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Abstract
Wehave achieved a negative refractive indexwith significantly reduced absorption in a three-levelΛ-
type atomic gasmediumunderDoppler broadening. It shows that the conditions for obtaining
negative refractive index in the presence ofDoppler broadening are very different from those of
Doppler broadening absent. In particular, in order to obtain negative refractive index in the case of
Doppler broadening the coupling laser intensitymust be approximately ten times greater than that
when theDoppler broadening is ignored.Meanwhile, the frequency band of negative refractive index
withDoppler broadening is significantly expanded (about a hundred times) compared to that without
Doppler broadening, however, the amplitude of negative refractive index decreases with increasing
temperature (orDoppler width). Even in some cases as temperature (Doppler width) increases, the
left-handedness of thematerial can disappear. In addition, we also show that the amplitude and the
frequency band of negative refractive index can be changed by adjusting the intensity and the
frequency of coupling laser. Our theoretical investigation can be useful for selection of laser
parameters under different temperature conditions to achieve negative refractive index in
experimental implementation.

1. Introduction

The refractive index is one of the important parameters that determine the optical properties ofmedium. From
Maxwell’s equations, the refractive index (n) of themedium is related to the relative permittivity (εr) and relative
permeability (μr) through the relation n .r r

2 e m= Therefore, the value of n can take either positive or negative
root from this relation. For usual opticalmaterials, both εr>0 andμr>0 then n r re m= and thewave

vector

k , the electric field


E and themagnetic field


H of the light form a right-handed system. In 1968, however,

Veselago [1]first demonstrated theoretically that themedium also has simultaneously negative permittivity and

permeability. For themediumwith εr<0 andμr<0 then n r re m= - and vectors

k ,

E and


H of the light

form a left-handed system. It is known as left-handedmaterial (LHM) or negative indexmaterial (NIM) [1] and
was experimentally verified a few years later [2, 3]. The negative indexmaterials have become a hot topic of
scientific research and attracted considerable attention in recent years due to their unusual electromagnetic
properties and potential applications inmany different fields [4–10].

Until now, several othermethods have been proposed to achieve negative indexmaterial including artificial
compositemetamaterials [11], photonic crystal structures [12], transmission line simulation [13] and chiral
media [14, 15]. However, these negative indexmaterials usually occur in the high frequency rangewith
accompanied strong absorption. Thus, the realization of negative indexmaterials in the optical regimewith
small absorption is of great significance.

In recent years, negative refractive index has been realized in atomic gasmedia based on quantum
interference and atomic coherence such as electromagnetically induced transparency (EIT) [16] and
spontaneously generated coherence (SGC) [17]. Thismethod has the following advantages: first, the negative
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refractive index is easily obtained in the optical regimewithout absorption; second, the amplitude and the
frequency band of the negative refractive index are also easily controlled by external fields. Using EIT effect,
Oktel et al [18] and Shen et al [19]first proposed a scheme for realization of the negative refractive index in a
three-level lambda-type atomic system. Later, Krowne et al [20] realized a negative refractive index using
dressed-statemixed parity transitions of atom. Since then, several other studies on negative refractive index have
been carried out in four- [21–26] andfive- [27] level atomic systems that can be easily generated negative
refractive index in different frequency bands. Recently, some authors have used the SGC effect to achieve
negative refractive indexwith significantly reduced absorption and to control the frequency band of negative
refractive index according to laser parameters and quantum interference parameter [28–30]. Under SGC
condition, the refractive index can be switched frompositive to negative or vice versa by varying the relative
phase of laser fields and the strength of SGC.

The above studies on negative refraction in EITmaterials have often ignored theDoppler effect and thus they
can only be suitable for ultra-cooled atoms confined in amagneto-optical trap (MOT), for example. In order to
be able to apply EITmaterials in practice operating under different temperature conditions, some studies on EIT
[31–37] aswell as its applications such as group velocity [38–41], pulse propagation [42, 43], Kerr nonlinearity
[44–47] and so on, have been included theDoppler broadening. It showed that the influence ofDoppler
broadening is very significant on the EIT effect at room temperature.

Although the negative refractive index in the three-level lambda system realized by Shen et al [19] under
some ideal conditions such as the coupling laser beam is chosen to resonate with atomic transition and the
Doppler effect due to the thermalmotion of the atoms is ignored, and hence the relaxation processes between
two sublevels of the ground state are also disregarded.However, for real atoms at room temperature, the
conditions for achieving negative refractive index in this system can be very different. In this work, we present
the realization of negative refractive index inDoppler broadened three-level lambda-type atomic systemwhich
is applicable to real atoms under different temperatures and therefore itmay be useful for experimental
implementation. The influences ofDoppler width and coupling laser parameters on the refractive index of the
medium for the probe laser are investigated.

2. Theoreticalmodel

Weconsider a three-level lambda-type system as shown infigure 1, where |1〉 and |3〉 are two hyperfine levels of
the ground state, while the level |2〉 is an excited state. In this case, the levels |1〉 and |2〉 have opposite parities,

i.e.,
 
d d2 1 021 ∣ ˆ∣= á ñ ¹ with


d̂ is the electric dipole operator, whereas the two levels |1〉 and |3〉 have the same

parities and


m m3 1 031 ∣ ˆ ∣= á ñ ¹ with


m̂ is themagnetic dipole operator. Hence, the electric andmagnetic
components of the probe fieldwith the same angular frequencyωp can drive the transitions |1〉↔ |2〉 and |1〉↔
|3〉, simultaneously.Meanwhile, the transition |3〉↔|2〉 is linked by the strong coupling laser with the angular
frequencyωc. The frequency detunings of these laserfields are respectively defined by:

, . 1p p c c21 23 ( )w w w wD = - D = -

Figure 1.Three-level lambda-type atomic system is excited by the probe and coupling fields.
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TheRabi frequencies of probe and coupling laser fields are related to their electric fields via the following
relations:


d E

a, 2p
p21 ( )W =


d E

b, 2c
c23 ( )W =

with dmn is the electric-dipolematrix element for the transition |m〉–|n〉;Ep andEc represent the electric field
envelope of the probe and couplingfields, respectively.

The densitymatrix equations ofmotion in the rotating-wave and electric dipole approximations are given as
follows:

t
i

i i

2 2
, 3p

p c21
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r
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¶
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= - + D -
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- +
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where γij is the coherence decay rate that related to the population decay rateΓij by:
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2
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Nowwe need to solve the systemof equations (3)–(5) under the steady state condition ( / t 0r¶ ¶ = ) tofind the
solutions for ρ21 and ρ31 which related to the electric and themagnetic responses of themedium for the probe
light.We assume that the atom initially populates in state |1〉, namely, 1,11

0( )r » and 0.22
0

33
0( ) ( )r r» » In theweak

probefield regime, the solutions for ρ21 and ρ31 are given by
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For an atomic gasmedium, the electric susceptibility (χe) and themagnetic susceptibility (χm) are related to the
densitymatrix elements by the following relations [19]:

Nd
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e
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whereN denotes the atomic density, d21 andm31 are respectively the electric andmagnetic dipolematrix
elements,Hp denotes themagnetic field envelope of the probefieldwith /H E ,p r r p0 0e e m m= ε0 andμ0 are the
permeability of vacuum.

Substituting (7) into (9) and (8) into (10), we obtain:

/
iNd i

i i 4
, 11e

p c

p p c c

21
2

0

31

21 31
2

( )
[ ][ ( )]

( )c
e

g

g g
=

+ D - D

+ D + D - D + W

Nm

c E

2 1

1m
p

m

e

31

0
31

( )
( )

c
e

c
c

r=
+
+

im

cd i2

1

1
, 12m

e

c

p c
e

31

21 31
⎜ ⎟
⎛

⎝

⎞

⎠

( )
( ) ( )

( )
c
c g

c=
+
+

W
+ D - D

3

Phys. Scr. 97 (2022) 025503 NVanAi et al



with /c 1 0 0e m= is the speed of light in vacuum. Equation (12) has the solutions as:

F F F4

2
, 13m

2 4 2

( )c =
-  -

where

F
m

cd i1 2
. 14e

e

c

p c

31
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⎜ ⎟
⎛

⎝

⎞

⎠( )
( )

c
c g

=
+

W
+ D - D

In the above calculations, we have assumed the atoms are at rest. However, at room temperature the atomswill
movewith quite high velocities, so it is necessary to include theDoppler effect in the expressions of the electric
susceptibility (χe) and themagnetic susceptibility (χm). In the experiment, to eliminate the first-order Doppler
effect for the lambda-type configuration, the probe beam and the coupling beam are usually arranged to
propagate in the same direction into the atomicmedium. In this arrangement, when an atommoveswith
velocity v in the direction of the laser beams it will see an up-shift frequencies of the probe and coupling lasers as

/v cp p( )w w+ and /v c ,c c( )w w+ respectively. Thus, the frequency detunings of the probe and coupling laser
beams are changed to be /v cp p p( )wD  D + and /v c ,c c c( )wD  D + rrespectively. Considering the atoms
moving along the axis of the laser beams, then the atomic velocity distribution follows theMaxwell distribution:

/N v
N

u
e dv, 15v u0 2 2( ) ( )

p
= -

where /u k T m2 B= is the square root of the atomic velocity andN0 is total atomic density.
In this way, theDoppler effect can be included in the expression of the electric susceptibility as
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Set /v u x2 2 2= and omit the small term i
v

c
p c( )w w- since the probe and coupling beams are close in frequency,

therefore the expression (16) becomes
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After integratingwith respect to x from−∞ to+∞, the expression of the electric susceptibility in the presence
ofDoppler broadening as:
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and erf (h) is the error function in the integral of the normalizedGauss function,
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From there, we can easilyfind the expression of themagnetic susceptibility in the presence ofDoppler
broadening as
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Having the expressions of the electric andmagnetic susceptibilies, the relative permittivity and relative
permeability of the atomicmedium are determined by

D D1 , 23r e( ) ( ) ( )e c= +

D D1 . 24r m( ) ( ) ( )m c= +

Using expressions (23) and (24), the refractive index of a left-handedmaterial can be given by:

n D D . 25r r( ) ( ) ( )e m= -

For a negative indexmaterial, the absorption coefficient can be expressed by [19]:

D D2 Im . 26r r( ( ) ( ) ) ( )a p e m= -

3. Results and discussion

Weapply the calculation results to 87Rb atomwith selected states as 5S1/2 (F=1), 5P1/2 (F′=2) and 5S1/2
(F=2) corresponding to the levels |1〉, |2〉 and |3〉. The atomic density and other parameters used areN=1027

atoms/m3,m=1.44×10−27 kg, d21=1.2×10−29 C.m,m31=7.26×10−23 A.m2, γ21=γ23=6MHz,
ε0=8.85×10−12 Fm−1,μ0=4π×10−7NA−2 and kB=1.38×10−23 J/K.

Firstly, in order to see the influence ofDoppler broadening on negative refractive indexwe plot the real parts
of relative permittivity (dashed line) and relative permeability (solid line) versus the probe laser detuning in the
absence (a) and presence (b) ofDoppler broadening as shown infigure 2. The used parameters of the coupling
laser infigure 2 areΔc=0,Ωc=1MHz (a) andΩc=60MHz (b), andT=300K. It should be noted that
figure 2(a) is the same result as in [19]withoutDoppler broadening. Fromfigure 2(a)we find that the real parts of
permittivity (εr) and relative permeability (μr) are simultaneously negative in the frequency detuning range [0,
0.02MHz], i.e., themedium exhibits left-handed property in the range [0, 0.02MHz]. In particular, in this
range, themediumhas very small absorption (can see imaginary parts of εr andμr) due to the EIT effect
established (see dash-dotted line). Fromfigure 2(b)we alsofind that both of relative permittivity and relative
permeability are simultaneously negative in the range [1.8MHz, 3MHz] and as a consequence the negative
refractive index of the LHM is obtained in this range as depicted in thefigure insert.We also note that the
medium shows left-handedness only when both real εr and realμr are negative and the real part of refractive
index (n) is negative [30], thus outside the range [1.8MHz, 3MHz] themediumdoes not exhibit left-handedness
even though the real part of (n) is negative.

By comparing the results between figures 2(a) and (b)we see that the frequency band of negative refractive
indexwithDoppler broadening is significantly expanded (about hundred times) compared to thatwithout
Doppler broadening.However, in order to achieve negative refractive index in the case ofDoppler broadening,
the coupling light intensity is approximately ten times greater thanwhenDoppler broadening is ignored. In

Figure 2.Plots of relative permittivity and relative permeability versus probe detuning in the absence (a) and the presence (b) of the
Doppler broadening. The used parameters areΩc=1MHz (a) andΩc=60MHz (b),Δc=0 andT=300K. The insert shows the
negative index of LHM.
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addition, in the presence of theDoppler broadening, the amplitudes of the relative permittivity and relative
permeability are also reduced by about ten times comparedwhenDoppler broadening absent. Even as the
temperature increases, the left-handedness of thematerial can disappear as we see infigure 3. Infigure 3we
plotted the relative permittivity and relative permeability, and the refractive index versus temperature atΔp=
2MHz,Δc=0 andΩc=30MHz. In this case, the left-handedness of thematerial disappears when the
temperature exceeds about 130K. The physical reason for the above phenomena is due to the EIT effect is
sensitively dependent on the temperature (Doppler width) of the atoms. As the temperature increases, the depth
andwidth of the EITwindow aremarkedly reduced, at the same time, the spectral profile is also significantly
expanded [34]. Thus, to achieve the desired EIT efficiency (nearly 100%), the coupling laser intensitymust also
bemuch larger than the case withoutDoppler [34].

Figure 3.Real parts of relative permittivity (dashed line) and relative permeability (solid line) versus temperature atΔp=2MHz,
Δc=0 andΩc=30MHz. The dash-dotted line is the refractive index of LMH.

Figure 4.Plots of relative permittivity and relative permeability versus probe detuning for different values of coupling frequency
detuningΔc=−5MHz (a) andΔc=5MHz (b). The other parameters areΩc=60MHz andT=300K. The insert shows the
negative index of LHM.
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Next, we show that the frequency range of the negative refractive index can be controlled according to the
coupling laser frequency. To see this, infigure 4we plotted the relative permittivity and the relative permeability,
and the refractive indexwith respect to the probe laser detuning for different values of the coupling frequency
detuningΔc=−5MHz (a) andΔc=5MHz (b). It can see from figure 4 that the real parts of relative
permittivity and relative permeability are simultaneously negative in the range [−3.2MHz,−2MHz]when
Δc=−5MHz and in the range [6.8MHz, 8MHz]whenΔc=5MHz, and hence the negative refractive index
of the LHM is also obtained in these ranges aswe see in the insert. Thus, the frequency band of negative refractive
index is shifted towards low frequency regionwhenΔc=−5MHz and towards high frequency regionwhen
Δc=5MHz. This is becausewhen changing the coupling laser frequency around the atomic resonant
frequency, the position of the EITwindow (can see imaginary parts of εr andμr) is also changed according to the
two-photon resonance condition [48], and thus the frequency range of the negative refractive index is shifted
accordingly.

Finally, wefix the probe frequency detuning atΔp=2MHzwhich corresponds to the negative refractive
index region infigure 4, and study the influence of the coupling laser intensity on the negative refractive index.
The graphs of relative permittivity and relative permeability, and the refractive index versus the coupling Rabi
frequencywhenΔp=2MHz,Δc=0 andT=300K are shown infigure 5. Fromfigurewe can see that both
relative permittivity (dashed line) and relative permeability (solid line) varies frompositive to zero then to
negative when adjusting the coupling Rabi frequency from0 to 100MHz. It is because for a given frequency of
the probe beam, a change in coupling laser intensity can lead to a transition between electromagnetically
induced transparency (EIT) and electromagnetically induced absorption (EIA) [48]which changes the
corresponding dispersion properties. In this case, we alsofind themedium shows left-handedness when
38MHz<Ωc<78MHz.

4. Conclusion

Wehave derived the expressions of the relative permittivity and the relative permeability in theDoppler
broadened three-levelΛ-type atomicmedium.Wehave found that under the EIT condition, the negative
refractive index of themediumhave achieved in an optical frequency band. In the presence ofDoppler
broadening, the conditions for achieving negative refractive index are very different from those ofDoppler
broadening absent. In particular, withDoppler broadening the coupling laser intensitymust be tens of times
approximately greater than that withoutDoppler broadening. The frequency band of negative refractive index
withDoppler broadening is expanded about a hundred times larger than that withoutDoppler broadening,
while the amplitude of negative refractive index decreases with increasing temperature. Evenwhen increasing

Figure 5.Real parts of relative permittivity (dashed line) and relative permeability (solid line) versus coupling Rabi frequencywhen
Δp=2MHz,Δc=0 andT=300K. The dash-dotted line is the refractive index of LMH.
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temperature (Doppler width), the left-handedness of thematerial can disappear. In addition, the frequency band
of negative refractive index can be changed by varying the coupling laser frequency, while the amplitude of
negative refractive index can be controlled by adjusting the coupling laser intensity.
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