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Abstract: Applications of optical clocks in physical geodesy for determining geopotential are of
increasing interest to scientists as the accuracy of optical clocks improves and the clock size becomes
more and more compact. In this study, we propose a data processing method using the ensemble
empirical mode decomposition technique to determine the geopotential difference between two sites
in Wuhan based on the frequency comparison of two optical clocks. We use the frequency comparison
record data of two Ca+ optical clocks based on the optical fiber frequency transfer method, provided
by the Innovation Academy for Precision Measurement Science and Technology, Chinese Academy
of Sciences (Wuhan, China). By optical clock comparisons we obtained a geopotential difference of
42.50 ± 1.03 m2·s−2 (equivalent to height difference of 4.33 ± 0.11 m) between the two sites, which
is excellent compared to the geopotential difference of 42.56 ± 0.29 m2·s−2 (equivalent to height
difference of 4.34 ± 0.03 m) measured by a spirit leveling. The results show that the optical fiber
frequency transfer method is promising in determining the geopotential and potential for unifying
the world height system.

Keywords: OFFT; optical fiber; frequency transfer; geopotential; orthometric height

1. Introduction

Based on Einstein’s general relativity theory (GRT), clocks in positions with higher
potentials run faster. Thus, when comparing the clock’s frequencies at two points, we
can determine the geopotential difference between those two points. Such applications
of atomic clocks in geodesy are extensively investigated by scientists [1–5]. Studies show
that to determine the geopotential difference with an accuracy of 0.1 m2·s−2 (equivalent to
the orthometric height difference of 1 cm accuracy), we should determine the time shift or
frequency shift at the accuracy level of about 1 × 10−18.

With the development of clock technology, the accuracy of atomic clocks made signifi-
cant improvements. Over the past decade, optical atomic clocks with frequency uncertain-
ties of 10−18, or even higher levels were consecutively generated [6–10], with the ability to
sence a 7 mm variation in height [10]. In another aspect, the atomic clocks become more
compact to be easily transported.

There are two ways to compare the frequencies between two remote clocks. The first
one is transmitting frequency signals between two points via the GNSS satellite [11–17],
which many scientists studied; for instance, the recently proposed tri-frequency combina-
tion approach (TFCA) [14]. The basic idea of the TFCA is to use three microwave links
between a satellite and a ground station to determine the gravitational frequency shift
and then the geopotential difference between them. Suppose the ground station emits a
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frequency signal f a, the satellite receives the signal, and then it immediately reflects the
received signal f b, and at the same time, the satellite emits a frequency signal f c to the
ground station. The geopotential difference between the ground station and the satellite is
determined by combining the three frequencies based on the frequency shift equation [14].
If two ground stations simultaneously transmit and receive frequency signals with a com-
mon satellite, we can determine the geopotential difference between these two stations. The
time-frequency system onboard the CSS (China Space Station) will be executed by the end
of 2022, which will provide the potential test of determining the geopotential difference
between two stations.

The second one is transmitting frequency signals between two points connected by
optical fiber [18–27], simply referred to as the optical fiber frequency transfer (OFFT)
method [28]. At present, the OFFT method holds the highest accuracy level because
transmitting light signals via optical fiber can cancel out significant environmental noises.
Recently, Takamoto et al. (2020) [27] used two transportable clocks to determine the
geopotential difference and the height difference between two points in Tokyo Skytree, one
at the tower’s base and the other at the deck 450 m above, connected by optical fibers. The
results show that the uncertainty based on OFFT using transportable optical clocks reached
5 cm and gravitational redshift measurements at the 10−5 level.

In this paper, focusing on applications of the OFFT approach in geodesy, we investigate
the frequency comparison experiment of two optical clocks connected by optical fiber [26].
In Section 2, we present how to use the OFFT method to determine the geopotential
difference. In Section 3, we present the frequency comparison experiment between two
optical clocks. The data processing will be presented in Section 4. Results and discussions
are provided in Sections 5 and 6 will draw the conclusions.

2. Method

The gravity frequency shift equation is the scientific basis for determining the geopo-
tential difference between two points based on GTR. Suppose an optical clock at point
A emits a frequency signal with f A and a detector at point B receives the signal with f B
(Figure 1). Due to the difference in geopotential between these two points, f A and f B are
different. We have the following equation [20,21,28]:

fB − fA

f
= −WB − WA

c2 (1)

where c is the speed of light in a vacuum; WA and WB are the geopotential at points A and
B; Equation (1) is the gravity frequency shift equation, which describes the relationship
between the frequency shift and the geopotential difference of two points according to
GRT. If we can determine the frequency shift between the two clocks, noted as ∆f AB the
geopotential difference ∆WAB can be calculated as follows:

∆WAB = WB − WA = −∆ fAB

f
c2 (2)

If we use the spirit leveling method incorporating gravity data, we can also determine
the geopotential difference value between two points A and B. When we compare this
value with the value obtained from Equation (2), we can check the accuracy of the clock
frequency comparison method. However, the determination of the orthometric height (OH)
based on the OFFT method will not be possible if the position relative to the geoid of the
clocks is not known. The general principle for determining the OH by the geopotential
difference value is: in a height system that was chosen (for example, in China, the height
reference point is the origin point at Qingdao), suppose we know the OH of point A and
need to determine the OH of point B. From the OH of point A (known), we can determine
the geopotential of point A. Based on the gravity frequency shift equation, the geopotential
of point B can be determined. Then, based on the geopotential of point B, the OH of point
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B can be determined (the gravity at point B could be measured). There are two special
cases for using the OFFT method to determine the orthometric height. (1) If the two clocks
are directly above each other so that the position of the geoid cancels [27]. (2) If the two
clocks are sufficiently close together that there is negligible change in the position of the
geoid between the two stations. In our experimental area there are no notable landform
changes, and the straight distance between the two clocks is about 20 m. Hence, in this
study, case 2 can be applied. Namely, at the present accuracy level, we may mention the
height difference, which is equivalent to the corresponding geopotential difference.
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Figure 1. Determination of the geopotential difference by comparing optical clock frequency signals
via optical fiber frequency transfer (OFFT) technique. The black dashed lines are equipotential
surfaces passing through points A and B; the blue dashed line is the geoid. A0 and B0 are the
intersection points of plumb lines passing through A, B, and the geoid, respectively; HA and HB are
the orthometric heights of points A and B; WA, WB, and W0 are geopotential at points A, B, and on
the geoid, respectively; f A is the frequency transmitted from an optical clock at point A, f B is the
frequency obtained by an optical clock at point B.

The principle of determining the orthometric height in this case is as follows:
The orthometric height of point A will be determined by the following equation [29]:

HA = −WA − W0

gA
(3)

where gA is a “mean value” of gravity along the plumb line; W0 is the geopotential on the
geoid, and we note that the W0 value at present is a conventional value provided by the
International Association of Geodesy (IAG). Since we cannot precisely determine the gA, in
areas without major landform changes (plain region), gA could be approximately replaced
by gA + 0.0424HA (where gA is the surface gravity measurement, which can be measured
by absolute gravimeter, in gal (cm·s−2)).

From Equation (3), suppose we know the orthometric height of point A, we can
determine the geopotential of point A, expressed as:

WA = W0 − HA(gA + 0.0424HA). (4)
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And geopotential of point B can be determined by the following equation:

WB = WA + ∆WAB = W0 − HA(gA + 0.0424HA) + ∆WAB. (5)

Therefore, according to Equations (3) and (5), we can determine the orthometric height
of point B, expressed as:

HB =
HA(gA + 0.0424HA)− ∆WAB

gB + 0.0424HB
(6)

where the geopotential difference ∆WAB is determined by Equation (2), in g.p.u (1 g.p.u =
1000 gal.m).

Equation (6) is an approximate formula, however, its accuracy is sufficient in the
case of research points near the earth’s surface. In this study area there are no notable
landform changes.

Based on Equations (2) and (6), when we know the frequency shift ∆f AB between the
two points A and B, so we can determine the orthometric height of point B.

3. Experiment Setup

The clocks used in the experiment are Ca+ optical clocks with a systematic uncertainty
of 1.3 × 10−17 (Figure 2a). At first, the two clocks were set at the same height for comparison.
Then the two clocks were separated with a height difference of 4.34 ± 0.03 m measured
by spirit leveling, which can be converted to the corresponding geopotential difference as
42.56 ± 0.29 m2·s−2 in our present case. The measurements were taken in January 2020 [26].
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Figure 2. (a) Two Ca+ optical clocks used located in the laboratory (courtesy of Huang et al., 2020 [26]).
Scheme of experiment: (b) Ca+ optical clocks C1 and C2 at same level in laboratory; (c) clock C1 at
laboratory level and C2 at a height level above C1 by 4.34 m.

The transportable optical clock is put into an air-conditioned car trailer with interior
dimensions of 4.82 × 2.3 × 1.95 m3 in Wuhan. Huang and his colleagues compared
the laboratory clock to the transportable clock Ca+ (Figure 2b). Data obtained through
comparison shows the frequency shift of the two clocks at the same height. Comparing
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two clocks at the same height position helps us eliminate systematic errors in the data
processing process. In addition to the frequency shift caused by gravitational potential
differences, there is also the frequency shift caused by errors or systematic uncertainty. The
transportable Ca+ optical clock was moved 4.34 m higher than the old position, and the
two clocks were connected by a 100 m-long noise canceled fiber, with straight distance
being about 20 m (Figure 2c). By comparison, one obtains the frequency shifts between the
two clocks at two different sites.

4. Data Processing

In this study, we used the datasets provided by Huang et al. (2020) [26]. One dataset
covers 15 days when the two clocks have the same altitude, and the other covers 27 days
when the two clocks have an altitude difference of 4.34 m (corresponding to a geopotential
difference of 42.56 m2·s−2).

Because the original data contain many gross errors, we will first proceed to remove
the anomalous large errors. The data obtained after this step will be included in the second
processing step, which is noise removal. Here, we apply the ensemble empirical mode
decomposition (EEMD) [30,31] for data processing. Various studies [16,17] demonstrated
that the EEMD method is effective for processing different kinds of observations in a
time series.

The original data are shown in Figure 3a and Figure 4a. To remove gross errors, we
calculated the mean (M) and root mean square (RMS, σ) of the measurements for each day.
Based on M and σ, from the original data, we deleted the anomalous value, namely the
absolute value, the difference being that the mean M is more significant than |2σ|, then we
obtained the residual sequence r1, from which we calculated the new M1 and σ1. Repeating
the above procedures, we obtained convergent sequences ri, Mi, and σi (i = 1, 2, . . . N) for
further usage (see Figures 3b and 4b). For convenience, here we denote the data series
after removing the gross errors as the residual time series s(t). The correlation between the
original data and the data after removing the gross errors are shown in Figure 5.
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gross errors.

To further remove the noises from the residual time series s(t), we applied the EEMD
technique [30,31] to the series s(t). The steps to implement the EEMD method are stated as
follows [30,31]:

(i) Using the data obtained s(t), add the Gaussian white noise n(t) to obtain a new signal
data: x(t) = s(t) + n(t). The addition of Gaussian white noise to the decomposition algorithm
aims to stabilize the method’s performance. The Gaussian white noise series has zero mean,
so it will not affect the original signal and provide a uniform reference frame in the time
frequency space. The added noise collates the portion of the signal of comparable scale in
one intrinsic mode function (IMF) [30]. Therefore, the IMF mean values will maintain their
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natural properties and are less affected by mode mixing. It is an improvement of the EEMD
method over the empirical mode decomposition (EMD) method.

(ii) To process the new signal x(t), identify all the local maxima points—Lmax(t) and
local minima points—Lmin(t), and connect all these local maxima (minima) with a cubic
spline as the upper (lower) envelope.

(iii) Caculate the local mean m(t) of the two envelopes:

m(t) =
Lmax(t) + Lmin(t)

2
. (7)

(iv) Caculate the first component h(t) by taking the difference between the data x(t)
and the local mean m(t):

h(t) = x(t)− m(t). (8)

(v) Repeat steps (ii), (iii), and (iv) many times until h(t) meets the under certain
criteria of IMF. The final h(t) is designated as cj(t) in the decomposition result. Thus, x(t) is
decomposed into a series of IMFs:

x(t) =
n

∑
j=1

cj + rn (9)

where cj is components of the IMF, rn is the residue of data x(t).
(vi) Repeat steps (i) to (v) many times but with different Gaussian white noise each time.
(vii) Obtain the (ensemble) different ci and a residual trend r as the final result.
This way, we obtain residual series x(t) (see Figures 3c and 4c).
We use the residual series x(t) to calculate the mean (M) and RMS (σ) for each day.

Then, we calculate the weighted mean (∆f ) and its RMS (m∆f ). The accuracy of the estimated
weighted mean was calculated using the following formula [32,33]:

m∆ f =

√√√√√√√
n
∑

i=1
Pivivi

(n − 1)
n
∑

i=1
Pi

(10)

where vi = ∆ fi − ∆ f and Pi =
0.01
σ2

i
.

Figures 3 and 4 show the frequency difference measurements of two clocks at the
same location and two sites with an altitude difference of 4.34 m, respectively. As shown
by Figures 3a and 4a, since the original data contain gross errors, the first step we take
is removing the gross errors to obtain the preprocessed data. After data preprocessing,
the frequency difference series become more stable, as shown in Figures 3b and 4b. All
operations are based on the preprocessed data sets in the following data processing.

Then, the EEMD technique is applied to the preprocessed data sets for removing
the periodic noises. Two preprocessed data at the two experimental locations (at the
same location and two sites with the height difference) are decomposed into a series of
intrinsic mode functions (IMF) and long trend components, as shown in Figures 6 and 7.
From Figures 6 and 7, we can see that the periodic signals included in the data series are
successfully identified (e.g., IMF10 (C10) in Figure 6 and IMF10 (C10) in Figure 7). The
effectiveness of noise removal is shown in Figure 8, with a better trend change in the STD
value across the processing steps of the EEMD method.
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Figure 6. EEMD processing of the residual data series of the frequency difference between two
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(C1)–(C14), and the trend of (r).

In the EEMD processing, the periodic noises included in the preprocessed data were
removed, and we reconstructed a new signal series by summing the residual components,
denoted as r(t). The signal series r(t) is regarded as the geopotential-related signals. Then,
based on it, we can determine the gravitational frequency shift value between two clocks.
The signal series r(t) is considered as the EEMD results, as shown in Figures 3c and 4c.
Compared to the original data, the results improved since the periodic noises were removed.
The results in Figures 3 and 4 show that the processed data are more stable, the range
of variation between the frequency values is no longer large, and the values converge
asymptotic to the true value.
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5. Results

Using the results obtained from the EEMD processing, we calculated the mean (M)
and RMS (σ) of each day, and then calculate the weighted mean (∆f) and its RMS (m∆f)
according to Section 4. The stability of the measurement of the frequency difference
between two clocks is described by Allan deviations [34–36] in Figure 9. The frequency
noise is shown as black dashes and the blue dots are measurements. Figure 9a shows
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the two clocks at the same site, with the average sampling cycle being 12 s, achieving
a stability of 2.49 × 10−17/6 d. Figure 9b shows two clocks at different sites, with the
average sampling cycle being 25 s, achieving a stability of 1.45 × 10−17/12 d. At the same
site, the weighted mean is ∆f0 = (0.000924 ± 0.002005) Hz. Moreover, at two different
sites with a height difference, the weighted mean is ∆fH = (0.195288 ± 0.004252) Hz.
From the measurement results, the difference of frequency shift of the two clocks located
at two different sites is 0.195288 − 0.000924 = 0.194364 Hz. With the clock frequency
411,042,129,776,400.41 Hz [26], c = 299,792,458 m/s, g = 9.80665 m·s−2, we obtained the
geopotential difference 42.50 ± 1.03 m2·s−2 and the height difference of 4.33 ± 0.11 m (see
Table 1). Compared to the height difference of 4.34 ± 0.03 m measured by spirit leveling
(corresponding to a geopotential difference of 42.56 ± 0.29 m2·s−2), the result given here is
better than the previous result of 4.22 ± 0.33 m [26]. This difference in results may come
from the difference of data processing methods between this study and the previous study
by Huang et al. (2020) [26]. First, by removing the raw errors, we obtain a more reliable
data series before putting it into EEMD processing. Next, the EEMD method shows a very
good noise filtering effect to obtain a convergent residual series with less noise. The results
are shown in Figures 9–11 and Table 1.
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Table 1. Results of the height difference by frequency comparison.

Frequency Used
Being (Hz)

Gravity Frequency
Shift after

Calibration (Hz)

g
(m·s−2)

Geopotential
Difference (m2·s−2) Height Difference (m)

411,042,129,776,400.41 0.194364 9.80665 42.50 ± 1.03 4.33 (11)
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6. Conclusions

In this study, we used the OFFT method to determine the geopotential difference
between two points on the ground. First, we compared the frequencies of two clocks in the
same laboratory via optical fibers. Then we transported one of the two clocks to a nearby
site with a higher position and compared the frequency difference between these two clocks
connected via optical fibers [26]. In this way, we determined the geopotential difference
between these two sites.

The results in this study are consistent with the stability of the transportable Ca+

clocks. We use the ensemble empirical mode decomposition (EEMD) technique to handle
the residual data series. The results show that the EEMD method effectively filters out the
noises of frequency transmission data over optical fiber. The frequency signals are usually
nonlinear continuous signals and are affected quite a bit by noises. Processing these signals
according to old transforms (short-time Fourier transform, wavelet transform, etc.) often
does not yield the desired results. From the published studies [16,17,37] and the calculation
results in this study, it is shown that the EEMD method is a suitable noise reduction method,
which can be used to process frequency signals in geodetic measurements.

Huang et al. (2020) [26] performed the experiments as described in this study and
obtained the results of 4.22 (33) m. In addition, they further performed frequency com-
parison experiments between the two Ca+ clocks located at Wuhan and Beijing by GNSS
time and the frequency transfer technique [16]. The results show that the height difference
measured by the GNSS time frequency comparison technique [38,39] achieved only an
accuracy level of tens of meters [26], which could be due to a severe impact of GNSS time
and frequency transfer techniques. The frequency comparison results of the optical fiber
frequency transfer (OFFT) method as presented in this study are much better than the
previous study [26].

This study shows that the OFFT method is promising for determining the geopotential
difference between two points on the ground. However, the limitation of this method
is that there must be a fiber-optic connection between two remote points. To solve this
problem, a new method currently being studied by scientists is to compare clocks by
transmitting frequencies in free space, and the obtained experimental results are very
positive [40,41]. Although at present, the optical fiber system is used extensively for various
purposes, such as television and the internet, the use of the optical fiber system for geodesy
purposes (specifically connecting two optical clocks) is a technique that needs to be studied
further. In another aspect, flexibly transportable optical clocks are needed for extensive
field applications. With the rapid development of time and frequency science, we expect
an exciting future where compact and precise optical clocks will be extensively used to
determine geopotential and unify the world height system at the centimeter level.
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