiéu dé phuong
trinh ctia (S;) ¢6 dang chuan tic. Goi {A%; E'} 14 4nh clia muc tiéu
néi trén qua phép bién ddi xa anh f. Khi d6 phuong trinh clia (Sy)
d6i v6i muc tieu xa anh {A%; £’} hoan toan gidéng nhu phuong trinh
clia (81) dbi véi muc tieu {A;; E}. Vay (S1) va (Sz) thude cing mot
loai.

Ngugc lai gid st sieu mat phing bac hai (S;) d6i véi muc tidu
{A;; E} va sidu mat phéng bac hai (Sy) d6i véi muc tieu {Al; E'} c6
phuong trinh chuan tic hoan toan giéng nhau, nghia la thudc ciing
mot loai. Goi f 1a phép bién ddi xa 4nh x4c dinh béi hai muc tieu
xa anh noi trén bién {A;; E} thanh {A4}; F'}. Khi d6 (S;) sé bién
thanh (S;) va (S;) ¢6 phuong trinh d6i véi muc tieu {A}; E'} giong
hét phuong trinh ctia (S;) ddi v6i muc tieu {A;; E'}, tiac la giong
nhu phuong trinh ctia (S;) d6i v6i muc tieu {A}; E'}. Vay (S)) trung
v6i (S2). Do d6 f (S1) = (S2), nghia la (S;) va (Ss2) tuong duong xa
anh. O

Dua vao phuong trinh chudn tic clia sieu mit bac hai ta c6 thé

phan loai tap hgp tat cd cac siéu mit bac hai (S) trong P™ theo cap
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6 (k,r). Mdi loai dugc diic trung bang cip s6 (k,r) nén ta goi ching
1a loai (k,r).

(i) Loai khong suy bién:
*Loai (n+1,n+1):

ri+as+...+ar,, =0. (3.10)

Loai nay dudc goi 13 siéu mit trai xoan khong vi né khong chita diém

thue nao.

* Loai (n, n+1):
i+t al—ak,, =0. (3.11)
Loai nay dugce goi la siéu mat trai xoan.
*Loai (k,n+1)véik <n-—1:
i+t —ap— ... —a, =0, (3.12)

n+1

Ta goi loai nay siéu mat ké. Vi < k < n—1 nén ta suy ra
n > 3. Vay véi n < 3 thi khong c6 cac sieu mat ké. Phuong trinh
cua sieu mat ké tuong duong v6i phuong trinh sau day:

(@1 = @pr1) (@1 + Tps1) + -+ (T — Tas) (T + Tngr) +

+22 4+ ...+ a2l =0.

Tit phuong trinh nay ta c¢6 thé lap duge ho (n — k)—phéng,
chiing duge goi 14 (n — k)—phéng sinh ctia mat ké da cho. C6 thé
tim thiy nhidu ho (n — k)—phéng sinh khic nita bing cach 1ap céc
hé k phuong trinh bac nhat vd méi hé k& phuong trinh d6 xac dinh
mot (n — k)—phing sinh.

(ii) Loai suy bién (k,r) véir < n+ 1.

Siéu mit bac hai (S) ¢6 céc loai:
T+ A —af — ... — 2 =0, (3.13)

trongdor<n+1lva—-<k<r.

N3
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+ Truong hgp k£ < r. Ta goi loai nay la siéu nén. Trong trudng
hgp nay vi detA = 0 nén ma tran A clia sicu mit bac hai suy bién.
Khi d6 phuong trinh A[z] = 0 ¢6 nghiem khong tam thudng xéc

dinh mot (n — r)—phéng Q, thuoc siéu nén bac hai vi ta co:
(2] Alz] = 0.
Ta goi Q 1a (n — r)—phéng cho bdi phuong trinh:
z;=0v6ii=1,2,...,7

S6 chiéu 16n nhat ciia Q 1a n — 1 va s6 chiéu bé nhat ctia Q 14 0, tic
Q 13 mot diém.

Ta hay ching minh ring néu M 13 mot diém clia siéu nén nhung
khong nim trén Q thi dudng thing néi M véi mot didm X tiy ¥
clia Q déu ndm trén siéu nén.

That vay, gia st siéu nén ¢6 phuong trinh:

T+ —al, — . — 2 =0, (3.14)

”
voi — <k <rvar<n+1.ViM(mq,mg,...,myy1) thudc siéu néon

5 =
nén:

k r
> omi= Y mi=0. (3.15)
=1

1=k+1

X (z1,79,...,ZTpy1) thuoe (n — r)—phing Q nén:
T =Ty =...=x, =0. (3.16)
Moi diém ctia duong thing M X c6 toa do (&1,&, ..., 1),
& =dIm;+pz,i=1,2,...,n+1,
trong d6 X, 4 khong dong thai bang 0.
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i=1 i=k+1 i=1 i=k+1
k k k k
=\ [Zm?— Z m?| + u? Zaff— Z z?| +
i=1 i=k+1 i=1 i=k+1
k k
20 [ mgr = Y mx] = 0 (theo (3.15) va (3.16)).
i=1 i=kt1
Vay diem (&1, &, ..., &uy1) nAm trén sieu nén va do dé dudng thang

M X ciing ndm trén sieu nén. Vi li do d6 nén ngudi ta néi ring sieu
nén c6 dinh 1a (n — r)—phing Q.

+ Truong hop k = r. Sieu mat bac hai c6 phuong trinh: 2?2 +
23+ ...+ 2% = 0 va dugc goi la siéu noén Ao.

Can cit vao phuong trinh chuan tic ta ciing c6 sy phan loai sau
céc sieu mat bac hai trong cac khong gian xa anh c6 chiéu thap dudi
day.

+ Trong P! ta c6 3 loai siéu mat bac hai:
.22 +22=0 2 diém 4o lien hop.
2. 22 —23=0 2 diém thyc.
3.22=0 2 diém thue triing nhau.

+ Trong P? ta c¢6 5 loai sau day:

1. 22 + 22 + 22 = 0 dudng trai xoan khong (vi khong chita diém
thuc nao).

2. 23 + 22 — 22 = 0 dudng conic hay dudng trai xoan.

3. 22 + 22 = 0 cap duong thang 4o lien hop ¢ toa do [i,1,0] vi
[—i,1,0].

4. 22 — 22 = 0 cgp dudng thing thuc phan biét c6 toa do [1,1,0] va
[~1,1,0].

5. 12 = 0 cap dudng thing tring nhau c6 toa do [1,0,0].
+ Trong P? ta c¢6 8 loai sau day:
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L2+ a5+22+22=0
2.3+ i+t —22=0
3.+ a3 — a3 — a3 =0

mat trai xoan khong.
mat trai xoan.
mit ké bac hai, mat loai nay chia

hai ho duong thing:

A xs) = p(zs + 20)
(d) : { (o — 2) = A(s— 20) (3.17)
(d/) . { A2y +23) = p (T4 — 22) (3.18)
’ p(ry —x3) = X(24+ 22) ’

V6i moi cap A, p khong dong thoi bang 0 he (3.17) va (3.18) cho
ta hai dudng thang ndm trén mit ké bac hai néi trén. Ciing c6 thé
thay ring qua mdi diém ctia mat ké dé ta c6 mot duong thing cia
ho (3.17) v mot duong thang ctia ho (3.18). Bdi vay c¢6 thé xem hai
ho ctia dudng thang (3.17) va (3.18) néi trén sinh ra mat bac hai.
Ta goi d6 1a hai ho dudng sinh thing ctia miit ké bac hai.

4. 23+ a5+ 13=0
5. x5+ 12— 13 =0

mat nén do.
mét nén bac hai.

6. 22+ 23 =0 cip mit phang o lien hgp.
7.22—25=0 cip mit phang thuc.
8. 22=0 cip mit phang thuc tring nhau.

d) Siéu mat bac hai trong khéng gian afin A" = P"\P"!
d1) Siéu mit bac hai trong khong gian n chiéu

Trong P™ dbi véi muc tiéu xa anh cho trude cho siéu mat bac hai

(S) ¢6 phuong trinh:
n+1

E CLijZL'Z‘.Tj = O

i j=1

va sieu phing P"! ¢6 phuong trinh z,,,; = 0. Xét tap hgp cac diém
clia sieu mat bac hai (S) ndm trong A" = P"\P"~! nghia la tap
hgp céc diém X thuoc (S) ¢6 toa do thda man phuong trinh da cho
ctia (S) véi didu kien z,., # 0. Ta c¢6 thé viét phuong trinh cla
(S) duéi dang sau day béng cach chia hai vé ctia phuong trinh cho
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Tp1Tny1 -

Z a;; X; X+ 2 Z Ain1X; + Apginsr = 0.

ij=1 i=1
voi X; = o1 =1,2,...,n.
Tn+1

Ta nhan thay véi toa do afin (tic toa do xa anh khong thuan
nhit) phuong trinh cta (S) tré thanh phuong trinh tong quét cla
siéu mit bac hai trong khong gian afin A™, titc (S)\P"! 1a mot sieu
mit bac hai trong A™. Hon nita, siéu mat bac hai afin 1a khong suy
bién khi va chi khi situ mat bac hai xa anh 13 khong suy bién.

Ngudc lai, mdi siéu mit bac hai trong A™ déu nhan dudce tit mot
siéu mat bac hai trong P" sau khi bé di cc diém thuoc P! (cac
diém vo tan).

Phuong trinh tiém can cia mot sieu mat bac hai (S) trong khong

gian afin A™ 1a phuong (¢, ca, ..., ¢,) sao cho
n
Z a;;CiC5 = 0.
ij=1
Do d6 vecto ¢(cq,ca, ..., cn) # 01a phuong tiém cén cla siéu mit

bac hai (S) trong A" = P™\P"~! khi va chi khi (¢1, co, ..., ¢,,0) 12
nghiém khac (0,0, ...,0) ciua hé sau:

n+1 _
{ zi,j:1 aijriv; =0

Tpy1 = 0

Vay phuong tiém cén cua siéu mat bac hai trong A" tuong tng véi
giao diém ctia sieu mat bac hai trong P™ véi sieu phing vo tan P!
(diém vo tan ciia sieu mit bac hai).
d2) Dudng conic trong A? = P?\P!

Trong mat phang xa anh P2 véi muc tiéu xa dnh {A;, Ay, A3; E}
ta xét dudng conic (S) ¢6 phuong trinh:

x} + 25 — 13 =0,
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+ Xét mat phang afin sinh ra bsi mit phing xa anh P2 sau khi
b6 di dudng thing vo tan c6 phuong trinh 23 = 0. Chuyén sang toa
do afin (X, X5) béng cach chia hai vé clia phuong trinh conic (S)
cho 2 ta co:

X+ X;—-1=0
vol X; = ﬁ;i = 1,2. Ta thay d6 chinh 1a dudng elip trong A? (chi
T3
¥ rang trong truong hop nay duong conic khong cit dudng thing
x3 = 0 vi hé phuong trinh
i+l —12=0
T3 = 0
v0 nghiém).

+ Bing cach hoan vi cac dinh ctia muc tiéu toa do ta dua phuong
trinh conic (S) vé dang: x3 — 22 + 23 = 0.

Khi d6 duong thing vo tan o3 = 0 cit conic tai hai diém (1,1,0)
va (1,—1,0). Nhitng diém con lai clia dudng conic c6 phuong trinh
dbi v6i toa do afin la:

X2 X241=0, v6i X; = -4 i=1,2.
€3

Day chinh 1a phuong trinh cta duong hypebol.
+ Bing phép bién doi toa do:

khi d6 conic 2 4+ x3 — z3 = 0 trd thanh
1 >N ?
ot [5h- )| - |3 a| = - diel -

Chon 24 = 0 lam dudng thang vo tan ta thiy dudng conic khi d6
tiép xtc voi dudng thing 25 = 0 tai diém (0, 1,0). Nhitng diém con
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lai ctia conic ¢6 phuong trinh déi vdi toa do afin la:

/
X7 —Xo=0, véi X; = —; i=12.
L3

Day chinh 1a phuong trinh cia duong parabol.

K&t luan. Néu conic khong cit duong thang vo tan (hay cit tai hai
diém 4o lien hgp) thi n6 1a dudng elip trong mat phang afin. Hai
tiép tuyén vé tir mot diem trén dudng thing vo tan tiép xfc véi elip
tai hai diém. Puong thing ndi hai tiép diém nay biéu thi mot duong
kinh ctia elip (Hinh 3.16). Néu vé hai duong kinh cta elip ta sé xac
dinh duge tam cta elip.

2423 —25=0
l’gzo

x3 =10

4

Hinh 3.16

Néu conic cit dudng thing vo tan tai hai diém thuc ta c6 dudng
hypebol trong miit phing afin. Hai tiép tuyén ciia conic tai hai giao
diém 1a hai tiém can ctia hypebol. Giao diém ctia hai dudng tiem
can chinh 1a tam O ctia hypebol (Hinh 3.17).

i —as+a5=0

235



Hinh 3.17

Néu conic tiép xtc véi duong thing vo tan, dudng conic chi cé
mot diém vo tan, ta c6 dudng parabol trong mit phing afin. Cac
dudng thing song song véi truc ctia parabol déu dong quy tai diém
vO tan nay (Hinh 3.18).

12 ! ol

{xl—x2x3—0

S .
x5 =10

Hinh 3.18

3.3.2 Siéu phdng dbi cuc, siéu mdt ldp hai
a) Cyc diém va siéu phang ddi cuc
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Dinh nghia 3.3.2.1. Trong P" v4i muc tiéu xa anh cho trudc, cho
sieu mit bac hai (S) ¢6 phuong trinh:

n+1
[z]" Alz] = Z a;;xix; =0
ij=1
va diém U c6 toa do (ug,ug, ..., Ups1). Xét phuong trinh:

n+1

[U]TA[QZ] = Z QiU L5 = 0.

1,j=1

Néu n+1 he 86 S0 au; v6i j = 1,2,...,n + 1 khong dong thai

bang 0, ttc [u]T A # 0 thi phuong trinh Z?j:ll a;;u;x; = 0 1a phuong
trinh ctia mot sieu phing P. Khi d6 sieu phing P dudc goi la sieu
phang ddi cyce clia diém U dbi véi siéu mat bac hai (S), diém U duge
goi la diém cyc hay cuc diém cta siéu phéng P déi v6i sieu mat bac

hai (S).

Vi du 3.3.2.2. Trong P2 ddi v6i muyc tiéu cho trude, cho mot dusng
bac hai (S) c¢6 phuong trinh: 222 + 22 — 222 — 62129 + x93 =
0, diem U c¢6 toa do (2,—1,5) va duong thing d c¢6 phuong trinh
r1 + 3x9 — 223 = 0.

a) Tim siéu phang déi cyc clia diém U déi véi duong bac hai (S).

b) Tim diém V sao cho d 1a dudng thang ddi cuc cia V' déi véi (S).

Giai. a) Ta c¢6 thé viét phuong trinh ctia dudng bac hai (S) dudi
dang [z]T A[z] = 0 nhu sau:

|: r1 T2 I3 ] -3 1 2 i) =0.

Do d6 siéu phing déi cyc ctiia U(2,—1,5) c6 phuong trinh dang
[u] Alz] = 0 1a:



hay
7271 + 31’2 - 12273 =0.

b) Gia st toa do ctia V 1a (vy,v,v3). Khi d6 dudng thing dbi cuc
clia V ¢6 phuong trinh [v]7Az] = 0. Thé thi d 1a duong thang d6i
cuc cua V khi va chi khi

2 -3 0
(v w2 3] | -3 1 2 |=[13 —2]
0o 2 =2
21)1—37}2:].,
hay ¢ —3v; + vy 4 2v3 = 3,
21)2—21}3:—2.

Giai he tren ta duge toa do ctia diém cuc V caa d 1a (—2, —%, —%)

Chi § 3.3.2.3. Néun + 1 he s6 S0 ayu, véi j = 1,2,...,n+ 1
déu bang 0, titc [u]TA = 0, thi diém U duge goi 1a diem ky di cta
sieu mat bac hai (S). Nhu vay sé khong c6 sieu phang dbi cuc cla

diém k¥ di clia (S) vi khong ton tai phuong trinh clia siéu phang dé.

Dinh 1y 3.3.2.4. Néu U = (uy,uy, . .., Uns1) la diem ky di cia (S)
thi (S) suy bién va diem U € (S).

Ching minh. That vay, gia st Z?jll a;;u; =0v6imoij =1,2,... n+
1. Vi cac u; khong dong thoi biang 0 nén hé phuong trinh:

n+1

ZCLZ]IZIO,jzl,Q,,n—Fl
i=1

c6 nghiém khong tam thuong, tic la det[a;] = 0. Do d6 siéu mat

bac hai (S) suy bién.

Tie > agu; = 0véimoi j = 1,2,...,n+1, hay [u]TA =0 (A =
[ai;]), suy ra [u]T A[u] = 0, chitng t6 ring diém U = (uy, ug, .. ., Ups1)
thudc sieu mit bac hai (S). O
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Nhan xét 3.3.2.5. Tir dinh 1y trén suy ra rang, néu siéu mit bac
hai (S) khong suy bién thi bat ki mot diém nio ciia khong gian ciing
c6 mot sieu phing déi cuc doéi vai (S).

Dinh 1y 3.3.2.6. Néu (S) la mot sieu mat bac hai khong suy bién

thi bat ki sieu phdang nao cia P™ ciing ¢6 mot diém cue duy nhat déi
vdi (S).

Chitng minh. That vay, gid st siéu mit bac hai (S) ¢6 phuong trinh

n+1

E Clijl'iﬂjj = O

1,j=1

vai det [aj] # 0, va sieu phang P ¢6 phuong trinh

n+1
> ey =0. (3.19)
j=1

Néu U = (uy, Uy, ..., Uppq) 13 diém cye cta sieu phing P néi tren

d6i v6i sieu mat bac hai (S) thi phuong trinh cia P la:

n+1

Z QiU 5 = 0. (320)

ij=1
Tir (3.19) va (3.20) ta suy ra:

nt1
Zaljui =ci7=12,...,n+1.
i=1
Day 1a mot hé n phuong trinh tuyén tinh ¢6 det[a;] # 0 nén c6
nghiem duy nhét 1a (uy,ug,...,upe1) # (0,0,...,0) (vi theo gid
thiét cac ¢; khong dong thai bang 0). Vay siéu phing P ¢6 mot diém
cyc U (u;) duy nhat ddi véi (S). O

Dinh 1y 3.3.2.7. Néu diém V ndm trén sieu phding doi cuc cia
diem U doi vdi sieu mat bic hai (S) thi diém U ndam trén siéu phdng
déi cuc ciua diem V déi vdi S.
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Chitng minh. Gia stt ddi véi muc tiéu da cho trong P™ siéu mét bac
hai (S) ¢6 phuong trinh:

[z]T A[z] = 0.
Khi d6 diéu kien dé cho V niim trén sieu phing déi cuc ctia U la:
[u]” AJv] = 0.

Suy ra

hay

Déng thitc trén chiing té ring diém U nim trén sieu phang dbi cic
ciua V déi vdi (8S). O
Nhan xét 3.3.2.8. Stt dung dinh 1y nay trong P? dé ching minh

ba diém A, B,C thing hang khi biét ba dudng thing déi cuc cua
ching (d6i véi mot dudng bac hai) dong quy va nguge lai.

DPinh 1y 3.3.2.9. Cdc khdi niém "diém cuc", "siéu phding déi cuc”

trong dinh nghia néu Jd trén la cic khdi niém za dnh.

Chitng minh. Ta chting minh qua phép bién doi xa anh, diém cuc va
sieu phang déi cyc déi v6i sieu mit bac hai lai bién thanh diém cuc
va sieu phing déi cuc dbi véi sieu miit bac hai.

Cho siéu mat bac hai S ¢6 phuong trinh:

n+1
Z aijxixj = O
ij=1
hay
[2]"A[z] = 0 véi det A # 0 (A = [ay])
v diém U (u1, us, . . ., Uny1) . Khi d6 sieu phing déi cuc ciia diém U

¢6 phuong trinh [u]” A[z] = 0.
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Qua bién d6i xa anh f c6 biéu thitc toa do [z] = B[z'], sieu
mit bac hai S bién thanh sieu mit bac hai &’ = f(S) ¢6 phuong
trinh [2/]TBTAB[2'] = 0, diém U bién thanh diém f(U) = U’ v6i
[u] = B[u'] v sieu phing ddi cic ctia U bién thanh siéu phing c6
phuong trinh

(BW))" A(B[2]) =0
hay

[w]" BTAB 2] = 0.

Day chinh 1a phuong trinh siéu phing déi cyc cta diém U’ doi
vél siéu mit bac hai S'. O

Dinh nghia 3.3.2.10. Hai diém U,V dugc goi lien hgp véi nhau
ddi véi (S) néu [u]” Afv] = 0.
Ta nhan thiy sieu phing ddi cyc ctia U ddi véi S bao gom tap

tat ca cac diém lien hgp véi U.

Dinh 1y 3.3.2.11. Gid st U,V lién hop vdi nhau doi véi S. Khi dé:

i) Néu duong thang UV cit S tai hai diém phan biet M, N (thuc
hodc do lién hop) thi

(UVMN) = —1.

i) Néuw UV cit S tai diém mot diém duy nhat thi diém do chinh la
U hodc V.

Chatng minh. 1) Gia stt d6i v6i muc tieu xa anh da cho trong P™ siéu
mit bac hai (S) c6 phuong trinh:

[z]" A[z] = 0.
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U N

Hinh 3.19

Néu duong thang UV cit (S) tai hai diém M, N phan bigt (Hinh
3.19) thi

va

(ki [M]" + (L[N]") A (ko[M] 4+ 15[N]) = 0.
Vi M, N thudoc S nén
(M) A[M] = [N]"A[N] = 0.

thuoc (S) nén [M]TA[N] # 0 (vi trai lai, duong thang UV cit (S)
tai vo s6 diém). Do do6

(kils + ksly) = 0.

Vay (UVMN) = (MNUV) = —1.
ii) Néu UV cét (S) tai mot diém duy nhat X thi [X] = k[U]+I[V]
va [X]TA[X] = 0. Do d6

[UTTA[U)K? + 2[U)F A[V]KL + [V]T AV = 0.
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Dé ¥ ring [U)TA[V] =0, ta c6
[UTT AUV + [VITA[V)I? = 0.

Vi phuong trinh nay chi ¢6 mot cip nghiém duy nhét (sai khac mot
hing s6 nhan khac 0) nén [U]TA[U] = 0 hodc [V]TA[V] = 0, tic X
trung U hoac V. O

Trudng hop phd bién i) gidi thich thuat ngit "lien hgp" dbi vai

.. v N . 5 . .2
siéu mat bac hai cua hai diém.

Nhan xét 3.3.2.12. Trén khong gian afin A™ = P™ \ W, xét siéu
mit bac hai S trong P™ va siéu mit bac hai &' = S\ W trong A™.
Gia stt P,Q 1 hai diém lien hgp déi véi S v dudng thang PQ giao
v6i S’ tai hai diém phan biet M, N. Khi d6 Q 1a diém vo6 tan clia A"
khi va chi khi P 1a trung diém cta M N. Tit d6 suy ra diém I 1a tam
clia situ mat bac hai S’ khi va chi khi I lien hop véi moi diém cia
W d6i véi S, tite I 1a cuc diém ctia W. Dic biet, néu S 1a sieu mit
bac hai khong suy bién va S khong tiép xtc v6i W thi &’ ¢6 tam [
duy nhét chinh 1a cyc diém cia W déi véi S.

b) Siéu phing tiép xic, siéu mit 16p hai

Néu diém U nim trén siéu phing bac hai (S) nhung khong phai
diém k¥ di cta (S) thi U c6 siéu phing d6i cyc va U thuoc sieu
phéng d6i cuc do. Khi dé sieu phang dbi cic ctia U duge goi la sieu
phang tiép xic clia (S) tai U va U duge goi 1a tiép diém.

Moi r—phang (1 <7 <n—1) di qua U vd nim trong siéu phang
tiép xtc duge goi 1a r—phang tiép xtc clia (S) tai U. Dudng thang
tiép xtc véi (S) tai U duge goi la tiép tuyén clia (S) tai U.

Dinh 1y 3.3.2.13. Diéu kién can va di dé cho mot duong thing |
la tiép tuyén clda mot sieuw mat bac hai S tai diem M € S la hodc |
nam trén S hodc | cit S theo diém kép M.

Chitng minh. Gia st siéu mit bac hai S ¢6 phuong trinh [z]7 A[z] = 0

va diém M c¢6 ma tran cot toa do 1a [u]. Khi d6 vi M € S nén
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[u]TA[u] = 0. Sieu phang tiép xtic v6i S tai M c6 phuong trinh
[u]T A[z] = 0. Ta goi N Ia mot diém nio d6 khac M c6 ma tran cot
toa do 1a [v] v& goi I 1a duong théng di qua M va N. Phuong trinh
ctia [ 1a [7] = Au] + p[v] vd phuong trinh dé tim toa do giao diém
cialva S la

2[u)” Afv]Ap + [v]F Afv]p® = 0.

Theo dinh nghia [ 1a tiép tuyén ctia S khi va chi khi [ ndm trén
sieu phing tiép xtc, tic 1a khi va chi khi N n3m trén siéu phing
do, titc 1a [u]TAfv] = 0. Khi d6 phuong trinh tim giao diém tré
thanh [v]T A[v]u? = 0. Phuong trinh nay c6 nghiém kép pu = 0 (néu
[v]T A[v] # 0, tic 1a néu N ¢ S) va vo s6 nghiem (néu N € S). Suy
ra duong thang [ cit S tai diém kép M hodic ndm hoan toan trén S.
Dinh 1y dugc chiitng minh. ]

Dinh nghia 3.3.2.14. Trong P" v6i muc tiéu xa anh da chon, mot

tap cac siéu phing dugc goi 1d mot sieu mit 16p hai néu toa do

(u1,us, ..., uys1) cia chiing théa man phuong trinh:
[u]" Alu] = 0,
hoac
n+1
Z aijuiuj = 07
ij=1

trong d6 a;; = aj; va cic a;; khong dong thoi bang 0. Néu ma tran
A = [a;j] khong suy bién sieu mat 16p hai dugc goi 1a khong suy

bién, néu A suy bién siéu mit 16p hai duge goi 1a suy bién.

Vi duy 3.3.2.15. Cho siéu mat 16p hai trong P? c¢6 phuong trinh
u? — u2 = 0. Khi d6 siéu mat 16p hai gdm cdc dudng thang cé toa
do (0,0,1), (1,1,a), (1,—1,a), a € R.

Dinh 1y 3.3.2.16. Tap hop tit cd cic siéu phang tiép zic vdi siéu

mat bac hai khong suy bién
[z]" Alz] = 0,
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la mot siéu mat [6p hai c6 phuong trinh

[u]" A~ u] = 0.

Chatng minh. Gia st sieu phang [u]”]x] = 0 tiép xdc v6i sidu mat
bac hai ta can chitng minh siéu phang dé thudc sieu mit bac hai
[u]" A= [u] = 0. Goi (ay,as, ..., an:1) 1 toa do clia mot diém nao do
thudc siéu mit bac hai, siéu phing tiép xic véi sieu mit bac hai tai
diém dé c6 phuong trinh [a)T A[z] = 0. Suy ra [u]” = [a]T A nén [u] =
AT[a] = Ala] (vi AT = A). Do d6 [u]" A7 u] = [a]TAA™Ala] =
[a]TAla] = 0. Didu d6 chimg t6 siéu phéng [u]”[x] = 0 thudce sieu
mit 16p hai [u]” A7 u] = 0.

Nguge lai, gid st [u]T[z] = 0 la siéu phing thuoc sieu mait
16p hai [u]TA"'[u] = 0. Ta sé chitng minh ring siéu phiang do
tiép xfic voi sieu mat bac hai [z]7Alx] = 0. Lay mot diém A =
(a1, ag,...,an41) sao cho [a] = A7'u]. Suy ra: Ala] = AA™ [u] =
[u] hay [a]"A = [u]T. Thay vao phuong trinh siéu mat 16p hai
[u]"Alu] = 0 ta c6: [a]" AA7 Ala] = [a]" Ala] = 0. Diéu d6 chiing
to diem A (ay,as, ..., a,41) thuoce sieu mit bac hai ¢6 phuong trinh
[z]T Alz] = 0.

Khi d6 siéu phing ddi cyc cia diém A (ay, ag,. .., a,11) d6i véi
sieu mat bac hai I sieu phéng tiép xic tai A va c¢6 phuong trinh
[a]TAlz] = 0. Vi [a] = A7 u] nén [a]" = [u]"A~L. Do d6 [u]”[z] =0
tuong duong [u]TAtA[z] = 0 hay [a]TAlz] = 0, tic [u]f[z] = 0

chinh 1 siéu phing tiép xtc clia siéu mat bac hai [z]7Alz] =0. O

Hé qua 3.3.2.17. Moi siéu mdat ldp hai khong suy bién cé phuong
trinh [u]" Alu] = 0 déu cé thé zem la tap hop tdt cd cdc siéu phdang

tiép wic clia siéu mat bac hai [x]T A7 x] = 0.
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3.3.3 Anh za za dnh gia hai hang diém, gita
hai chum dudng thing trong P2 va mot sé
dinh 1i c6 dién vé duong bac hai za dnh

a) Anh xa xa anh va phép phdi canh giita hai hang diém,
gitta hai chum dudng thing
al) Hang diém, chiim dudng thing

Ta goi cac diém ciing thuoc mot duong thing 1a mot hang diém,
dudng thang dé dugc goi la gid clia hang diém. Hang diém A, B, C, . . .
thuoc dudng thing m ky hieu 1a {A, B, C, ...} hay {m}.

Trong P? déi ngdu véi hang diém, ta goi cdc dudng thing ciing
di qua mot diém I chiim duong thang. Chum dudng thing a, b, c, . ..
cling di qua diém S (duge goi 14 tam ctia chim) ky hiéu 1a {a, b, c, ...}
hay {S}.
a2) Anh xa xa anh

Anh xa f : {m} — {m/} bién mdi diém ciia dudng thing m
thanh mot diém cia dudng thﬁ’mg m’ dugc goi 14 4nh xa xa anh néu
né bao ton ti s6 kép 4 diém bat ky thuoc hang.

Anh xa f: {S} — {8’} bién mdi dudng thing ciia chiim tam S
thanh mot duong thang ctia chiim tam S’ duoe goi la anh xa xa anh

néu né bao ton ti sé kép 4 duong thing bat ky thudc chum.

m

‘IH,I

Ar

Hinh 3.20: {A, B,C,...} A{A",B',C’,...} hoac {m} A {m}.
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Khi c¢6 anh xa xa anh gitta hai hang diém hay gitta hai chiim
dudng thing, ta néi riing c6 mot lien hé xa anh giita hai hang diém
hodc giita hai chitm duong thing. Ta ky hiéu sy lien hé xa anh giita
hai hang diém m va m’ nhu Hinh 3.20.

Tuong tu ta cling ky hiéu sy lien hé xa anh giita hai chum tam
S va tam S’ nhu Hinh 3.21

b s

bl
Hinh 3.21: {a,b,c,...} A{d,V,c,...} hodc {S} A {S'}.

Cha y 3.3.3.1. Anh xa xa anh gita hai hang diém chinh 1a ding

cau xa anh giita hai khong gian xa anh 1 chiéu.

Tir dinh 1y vé su xac dinh anh xa xa anh gitta hai hang diém, ta

c¢6 dinh 1§ ddi ngdu sau trong P2,

Pinh 1y 3.3.3.2. Trong P? cho ba duong thang phan biét a,b,c
thuoc cham tam S va ba duong thdng phan biét o, V', ¢ thudc chiam
tam S'. Khi dé ¢6 mot anh za za dnh duy nhat f: {S} — {5’} sao
cho f(a) =da’; f(b) =V'; f(c) =

a3) Phép phdi canh

Dinh nghia 3.3.3.3. Mot anh xa xa anh giita hai hang diém duoc
goi 1a phép phéi canh (hay phép chiéu xuyen tam) néu dudsng thang
ndi cac diem tuong Gng luon di qua mot diém O cb dinh. Ta goi O

13 tam phdi canh.
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Mot anh xa xa anh gitta hai chiim duong thing dude goi 1a phép
phdi canh néu giao diém ciia cac cap duong thang tuong tng luon
ndm trén mot dudong thang ¢ ¢d dinh. Ta goi ¢ 1a truc phdi canh.

Khi c6 phép phéi canh giita hai hang diém hay giita hai chiim
dudng thing, ta néi ring c6 mot lien hé phdi canh gitta hai hang
diém hoiic gitta hai chiim dudng thang.

Hinh 3.22

Ta ky hiéu su lien hé phéi canh gitta hai hang diém 1a: {A, B, C, ...}
AMA, B, C', ...} hay 1a {m}A{m'} (Hinh 3.22) va ky hiéu sy lién he
phdi canh giita hai chiim dusng thang 1 {a,b,c,...} A {d’,¥,c,...}
hay 1a {S} A {9’} (Hinh 3.23).

Hinh 3.23
Dinh 1y 3.3.3.4. Diéu kién can va di dé dnh za za dnh f : {m} —
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{m'} gitta hai hang diém trd thanh phép phéi cinh la giao diém O
cia hai gid tu dng, nghia la f(O) = O.

Chiing minh. Néu f 1a phép phéi canh (phép chiéu xuyen tam) thi
16 rang diém O = m Nm’ 1a ty tng (Hinh 3.24).

Hinh 3.24

Ngudc lai, néu anh xa xa anh f c6 diém O tu tng, ta can ching
minh f 1& phép phéi canh.

Tren dudng thang m ta lay hai diém A, B sao cho ba diém O, A, B
phan biét. Goi A’ = f(A), B’ = f(B) va ta ¢c6 O = f(O). Khi d6 ba
diém O, A’, B’ ciing phan biet. Anh xa xa anh f hoan toan duge xac
dinh béi hai bo ba diem O, A, B va O, A", B’. Goi S = AA' N BB’
thi f 1a phép chiéu xuyén tam véi tam chiéu S. Vay f la phép phoi
canh giita hai hang diéem m va m/. ]

Dinh 1y 3.3.3.5 (Dinh 1y déi ngdu). Diéu kién cin va di dé dnh
za za dnh f gitta hai chum duong thang {S} va {S'} trd thanh phép
phoi canh la duong thdang noi hai tam tu ing, tic f (SS') = SS'.

b) Dinh 1y Steiner
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Dinh 1y 3.3.3.6 (Dinh 1§ thuan). Néu dnh za za dnh f: {A} —
{As} gitta hai cham tam Ay va tam Ay khong phdi la mot phép phoi
cdnh thi giao diém cia cic duong thing tuong dng nam trén mot

duong conic.

Chiing minh. Xét anh xa xa anh f gitta hai chim tam A; va tam
Ajy. Goi dudng thing gs = A A, (Hinh 3.25). Vi f khong phai phép
phdi canh nén ta co6 f(g3) = g1, f(g2) = g3. Ta ¢6 g1,¢2,93 1a ba
duong thang phan biat.

Hinh 3.25

Goi A3 = g1 N go. LAy mot dudng thang e thuoc chiim tam A,
ma khong trung véi go va g3. Ta c6 ¢ = f(e) thudc chum tam As,.
Mot duong thing m bat ki thudc chiim tam A; sé bién thanh dusng
thing m’ thuoc chim tam A,. Vi f 13 4nh xa xa anh nén ta c6 :
(g3g2em) = (g1gse'm’).

Goi E=ene, M=mnm/,E; =g Neée, By =g Ne, My =
gNm', My =gy Nm.

Suy ra (AyAzEsMy) = (AsAy EyM,).
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Chon {A;, A, A3; E'} lam muc tiéu xa anh va goi (21,29, x3) 1a
toa do ctia diém M ddi véi muc tidu vita chon ta c6: (AyAzEoMy) =
22 va (AzA1E1 M) = 3% nén suy ra 22 = 22 hay x2 — 1129 = 0.

Day 1a phuong trinh ctia mot dudng conic. Conic nay di qua diém
E (vi diém F c6 toa do thoa man phuong trinh ctia conic) dong thoi

tiép xtc véi cac dudng thing g, va ¢y tai cac diem A; va A,. n

Dinh 1y 3.3.3.7 (Dinh Iy ddo). Néu A, A, la hai diém c6 dinh ciia
mot duong conic (S) va M la mot diém thay doi tren (S) thi dnh za
f{A1} — {As} gita hai cham sao cho f (A M) = AsM la mot
dnh za za dnh nhung khong phdi la phép phoi canh.

Chitng minh. Goi g3 13 dudng thing A; A, v g1, g» 1an ludt 1a cac
tiép tuyén cia (S) tai Ay va Ay, A3 = g1 N go (Hinh 3.26). Lay
mot diém E ¢ dinh trén (S) ma khong tring véi A, va As. Goi
By = A{EN AyAs, By = AyE N Aj Az, Véi mot diem M thuoe (S)
khéc voi Ay, Ay, goi My = A M N Ay Az, My = Ao M N A As.

Hinh 3.26

Néu chon {A;, Ay, A3; E} 1am muc tiéu xa anh ta c¢6 thé ching
minh duge (bing cach budc didu kien cac diém A, Ay, Az, E thude
(S) va cac dudng thang g1, g 1a cac tiép tuyén clia (S) tai Ay va A;)
phuong trinh cia (S) 1a

T3 — 1175 = 0.
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Ta suy ra: i—i = i—i’ Mat khac: i—i = (A2A3E2M2) va i—i’ = (AgAlElMl)
Do do: (AQAgEQMQ) = (A3A1E1M1>, hay

(A1A27 AlABa AlEQa AIMQ) = (A2A37 A2A17 A2E17 A2Ml> .

Nhu vay anh xa f ¢6 tinh chat bdo ton ti sd kép bién chim tam
A; thanh chim tam A,, trong d6 duong thing A; A, ndi hai tam
khong tu ng. Vay f 1a 4nh xa xa dnh ma khong phai 14 phép phdi
canh. O

Dinh 1y 3.3.3.8 (Dinh Iy thuan d6i ngau). Néu f : {m;} — {ma}
la dnh za za dnh gida hai hang diém cé gid la cdc duong thang my, mo
nhung khong phdi la phép phoi cinh thi cic duong thang néi cic cip
diém tuong dng sé tiép zic vdi mot duong conic.

Dinh 1y 3.3.3.9 (Dinh 1§ ddo d6i ngdu). Néu my va my la hai tiép
tuyén khdc nhau ciia mot duong conic va m la mot tiép tuyén thay
doi ciia né thi dnh za f: {mi} — {my} sao cho giao diém ciia m,
va m bién thanh giao diém ctia my va m la mot dnh za za dnh nhung

khong phdi la phép phoi cdnh.
c) Van dé xac dinh mot conic

Dinh 1y 3.3.3.10. Cho 5 diém A,B,C,D,E trong P2, trong dé
khong c6 ba diém nao thdng hang, bao ¢io cing c6 mot duong conic

duy nhét di qua 5 diém dé.

A

=7\

Hinh 3.27
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Ching minh. Xét hai chum tam A, tam B va anh xa xa anh f :
{A} — {B} sao cho f(AC) = BC, f(AD) = BD, f(AE) = BE.
Anh xa f nhu vay hoan toan duge xéc dinh va khong phai la
phép phoi cadnh (Hinh 3.27).
Do theo dinh Iy Steiner thuan, giao diém ctia céc cip dudng
thang tuong tng 1a mot conic (S). Dudng conic nay di qua 5 diém
A, B,C,D,E da cho. Sy duy nhit cia (S) duge suy ra tit sy duy

nhat ctia anh xa f. O

Dinh 1y 3.3.3.11 (Dinh Iy d6i ngau). Cho 5 dudong thing a,b, c,d, e
trong P2, trong dé khong cé ba duong nao dong quy, bao gid cing cé
mot duong conic duy nhat tiép zic vdi 5 duong thang do.

Duéi day la cac truong hop dic biét ctia cac dinh 1y trén khi hai
diém tring nhau hay hai dudng thang trung nhau, cach ching minh
tuong ty nhu trén.

+ Cho 4 diém A, B,C, D trong dé khong c6 ba diém nao thing
hang va mot duong thing a di qua A nhung khong di qua cac diém
con lai. Khi d6 ¢6 mot conic duy nhat di qua A, B, C, D va tiép xic
vli a tal A.

+ Cho 4 duong thing a,b, c,d trong d6 khong cé ba dusng nao
dong quy va mot diém A thudc a nhung khong thudc cic dudng
thang con lai. Khi d6 ¢6 mot conic duy nhét tiép xtc v6i a, b, ¢, d va
di qua A.

+ Cho ba diém A, B, C khong thiang hang, dudng thing a di qua,
A nhung khong di qua B va C, dudng thang b di qua B nhung khong
di qua A vd C. Khi d6 ¢c6 mot conic duy nhat di qua C tiép xtic véi
a tai A va tiép xtc v6i b tai B.

+ Cho ba dudng thang a,b,c khong dong quy, diém A thuoc
dudng thing a nhung khong thudc b va ¢, diém B thudc dusng
thing b nhung khong thuoc a v ¢. Khi d6 c6 mot dudsng conic duy

nhat tiép xtc vdi ¢, tiép xtc v6i a tai A va tiép xtic v6i b tai B.
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d) Pinh 1y Pascal

Trong mit phiang xa anh P2, tap hop 6 diém va 6 dusng thing
sao cho mdi diém la giao clia hai dudng thing, mdi duong thing di
qua hai v chi hai diém, dugc goi 13 mot hinh luc gidc. Cac diém da
cho dudc goi 13 dinh va cac dudng thing da cho dude goi la canh cia
hinh luc gidc (Hinh 3.28)

Hinh 3.28

Ta c6 thé sip xép cac dinh vi cac canh ciia luc gidc theo mot thi
tu nhat dinh nao d6 bang cach danh s6 thit ti. Thi du Ay, a1, As, as,
As, as, Ay, ay, As, as, Ag, ag (A; 1a dinh va q; 14 canh sao cho canh q;
di qua hai dinh A; va A;; (xem dinh Ag ;1 1a A;) vA do d6 canh q;
va a;41 di qua dinh A; 1 (xem canh agyq 1a aq). Khi d6 cac cap dinh
Ay va Ay, Ay va A, Az v Ag dude goi 1a cac cap dinh déi dien, céac
cap canh a; VA a4, as VA as, az va ag dude goi 1a cac cdp canh doi

dién.

Dinh 1y 3.3.3.12. Diéu kien can va di dé mot luc gide noi tiép
trong mot conic (cdc dinh ciia né thugc conic) la giao diém ciia cic
cip canh doi dién ndm trén mot duong thang (duong thing nay dugc
goi la duong thing Pascal).

Chitng minh. Gid st luc gidc AyAyA3A4A5Ag noi tiép trong mot
conic (Hinh 3.29). Theo dinh 1y Steiner dao ta ¢6 chim tam A; va
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chiim tam Aj ¢6 lién hé xa anh v6i nhau, ¢6 nghia la:

{A1As, At Ay, A Ay, A1 Aet N {As5 Az, A5 Az, As Ay, As Ag}.

Hinh 3.29

CAt chiim tam A; béi duong thing A3 A4 va cit chiim tam As bdi
dU6Hg théﬂg A2A3. GOI B = A3A4 X AlAQ, P = A3A4 X A1A6, Q =
AlAQ X A4A5, R = A2A3 X A5A6, C = A2A3 X A5A4. Gita hai hang

diém ndm trén cac dudng thing A3 A4 vi AsAs ta cé:
{B7 A37 A47 P} A {A27 A37 C’7 R}

Lien hé xa anh giita hai hang diém nay c6 diém Ajs la giao ctia hai
gia tu ng nén né 1a phép phdi canh.

Ta c6 Ay B x C A, = Q nén Q 1 tam phdi canh. Vay dudng thing
PR phai di qua tam phdi canh 13 Q, nghia 13 ba diém P,Q, R thang
hang.

Ngugc lai, gid st luc gide A;A,A3A,A5A6 6 giao diém clia cac
cip canh déi dien 1a P,Q, R thing hang. Goi &' 1a conic xac dinh
béi 5 diém A, Ay, Ag, Ay, A5 vi gia st conic cit dudng thang A, Ag
tai Ag. Can ching minh Aj trung véi Ag. Theo phan thuan ctia dinh
ly Pascal, vi luc gidc A;AyA3A3AsAf noi tiép conic S’ nén dudng
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thing PQ chinh la duong thing Pascal. Ta c6 R = PQ x AyAs va
Aﬁ = Alp X A5R = AIG Vay A% trflng vGi AG- ]

Nhan xét 3.3.3.13. Néu thay dudng conic bdi dudng bac hai suy
bién, 13 hai dudng thang phan biét, ta c6 dinh 1§ Pappus, phép ching
minh n6 c6 thé thiye hign nhu déi véi dinh 1y Pascal (Hinh 3.30).

Hinh 3.30

e) Cac truong hgp dic biét cta dinh 1y Pascal

Ta c6 thé xem ngil gidc, t gidc, tam gidc noi tiép conic 1 truong
hop dac biet cia luc gidc noi tiép conic khi mot cap dinh, hai cip
dinh hay ba cip dinh trung nhau. Khi d6 ta xem canh cua luc giac
chita cip dinh tring nhau 1 tiép tuyén ctia conic tai diém dé. Ngusi
ta chitng minh duge dinh 1§ Pascal van ding trong cac truong hop
dac biet d6. Cac truong hgp suy bién clia lyc gidc minh hoa bing
céc hinh vé sau day (Hinh 3.31 a, b, ¢).

Ay

4z
2 A, Aj
As
Ag
Ag
A, 3 A A,
a) b)
Hinh 3.31
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Vi du 3.3.3.14. Ap dung dinh ly Pascal cho truong hgp suy bién
giai bai toan sau: Trén conic cho 4 diém phan biet A, B, C, D. Goi
giao diém ctia cac tiép tuyén véi conic tai A va C 1a I, giao diém
ctia AB va CD la J, giao diém ctia AD va BC la K. Chitng minh
rang I, J, K thiang hang.

Giai. Xét luc giac noi tiép suy bién AADCCB. Ta c6 AA x CC =
I,AD x CB = K,DCx BA = J. Theo dinh li Pascal cho truong
hop luc gidc suy bién ta c6 I,.J, K thing hang.

f) Dinh 1y Brianchon

Dinh 1y 3.3.3.15. Diéu kién can va di dé mot luc gide ngoai tiép
mot dudng conic (cé cdc canh tiép zic vdi conic) la cdc duong thing
noi cdc cap dinh doi dien dong quy tai mot diém (duge goi la diém

Brianchon) (Hinh 3.52).

Nhan xét 3.3.3.16. Dinh Iy Brianchon 13 dinh 1y déi ngau ctia dinh
Iy Pascal trong P2.

Hinh 3.32

g) Cac truong hgp dic biét cta dinh ly Brianchon

Tuong tut d6i véi dinh 1y Pascal, ta c6 thé xem ngii giac, t giac,

tam gidc ngoai tiép conic 1a nhitng truong hgp dac biet clia luc giac
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ngoai tiép conic khi ¢c6 mot cap canh, hai cip canh hay ba cip canh
trung nhau, khi dé ta xem dinh, 1a giao ctia ciip canh triing nhau, 1a
tiép diém ctia conic véi cip canh d6. Cac truong hgp suy bién cia
luc giac ngoai tiép conic dugc minh hoa bang cdc hinh vé sau day
(Hinh 3.33 a, b, ¢):

Ay
Aﬁ ‘
As
Hinh 3.33

Vi du 3.3.3.17. Ap dung dinh 1y Brianchon cho trudng hop suy
bién giai bai toan sau: Trong P? cho tit gide ABC' D ngoai tiép conic
S. Cac duong thang CD, DA tiép xiic véi S tuong tng tai P, Q. Ky
hieu I = AP N CQ. Chiing minh céc diéem D, I, B thing hang.

Gidi. Dat a = AD,b = AB,c= BC,d = CD. Xét luc giac ngoai tiép
suy bién aabedd. Ta c6 Q = a x a ddi dien véi C =cxd,A=a x b
déi dien v6i P =d x d, B = b x ¢ d6i dién v6i D = d x a. Theo dinh
1§ Brianchon cho trudng hop luc giac suy bién, ta c6 3 dudng thing
QC, AP, BD dong qui, c6 nghia la giao diém I ctia QC, AP v hai
diém B, D thang hang.

Chu y 3.3.3.18. Tir mbi lien he giita dudng conic trong mit phing
xa anh va cac duong bac hai trong mit phang afin, suy ra dinh Iy
Pascal v& dinh Iy Brianchon c6 thé ap dung ddi véi cac dudng bac hai
(elip, hypebol, parabol) trong mat phang afin vi dudng tron trong
mat phing Euclid.
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Vi duy. Tt két qua cho truong hgp suy bién thanh tam giac clia dinh
1§ Brianchon ta suy ra két qua sau trong mit phing Euclid: trong
mot tam gidc ba dudng thing ndi ba dinh véi ba tiép diém ciia cac

canh d6i dién véi duong tron noi tiép tam giac 1a dong qui.

3.3.4 Mo hinh xa anh cua khong gian FEuclid

a) Xay dyng mo hinh

Trong P" 14 khong gian xa anh n chiéu. Liy mot siéu phing W
nao dé ctia P™ thi ta c6 thé xay dung tap hgp A" = P"\W thanh
mot mo hinh ctia khong gian afin n chiéu lién két vdi khong gian
vectag R".

Bay gio ta dwa vao khong gian vecto R™ mot tich vo hudng thi
khong gian afin A™ tré thanh khong gian Euclid E”, néi dang hon,
trd thanh mo hinh cia khong gian Euclid n chiéu.

Goi {Sy41; €} 13 mot muc tieu trie chuan ciia E™ titc 13 €;€j = 0ij
(6;; = 0néui # j vad §;; = 1 néu i = j), muc tieu d6 sinh ra bi muc
tieu xa &nh {S;; £} ctia P™. Ta nhé réng, néu diém X € E" ¢6 toa do
xa anh khong thuan nhét 1a X = (X1, X, ..., X,,) thi n6 ¢6 toa do
xa anh d6i véi muc tieu xa anh {S; : F} A X = (vt @2 1. .. Tpy)
sao cho X; = x;/x,41, b6i vay, c6 thé 1ay toa do xa anh cta X la
X=(X;:...: X, : 1).

b) Cai tuyét dbi ctia khong gian Euclid

Xét mo hinh E* = P*\W da néi  tren. Trong siéu phing vo tan
W xét mot sieu mit trai xoan &o (7'), ¢6 phuong trinh déi véi muc
tieu xa anh {S; : £} cia P" la:

xn—&-l:O
{x§+x§+...+x320' (3:21)

Ta nhic lai rang {S; : £} 1a muc tieu xa anh sinh ra muc tiéu tryc
chuan. Sieu mat trai xoan (T) dudc goi la cai tuyet ddi ctia khong
gian Euclid E™.
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Trude hét ta chitng minh rang: Cai tuyéet dbi (T) 1a bat bién d6i
vGi moi phép bién ddi ddng dang ctia E® (n6i r6 hon: (T') 1a bat bién
d6i v6i moi phép xa anh sinh ra phép dong dang).

That vay, ta gid st f : E® — E" 1a phép dong dang, sinh ra bdi
phép bién déi xa anh F : P" — P™ ¢6 ma tran déi v6i muc tieu xa
anh {S; : £} la:

ailz a2 ... QAip+1
A21 Q22 ... A2p41
A =
ap1 Qp2 ... Qpp+1
0 0o ... 1

(Ma tran ctia F phdi c6 dang d6 vi F bién siéu phéng vo tan W
thanh chinh no).

Nhu vay, biéu thitc toa do cta F la:

/o n+1
{ ki = 32500 aix;,

/ _ —
kx, 1 =xpp, t=1,2,...,n.

Ta cha ¥ dén ma tran A = (ay;),4,7 =1,2,...,n. Ma tran A ¢6
dugce bang cdch bd di tit ma tran A’ dong thit n+1 va cot tha n+ 1.
Ma tran A chinh 14 ma tran ctia phép dong dang f d6i v6i muc tieu
trge chuan nen AA” = kI, véi k # 0. Tt d6, dé& dang suy ra F bién
(T') thanh chinh né.

Bang lap luan tuong ty ta nhan thay dinh nghia clia cai tuyeét
ddi (T') khong phu thudc vao viee chon muc tieu trie chuan.

Ta cha § t6i truong hgp n = 2: néu E? = P2\W, trong do
W la duong thang vo tan, thi cai tuyet ddi (T) bay gio 1a tap:
23+ 22 =023 =0.

Nhu vay (T) khong chita diém nao ctia P2. Néu ta xét khong gian
mé rong (phiic) ciia P? (khong gian bo sung thém cic diém c6 toa
do ma cdc thanh phan 13 cac s6 phic) thi cai tuyét dbi (T') gom hai
diém 4do: I = (1:i:0) va J = (1: —i :0). Hai diém d6 dugc goi la
hai diém xiclic ciia mat phang Euclid.
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c) Y nghia xa anh cfia tinh vudng géc trong E"

Trong E? cho hai dudng thing a vd b lan lugt c¢6 vecto chi
phuong 14 @ va b. Diéu d6 c¢6 nghia la néu goi A va B lan lugt
la cac diém vo tan trén a va b thi toa do xa anh cta ching la
A=(a;:a3:...:a,:0),B=(by:by:...:b,:0).

Hai duong thing a va b vudng géc véi nhau khi va chi khi

a1by + agbs + ...+ apb, = (A)T(B) = 0.

Diéu nay chitng t6 ring hai diém A va B (tren W) lién hgp véi nhau
ddi véi cai tuyet dbi (T). Ta két luan: Hai duong thing vuong goc
v6i nhau khi va chi khi hai diém vo6 tan ctia ching lien hop véi nhau
doi vai cai tuyet doi (7).

Dac biat, khi n = 2, ta c¢6 hai duong thing trong mit phing
Euclid vudéng géc v6i nhau khi va chi khi hai diém vo6 tan ciia chiing
chia diéu hoa hai diém xiclic I, J.

d) Cong thitc Laghe (Laguerre)
Trong E" cho hai duong thing a va b v6i céc vecto chi phuong
nhu muc trén thi s6 do géc gitta a va b 1a sd dugce xac dinh béi:
b by + ...+ ayb,
cosp = lauby + aaba & . + Gnbil (3.22)
V@2 +ai+... +a2) (B2 +03+...+02)
(A)7(B)]

~ AT AB B (8.23)

Néu a va b song song thi ¢ = 0. Néu a khong song song vdi
b thi hai diém vo tan cla ching 1a A = (a; : az:...:a,:0) v
B = (by :by:...:b,:0) khong trung nhau. Ta hdy tim toa do giao
diém X cta dudng thing AB véi céi tuyet d6i (7). Vi X ndm trén
AB nén (X) = (A) +k(B), va vi X nam trén (T') nén (X)T(X) =0
hay

[(A)" + k(B)"] - [(A) + k(B)] = 0,

Ta di dén phuong trinh:

(B)'(B)k?* + 2(A)T(B)k + (A)T(A) = 0. (3.24)
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Phuong trinh c6 hai nghiém phiic lién hgp k; va ko. Do dé, ta cod
hai giao diém lien hgp P va @, trong dé,

(P) = (A) + ki(B)  va (Q) = (A) + kz(B).

Tt do6 suy ra:

—2(A)"(B)

_@WW
ik = (B)(B)

ki + by = (3.25)
Dat ky = re = r(cost + isint), thi ky = re”® = r(cost — isint).

Ta dugc:

AT
"=k = TRy
cost = Btk —2(A)7(B) V(B)(B) ~(A)"(B)

2 2ABT(B) A4 JATAB)B)

2it 5

Suy ra cos ¢ = | cost|. Mit khéc, ta c6: (PQAB) = % = e”" nén
In(PQAB) = 2it. (3.26)
Bdi vay, ta di dén cong thic Laghe:
cos p = |cos (% 1n(PQAB)) ‘ . (3.27)

e) Y nghia xa anh cta siéu cau trong E"

Trong khong gian Euclid E* = P"\W mot siéu cau tong quat
(C) 1a tap hgp nhimg diém X = (X, X, ..., X,,) thoa man phuong
trinh

D OXP+2) aiXi+ag=0. (3.28)
i=1 i=1
Chuyén sang toa do xa anh X = (1291 0 Xy Tpyp) VOL X =

x;/Tp41, phuong trinh tré thanh:

a0.1’721+1 + Z ﬂ?? + 2 Z QT Tpy1 = 0. (329)

=1 i=1
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Giao ctia (C)) véi sieu phang vo tan x,; = 0 1a tap hop

{x%+x§+...+xi—0 (3.30)

Tptl = 0
Nhu vay, (C) N W = (T) hay (C) di qua (T). Ta di dén két luan:
sieu cau tong quat trong E™ 13 mot sieu mit bac hai di qua céi tuyet
doi (T).
Ngugc lai, cho (S) 1a mot sieu mat bac hai trong E", ¢6 phuong
trinh d6i v6i muc tiéu truc chuan la:

n

37 XiX; +23 " i X + apsinin = 0. (3.31)

i,j=1 i=1

Chuyén sang toa do xa anh ta di dén phuong trinh:

n+1

E Qi iT5 = 0.

ij=1
Giao ctia (C') véi siéu phang vo tan W la tap hop:

n+1
Tnt1 = 0, Z Qg5 = 0.
ij=1
Néu giao d6 trung véi (T') thi a;; = kd;j, k # 0. Vay (S) la mot siéu
cau tong quét.

T6m lai, mot siéu mit bac hai trong khong gian E" 14 siéu cau
tong quat khi va chi khi n6 cit sieu phang vo tan theo cai tuyet déi
(T).

Trong truong hop n = 2, dudng elip trong mit phang Euclid 13
dudng tron khi vi chi khi né di qua hai diém xiclic.

Chi ¥ ring, tam cila sieu cau chinh 13 diém déi cyce cta sien
phang vo tan déi véi sieu cau do.

f) Phuong chinh ciia siéu cau bac hai trong E”

Trong E" cho siéu mat bac hai (S’) sinh ra bdi sieu mat bac hai

(S). Ta biét rang phuong ¢ ctia E™ 14 phuong chinh cia (S8) néu no
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vuong géc véi sieu phang kinh ~ lien hgp véi phuong ¢ Didu d6 xay
ra khi va chi khi diém vo tan C tng véi phuong ¢ lien hgp véi moi
diém thuoc yNW, hay noi cach khéc: trong khong gian xa anh n—1
chidu W, C 1a diém déi cic ctia siéu phang y W déi véi (T). Tir d6
ta suy ra:

- Néu (8S) 1a sieu cau thi moi phuong déu 1a phuong chinh.

- Trong E? moi duong conic khac duong tron déu c¢6 hai phuong
chinh.

g) Tiéu diém ctia dudng conic trong E”

Xét mo hinh xa anh E2 = P2\W, trong d6 W 1a duong thang
ctia P2, v6i hai diém xiclic trén d6 1a I va J. Gid st (C”) 1a mot
dudng conic cta E? sinh ra bdi dudong conic (C) clia P2

Diém F va E? dugc goi 1a tiéu diém ciia conic (C”) néu trong
khong gian mé rong phiic ctia P? hai duong thing FI va F.J 1a hai
tiép tuyén ctia conic (C). Duong thang d ctia E? duge goi 1a duong
chuan clia dudng conic (C’) tng véi tieu diem F néu d sinh ra bdi
dudng thing trong P? 13 dudng dbi cuc cia F dbi véi conic (O).
Nhu vay tieu diém F la giao diém ctia hai tiép tuyén vé tir 1 va J
tGi conic (C), d6 1a cdc duong thang do. Néu (C”) 14 dudng tron thi
(C) di qua hai diém xiclic I, J. Khi dé, tiéu diém F chinh la giao
diém ciia hai tiép tuyén tai I vd J. Nhu vay, F 13 diém déi cyc cia
duong thing W déi v6i (C), néu né la tam ciia dudng tron (C”).
Trong trudng hop nay khong c6 dusng chuan, hay c6 thé noéi, duong
chuan 14 dudng thing vo tan W. Néu (C”) khong phai 1a dugng tron
thi qua I, ciing nhu qua J, ¢6 hai tiép tuyén véi (C).

Khi (C”) 1a mot parabol thi W tiép xic véi (C) nén trong bon
tiép tuyén noi trén c6 hai tiép tuyén trung nhau va trung véi W, hai
tiép tuyén kia la 4o lien hop nén cit nhau tai diém thuc F.

Vay parabol ¢6 mot tieu diém vd mot dudng chuan.

Khi (C") khong phai 1a mot parabol, bon tiép tuyén néi tren 1a

phan biét va chia thanh hai ciip 4o lien hop. B6i vay, chiing cit nhau
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tai hai diém thyc Fy va Fy. Vay (C”) ¢6 hai tiép diém va hai duong
chuan.

Dinh nghia néi trén vé tiéu diém vd dudng chuan tring véi dinh
nghia da biét 6 mon Hinh hoc Gidi tich. Ta biét rang, dudng conic
14 quy tich nhing diém M ma ti s6 khoang cach tit n6 t6i mot diém
F ¢6 dinh va mot duong thang d c¢6 dinh luén biang mot s6 e > 0
khong déi. Diém F dugce goi la tidu diém, duong thing d (khong di
qua F') duge goi la dudng chuan, e dugc goi la tam sai.

Ta chon hé muc tieu truc chuan trong E? sao cho OX, 1a d, 0X;
di qua F. Gid st F = (p,0). Diém M (X3, X5) thude dudng conic
khi va chi khi MF = e. M H (trong d6, H 1a hinh chiéu vuong goc
ctia F trén d). Tt d6 suy ra phuong trinh conic:

(X1 —p)° + X3 =e*X7
hay
PP+ (1—€”) X7+ X5 —2pX1 =0 (3.32)

Chuyén sang toa do xa dnh ta c6 phuong trinh conic (C) sinh ra
duong conic n6i tren la: p?z2 + (1 — €?) 22 + 23 — 2prya3 = 0.

Ta dé thay, hai duong thang FI va F'J déu la tiép tuyén ctia (C)
va dudng thing x; = 0 14 dudng thing ddi cie ctia F. Vay F ciing

la tieu diém va d 14 duong chuan theo dinh nghia méi cia ta.
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TOM TAT CHUONG 3
Noi dung chinh clia chuong nay bao gom:

1. Khai niem khong gian xa anh, phang, hé diém doc lap, muc
tiéu va toa do xa anh.

2. Ti s6 kép clia hang bén diém va chim bén sieu phing.

3. Nguyen tac d6i ngau trong khong gian xa anh.

4. Khéi niéem va cac tinh chat clia anh xa xa anh, bién déi xa
anh.

5. M6 hinh xa &4nh clia khong gian afin. Mdi quan hé gifta hinh
hoc xa anh va hinh hoc afin.

6. Sieu miit bac hai xa 4nh va céc khéi niém lién quan: cuc didm
va sieu phing déi cuc; sieu dien 16p hai.

7. Anh xa xa anh vA 4nh xa phéi canh gitta hai hang diém va hai
chiim dudng thing trong P2.

8. Cac dinh 1y cb dién vé duong bac hai trong mit phing xa anh:
dinh 1y Stainer, dinh 1y Pascal, dinh 1y Brianchon.

TAI LIEU DOC THEM CHUONG 3

[1] Van Nhu Cuong (1999), Hinh hoc za dnh, Nxb Gido duc, Ha Noi
(Chuong 3).

[2] M. Audin (2002), Geometry, Springer Science - Business Media
(Chuong 5, 6).

[3] Nguyén Mong Hy (1999), Hinh hoc cao cip, Nxb Gido duc, Ha
No6i (Chuong 3).
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CAU HOI ON TAP CHUONG 3

1. Thé nao la khong gian xa 4nh? Thé ndo la hée diém doc lap?

2. Thé nao 1a muc tieu xa anh? Co s6 dai dién ctia muc tiéu xa anh?
3. Toa do xa anh ciia mot diém 1a gi? Toa do do6 co dac diém gi?

4. Thé nao 1a m—phing xa anh? Hai phing xa anh cé cic quan hée
nao? Phuong trinh tong quét cia m—phing xa anh c6 dic diém gi?
Toa do ctia siéu phang 1a gi?

5. Thé nao 1a nguyen tic ddi ngau trong khong gian xa anh?

6. Khong gian afin n chiéu va khong gian xa anh n chiéu ¢6 quan he
nhu thé ndo? Trong mbi quan hé d6, quan hé gitta cac phing afin va
cac phang xa anh; gitta ti s6 kép va ti s6 don thé hién nhu thé nao?
7. Anh xa xa anh 13 gi? Phép xa anh 1 gi? Quan he gitta anh xa xa

anh va anh xa tuyén tinh dai dién nhu thé nao?

8. Thé nao la siéu mit bac hai xa 4&nh? Duong bac hai xa anh? Loai
clia mot siéu mit bac hai duge xac dinh nhu thé ndo? Quan hé giita
duong conic xa anh va conic afin trong khong gian 2 chiéu 1 gi?

9. Thé nao cuc diem va sieu phang déi cyc ddi véi mot sieu mit bac
hai? Sieu phang tiép xic cia siéu mat bac hai la gi?

10. Siéu mat 16p hai 1a gi? Tai sao no6i sieu mat 16p hai la khai niém
d6i ngau cla sieu mat bac hai?

11. Thé nao la anh xa xa anh, 4nh xa phdi canh gitta hai hang diém,
gitta hai chiim duong thang trong P2?

12. Dinh Iy Stainer lién quan dén anh xa gitta hai chiim duong thing
thé nao?

13. Dinh 1y Pascal n6i vé tinh chat gi ctia hinh luc giac noi tiép mot
conic?

14. Dinh 1y Brianchon néi vé tinh chat gi ctia hinh luc gidc ngoai

tiép mot conic?
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BAT TAP CHUONG 3

Khong gian xa anh, muc tiéu va toa do, phing va phuong
trinh phing
3.1. Trong khong gian Euclid n chiéu da cho mot muc tieu tryc
chuan, cho mot siéu cau S ¢6 phuong trinh:

ittt =1.
Goi &' 1a tap hop cac cip diém xuyen tam déi ctia S. Hay xay dung
S’ trd thanh mot khong gian xa 4nh n — 1 chiéu.
3.2. Goi S va &’ 1a cac tap hgp nhu & Bai 3.1, con B la tap hop cac
diém ndm trong siéu cau S

B={(z1,20,...,2,) €EE" |2} + 25+ ...+ 2] < 1}.

Hay xay dyng B’ = BUS' trd thanh mot khong gian xa anh n chiéu.

3.3. Chting minh ring tap hop cac siéu phing cing di qua mot diém
c6 dinh ctia khong gian afin A™ ¢6 thé duge xay dung thanh mot

khong gian xa anh n chiéu.

3.4. Chitng minh ring hai duong thing trong mit phing xa anh

(khong gian P?) luon cit nhau.
3.5. Chiing minh ring néu mot m—phéng xa anh di qua m+ 1 diém
doc 1ap ctia mot p—phang thi né nim trén p—phing do.
3.6. Trong khong gian xa anh P? véi muc tiéu cho trude, cho cac
diém

A(1,0,1), B(2,-1,2),C(2,3,1).
a) Chiing minh hé 3 diém A, B, C' 1a doc lap.
b) Hay b sung 1 diém vao hé 3 diém tren dé duge mot muc tidu.
3.7. Trong khong gian xa anh P? cho muc tiéu xa anh {A;, Ay, As; E'}
va cdc diém

Ay =(0,1,1), 45 = (2,0,1), A3 = (1,1,0), E" = (1, 1,1).
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a) Chiing to he diém {A’, A}, AL E'} 1a muc tiéu xa anh ctia P2

b) Lap cong thitc doi muc tieu tit { Ay, Ay, As; E} sang { A}, Ay, AL E'3.
3.8. Trong P™ v6i muc tieu {A;; E} cho trudc:

a) Lap phuong trinh tham s6 va phutong trinh tong quat ctia m—phang
di qua m + 1 dinh dau tién clia myc tiéu.

b) Lap phuong trinh tham s6 va phuong trinh tong quat cia m—phing
di qua m + 1 diém cudi ctia muc tiéu.

¢) Lap phuong trinh tdng quat ctia sieu phang di qua tat ca cac dinh
cua muc tiéu tru dinh tht k.

3.9. Trong P™ cho mot (n — 2)—phang a ¢6 phuong trinh

a1T1 + asa + ...+ api1Tpy1 =0

b1z + bowo + ... + bpyp1Tpy1 =0
Chitng minh riing mot siu phang 3 1a chita a khi va chi khi phuong
trinh ctia 8 ¢6 dang p (a1x1 + ag®a + ... + Gpy1Tpy1) +

+q (byry + bexoa + ... + byi1py1) = 0 trong d6 p,q 1a hai sb

khong dong thoi béng 0.
3.10. Trong P? viét phuong trinh clia mot duong thing di qua mot
diém M da cho va cit hai dudng thing chéo nhau d;, do cho truse
khong chia M.
3.11. Trong khong gian xa anh P cho hai cai phing P" va P*. Tong
ctia hai cai phdng nay 13 mot cai phing c6 sd chidu bé nhit chita ca
P” va P°. Giao ciia hai cai phdng nay la mot cai phiing c6 sb chiéu
16n nhat chia trong P” va P*. Chitng minh rang néu p va ¢ la s
chiéu ctia tong va giao thi:
a) r+ s =p+qnéu P" va P* ¢it nhau.
b) r+s=p+q— 1 néu P" va P* chéo nhau.
3.12. Tim diéu kién can v di dé hai cai phdng P” va P clia khong
gian P" chéo nhau.
3.13. Cho hai cii phing P" v P*® clia khong gian P". Chitng minh

rang tap hgp tat ca cac diém nim trén tit ca cac duong thing M N

269



v6i M € P, N € P? la tong ctia P" va P*.

3.14. Trong P? v6i muc tiéu xa anh {A;; E} cho cac diém A/ (1, 1,0),

AL0,1,-2), AY(1,1,1), E'(2,3,-5).

a) Tim ma tran chuyén muc tiéu tit muc tiéu {A;; £} sang muc tiéu

{A; E'}.

b) Cho diém N(0,1,1), tim toa do ctia N dbi vdi myc tieu {A}; E'}.

3.15. Trong mat phing A? cta khong gian afin A3 xét muc tieu

{A3; By, By} va diem E(1,1). Lay diem O € A3\ A% ta goi & =

P ;

OA, = AsE, & — OAy = A3y, & = OAy & = OF. Ta ¢6 &, &, &
— . .

12 mot co s6 clia A3. Bay gis ta bo sung cAc phan ti vo tan vio mit

phang afin da cho dé c¢6 mit phing xa anh P2. Goi {A;, Ay, A3; E}

13 myc tiéu xa anh ng v6i c¢o s6 no6i trén.

a) Néu mot diém X ctia mat phing afin A2 c¢6 toa do afin 13 (21, 73)
thi diém d6 ¢6 toa do xa anh la bao nhiéu?

b) Cac diém vo tan duge bo sung vao mit phing afin ¢6 toa do xa
anh 1a bao nhiéu?

3.16. Mat phang afin A% dugc b sung cac diém vo tan dé trd thanh
mot mit phang xa anh P2. Trong A2 ta chon mot muc tiéu afin va
xét cac diém 6 toa do ddi v6i muc tieu d6 nhu sau: A; = (1,0), Ay =
(0,1), A3 = (0,0) va E = (1,1). Xem {A;, Ao, A3; £} 14 muc tiéu xa
anh ctia P2 Néu mot diém M c6 toa do afin 14 (zy,x5) thi toa do
xa anh bing bao nhiéu? Diém vo tan clia mdi dudng thing afin A sé
c6 toa do xa anh 1a bao nhiéu néu cho biét phuong trinh cia duong
thing A ddi véi muc tiéu afin?

3.17. Trong P? cho hai diém A (ay,as,a3), B (b1, by, b3) phan biét.
Chiing t6 ring toa do ciia dudng thang AB la:

(

3.18. Trong P? cho hai dudng thang a va b khac nhau c6 toa do 1a

Gz as

by b

az a

bs by

ay as

by by

Y Y

(a1,as,as) va (b, by, b3).Chitng t6 réing hai duong thang dé cit nhau
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tai mot diém vi toa do giao diém la:

( )

3.19. TI'OIlg P2 cho ba dlém A (0,1, as, CL3) s B (bl, bg, bg) s C (Cl, Co, Cg) .
Chitng minh diéu kién cin va di dé ba diém thing hang la:

Gz as
by b3

ay Qs
by by

)

az a
b3 b1 |’

a1 as as
by by bz | =0.
Ci Cy C3

3.20. Trong P2 c¢6 ba dudng thang a, b, ¢ 1an lugt ¢6 toa do (a1, as, as),
(b1, by, b3) va (cy, 2, c3). Chiing minh diéu kién can va da dé ba dudng
thing a,b, c déng quy la:

ap as das
by by bz | =0.
1 C2 C3

3.21. Giai bai toan sau biing phuong phap toa do: "Trong mat phing
xa 4nh P2, cho hai tam gidc ABC vd A'B’C’. Chiing minh ring
duong thang néi ba dinh AA’, BB', CC’ dong quy khi va chi khi cac
giao diem AB x A'B’, BC x B'C’, AC x A'C’ thang hang" (Dinh ly
Desargues).

3.22. Trong P? cho mot tam giac ABC va mot diém S khac A, B, C.
Goi A, B',C" lan luot la giao diém ciia cac cap duong thing: AS
vd BC; BS va CA; CS va AB. Chiing minh ring céc diem AB
xA'B', BC x B'C', AC x A’C" thing hang.

3.23. Trong P" v6i muc tieu xa anh {4;; E} cho P la cai phing di
qua cac dinh Ay, As, ..., A,, va diém E cta muc tieu va Q la cai
phéng di qua cac dinh A, 0, ..., Ayis.

a) Lap phuong trinh tdng quat cia P va Q.

b) Xét vi tri tuong déi cia P va Q.

¢) Tim s6 chiéu ciia phang tong P + Q.
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3.24. Trong P™ véi muc tiéu xa anh {4;; E} cho P"! 1a siéu phéng
di qua n dinh dau tién ctia muc tiéu va goi E’ 1a giao diém ctia dudng
thang A, F véi sieu phang P"~1.

a) Ching minh rang {A;, As, ..., Ay; E'} 1a muc tiéu xa anh trong
P

b) Chitng minh ring néu diem X thuoc P"~! ¢6 toa do (z1, ..., x,,0)
ddi vei muc tieu {A;; E} trong P" thi diém d6 c6 toa do déi véi muc
tieu {Ay, Ag, ..., Ap; E'} trong PP 1A (2, 20, ..., 2.

3.25. Trong P? cho tam gidc A; A;As vi mot dudng thing e khong
di qua cac dinh ctia tam gidc d6. Chitng minh rang luon ton tai mot
diém E sao cho déi v6i muc tieu {A;, Ay, As; E} dudng thang e c6
phuong trinh o + 25 + 23 = 0 (dudng thing e nay duge goi 1a duong
thang don vi).

3.26. Trong P? cho hai duong thing c6 phuong trinh:

a1 + axy + azxz + azry = 0,
biz1 + baxo + bz + byxy = 0,

181 + €% + C3x3 + cay = 0,

dyx1 + dawo + d3zs + dyxy = 0.
Tim diéu kién can va di dé hai duong thing dé chéo nhau.
Ty s6 kép
3.27. Trong mit phing xa anh, vé6i muc tieu da chon, cho cac diém
A(1,2,0), B(2,1,1), C(5,4,2).
a) Tinh ty s6 kép (ABCD) biét ring D ¢6 toa do (4,5,1).
b) Tim diém M sao cho (ABCM) = —1.
3.28. Trong mat phing xa anh cho 3 diém A, B, C phan biét v ciing
ndm trén mot duong thing. Chi bing cach dung cac duong thing,
hay dyng diém D sao cho (ABCOD) = —1.
3.29. Trong mit phing xa anh, cho hai dudng thing a, b phan biét va
mot diém M ¢ a,b. Tim qui tich nhitng diém N sao cho (M NUV) =
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k khong ddi, trong do U,V la giao diém ciia duong thing M N lan
luot v6i a va b.
3.30. Trong mit phiang xa anh cho hai duong thing phan biét a,b
va mot diém M khong thuoc ching. Hai duong thing m,m’ bién
thien qua M cit a v blan luot tai A, A’ va B, B'. Tim qui tich diém
N = AB' x A'B.
3.31. Tren duong thing xa anh cho 4 diém A, B,C,D sao cho
(ABCD) > 0. Chitng minh ring c¢6 hai diem P vd Q sao cho
(ABPQ) = (CDPQ) = —1.
3.32. Trong miit phiang xa anh cho tam gidc A; 4,43 vi mot dudsng
thing khong di qua cac dinh ctia n6. Ky hieu K, = d x AyA3, Ky =
d X A3A1,K3 =d x AlAQ. Gia su Ll,LQ, L3 la 3 dlém lan hIOt nim
tren 3 duong thing A, As, AsA;, A;Ay. Chitng minh ring:
a) L1, Lo, Ly thing hang khi va chi khi

<A2A3K1L1> (A3A1K2L2) (A1A2K3L3) =1.
b) AlLla AQLQ, A3L3 déng qu1 khi v& chi khi

(AsAsKy Ly) (A3A1 Ky Ly) (A1 Ay KsLs) = —1.

Nguyén tic déi ngau

3.33. Phat biéu khai niem déi ngiu ctia khai niem hinh bén canh
toan phan va dinh 1y déi ngiu cta Dinh 1y 3.1.4.5 trong mit phing
xa anh.

3.34. Trong P? cho 4 dudng thing a, b, c,d ciing di qua mot diém O.
Mot dudng thang khong di qua O cit a, b, ¢, d 1an luot tai A, B,C, D
thi tf s6 kép (ABCD) khong phu thuoce vao m. Hay phét biéu ménh
dé do6i ngau.

3.35. Phat biéu dinh 1y déi nglu cta dinh Iy Pappus.

3.36. Phat biéu dinh 1y déi nglu cta dinh 1§ Desargues.

3.37. Phat biéu bai toan dbi ngdu ctia bai toan sau: "Trong mit
phing xa anh, cho hai tam gidac ABC va A'B'C’ sao cho AA', BB',CC’
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dong qui tai I, AB’', BC",C' A’ dong qui tai J. Chitng minh réng cac
duong thang AC’, BA', CB’ ciing ddng qui tai mot diém".

Anh xa va bién d6i xa anh

3.38. Cho f la phép bién ddi xa anh trong P™ xéc dinh bdi hai muc
tieu {A;; E} va {A’; E'} sao cho f(4;) = Ali = 1,2,...,n+1
va f(E) = E'. Chitng minh riing néu mot diém X € P ¢6 toa do
(21,2, .., Tpy1) dOi véi muc tidu {A4;; E} thi diém X' = f(X) ciing
6 toa do (1, T2, .., Tpy1) d6i v6i muc tieu {A’; E'}.

3.39. Chitng minh cac tinh chit sau:

a) Anh xa xa anh bién m—phing thanh m—phing.

b) Anh xa xa anh béo toan ti s6 kép clia 4 diém.

3.40. Phép bién ddi xa anh f trong P? c¢6 phuong trinh déi véi mot
muc tiéu cho trude 1a

]fl’ll = 2!L’2 + T3

kxy = 221 + x3

kxhy = 221 + x9
Tim anh ctia diem M (0,1,2) va dnh clia dudng thing d c6 phuong
trinh 1 + 29 + 3 = 0 qua f.
3.41. Phép bién ddi xa anh f trong P! c¢6 phuong trinh déi véi mot

muc tiéu cho trude 1a
kx| = 1 + 2x9
kxl = 31 + 2x9
a) Tim &nh va nghich dnh ctia diém M(2,1).
b) Tim diém kép ctia f.
3.42. Tim phuong trinh clia phép bién ddi xa anh f clia P” bién cac
dinh ctia muc tiéu {A4;; E} thanh chinh né.
3.43. Tim phuong trinh clia phép bién ddi xa anh f clia P” bién cac
dinh A; clia muc tieu {4;; E} thanh chinh né va bién céc diém cia

siéu phang z,,; = 0 thanh chinh no.
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Chiing minh ring mdi phép bién déi xa anh nhu thé bién céc
duong thing di qua diém A, thanh chinh no.

3.44. Trong P? cho phép bién ddi xa anh f c6 phuong trinh:
k?l‘ll = 4331 — T
kaly = 6xy — 319

/
krg = 21 — 29 — 23

Hay tim céc diém kép va cac dudng thing bat bién qua f.

3.45. Tim diém kép ctia phép bién ddi xa anh sau day:

/
kx| = axr1 + a1Tp41
/
kxy = ary + AaTp 41
/
kx, 1 = aTpi1+ Gpp1Tpgr.

3.46. Trong P? v6i myc tieu {A;; E} cho phép bién ddi xa anh f
xéc dinh béi f (A1) = As; f (Ag) = E; f (As) = Ay f(E) = As.
a) Viét phuong trinh cta f d6i v6i muc tiéu da chon.
b) Tim cac diém kép clia f.
¢) Cho mot diém M tiy § trong P2, goi N 1a dnh ctia M. Chitng
minh ring M 1a dnh clia N.
3.47. Trong P" v6i muc ticu xa anh da chon {A;; E} cho phép bién
ddi xa anh f ¢6 phuong trinh k[2'] = Blx]. Chitng minh ring siéu
phing c6 toa do [a] = (ay,as,...,a,41) bién thanh siéu phing c6 toa
do [a| B~
3.48. Trong P? cho phép bién doi xa anh f c6 phuong trinh

kx| = xo + x3

kxy = x1 + x3

kxy = 1 + x9
Chttng minh rang f 14 mot phép thau xa 0—cap. Xac dinh tam va

nén cua no.
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3.49. Trong P? cho phép bién ddi xa anh f c6 phuong trinh

kx| = xo — x3
kxh = x1 + x5
kxy = 2xq — 229 + 373

Chitng minh rang f 14 mot phép thau xa don dic biet. Xac dinh tam
va ¢0 sG cla no.

3.50. a) Chitng minh ring trong P2 néu mot phép bién doi xa anh
f ¢6 3 diém kép thing hang thi n6 13 mot phép thiu xa.

b) Chitng minh ring trong P2 néu mot phép bién ddi xa anh f c6 3
dudng thing bat dong dong qui thi né 1a mot phép thau xa.

3.51. Trong P? hay lap phuong trinh clia phép thiu xa 0—cap, biét
tam thau xa la diém As(0,0,1) v nén thau xa c6 phuong trinh
r3 = 0.

Siéu mat bac hai

3.52. Trong mat phang xa anh cho muc tieu {A;; E}.

a) Hay lap phuong trinh cta dudng bac hai di qua Ay, As, As, E.

b) Chting minh ring ¢6 vo s6 dudng bac hai néi § cau a) va véi moi
diém M khong ndm trén cic dudng thang A, As, A1 As, AsAs, ALE,
AyE, AsE bao gio cling ¢6 duy nhat duong bac hai néi 6 cau a) di
qua.

3.53. Hay xéc dinh loai ciia cac duong bac hai sau day:

a) 43 + % + 5x2 + 4 1o — 122103 — 61973 = 0.

b) 22% 4+ 23 — x5 + 3T 179 — 1173 + 27973 = 0.

¢) o3 + 4x3 + 23 — dwy1g + 22173 — da913 = 0.

3.54. V6i nhitng gia tri nao cua A thi duong bac hai sau day suy
bién:

r] — Ary + (A — 1)a3 + 20z129 + 2 2125 + 22073 = 0.

3.55. Tim giao cua dudng bac hai:

2:5% + x% — x% + 3x129 — 2173 + 22923 = 0,
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v6i cac dudng thing sau day:
a) 1 —21’2+$3 = 0.
b) 1 =5\ — p, 0 = —3p, 3 = —2X + u, A\, u € R.

3.56. Tim giao clia mdt siéu mat bac hai véi mot siéu phﬁ’mg trong

khong gian xa anh.

3.57. Tap hop m + 1 diém doc lap ctia khong gian xa anh duge goi
13 mot don hinh m chiéu, cac diém doé dude goi la cac dinh ciia don
hinh.

a) Chting minh ring, ddi v6i mot sieu mat bac hai S trong P ta
luon tim duge mot don hinh n chiéu sao cho bat ky cip dinh nao
cta n6 cling lien hgp véi nhau doi véi S (né duge goi [a don hinh ty
doi ce).

b) Chitng minh réng, néu lay cdc dinh ctia mot n—don hinh ty d6i
cuc d6i véi sieu mit bac hai S trong P™ 1a cac dinh cia mot muc

tieu thi phuong trinh ctia S déi v6i muc tiéu dé sé ¢6 dang chinh tic
)\1.%% -+ )\ng + ...+ )\n+1ﬂ?i+1 =0.

Sau d6 chon diém don vi clia muc tiéu mot céch thich hop, ta sé dua

dugc phuong trinh néi trén vé dang chuan téc.

3.58. Trong mit phang xa anh, cho dudng bac hai S:
Qxf + :E% — 2x§ — 6x122 + 4x923 = 0.

a) Viét phuong trinh dugng thing déi cuc clia cdc diem sau day ddi
voi S

A1(1,0,0), A5(0,1,0), A3(0,0,1), E(1,1,1), M(2,—1,5)
b) Tim toa do cyc diém clia dudng thing
Tx1 +4x9 — 1023 =0
déi véi S.
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3.59. Trong mat phing xa anh, cho diém A(—1,2,1), dudng thing
a: 2r; —xy — 93 = 0 va dudng bac hai §

xf — :Eg + 31’% + 22129 4+ 22123 — 62973 = 0.

Hay tim trén a diém lien hop véi A déi véi S.

3.60. Trong khong gian xa anh cho siéu mat bac hai S. Chiing minh
rang cac siéu phing déi cuc I 4, Iz, ¢, . .. cla cac diem A, B, C, . ..
ddi voi S ciing di qua mot diem I (khong phai 1a diém k¥ di) khi
va chi khi cac diém A, B, C, ... ndm trén sieu phang ddi cyc II; cia
diém I ddi vai S.

3.61. Chitng minh réng néu 4 dinh ctia mot hinh 4 dinh toan phan
nim (xem Bai tap 3.33) trén mot dudng bac hai thi 3 diém chéo clia
n6 lam thanh mot tam giac tu déi cyce doéi véi S.

Tir d6 suy ra cach dyng duong thing déi cyc ctiia diém P ciing
nhit cach dung tiép tuyén ctia S tit mot diem P ma chi ding thuéc
(P khong thudc S).

3.62. Trong miit phang xa anh cho mot dudng bac hai S va mot tam
giac tu déi cuc ABC déi véi S. Mot duong thang m cit cac canh
BC,CA, AB lan lugt tai P,Q, R (khong trung véi cac dinh clia tam
giac). Goi P',Q', R’ 1a cic diém tuong tng nim trén BC,CA, AB
va theo thit tu lien hgp v6i P, Q, R d6i v6i S. Chitng minh réng 3
duong thing AP’, BQ',CR' déng qui.

3.63. Trong mat phing xa anh, tam gidac ABC dugc goi la dbi cuc
voi tam gidc A’B'C’ d6i v6i duong bac hai khong suy bién S néu
B'C',C'"A’, A’B’ 1an lugt 1a dbi cuc clia cac diem A, B, C déi véi S.
Chting minh réng, khi d6 A’B'C’ ciing 1a dbi cyc clia tam giac ABC
déi véi S va cac duong AA', BB',CC" dong qui.

3.64. Trong mit phang xa anh, cho diém A(3,—2,2) va dudng bac
hai S:

377 + 13 — 523 + 23129 + 23173 — dwpmy = 0.

Lap phuong trinh ctia cac duong thang qua A va la tiép tuyén cla
S.
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3.65. Trong mit phing xa anh cho muc tieu {A;; E}. Lap phuong
trinh cta duong bac hai di qua Ay, A3 va nhan A; Ay, A1 A3 lam céac
tiép tuyén.

3.66. Trong mat phing xa anh, cho muc tieu R = {4;; E}. C6 thé
viét phuong trinh cac duong sau day theo toa do khong thuan nhat
d6i v6i R duge khong?

a) 2%1-1]2-1’3:0.

b) 2 + 23 — 22 + 22129 + 21123 — dwow3 = 0.

Néu duge thi hay lam dicu do.

Lién hé xa anh gitta hai hang diém, giita hai chum dudng
thing va mot sd dinh li ¢ dién vé dudng bac hai xa anh

3.67. Cho {O}A; {0’} va hai duong thing a # O,d’ # O'. Xét anh
xa f:a — a nhusaw: véi M € a lay M’ = f(M) = f(OM) x d'.
a) Ching minh {a}A; {da'}.

b) Xac dinh vi trf clia a va @’ dé f 1a phép phdi canh.

3.68. Trong P2 cho lien hé xa anh f giita hai hang diém m va m’ va
O, O’ 1a hai diém c6 dinh khong nim trén m va m/. Xét anh xa f :
{0} — {0’} nhu sau: Véi duong thing d € {0},d x m = M, M' =
f(M). Ta dat f(d) = O'M'.

a) Chitng minh f 14 4nh xa xa dnh gitta hai chim {0} va {0'}.

b) V6i diéu kien nao thi f 14 phép phdi canh.

3.69. Trong P? cho conic S va hai dudng thing phan biét a, o’ khong
cit S. A, B 1a hai diém phan biét, ¢6 dinh trén conic S. Ta xay dung
anh xa f : @ — o nhu sau: v6i M € a, goi giao diém thit hai clia
dudng thing AM véi S 1a X (néu AM 1a tiép tuyén thi talay X = A.
Diat M’ = f(M) = BX x d (néu X = B thi liy BX Ia tiép tuyén
tai B cla S).

a) Chiing minh f 1a anh xa xa anh.

b) Tim vi trf ctia a va o’ dé f 1a phép chiéu xuyen tam.
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3.70. Trong P? mot tam gidc ABC ¢6 hai dinh A, B chay trén hai
dudng thing a,b cd dinh va ba canh BC,C A, AB tuong tng di qua
ba diém cb dinh «, 8, khong ndm trén @ va b. Tim qui tich dinh C.

3.71. Trong P2 cho hai dudng thang a, b va diém A ndm trén a, diém
B ndm trén b, diem P khong ndm trén a vi b. Mot dudng thang thay
doi qua P cit a tai M, cit b tai N. Tim quy tich giao diém K cua
AN va BM.

3.72. Trong P? cho conic S vad mot dudng thing d khong cit S.
A, B 13 hai diém c6 dinh trén S, X 1a mot diém bién thieén trén d.
Ky hidu M, N lan lugt 1a giao diém thi hai cia AX vh BX v6i S
(néu AX la tiép tuyén véi S thildiy M = A, BX la tiép tuyén v6i S
thi lay N = B). Tim qui tich I = AN x BM.

3.73. Ching minh ring néu hai tam giac ABC va K LM cung noi
tiép mot conic thi chiing cling ngoai tiép maot conic nao do.

3.74. Trong P2 cho tam gidac ABC va conic S tiép xtc véi BC,CA, AB
lan gt tai A, B, C". K¢ hicu P = ABx A'B',Q = AC x A'C", R =
PQ x BC. Chitng minh riing B’, C’, R thing hang.

3.75. Trong P? cho tit gisc ABCD ngoai tiép conic S. Cac dudng
thang AB, BC, CD, DA tiép xtc v6i S tuong tng tai M, N, P,Q.
Ky hieu I = AP x CQ,J = AN x CM. Chitng minh cac diém
D, I, J, B thang hang.

3.76. Trong P2 cho tit giac ABC D ngoai tiép mot conic S. Goi céc
tiép diém ctia C'D v6i S 1a P va ctia CB vé6i S 1a Q. Chitng minh
cac duong thing AC, BP, DQ dong qui.

3.77. Trong P? cho 4 dudng thing a,b,c,d trong d6 khong c6 3
dudng nio dong qui. S 14 mot conic thay doi luon tiép xic véi 4
dudng thing d6. Goi M la tiép diém cia a v6i S, N 1a tiép diém cia
c v6i S. Chitng minh ring dudng thang M N luon di qua mot diém
cb dinh.

3.78. Trén conic cho 4 diém phan biet A, B, C, D. Goi giao diém ctia

cac tiép tuyén véi conic tai A va C 1a I, giao diém ctia AB va CD
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14 J. Chiing minh ring cac duong thiing AD, BC va IJ dong qui.
3.79. Trong P2 cho 4 diem A, B, C, D, trong d6 khong c6 3 diém nao
thang hang. Mot conic S thay déi luon di qua 4 diém A, B,C, D.
Goi I 13 giao diém ctia hai tiép tuyén véi S tai A va C. Chiing minh
rang I luén ndm trén mot dudng thing c6 dinh.

3.80. Trong P? cho 4 diém A, B, C, D trong d6 khong c¢6 3 diém nao
thing hang. S 14 mot conic bién thien luén di qua 4 diém d6. Tiép
tuyén S tai B cit AC tai B'; tiép tuyén ctia S tai C' cit BD tai C'.
Chitng minh ring duong thing B’C’ luon di qua mot diém cb dinh.
3.81. Trong P2 cho conic S v 6 tiép tuyén khac nhau a,a’, b,V ¢, .
Ky hitu A=ax¢e,B=bxc, A =d xd,B" =V x . Ching minh
ring 3 diem P=a x a’,Q =bx b,R = AB' x BA' cing nim trén
mot dudng thing.

Mo hinh xa anh cua khoéng gian afin

3.82. Xét bai toan afin sau: "Trong mot tam giac 3 dudng trung

tuyén dong qui". Hay chuyén bai toan trén sang bai toan xa anh.

3.83. Xét bai toan afin sau: "Trén céc dudng thing chita cac canh
BC,CA, AB ctia tam gidc ABC lay cac diém M, N, P tuong tng sao
cho (BCM)(CAN)(ABP) = 1. Chitng minh ring M, N, P thang
hang" (dinh Iy Menelaus). Hay chuyén bai todn trén sang bai toan

xa anh.

3.84. Xét bai toan sau: "Trong mit phang afin, cho hypebol H vi
mot tiép tuyén clia H tai A cit hai duong tiém can ctia H tai C, D.
Chitng minh AC = AD". Hay chuyén bai toan trén sang bai toan
xa anh va giai bai toan ay.

3.85. Chuyén bai toan afin sau thanh bai toin xa anh tuong ting
"Chitng minh ring giao diém ctia hai duong tiém can ciia mot hy-
pebol 13 trung diém ctia day cung tao bdi mot cat tuyén di qua giao
diém d6 véi hypebol”.

3.86. Chuyén bai toan afin sau thanh bai todn xa anh tuong tng:
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"Chitng minh ring giao diém ciia hai dudng chéo ctia mot hinh thang
1a trung diém cia doan thing tao bdi dudng thing di qua giao diém

d6 va song song véi hai day cit hai canh hinh thang".
3.87. Cho bai toan xa anh sau: "Trén conic trong P? cho 4 diém
phan biet A, B,C, D. Goi giao diém ctia céc tiép tuyén tai A va C
1a I, giao diém clia AB va CD la J. Ching minh ring cic dugng
thang AD, BC va JI dong qui".

Phat biéu bai toan afin twong tng véi bai toan xa anh trén trong
khong gian A? = P2\ AC.
3.88. Stt dung mo hinh xa anh ctia mit phang afin ching minh dinh
1§ sau trong hinh hoc afin: "Trong mit phang afin A2 cho parabol
(P), chitng minh ring moi dudng kinh ctia (P) ¢6 cing mot phuong".
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HUGNG DAN GIAI BAI TAP

HUGNG DAN GIAI BAI TAP CHUONG 1

Khoéng gian afin

1.1. Ta c6 C vdi phép cong hai s6 phitc va phép nhan mot s6 thyc
v6i 6 phitc 1a mot khong gian vecto thyc hai chiéu véi co s6 {1,i}.
Do d6 C la khong gian afin thiyc hai chiéu véi cau trac afin chinh

tac.

1.2. Xét anh xa

b BxB— A
(M,N) — -1 (M)fL(N)

Kiém tra v thoa méan hai tien dé vé dinh nghia khong gian afin.
1.3. Ching minh tryc tiép ((A X A’),@,K> X ?) thoéa man hai
tien dé cta mot khong gian afin.

1.4. b) Chiing minh true tiép (A/ o, ®, X/ﬁ) thoa man hai tien dé
cua mot khong gian afin.

1.5. Ta c6 thé dinh nghia phép todn tren A nhu sau dé A la tré
thanh mot khong gian vecto:

A+B::C<:>OT§+OT§:(%A

eR
MA=Be)N-OA=0D

Khi d6 A la mot khong gian vecto.

1.6. + Diéu kién can: gid st rang he m + 1 diém Ay, A;,..., A, 1a
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doc lap, O la diém bat ki va

Z)\lO—zzl@ - (Z )\l) O—1>40 = 6

=0 =0
hay 27 )\AO = 0 Vi Ay, Ar,..., A, 1a he diém doc lap va
zizo/\z:0suyra)\1:...:/\m:)\0:().

+ Diéu kien du: Xét ding thiic

hay
S AOA - (Z /\Z-) OAy =0
i=1 i=1
Dat
A== —X—...— A\,
Ta co . .
ST NOA =T A =0
i=0 i=0
Do dé A\ = ... = \n = X = 0. Suy ra hée diém Ag, A;,..., A4, 1
doc lap.

1.7. Gia stt he diém My, My, ..., M,, 1a m + 1 diém doc lap, khi dé
ta c6 he vectos MoM;, MoMs, ..., MyM,, 1a he vecto doc 1ap tuyén
tinh.
L2 . R 2 R —_—
He diem My, My, ..., M,,, M,,+1 1a phy thudc neu hé vecto MyM,,
H H Z X .
MoMs, ..., MogM 11 1a hé vecto phu thudc tuyén tinh, tic 1a ton tai
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) — — —
cac so A17 A27 ey )\m € R sao cho MoMm+1 = >\1MOM1+ )\2MOM2+
Y s —— — ——
o AN Mo M, hay OM 1 —OMo = Ay (OM1 - OMO) T (()M2
— D — , \
—OM0> + ..+ (OMm - OMO) (v6i O la diem tuy §). Diéu nay
tuong duong véi

ey > > >
OMﬁ)l = (1 —)\1 —)\2 - —)\m)OM0+ )\10M1—|— )\QOM2—|—+
AmOM .

Dat )\0:1—)\1—)\2——)\,71 Ta co:

OM i1 = NoOMo + MOM; + A\sOMy + ...+ ApOM,.,

VoL ST A = 1
1.8. Cong thitc d6i muc tiéu tit muc tiéu thit nhat sang muc tiéu thi
hai:

=21+ zi+a

To=a)+ T+ ay

r3= Th+ah+as
trong d6 E (ay, az, ag).
1.9. b) Ma tran chuyén tit ¢ sd tuong ttng muc tiéu (1) sang co sd
tuong tng muc tieu (2) la:

1 0 0

A=1| -1 -1 0
-1 -1 -1

Cong thitc doi muyc tieu tit (1) sang (2) la:

hay
] =) +1
Ty = —x) — @, +1.
r3=—a)+ay,—af +1

Ma tran chuyén tit co sd tuong ting muc tieu (1) sang cd sG tuong

ting muc tieu (3) la:

Sy
I
O =
= o N
=
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Cong thitc d6i muyc tigu tit (1) sang (3) la:
[z] = B [2"] + [ag] (++)
T (%) va (xx) ta co: A[2'] + [ao] = B [2"] + [af)
& [2] = A7 B "]+ A7 ([ag] — [ao])
Hay
oy =) + 220 +af + 1
xh = —2x] — 2z — i + 1

! 7 " "

Chit §: C6 thé tim ma tran chuyén tryc tiép tit (2) sang (3) rdi viét
cong thie doi muc tieu.
1.10. Cho truéc mot muc tiéu afin, ta ¢6 muc tiéu thi hai sao cho
ma tran chuyén tit muc tieu thit nhét sang muc tiéu thit hai 13 A~!
va diém gbc clia muc tieu thit hai c6 ma tran toa do cot déi véi muc
tieu thit nhat 1a —A~'[a]. Khi d6 cong thiic ddi muc tiéu tit muc tidu
thit nhat sang muc tiéu thit hai la:
2] = A7 [2'] = A7'a],
hay
(2] = Az + [z],
trong d6 [x], [¢'] tuong dng 1a ma tran toa do cot clia mot diém doi
v6i muc tidu thit nhat va muc tiéu thi hai.
1.11. Sit dung trong khong gian vecto m chiéu ton tai heé m vecto
doc lap tuyén tinh.
2,0 — % —> — .2 o —
1.13. V6i Vi € o ,dM,N € a sao cho: MN = 7. Giad st Zj(z) =

(21,22, ... 20), Mijoiey = (a7, 230, .. a0,
N\{O;a—} = ([E{V,xé\],,l‘g)
Ta co: (w1, 22,...,3,) = (a — a2 — a3 .. 2l — 22
M, N € «a nén
anrt 4+ . Fama +b;=0,i=1,...,m,
anz +.. . Fagry +b;=0,i=1,...,m.
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Trit theo vé ta dugc:

ail(:ﬂ{\]—x{v{)+...+am(xf¥—a}fy):0, 1=1,...,m.
hay
ai1T1+ ...+ apmr, =0, +=1,....,m.

1.16. Viét phuong trinh tdng quat tit phuong trinh tham s6 ciia cac
phang.
1.17. a) Cach 1. Hé hai phuong trinh cia M N va PQ vo nghiém,
— P

nén MN N PQ = . Mat khac {MN, PO} doc lap tuyén tinh nen
hai duong thing M N va PQ chéo nhau.

Céach 2. He {MN,@,MP} doc lap tuyén tinh nén 2 dudng
thang M N va PQ chéo nhau.
PQN{z3 =0} ={C(1,0,0,1)} PQN{zy =0} = {D(-1,-2,-3,0)}.

1.18. Cac phing a va 3 déu song song véi cii phing v nén xay ra

mot trong cac truong hop sau:

_>

acy o
n{ﬁc7:¢amﬁc7¢amwm.

2){§§§ ¢3m3c3c7;»cmﬁ//y

3){§§§ :EHFCFCV:amﬁ/M.

%
7 ca SN
4 >y Canp=an
{255 »7canF=ansin
1.19. Néu hai trong ba sieu phang «, 8 va ~ triing nhau thi c6 ngay
két qua.

Gia sit o, 8 va v 1a ba siéu phing phan biét doi mot cit nhau.

mma@mﬁc7&wm{f2§§§23
[0 .

Vi dim(a@ N F) = dim(@ Nn7) = dim(? N7) =n—2nen

anF=ani=4n7.
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Do d6 yNa va v N S song song v4i nhau.
1.20. Gid stt SN o’ = 0, Khi do:
dim (8 + ') = dim8 + dima’ — dim (F N 3') +1
= dimf + dima — dim(ﬁ Na)+1
=dim(f +a)+ 1 >n (mau thuin).

1.21. Gia st a va 3 song song v6i nhau va ¢6 sb chiéu lan lugt 1a m

va l. Ta c6

hoic o N 3 = E '
Ap dung cong thic vé s6 chidu ciia téng a + 8 suy ra:
+ Néu an B # 0 thi dim(« + 8) = max{m, 1};
+ Néu an B =0 thi dim(a + 8) = max{m,1} + 1.
1.22. Goi G* 1a tam ti cy ctia hé hai diém G, G’ gin véi ho hé s6

k m
A=) AN =)
=1

j=k+1
Ta co:
k m
(z&) Ga+ ( ) A]) GG =0
i=1 Jj=k+1
i = - — —
& (Z&) (G*B _Cﬁi) T ( Z Aj> (G*pj —G/Pj> = 0.
i=1 j=k+1
Vi . -
SAGB =0, Y NGB =0
=1 j=k+1
Suy ra
> NGF=0

Do d6 G* trung v6i G”, 1a tam ti cy ctia he diém My, M, ..., M,
gan voi ho hé s6 A, g, ..., Ae
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1.23. b), ¢) ap dung bai 1.22.

1.24. a) Goi {FRy, P1,...,P,} 1a m + 1 dinh ctia don hinh S. S’ 1a
k—mat ben lap béi k+1 dinh {Fy, P, ..., P.}, 8" la (m—k—1)—mat
ben déi dien lap b6i m — k dinh {Pyyq, ..., Py}. Goi o va 8 lan lugt
14 bao afin ctia S’ va S”. St dung cong thitc vé chiéu clia a + 8 suy
raanB=0.Vihe Py, Py,.... P, doclapnen @ ¢ B va § ¢ @,
tic a |f 5. Do d6 o va 8 chéo nhau.
b) Theo bai 1.20, cic dudng thing ndi méi dinh v6i trong tam cla
bién ddi dien dong qui tai trong tam ctia hé cac dinh ctia don hinh.
o rs el Aol R
¢) Tu bai 1.20 suy ra (k: +1)GG" + (m — k)GG" =0
— m—== k—m
GG' = ——GG" & (G'G"G) = ——.
k +1 ( ) k+1
1.25. Chia hé 4 diém thanh hai he, mdi he 2 diém. Sit dung bai 1.20
ta thiy ring cac duong thing néi trong bai toan dong quy tai trong

tam ctia hé 4 diém da cho.

1.26. Goi @ la khong gian con chita phuong ctia ba m—phang song
song sao cho R
A -—daod.

Xét phép chiéu song song f tit A" len dudng thing d’' theo phuong
@. Khi d6 f la anh xa afin, A, B, ¢’ tuong tng 1a anh cta A, B, C.
Qua f ti 6 don ciia 3 diem duge bo toan, tic (ABC) = (A'B'C").

That vay, glasu/@—kB? ?@ 71{:3? —k:?B?
A’C’ = kB’C’ titc (ABC) =k = (A'B'C").

1.27. Xay ra 2 kha ning: hodc 3 duong A, As, B1 Bs, C1C5 song song
v6i nhau, hodc 3 dudng cit nhau tai mot diém thuoce (n — 2)—phang
(giao clia 3 siéu phang). Tuong dng véi mbi trudng hop, viéc ching
minh tiép theo I dé dang.

1.28. Biéu thi OM = OM, + ]\/[1]\4> Tiép tuc chitng minh OZ% =
a:iO?i, tir d6 suy ra két qua.

1.29. Chon muc tiéu afin {O; A, A'}, ta c6 O(0,0); A(1,0); A’(0,1);
B(b,0); C(c,0); B'(0,b); C" (0,¢),b,¢,b', ¢ # 0. Khi d6 phuong trinh
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ctia duong thing d 1a x5 = 0 va phuong trinh ctia dudng thing d’ 1a
zy = 0. Xac dinh toa do giao diém P ctha AB' vi A'B, toa do giao
diém N ctia AC" v A'C, toa do giao diém M ctia BC' va B'C. Ta

cO
IN —Tpm YN — YM

Irp —Tpm Yyp —Ym

Do d6 M N va ]\ﬁ phu thudc tuyén tinh, nén 3 diem M, N, P thang
hang (Hinh 3.34).

Hinh 3.34

1.30. Chting minh néu (ay, as, ..., a,) va (by, b, ..., b,) 1a nghiém
ctia mot phuong trinh hodc mot bat phuong trinh tuyén tinh thi
Aay,agy. .. a,) + (1= X) (b1,ba,...,by), 0 < A <1 cang la nghiém
ctia phuong trinh hoac bat phuong trinh nay. T dé nghiém cla
phuong trinh hay bat phuong trinh tuyén tinh 1a tap 16i. Tiép tuc
stt dung giao cac tap 161 1a tap 16i suy ra két qua.

Nhan xét. Tap diém c6 toa do la nghiem ctia mot bat phuong trinh
tuyén tinh 13 mot nita khong gian, theo trén suy ra nita khong gian
13 tap 16i.

1.31. Biéu thi mdi tap dudi dang giao cac tap 16i nhu déi véi bai

trén.

Anh xa afin

290



N —
1.32. Goi 7 la anh xa nén cta anh xa afin f, ? : X — A'.

a) Suy tit f Ia don anh khi va chi khi  Ia don anh, va f la don
anh khi va chi khi dim 4 = dim f (4).
b) Suy tir f la toan dnh khi va chi kbi 7 Ia toan anh, va f Ia toan
anh khi va chi khi dim f (4) = dim A"
1.33. Anh xa afin bio toan quan hé cit nhau, song song, bién ddi
afin bao toan théem quan hé chéo nhau.

1.34. Xét phép thau xa ti s6 k c6 nén 1a m—phing o va phuong F

Khi d6 anh xa
p:A=Fof+Tal
i+Td+k0 '
13 4nh xa tuyén tinh lién két véi phép thau xa.
1.35 ¢) +Lap phuong trinh ctia f (n6i trong cau b) déi véi muc tieu
().
Cach 1: Phuong trinh ¢6 dang

/
Ty = anri + appry + by
113/2 = Q1%1 + Q2272 + b2 '

(**)

Trong d6 (z1,xs) va (2}, 24) theo thit tu 13 toa do clia mot diém

va clia diem anh d6i véi muc tieu (x). Do

A A’ nén ta co: { Z;ig;zg (I)
TR ‘. 2a19+ by = —1

B +— B’ nén ta co: { Oy + by — 4 (I)
ro ‘. —3ay +bp = -2

C +— C' neén ta cé: { 30y by = 1 (II)

Giai he phuong trinh tao bdi 3 he (I), (II), (III) ta co:
ain = 1,a12 = —1,a01 = 1,a90 = 1,0, = 1,0, = 2.
Thay vao (xx) ta ¢6 phuong trinh clia f d6i v6i muc tieu (x).
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Cach 2: Tut ? ﬁ =A'B, 7 1@ A’C” tim ma tran chuyén
M tit co sG {€1, €} lien két clia muc tieu ban dau sang co s6

(7(@), T (&)} Tit dang phuong trinh [/] = Mz] + [a] khi f(A) =
A" tim [a).

+ Lap phuong trinh clia f (n6i trong cau b) ddi véi muc tiéu
{A;B,C}.

Toa do ctia A’ ddi v6i muc tieu {A; B,C} 1a (g, —g)
—> 1
A = 4B+ JAC,
— 2
AC = 24D + gﬁ.

Vay phuong trinh ctia f ddi v6i muc tieu {A; B, C} 1

, 1
xlz—m1—2x2+§

5 L2 5
Ty = =T+ -Tg — =

27 87 T3

1.36. Xét anh xa ? c6 phuong trinh

xh =2x; + 2x9

{ x) = 3x1 + 2149

~ Zz 2 P P % .« Z 2.
Dé thay 7 13 dang ciu tuyén tinh clia A? nén f 1a phép bién doi
afin ctia A2

Phuong trinh cta f~! Ia:
Ty =1z — 29+ 1
3 1

/I — —
Ty = x1+2x2 5

) 01 = 6.5.5-00 = (0.3)

¢) Anh ciia d ¢6 phuong trinh: 1 —4 = 0. Tao anh ctua d c6 phuong
trinh: 13371 + 101‘2 —14=0.
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1.37. a) Duong thing c6 phuong bat bién dbi véi f cé vecto chi
phuong la vecto riéng cua ? Phuong trinh cta 7 :

r) = 4z + 614
CI)IQ = 4!['1 + 9[[‘2

Cac vecto riéng cla ? la: 0y = (=2,1), 7, = (3,4). Céc dudng thang
c6 phuong bat bién déi véi f ¢6 phuong trinh déi véi muc tieu da
cho 1a: @1 + 225 +a = 0 va 421 — 3x9 +b = 0; v6i a, b 14 cac sb tuy ¥.
b) Toa do diém kép M (x1,x5) thdoa min hé phuong trinh:

{ x1:4l’1+6$2+3

1]2:4ZL‘1+9I2+1 <:>371—|—21L’2—|—1:O

Vay toan bo cac diém thuoc duong thﬁ’mg 14 229 +1 =0 1a diém
kép.

1.38. Vi f, f~! 1a cac phép afin, ta chi can xét dnh clia doan thing
va tap 1oi 1a da. Stt dung tinh chat ti s6 don bao toan qua phép afin.
1.39. a) Trong tam tam gidic ABC la diém kép ctia phép afin f va
la diém kép duy nhit. Duong thing qua A va trung diém BC gom
toan diém kép va chi c¢6 cac diém do.

1.40. Giai tuong tu bai 1.27. Phuong trinh ctia phép bién ddi afin
f:A3— A%

+ D61 v6i muc tieu {O; €y, 6, 63} 1a

Ty =-2x —wy—13+4
rh=—x —1
Ty =—x1 —x3+2

+ D61 v6i muc tieu {Ag; Ay, As, Az} 1a

)= 2w+ x3—1
15/2: —I1—2$2—£L’3+2 .
Th= Ty —Ty— T3
-1 -1 -1 1
1.41.2]=] 0 1 0 [[z]+]0
0o 0 1 0



1.42. Xét anh xa tuyén tinh ¢ : X” — X" bién hé vecto €;,1 =
1,2,..,n tuong dng thanh 0,é, . .., €,. Thé thi f la 4nh xa afin nhan
¢ 1a anh xa lien két. Anh clia f 1a sieu phang toa do qua O, cé
phuong é, ..., é,.

1.43. Céch 1: Ching minh 4nh xa f (4nh xa lien két ctia f) Ia anh
xa dong nhat trén X" Tiép theo, v6i moi M € A", goi A la mot
diém kép ctia f, khi dé:

AF(M) = J (AM) = A = f(M) = M.

Cach 2: Suy tit sy x4c dinh duy nhét cta dnh xa afin.

1.44. f 1a phép chiéu song song thi f o f = f 1a hién nhién. Ngudc
N —

lai, tit dieu kién fo f = fsuyra f o f = ?7 chiing minh A" =

Im? & Ker?. Lay mot diém P € A" va P' = f(P). Goi « 13 phang

qua P’ ¢6 phuong la Im?. Thé thi f & phép chiéu song song len o

theo phuong Ker?.

1.45. Sit dung phép bién ddi tuyén tinh luoén c6 khong gian con 1

chiéu hoiic 2 chiéu bét bién, do d6 phing qua diém kép cé phuong

bat bién 1a bat bién qua phép afin.

1.46. a) Tich phép tinh tién theo vecto @ va phép tinh tién theo

vecto ¥ 1a phép tinh tién theo vecto @ + .

b) Phép tinh tién c6 dnh xa lien két 13 anh xa dong nhat id, phép vi

tu ti s6 k ¢6 anh xa lien két 1a k.id. Do d6 tich ctia ching ¢6 anh xa

lien két 1a k.id. LAy diém I bat k¥, khi d6 xac dinh duy nhat diém

O thda man |

Khi d6 O la diém kép va tich ctia hai phép sé la phép vi tu tam O
ti 6 k.

¢) Thong qua 4nh xa tuyén tinh lien két ctia phép tich suy ra: néu
hai phép vi tu ¢6 ti s6 vi ty 1a nghich ddo nhau thi tich cia ching
1a phép tinh tién, trong trudng hgp trai lai, Iy luan nhu cau b) suy
ra tich hai phép la phép vi ty.
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1.47. Xét muc tieu {O; E;} ¢6 anh {O’; E!}. Khido O'E! = mZO?l,z =
1,2,...,n.

EE, = O'E, — O'E, = 3;0F, — 2,0E, = kE,E, = k (()_E]> - O?i)

T d6 phuong trinh cta phép afin cé6 dang

Khi k = 1, d6 14 phép tinh tién.

Khi k # 1, 1a tich ctia mot phép vi tu ti s6 khac 1 va phép tinh tién,
do d6 ciing 1a phép vi tu (theo bai tap 1.47).

1.48. Hai he gom 3 diém doc lap hoac 3 diém phu thudc va c6 cling
ti s6 don.

1.49. Hai hinh binh hanh bat ky 1a tuong duong afin. Hai hinh thang
bat k¥ noi chung khong tuong duong afin. Hai hinh thang 1a tuong
duong afin khi va chi khi ti 1& giita hai diy trong hai hinh thang la
nhu nhau.

Siéu mat bac hai

1.50. Suy tir tinh chit nghiém cfia phuong trinh tim toa do diém
kép.

1.51. Viét phuong trinh clia d dudi dang tham s6 va thay vao phuong
trinh siéu mat bac hai tim duge cac giao diém 1a (0,0,0) va (1,1, 1).
1.52. Chon muc tieu afin {0; £;} (i = 1,2,...,n) sao cho O, Fy, Es,
.., By € a. Khi d6 a c6 phuong trinh

$m+1:xm+2:...:xn:0.

Gia stt S ¢6 phuong trinh déi véi muc tieu {O; E;} la:

n

Z i TiT5 + 2 z": a;x; +ag = 0.

ij=1 i=1
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Khi d6 giao 8 cua S va « c6 phuong trinh la:

Z::j:l ;i T;T5 + 2 Z?:l a;x; +ag =0, (1)
xm+1:$m+2:.”:$n:0'

a) Néu a;;(i,7 = 1,2,...,m) khong dong thai bang 0 thi § 1 sieu
mit bac hai trong «;

b) Néu a;; = 0 (v6i moi 4,7 =1,2,...,m) va ton tai a; # 0, (i =

1,2,...,m) thi 3 1 siéu phang trong a;

¢) Néu a;; = 0 (v6i moi 4,5 =1,2,...,m) vd a; = 0, (v6i moi i =
1,2,...,m)suyraay =0 (vi anNS # (). Khi d6 hée (1) tuong duong

VOl Tyl = Tipao = ... =2, = 0. Vay g = a.

1.53. a) Tam (0,1, —2), diém ki di 7(0,1, —2).

b) Tam I(0,k,k + 1), v6i k tiy ¥ thuoc R. Khong c6 diém ki di.
¢) Tam (2, —1,2). Khong c¢6 diém ki di.

1.54. a) Siéu phang kinh ctia S lién hgp v6i phuong € ¢6 phuong
trinh:
71’1 + 21’2 + x5 = 0.

b) Phuong trinh siéu tiép dién ctia S tai M la:

16.T1 +3[L’2 - 5.1‘3 —3=0.

1.55. Vi diém ki di c¢6 toa do 14 nghiém ctia hé phuong trinh

Alz] +1]a] =0 N
{[aﬂx]+ao=o ' ®)

Suy ra hang ciia ma tran hé sé va ma tran hé s6 bo sung bang nhau.

Vi hang clia ma tran hé s bé hon hodc bing n nén ma tran hé s6

b6 sung
ayjp a2 ... Qip Qi
B ao21 Q29 ... QAg9p Q2
A=
Ap1 Ap2 ... QApp Qap
aq a9 Ce (07% Qo

ciing ¢6 hang bé hon n + 1. Vay detA = 0. Didu ngugc lai khong
dtng vi detA = 0 khong suy ra hé phuong trinh (*) ¢6 nghiem.
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HUGNG DAN GIAI BAI TAP CHUONG 2

Khoéng gian vecto Euclid

2.1. a) Kiém tra tryc tiép 4 tien dé ctia tich vo hudng ddi véi &.
b) {a,b} 1a co s6 truc chuan ctia R? déi véi tich vo huéng & khi va
chi khi:
2
a
a? +ajay + =2 =1

£(a,a) =1
€(a,0) =0 << ab + arby + azb, i asbs _0
by + biby + 52 =1
Tu (1) chon a1 = 1,a0 =10 thay e (2) Vi <3) ta duoc:
b
bt =0

) b3 '
b+ biby =1

Giai he nay ta duge by = £v/3,by = +£2v/3. Ta ¢6 thé chon co s6
truc chuan {a, b} véi a = (1,0),b = (v/3, —2v/3).
2.2. Xay dung 4nh xa ¢ : VXV — R cho b6i (@, b) = a1by + ashs+
.t apb,. trong d6 @ = (a1, as,...,a,),b=(b1,bs,...,b,) la toa do
clia @, b doi véi co s6 e.
+ Kiém tra ¢ 1a mot tich vo huéng trén V va nhan € 1a co so truc
chuan.
+ Gid st ¢c6 mot tich vo hudng € trén V ciing théa méan diéu kién
bai todn. Khi dé

(@, b) = arby + aghy + . . . + anby.
Suy ra ¢ = €.
2.4. a) Van dung B dé 2.1.5.4, tinh Gr (&, d, d3) va két luan.

=)

) Tinh @0 = (@y — a3) (2d; + do + 3d3) va st dung gia thiét a3 = 1,

1'52:—1,6_1)1'&'3:0,&%:3,62'63207&%:2. Suyraﬁ-ﬁz—&

S
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¢) Gia sit ¢6 co sd trye chuan dé di véi né cac vecto i, ¥ néi & cau
b) ¢6 toa do @ = (1,0,4),7 = (0,0, —1). Suy ra

T-T=1.0+00+4-(—1) = —4.

Diéu nay 1a vo 1y vi theo cau b) @ - v = —5.
2.5. a) Tinh @ - b,

b) Goi hai vecto cdn tim 1a @ = (1, ¢2, ¢3,¢4) va d = (dy, do, d3, dy) -

r

Tim ¢ tit diéu kién

0
0

SRl

R

Tiép tuc tim d tir didu kien

&Ry
QO S Qy
I
o O o

2.6. a) {@,b,c d} 1a he tryc giao.
b) W va Z 1a hai khong gian con bu tryc giao.
2.7. a) Tu
7€ (EJ 137151)'6_; T

cos oy = = — = —

121 - el 1]

Suy ra diéu phai chitng minh.

b) Suy tir cau a).

2.8. He phuong trinh ¢6 hang bang 2, xac dinh mot co sé {dy, d2}
ctia khong gian 2 chidu W. Khi d6 phuong trinh ctia W+ x4c dinh
bii FE€ WL & 7.6, = 0,7 = 0.

Khoéng gian Euclid

2.9. Suy tit @2(A,C) = AC2 = (AB + BC)? va AB - BC < ||AB] -

H@H Dau ” =7 x4y ra khi va chi khi B thudc doan AC.
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2.10. Phan tich céc vecto thanh hiéu clia cac vecto "chung goc"
(chéng han CD = AD— fTCz') roi bién doi.
2.11. Stt dung Bai 2.9.
2.12. P bi1 vuong géc v6i Q nén P N Q 1a mot diém. St dung dinh
Ii vé& s6 chiéu clia tong va giao cdc phing véi luu y PN Q # 0 va
dim(P N Q) = 0 dé suy ra dim(P + Q) = n.

N . e N
2.13. Do sit ton tai duy nhat ciua khong gian Q = ?L suy ra ton
tai duy nhit phing Q di qua A va bt vuong goc véi P.
2.14. Goi H la hinh chiéu vuong goéc ctia A lén phing P. Ching
minh H 1a diém duy nhéat théa méan didu kien bai toan.
2.15. Phan tich [d(A, B)]? = |AB|? = |AH + HB|? v6i luu §
Al - HE = 0.
2.16. a) Vi phuong trinh cta ﬁ 1a a121 +asxs + ... +a,z, = 0 nén
T = (x1,%9,...,2,) € P khi va chi khi - Z = 0. Suy ra ¢ L & v6i
moifeﬁ. Hayﬁj_ﬁ.

b) Dudng thing can lap di qua M (29, 29,...,2%) va nhan ¥ =
(ay,as,...,a,) lam vecto chi phuong.
2.17. Vecto v (aq, as, . .., a,) 1a vecto phap tuyén cia P nén phuong

trinh cua P ¢6 dang: a1z + asxs + ... + a,x, + b = 0. St dung gia
thiét M (29,29,...,2%) € P suy ra phuong trinh ctia P 1a

0 0 0
a1r1 + asxs + ...+ a,x, — (alxl +agxy + ...+ anxn) = 0.

2.18. - Lap phuong trinh ctia siéu phang P d6i v6i muc tieu {O;
Ei, Es, ..., E,}. Xac dinh toa do trong tam G ddi v6i muc tiéu
{O; Ey, Es, ..., E,}. Ching minh O? 14 vecto phép tuyén cta P.

- Tuong tu, lap phuong trinh clia sieu phang P d6i véi muc tieu
{O';Ey, Es, ..., E,}, xac dinh toa d(f)~t_r>ong tam G d6i véi muc tiéu
{O';Ey, Es, ..., E,} va chitng minh O'G 1a vecto phéap tuyén clia P.
Tit d6 suy ra OO’ tryc giao v6i P va cat P tai trong tam G ciia don
hinh do6.

2.19. Lap phuong trinh tong quét clia cac phing P va Q. PN Q 1a
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phéng c¢6 phuong trinh duge xac dinh béi he gdm cac phuong trinh
cua P va Q.

7 ~ ? % ~
2.20. a) Xét phuong trinh cia P la:

n

Zamxizo, (k=1,2,...,n—m).

=1

7= (r1,22,...,2,) € ﬁ S adp-¥=Y . agr; =0.Suyraa, L&
v6imoi € P hay P truc giao v6i cac vecto dy (ag1, ak, - - -, rp) , (K =
1,2,...,n—m).

b) Vi ﬁ truc giao voi cac vecto a, (ak, Gk, - - - k) , (K =1,2,...,n—

m) va Q bu tryc giao véi P nén a;, € Q.

Hang (ak;)(, ppyxn = —mmén he {a} (k=1,2,....,n—m) doc

lap tuyén tinh. Mat khac dimQ = n — m nén hé vecto {dy,da, . . .,
ﬁ

An—m} 12 Mot co s6 cia Q.

¢) Lap phuong trinh ctia phing Q tir diéu kien di qua A (29,29, ..., 29)

%
va he vecto {dy,ds, ..., dn_m} 12 co 8§ clia Q.
2.23. T phuong trinh clia P ta ¢6 mot hé vecto phap tuyén ctia P,
_> 2 2
I3 6 6 ciia P, Tuong t, c6 co s6 ctia Q. Kiém tra trice tiép cho
) — — =

thay BL va QL 1a bit trye giao, tir d6 G+ — P va B+ — Q. Didu

nay cho thay P tryc giao Q.

2.24. ¢) He phuong trinh xéc dinh P N Q ¢6 hang biang 4, do do

P N Q 14 mot dudng thing.

2.26.a) Vi {1@, 1@, E, E} doc lap tuyén tinh nén dim(P+d) =

4, do d6 P va d chéo nhau.

b) - Xac dinh phuong 7 cia dudng vuong goc chung cia P va
d:f-zﬁ:f'@:?'ﬁzo. Goi « 1a 2—phang di qua D c6
phuong ﬁ va Z. Goi 8 1a 3—phang di qua A c¢6 phuong 13 1@, 1@
va Z. Khi d6 A = an g la duong vudng goc chung cia P va d.

- Stt dung cong thic tinh khoang cach giita hai phing dé tinh do
dai doan vudng goéc chung.

2.28. Lap phuong trinh ctia sieu phidng P v sit dung cong thic tinh
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khoang céach tit mot diém dén siéu phing.
Anh xa ding cu

2.29. + Diéu kién can. Hién nhien.

+ Diéu kien du. St dung diéu kien d (A;, A;) = d (A;,A;-) Vi g =
T A2 1 AF2 ’ Y Al

0,1,....,n<& AIAJ = AzA] suy ra AgA; - A()Aj = AOAZ . AOAj' Do

do ? 13 anh xa tuyén tinh truc giao.

2.30. Hai he diém Ay, Ay,..., A, v A) A}, ..., A" 1a doc 1ap nén

ton tai duy nhat phép afin f : E” — E" sao cho f (A;) = A} va theo

Bai 2.29, f la dang cu.

2.31. Do f khong phai 1a phép dong nhit nén néu diem X ¢ o
thi f(X) # X. Gid st f(X) = X', H la chan dudng vuong goc ha
tit X xubng o, f(H) = H. St dung tinh chit phép ding cu suy ra
X'H1lavaHX =HX'. Vi X # X' néen X’ ddi xiing X qua .
2.32. Xét phép quay f trong E? ¢6 tam O. Lay diém A # O va
A" = f(A). Goi I 1a trung diém ctua AA’, f; 1a phép dbi xting qua
duong thang OA, f, 14 phép dbi xitng qua duong thing OI. Khi d6
J=Jlof1.

2.33. Xét cac truong hop f co diém bat dong va f khong c6 diém
bat dong.

Truong hop 1: f c¢6 diém bat dong. Chon muc tieu thich hop cé
gbc la diém bat dong va ma tran clia f 13 ma tran tric giao c6 dang
chinh t&c, gid st ma tran nay c6 p s6 1,q s6 —1 va k ma tran khoi
cap 2 trén dudng chéo (p+ g+ 2k = n). Khi d6 f 1a tich cta g phép
ddi xiing qua siéu phang vd k phép quay quanh (n — 2)-phing, Vi
moi phép quay phan tich dugce thanh tich ctia hai phép ddi xitng qua
sieu phing nén f phan tich dugc thanh tich ctia ¢ + 2k < n phép
ddi xitng qua siéu phing.

Truong hop 2: f khong c6 diém béat dong. Lay mot diém A va
A" = f(A). Goi f, la phép ddi xtng qua siéu phang trung truc
ctia AA. Dat f; = f, ' o f. Khi d6 A la diém bat dong cla f; va
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f = foo fi. Két hgp truong hgp dau suy ra f phan tich dudc thanh
tich ctia khong qua n + 1 phép dbi xitng qua siéu phing.

2.34. V6i X (z;) € E" va X' (2}) = f(X). St dung dieu kien X X' =
ki va trung diém I ctia X X' thudc o dé tim méi lien hé ctia (z;) va
(«}). Phuong trinh phép déi xting 1a

n
/ .
xi:xi—Z(E aixi+a0>-ai,z:1,...,n.

i=1

—

2.36. Tir gia thiét f khong co6 diém bat dong suy ra c6 ¥ # 0 dé
(V) = 0.

- f =tz og, trong d6 g c6 diém bét dong A.

- Dudng thing A qua A v6i phuong ¢ 13 dudng thing bat dong d6i

véi f.

2.37. Gid sit f(I) = I',f(I') = I". Vi f la phép déng cu nén

II'=T1'T"=r . Khid6 I,I',I"” thing hang. Gid st I, I, I trailai, I”

thuoc duong tron tam I’ ban kinh r. Lay M la trung diém cta I1’,

. 1

khi d6 M’ = f(M) la trung diem cta I']". Ta c6 MM’ = 5[[” <r.

Suy ra MM’ < II' (mau thuin). Do d6 I,I',I" thing hang, hay

dudng thing II' bat dong.

2.38. Chitng minh bing phan ching:

- Néu hai duong thing bat dong cit nhau tai I thi I 1a diém bat

dong (vo 1y).

- Néu hai dudng thing bat dong chéo nhau. Khi dé dusng vuong géc

chung ctia 2 dudng thing c6 anh ciing 13 dudng vuong goéc chung ciia

2 duong thang d6 nén né ciing 14 dudng thing bat dong. Vi vay c6

2 dudng thing bat dong cit nhau, vo ly.

2.39. Lap biéu thitc toa do clia fotyo f~! va t2 @)

2.40. Chon muc tiéu truc chuan {O;é},é, €} trong d6 O la giao

ctia 3 duong thing, ) thuoc phuong cia a, €, thudc phuong clia b, &

thuoc phuong ctia c. Phép dang cu trong E? bién P thanh P néu:

0 0,8, = [ (&), 2= [ (@).ds= [ (&) € {&r, &, &, —a,
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—€y, —€3} VA {6_;1, s, 6_;3} ciing 1a co 6 truc chuan. C6 6 kha ning
chon trudc 6_;1, tit d6 c6 4 kha ning chon 6_;2 va tiép theo c6 2 kha
nang cho /3. Vay s6 kha nang dé 1ay co s6 truc chudn {6_;1, s, 6_;3},
ttc s6 phép ding cu dé bién P thanh chinh né, 1 6.4.2 = 48.

2.41. Hinh 1ap phuong bién thanh chinh né khi va chi khi bién tap
hop 3 duong thing doi mot vuong goc, 1a cac duong thing ndi tam
clia cadc mat doéi dien, thanh chinh tap d6. Theo Bai 2.40 c6 tat ca
48 phép ding cu.

2.42. Tuong tu Bai 2.40 véi chi ¢ phép dang cu bién truc 16n thanh
truc 16n va truc bé thanh truc bé.

2.43. St dung tuong duong afin ching minh bai toan trong trudng
hop tam giac 1a déu. Khi d6 3 duong chéo luc giac ndm trén 3 duong
cao clia tam giac déu.

2.44. Stt dung tuong duong afin chitng minh két qua trong truong
hgp tam gidc déu.

2.45. X6t anh xa lien két f : B" — E" 7 7. Khi do: ||7]] =
k||Z|]. Suy ra Inv? = {0}. Do d6 f c6 diém bat dong duy nhét.
2.46. Xét phép dong dang f : E" — E™ v6i ti s6 k # 1. Goi I 1a
diém bat dong ctia f, fo = VF 1a phép vi ty tam I ti s6 k. Khi d6
fu=fo(f,)" 1a phép ding ey va f = foo fu.

2.47. Theo Bai 2.46, f = fy o f; v6i fo 1a phép vi tu va f; 1a phép
doi c6 diem bat dong trong E?, ttc f, 1a phép quay.

Siéu mat bac hai trong khong gian Euclid

2.48

S la elip.
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2.49
Y? Ve

BYANZRE
=) )
S la tru eliptic

2.50. Dua S vé dang chinh tic

1+a)X*+(1—a)Y?=1.
Néu o = 1 hosic &« = —1 thi S 1a ciip duong thing. Néu o > 1 hoic
a < —1 thi S 1a hypebol Néu —1 < o < 1 thi S 1a elip.
2.51. St dung Bai 2.49.
2.52. Dung tuong duong afin.
2.53. Dung tuong duong afin.
2.54. Bién ddi phuong trinh ctia S dua vé dang

2z +y)(y+22—2)=0.

2.55. Ky hieu
p

A=) N

i—1
- Néu X # 0 thi tap hop cac diém M la siéu cau tong quat;
- Néu A = 0 thi tap hop cac diem M la siéu phang.

2.56. Xét khoang céach tir tam siéu cau dén sieu phing o.
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HUGNG DAN GIAI BAI TAP CHUONG 3
Khong gian xa anh

3.3. Lay muc tieu {O;¢;} véi géec O la diém cd dinh. Goi V™ la
khong gian lien két ciia A", ta c6 song anh tit tap cac khong gian

con 1 chiéu ctia V™ véi tap cac sieu phang ctia A™ di qua O.

3.4. St dung két qud hai khong gian con 2 chiéu trong khong gian

vecto 3 chiéu giao nhau khac vecto 0.

3.5. Suy tit khong gian con lien két v6i m-phing chita trong khong

gian con lien két clia p—phing.

3.6. b) Lay D véi [D] = [A] + [B] + [C].

3.7. He 3 diém A}, A}, A} doc lap va xét muc tieu {A], Ay, AL E'}
¢6 co sG dail dién 1a

e1=1(0,2,2),¢5 = (2,0,1), ¢35 = (1,1,0).

Ma tran chuyén tit {A;, As, As; E} sang {A], A}, A; E'} 1a

NN O

2 1
01
10

3.8. a) Phuong trinh tong quat ctia m—phéng di qua m + 1 dinh

dau tién ctia muc tiéu:
xm+2:...:$n+1:0.

b) Phuong trinh téng quat cia m—phang di qua m + 1 diém cudi
cua muc tiéu:

T =T2=...=Tp—m+1-
¢) Phuong trinh tong quat ctia siéu phang di qua tit ca cc dinh cla
muc tiéu tru dinh thi k:
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3.9. D& thay phuong trinh sieu phing 3 c6 dang da néu chita o
Ngudgc lai, siéu phg’mg B ¢6 phuong trinh ¢z +coro+. . . +Cpi1Tpi1 =
0 chita o thi ma tran lap nén tir cac hé sd cac phuong trinh clia o
va 3 ¢6 hang bang 2, vi néu hang bang 3 thi giao cia o va 3 la
(n — 3)—phang (do khong gian lien két ctia phing c6 chidu 1a n — 2).
Tu dé

(c1,C9, ..y Cny1) =plar,ag, ... ani1) +q(b1,bo, ... bpy1),p,q #0.

3.10. Dudng thing can lap la giao tuyén ctia hai mit phang qua M
tuong ing chia dy, ds.

3.11. Giao hai phing c6 khong gian lien két 1 giao cic khong gian
lien két clia cic phang. Tong hai phing c6 khong gian lien két 13
tong cac khong gian kien két ctia hai phing, 4p dung cong thic vé
chiéu ctia tong hai khong gian vecto con suy ra két qua.

3.12. Didu kién can va di dé hai phing chéo nhaular4+s=¢q — 1
trong dé ¢ = dim (P" + P?®).

3.13. Tong ctia P va P* lien két véi tong cia V' va Vel (Vr+l
lien két vai P7, V! lien két vai P*).

Ky hiscu R={X € MN,M € P" N € P*}. Tac6 R C P" + P* (vi
M eP" N € P*néen MN C P" + P?).

Ngudce lai, néu X € P" 4+ P* thi X c6 vec to dai dien £ € V' +
Vo # =g+ 2,4 € VT, 2e VSTl Goi M 1a diém c6 vec to dai
dien 1a ¢, N 1a diém c6 vec to dai dien 1 Z, thé thi M € P", N € P*,
dod6 X e MN C R, tudo P"+P°CR. Vay R =P" + P*.

5 0 =3
3.14a) | 5 1 -3 |;
0 -2 -3
b) (5,—-5,—=3).

3.15. a) (x1, 29,1) (vecto dai dién cho X 1a & = 04)(2 = T1€] + To€s +
e3).

b) (z1,x9,0).

3.16. Néu xét muyc tieu {A}, Ay, A3; E} trong d6 A} 1a diém vo tan
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ctia dudng thing As Ay, A, 1a diém v6 tan clia duong thing AsA,
thi mot didm c6 toa do afin 1a (21, z2) sé c6 toa do dbi véi muc tidu
{A}, AL, Ag; B} 1a (21, 12, 1), ta tim toa do cta diém déi véi muc tieu
{Ay, Ay, A3; E}. DOI v6i { Ay, A, As; E} toa do A} = A3A; X AJE =
(1,0,1); A, = AzA; x AE = (0,1,1). Cong thitc ddi toa do tit
{A1, Ag, Ag; B} sang { A, A'y, Az; E'} 12

1 0 O
klzl]=10 1 0 |[2].
1 1 -1
T
Tit do, thay toa do [z/] 14 | x5 |, ta c6 toa do cta diém déi véi muc
1
tiéu {Al, AQ, Ag, E} la
X1
[z] = P
1+ To — 1

Néu duong thang afin c6 phuong trinh 1a ax; + bxy + ¢ = 0, dudng
thing xa anh bd sung thém diém vo tan c6 phuong trinh déi véi
muc tieu {A}, Ao, A3; E} 1a axq + bzy + cxz3 = 0. Do d6 toa do
diém vo tan, tic diém giao clia duong thing nay véi dudsng thang
vo tan ¢6 phuong trinh x3 = 0 1a (b, —a,0). Vi vay d6i v6i muc tieu
{A), Ay, As; E} toa do diem vo tan nay 1a (b, —a,b — a).

3.17. Thay toa do ctia A, B vao phuong trinh tong quat clia sieu
phang (dudng thing), tit d6 tim duge cAc hé sd clia phuong trinh
nhu trén.

3.18. Giai he phuong trinh tuyén tinh thuan nhat cho nghiem 13 toa
do cta giao diém nhu trén.

3.19. 3 diém thing hang khi v& chi khi 3 vecto dai dién c6 toa do
cia diém 13 phu thudc tuyén tinh.

3.20. Suy tir 3 duong dong qui khi va chi khi hé phuong trinh c6
nghiém.

3.21. Bang phuong phap toa do, sit dung bai 3.19, 3.20.
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3.22. St dung dinh 1y Desargues ddi véi hai tam gidac ABC va
A'B'C.
Tm+1 — Tm+42 = 0
3.23a)P:< ... Qixi=x9=... =21 =0.
Tm+1 — Tn4+1 = 0
b) P va Q chéo nhau.
) P+Q=P"=dim(P+ Q) =n.
3.24. Goi co s6 dai dién ctia muc tieu { A;; E'} trong P 1a {eq, es, . . .,
€nt1}. Giao diem E' c6toadola (1,1,...,1,0)va{A, Ay, ..., A, E'}
1a muc tieu trong P"! véi co s§ dai dien 1a {e, eq,...,¢e,}. Tt d6
suy ra a) va dé dang suy ra b).
3.25. Gia st ddi v6i mot muyc tieu {A;, Ay, Az; E'} phuong trinh clia
e la ax 4+ bxl, 4+ caly, = 0. V1 e khong di qua cac dinh cta tam giac
A1 AsAs nén a,b,c # 0. LAy E ¢6 toa do ddi véi {A1, A, As; E'} 1a
(1/a,1/b,1/c). Cong thitc ddi muc tieu {A;, As, A3; E'} sang muc
tiéu {Al, AQ, Ag, E} la

l/a 0 0O
klz'l=1 0 1/b 0 | [z]
0 0 1/c

tic 11 = axl, xy = bah, x5 = caly. Do d6 ta ¢6 x1 + 22+ 23 = 0 la

phuong trinh ctia e d6i v6i muc tieu { A, Ay, Asz; E'}.

3.26. Diéu kien 1a he phuong trinh thuan nhat gom 4 phuong trinh

chi ¢6 nghiém tam thuong, titc ma tran hée s6 1a khong suy bién.
Ty s6 kép

3.27. a) (ABCD) = 4.
b) M(3,0,2).
3.28. Stt dung tinh chat ctia hinh 4 canh toan phan.

3.29. Ky hieu O = a x bym = OM. Lay dudng thing d di qua O
sao cho (mdab) = k. Thé thi qui tich cia N 1a dudng thing d (tri
diém O).

308



3.30. Ky hicu O = a x b,m = OM. Ap dung tinh chét cia hinh 4
canh toan phan ta c6 qui tich cia N 1a duong thang d di qua O sao
cho (abmd) = —1.

3.31. Trén dudng thang xa anh AB ta chon muc tiéu {4, B; C}. Khi
d6 A(1,0), B(0,1), C(1,1), D(1,d) v6i d > 0 va d # 1. Goi toa do
clia cic diém P,Q can tim 1a P(1,p),Q(1,q). Thay cic toa do nay
vao cac biéu thitc clia ti s6 kép da cho va giai phuong trinh, ta tim
duge mot cap diém 1a (1,/4d), (1, —V/d).

3.32. Giai bing phuong phap toa do. Chon muc tieu {A;, Ay, As; E'}
sao cho d(l, ]., ].) Khi do L1 (O, a, CLQ) y L2 (bl, 0, bQ) s L3 (617 Co, 0) Ta
co

abacy

(A2A3K1L1) (ASAlKZLQ) (AlAQKSLS) = -

CL25102'

Tiép theo, stt dung diéu kien thing hang cta 3 diém va diéu kien

dong qui ctia 3 dudng thang khi biét toa do.
Anh xa va bién ddi xa anh

3.38. Gia st muc tieu {Ay, As, ... Ayi1; E} ¢6 co s dai dien {é), é,
-+ g1} vamuc tieu dnh {A}, Ay, AL E'} e6 co 86 dai dien la
{8_;1, 5’2, . e7n+1}. Goi ¢ 1a anh xa dai dién ctia 4nh xa xa anh f.
Khi d6 ¢ (&) = kicl; va (&) = kel = k:<e71+€'2+...+ E/nH) . Ta
co gp(é) =@ (51 + 52 + ...+ €n+1) = /C16_;1+]€26_;2+. . -+kn+1€_;n+1- Tu
do kl = k’,VZ = 1,2,...,n+ 1. Do do6 {90(51)790(52>77§0(5n+1)}
= {/{:5’1, kg’z, e ke77l+1 cling la co sé dai dién cia muc tiéu anh
A Ay A B

3.39 a) St dung tinh ch&t don ciu tuyén tinh bién mot khong gian
con thanh khong gian con c6 cung sb chiéu.

b) Suy tryc tiép tit dinh nghia 4nh xa xa dnh va dinh nghia ti s
kép.

3.40. M' = f(M) = (4,2,1),d = f(d) c6 phuong trinh z; + 25 = 0.
3.41.a) f(M) = (1,2), f7Y(M) = (-2,5).
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b) Diém kép ctia f c6 toa do thda man hé phuong trinh

kry = x1 + 229
]{?[EQ = 31’1 + 2$2

Tim toa do diém kép nhu tim vecto riéng clia anh xa tuyén tinh c6

2]

Hai diem kép ctia f 1a (1,—1) va (2,3).

ma tran

3.42. Phuong trinh phép xa anh ¢6 dang

kx| = ayzy
kxl, = agws

ya; # 0.

/ —
ka1 = g1 Tnpn

3.43. Ap dung bai trén va dé § moi diém X (zy,2s,...,2,,0) bién
thanh chinh né, suy ra phuong trinh ctia phép xa anh c6 dang

ki = x4
kxy = x9

,a# 0.

r_
kx, . = axn4q

Duong thing qua A, chita hai diém kép nén né bat bién.

3.44. f ¢6 3 diém kép 1a A(1,6,5), B(1,1,0),C(0,0, 1), tit d6 3 dudng
thang kép 1a AB, BC,CA, ngoai ra khong c6 duong kép nao khac.
3.45 Ta ¢6 cac truong hgp sau:

+ar=ay=...=an41 = 0: ta c6 phép dong nhit nén moi diem 13
diém kép.

+ lpyr = 0va Ja; # 0,7 =1,2,...n: c6 mot sieu phang gdm toan
diém kép, d6 1a 2,1 = 0.

+ aps1 # 0: ngoai siéu phang x,,.; = 0 gom toan diém kép con co

diém kép O (ay,as, ..., ani1).
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3.46. a) Ma tran clia f 1a ma tran chuyén tit muc tiéu da cho dén
muc tieu {As, £, A;; Ay}, ma tran d6 la

b) Diém kép gom diém c6 toa do (1,0,1) va cac diém cta duong
thing 1 — 2o + 23 = 0.

c) f1a déi hop, tic f? = id, b6i vi B> = I. Suy ra diéu can chiing
minh.
3.47. Tit phuong trinh clia f suy ra [x] = kB~ [2/]. Cac diém thuge
sieu phaing P"~! ¢6 toa do thoa man phuong trinh [a][z] = 0 nén céc
diém &nh ctia chling c¢6 toa do théa man phuong trinh [a] B~ [2'] = 0.
Do d6 anh ctia P"~! 13 siéu phang c6 toa do [a] B~
3.48. Duong thing 1 + x5 + 23 = 0 ¢6 moi diém 1a kép va diém
(1,1,1) (khong thuoc duong thang) 13 kép.
3.49. Duong thing x; — x5 + 23 = 0 ¢6 moi diém 1a kép va khong c6
diém kép nao khac 1a co s6 cia phép thau xa. Tam thiu xa la giao
ctia duong thang MM’ (n6i mot cip diém tuong ting) va co sG clia
phép thau xa. Toa do cla tam la (—1,1,2).
3.50. a) Duong thing c6 3 diém kép nén moi diém ctia n6 1a diém
kép.
b) Stt dung mdi lien he toa do cia mot diém v6i toa do clia diém
anh va lien he toa do clia mot duong thang véi dudng thing anh,
ngoai ra mot diém (hay dudng thing) 1a kép dbi véi f ciing kép ddi
v6i f~1. Do dé6 mot diém 1a kép khi va chi khi dudng thing c6 toa
do cta diém kép ciing 14 duong thing kép. 3 duong thing kép dong
qui (toa do clia ching phu thudc) suy ra toa do 3 diém kép tuong
ting véi toa do nay phu thudc, tic 3 didm kép thing hang. Theo cau
a) suy ra f la phép thau xa.

3.51. Cac dinh A;(1,0,0), A5(0,1,0) thudc dudng thing x5 = 0. Ma
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tran phép thau xa cap la

,0,q # 0.

oo
oz O
< O O

Siéu mat bac hai

3.52. a) Thay toa do cac diém A;, Ay, A3, E vao sieu mit bac hai,

suy ra phuong trinh cta siéu mit bac hai ¢6 dang
ax1xs + brixs — (a + b)xaxs = 0.

b) Chi can 1ay @ = 1, con b nhan tat ca cac sé thyc ta duge vo s6
dudng bac hai nhu trén. Néu M (my, ma, m3) khong thuoc cac dudng
théng A1A2, A1A3, AQAg, AlE, AQE, AgE thi mq, Mo, M3 7£ 0 va doi
mot khac nhau. Thay toa do M vao phuong trinh ¢6 dang & cau a)
khi chon a =1 (via # 0 ), ta tim dugc b. Phuong trinh ctia dudng
bac hai ltc nay la (mymg — mams) zyzy + (Mmams — myms) r123+
(mlmg — m1m3> oy = 0.
3.53. a) 22 — 22 = 0 (cap duong thang thiyc cit nhau).
b) Dudng conic.
¢) (#1 — 229 + 23)* = 0 (cip duong thing thuc tring nhau).

1
3.54. \ = 3 va A= —1.
3.55. a) (1,—1,-3), (1, —2, —5);
b) (1,-2,0).
3.56. Chon muc tiéu {A;; E'} trong P™ sao cho Ay, As, ..., A, thudc
sieu phiang P"!. T phuong trinh cia S NP ! trong P"~! dbi véi
muc tieu {A;, As, ..., A E'} B = At ENP L suyra SNP" ! =
P! hosic S N P"! 1a siéu mat bac hai trong P" 1.

3.57. a) Chon muc tiéu sao cho phuong trinh ciia siéu mit bac hai

c6 dang chuan téc
2 .2 2 2
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Khi d6 don hinh n chiéu A, As, ..., A,41 1a don hinh ty d6i cyc vai
S.

b) Gia stt Ay, As, ..., A,pq 1a don hinh ty d6i cue v6i S. Chon muc
tiéu

{AlaA27 v 7An+l;E} ;
gia st phuong trinh cia S ¢6 dang

n+1

E Qi3T5 = 0.

ij=1
Phuong trinh siéu phéng déi cyc 4, clia A 1a
1171 + a2z + ... + A1 Ty = 0.

Do AQ, e ,An+1 € HAl = Q12 = ... = Qip41 = 0. TlIOIlg tu, ta co
a;; = 0,Vi # j. Vi vay phuong trinh cla siéu mét bac hai tré thanh

2 2 2
a11Ty + A22T9 + ...+ aanHan = 0.

Bing phép doi muc tieu thich hgp (giit nguyén céc dinh Ay, A, ..

°

A, 41) dua duge phuong trinh trén vé dang chuan tic.
3.58.a) Tl4 :2x;—325=0

My, : =321 + 29 + 223 = 0.

My, 129 —23=0

IIg:2:=0

Iy : T2y + 329 — 1223 = 0.
b) (1,3, —2).

3.59. Diém lien hgp véi A déi v6i S va ndm trén a chinh la giao

diém ctia I14 v6i a. Diem d6 c¢6 toa do 1a (5,1, 1).

3.60. I khong phai la diém k¥ di ctia S nén cé sieu phing dbi cuec
I1;. Khldé[GHAﬂHBﬂncﬁ@A,B,C, e I1;.

3.61. Sit dung tinh chat ciia hinh 4 canh toan phin, cac diém chéo

doi mot lien hgp véi nhau lam thanh tam giac tu doi cyc doi voi S.
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3.62. Ta c6 AP', BQ',CR' tuong tng la déi cyc cla P,Q,R. Vi
P, Q, R thing hang nen AP', BQ',CR' dong qui.

3.63. Goia=BCxB'C",f=CAxC'A',v=AB x A'B’. Sit dung
dinh 1y Desargues chi can chitng minh o, 3, thing hang. Bing cach
chon muc tiéu trong mit phing, ching han {A, B, C; E}, tit phuong
trinh clia S ta ¢6 phuong trinh ciia duong B'C’ (d6i cyc cia A) va
toa do cia a = BC x B'C’. Tuong tu, ¢6 toa do ciua 3,~. Tt do chi
ra sy thing hang clia 3 diém nay.

3.64. Tiép tuyén la duong thing qua A va giao diém ctia S véi sicu
phing ddi cye clia A d6i v6i S. Hai tiép tuyén d6 c6 phuong trinh:
To+ x3 =0 va 621 + 19 — 8x3 = 0.

3.65. Ay, A3 thudc duong bac hai va A; As, A; A3 tuong ting la duong
thing déi cuc cia A,, As, suy ra phuong trinh ctia duong bac hai I3
% 4 axqzz = 0,a # 0.

3.66. a) Dugc, vi dudng thing khong trimg véi dusng thing vo tan
T3 = 0.

b) Duge, vi dudng bac hai khong ndm trong dudng thang vo tan

$3:0.

Lién hé xa anh gitta hai hang diém, giita hai chium dudng
thing va mot sd dinh li ¢ dién vé dudng bac hai xa anh

3.67 a) Dua vao lién hé giita sd kép ctia hang 4 diém vi chiim 4
dudng thang véi chi ¥ riing f bao ton ti s6 kép clia chiim 4 dudng
thang bat ky.

b) f 1a phép phdi canh khi a x o’ 1 diém tu tng, tic a va o’ cing
di qua giao diém ctia mot ciap duong thing tuong tng qua f.

3.68. D6i ngau v6i bai 67 .

3.69. a) Stt dung dinh ly Steiner.

b) Khong ton tai.

3.70. Dinh C la giao diém ctia hai duong thang tuong tng thuoc hai
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chiim {a}, {5} trong lién hé xa anh. Xay ra hai truong hgp:

+ a, 3,7 khong thing hang, lién hé xa dnh khong 14 phép phdi canh

nén qui tich C' 1a conic di qua a, §,a x b (trit a X b).

+ «, B, thing hang, lien hé xa anh 13 phép phdi canh nen qui tich

C 1a dudng thang di qua a x b (trit a x b).

3.71. Tit lien he giita ti s6 kép clia hang diém va ti s6 kép clia chiim

dudng thing, suy ra phép dit tuong iing duong thing AN véi duong

thing BM xéac dinh lien hé xa anh giita hai chiim tam A va tam B.

Khi P, A, B thing hang, lien hé xa anh 1 phéi canh, qui tich K

13 mot dudng thang (truc ctia phép phdi cdnh). Khi P, A, B khong

thing hang, lien he xa anh khong 1a phdi canh, quy tich K 1a mot

duong conic di qua A va B.

3.72. I 1a giao diém clia hai duong thing tuong tng trong lien hé xa

anh {A; AN}, {B; BM} giita hai chum. Tiy thudc vio dudng thing

d c6 di qua cyc diém ctia AB hay 13 khong, ta c6 qui tich cta I 13

duong thang di qua cyc diém ctia AB hay dudng conic di qua A, B

va cue diém cia AB.

3.73. Sut dung dinh ly Pascal va dinh 1§ Brianchon dao.

3.74. Ap dung dinh Iy Pascal cho luc gidc noi tiép suy bién
A'AB'B'C'C'.

3.75. Stt dung dinh 1y Brianchon cho luc gidc suy bién.

3.76. Sit dung dinh 1y Brianchon cho luc gidc suy bién.

3.77. Stt dung dinh 1y Brianchon cho lyc gidc suy bién.

3.78. Stt dung dinh 1y Pascal cho luc gidc suy bién.

3.79. Ap dung dinh Iy Pascal cho luc gidc suy bién.

3.80. Ap dung dinh 1y Pascal cho luc gidc noi tiép suy bién, suy ra

B'C' luon di qua giao diém I ctia AD va BC.

3.81. Stt dung dinh ly Brianchon chitng minh AB’, BA’, PQ dong

qui.
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M6 hinh xa anh cta khong gian afin

3.84. Stt dung tinh chat cla cuc, déi cyc d6i véi dudng conic trong
mat phiing xa anh va lién he giita ti s6 kép clia hang diém va chiim
dudng thang.

3.86. Bai toan xa anh tuong ttng 14 hé qua tryc tiép ctia tinh chat
trén hinh 4 canh toan phan.

3.87. Stt dung dinh ly Pascal dé ching minh cic dudng thing la
dong qui.

3.88. Trén mo hinh xa anh ctia miit phang afin, méi dudng kinh ctia
parabol 13 duong thing dbi ciyc ciia mot diém nidm trén dudng thang
vo tan (duong thing tiép xic véi conic), do d6 cac dudng thing niy
c6 chung mot diém, dé la tiép diém cta duong thing vo tan véi
conic, ¢6 nghia 1a trong mit phing afin, cic duong thang nay song

song hay c6 cung phuong.
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PHU LUC

Hinh hoc giai tich cta cac mat bac hai
trong khong gian 3 chiéu

Trong khong gian 3 chiéu thong thuong, mot s6 mat thuong gap
14 mit bac hai, phuong trinh ctia ching duge thiét lap khi cho truée
mot hé toa do (muc tidu) trie chuan, con goi 1a hé toa do Descartes
vuong géc. Trong muc nay, chiing ta sé khao sat cu thé hinh hoc clia

mot s6 mat do.

1. Mat elipxoit

Trong mat phiang Ozz cia khong gian véi hée toa do truc chuan

Ozyz, xét duong elip c6 phuong trinh

2 22

@‘i‘g:l.

Quay duong elip quanh truc Oz ta duge mot mét bac hai, goi 1 mat

elipxoit tron xoay c¢6 phuong trinh

x2 y2 22
¥+?+C—2:1.

Giao tuyén ctia mat nay véi mit phiang 2 = m (hing sd), |m| < ¢ 1a
mot dudng tron, hinh chiéu ctia né lén mat phing Ozy c6 phuong
trinh

2y ) m2

a?  a? c?

Véi méi diem My (zo, Yo, 20) thudoc mat trén, 1y diem M (z,y, z) sao

cho
r = Xy
y = kyo
Z =20
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trong dé k 14 mot s6 duong c¢6 dinh. Phép tuong ting M, véi M dudc
goi 1a phép co vé mit phang Oxz. Vi diém M, ndm trén miit elipxoit

tron xoay nén

T Y, Ay
a2 a2 2
Béi vay,
2 2 2
T z
S

Néu dit b = ka, céc didm M sé ndm trén mit c6 phuong tinh

ZEQ ,y2 22

Hinh 3.35: Mat elipxoit

2. Mat nén

Trong mat phing Ozz ctia khong gian véi hé toa do truc chuan

Oxyz, xét dudng thing qua gbc c6 phuong trinh

T z
—_Z-o.
a C
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Quay dudng thang quanh truc Oz, mit nén tron xoay tao thanh cé
phuong trinh
2 2 2
x z
G- =0.
a a c
Nhu vay, mit nén tron xoay 1la mot mat bac hai. Giao tuyén cua
mit ndy véi mit phang z = m 13 mot duong tron va hinh chiéu cia
né lén mit phang Oxy c6 phuong trinh
22 2 m?
a2

Thyc hién phép co mit vé mit phang Oxz (nhu & trén), ta nhan
duge méat ¢6 phuong trinh

1’2 y2 22

a2 b2

Ta goi mit nay la mit nén elipxoit, giao tuyén véi mit phing

z = m la mot dudng elip.

Y

Hinh 3.36: Mat nén tron xoay
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3. Mat tru

Trong mat phing Oxz ctia khong gian véi hé toa do truc chuan

Oxyz, xét dudng thing c6 phuong trinh
x=a,a>0.

Quay dudng thing trén quanh truc Oz, ta dugc mit try tron xoay
(truc Oz), d6 1a mot mat bac hai ¢6 phuong trinh

Day ciing 13 phuong trinh ctia dudng tron cé6 tam la goc toa do, ban

kinh a, ndm trong mit phang Oxy (hay z = 0).
Phuong trinh miit tru tron xoay & trén c6 thé viét lai la

2 2
x y:
; + ? =1.
Thue hién phép co mit vé mat phang Oxz, ta nhan dude mit co
phuong trinh
2 2
x Yy
2te=h
ta nhan dugc mat tru eliptic. Giao tuyén ctia mit tru eliptic véi

mat phing z = m 13 mot elip.

z

E— Yy

Hinh 3.37: Mat tru tron xoay
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4. Mat hypeboloit

Trong mat phing Ozz cia khong gian véi hé toa do truc chuan
Oxyz, xét duong hypebol c6 phuong trinh

x? 22

F—;zl,a,c>0.
Quay duong hypebol quanh truc Oz, mit tron xoay tao thanh co

phuong trinh
2 2 2

Day 1a mot méat bac hai, goi 1a miat hypeboloit tron xoay 1 tang. Giao
tuyén ctia mit trén véi mat phang z = m 14 mot duong tron. Thuc
hién phép co mit trén vé mit phing Ozxz, ta dugc mit hypeboloit
eliptic 1 tang ¢6 phuong trinh :p_2 + %22 — Z—2 = 1. Néu quay dudng
hypebol trén quanh truc Ox, n?at tron XOfly tao thanh cé phuong

trinh

Day 13 mot mit bac hai, goi 1a mit hypeboloit tron xoay 2 tang.
Giao tuyén clia mit v6i mit phing z = m, |m| > a, 13 mot dudng
tron. Thuc hien phép co mat trén vé mit phing Ozz, ta dude mit

bac hai, goi 14 mat hypeboloit eliptic 2 tang c6 phuong trinh

5. Mat paraboloit

Trong mat phang Ozz ciia khong gian véi hé toa do truc chuan

Ozyz, xét duong parabol c6 phuong trinh
2 =kz, k> 0.

Quay duong parabol quanh truc Oz, mit tron xoay tao thanh cé

phuong trinh

2 2
xz Yy
—2+—2:z,k:a2.
a a
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z

)

Hinh 3.38: Mat hypeboloit 1 Hinh 3.39: Mat hypeboloit 2
tang tang

Day la mot mat bac hai, duge goi 1a méat paraboloit tron xoay. Giao
tuyén ctia mit v6i mit phang z = m > 0 la mot duong tron. Thuc
hién phép co mat trén vé mit phing Ozz, ta duge miit paraboloit

eliptic ¢6 phuong trinh

2 2
Zz Y
2 E=F

Giao tuyén ctia mit nay véi mat phang z = m la duong parabol,

hinh chiéu clia né lén mat phing Oyz c6 phuong trinh

Ching ta c¢6 thé xem miit paraboloit eliptic néi trén dude tao thanh

khi tinh tién dudng parabol sau trong mat phing Oyz

y?
b

=z

theo phuong truc Ox sao cho dinh ctia n6 luén ndm trén parabol



Bay gio, néu tinh tién theo phuong truc Oz dudng parabol

y2

B2

=z

sao cho dinh clia n6é luon nam trén parabol

ta nhan dugc mat bac hai ¢6 phuong trinh

7
duge goi la mit paraboloit hypebolic (hay mit yen ngya). Giao tuyén
ctia mat nay véi mit phing 2 = m la dudng hypebol, hinh chiéu ctia
né len mat phang Oxy c6 phuong trinh

22 P
— — = =m.

a? b2

Hinh 3.40: Mat paraboloit.
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