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The magnitude and sign of self-Kerr nonlinear coefficient in a degenerate two-level inhomogeneously 
broadened medium are simply controlled by an external magnetic field. By changing the external 
magnetic field we can switch a negative peak of Kerr nonlinear coefficient into a positive peak and 
vice versa, and transform a zero value of Kerr nonlinear coefficient into a positive or negative peak in 
resonant region. Such a controllable Kerr nonlinear coefficient can be used to manipulate the working 
characteristics of photonic devices such as optical switches and bistable elements.
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1. Introduction

It is known that self-Kerr nonlinear coefficient plays an im-
portant role in optical nonlinear effects such as optical switching 
and bistability, generation of optical solitons, multi-wave mixing 
converters, and so on. In such applications, controllable and large 
nonlinear coefficient is often needed to gain conversion efficiency 
and optimize optical nonlinear processes. Over the past decades, 
the advent of electromagnetically induced transparency (EIT) [1]
has opened up an excellent route to obtain giant nonlinearity with 
vanishing absorption [2]. Therefore, the EIT medium becomes ideal 
to achieve nonlinear optical effects at very low light intensities [3].

Using the EIT technique, Wang et al., [4] first measured self-Kerr 
nonlinear coefficient in a three-level lambda atomic system under 
Doppler broadening by using the ring cavity. It is shown that the 
Kerr nonlinear coefficient can be enhanced in several orders of the 
magnitude owing to the presence of EIT. Simultaneously, the am-
plitude and the sign of nonlinearity can be controlled simply by 
tuning the frequency or the intensity of coupling field. Since then, 
many proposals have been suggested for the enhancement and the 
control of nonlinear coefficient via spontaneously generated coher-
ence (SGC) and the relative phase of applied laser fields [5–9], the 
microwave field [10], and the electric field [11]. Recent studies on 
the Kerr nonlinearity have been done in four-level [12–14] and 
five-level systems [7,15–18] in which the nonlinearity can be en-
hanced and controlled at multiple frequencies.
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In recent years, the studies have also been focused on the uti-
lization of external magnetic field to control optical properties of 
the atomic medium. For example, the effect of the magnetic field 
on the EIT [19–27], slow or fast light propagation [28,29], optical 
switching and bistability [30–33] have investigated. However, con-
trolling the nonlinear coefficient by an external magnetic field has 
not been explored so far. In this paper, we suggest using an exter-
nal magnetic field as a “knob” to control the magnitude and the 
sign of self-Kerr nonlinear coefficient in a degenerate two-level in-
homogeneously broadened medium. An analytical expression for 
self-Kerr nonlinear coefficient is derived under Doppler broaden-
ing. The influences of the external magnetic field, the intensity and 
frequency of coupling field as well as the temperature on the mag-
nitude and the sign of the Kerr coefficient are studied.

2. Theoretical model

The degenerate two-level atomic system interacting with the 
two laser fields is shown in Fig. 1(a). A weak probe field Ep with 
the left-circularly polarized component σ− (having angular fre-
quency ωp) applies to the transition |1〉 ↔ |2〉, while the transition 
|2〉 ↔ |3〉 is driven by a strong coupling field Ec with the right-
circularly polarized component σ+ (having angular frequency ωc). 
In order to eliminate first-order Doppler effect, we choose the cou-
pling beam which is co-propagating with the probe beam. The 
degenerate two-level atomic system is placed in an external mag-
netic field (B) parallel to the propagation direction of the probe 
and coupling fields. This is used to remove the degeneracy among 
the ground-state sublevels |1〉 and |3〉 via the Zeeman effect and to 
form the three-level lambda system as shown in Fig. 1(b). The Zee-
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Fig. 1. (a) Degenerate two-level atomic system, (b) three-level lambda system is 
formed in the presence of an external magnetic field, where the state |1〉 is low-
ered while the state |3〉 is lifted by the same amount �B corresponding to the 
Zeeman shift.

man shift of levels |1〉 and |3〉 is given by [31] h̄�B = μBmF gF B
where μB is the Bohr magneton, gF is the Landé factor, and 
mF = ±1 is the magnetic quantum number of the corresponding 
state. We denote γ21 and γ23 are respectively the decay rates from 
the state |2〉 to the states |1〉 and |3〉, while γ31 is the relaxation 
rate of atomic coherence between the ground states |1〉 and |3〉 by 
collisions of hot atoms.

Under electric-dipole and rotating-wave approximations, the 
evolution of the system is described by the following density-
matrix equations:

ρ̇11 = γ31(ρ33 − ρ11) + γ21ρ22 − i

2
�pρ21 + i

2
�pρ12, (1a)

ρ̇33 = γ31(ρ11 − ρ33) + γ23ρ22 + i

2
�cρ32 − i

2
�cρ23, (1b)

ρ̇22 = −(γ23 + γ21)ρ22 − i

2
�pρ12 + i

2
�pρ21 − i

2
�cρ32

+ i

2
�cρ23, (1c)

ρ̇21 = −[γ − i(�p −�B)]ρ21 + i

2
�p(ρ22 −ρ11)− i

2
�cρ31, (1d)

ρ̇23 = −[γ − i(�c +�B)]ρ23 + i

2
�c(ρ22 −ρ33)− i

2
�pρ13, (1e)

ρ̇31 = −[γ31 − i(�p −�c −2�B)]ρ31 + i

2
�pρ32 − i

2
�cρ21, (1f)

ρnm = ρ∗
mn, (1g)

ρ11 + ρ22 + ρ33 = 1, (1h)

where γ = γ21+γ23+γ31
2 . �p = ωp −ω21 and �c = ωc −ω23 are the 

frequency detuning of the probe and coupling beam, respectively. 
�p = d21 E p

h̄ and �c = d23 Ec
h̄ are respectively the Rabi frequency of 

the probe and coupling fields with dmn being the electric-dipole 
matrix element associated with the transition from the state |m〉
to the state |n〉.

In order to compute the linear and nonlinear susceptibilities, 
we solve the density matrix equations (1) perturbatively to third 
order under the steady state condition ∂ρ/∂t = 0. That is, the den-
sity matrix elements are described by

ρmn = ρ
(0)
mn + ρ

(1)
mn + · · ·ρ(n)

mn , (2)

where each successive approximation is calculated by using the 
density-matrix elements of one order less than the one being cal-
culated. We assume that initially the population is in the ground 
states |1〉 and |3〉 with the same populations, namely, ρ(0)

11 ≈ ρ
(0)
33 ≈

1/2, and ρ(0)
22 ≈ 0.

From Eqs. (1d) and (1f), and by using the weak-probe approxi-
mation we found the solution to ρ21 in first-order as
ρ
(1)
21 =

i
2 �p(ρ

(0)
22 − ρ

(0)
11 )

γ − i(�p − �B) + (�c/2)2

γ31−i(�p−�c−2�B )

≈ −i�p

4Z
, (3)

with

Z = γ − i(�p − �B) + (�c/2)2

γ31 − i(�p − �c − 2�B)
. (4)

In the same way, we can obtain the expression for ρ21 in third-
order as

ρ
(3)
21 =

i
2 �p(ρ

(2)
22 − ρ

(2)
11 )

Z
. (5)

Thus, in order to calculate third order in ρ21 we need to de-
termine ρ22 − ρ11 to second order. We assume that ρ(2)

33 ≈ 0, and 
notice that ρ(2)

11 + ρ
(2)
22 + ρ

(2)
33 = 0. Therefore, from Eqs. (1a) and 

(1c), the expression for ρ(2)
22 − ρ

(2)
11 can be derived as

ρ
(2)
22 − ρ

(2)
11 = 2

2γ + γ21
[i�pρ

(1)
21 − i�pρ

(1)
12 ] + 2γ31

2γ + γ21
, (6a)

= �2
p

2(2γ + γ21)

(
1

Z
+ 1

Z∗
)

+ 2γ31

2γ + γ21
. (6b)

With the above procedure, ρ21 is calculated in third order as:

ρ
(3)
21 = �2

p

2γ + γ21

i�p

4Z

[
1

Z
+ 1

Z∗

]
+ i�p

Z

γ31

2γ + γ21
. (7)

Having ρ(1)
21 and ρ(3)

21 , the matrix element ρ21 is determined up 
to third-order as

ρ21 = ρ
(1)
21 + ρ

(3)
21 = −i�p

4Z

(
1 − 4γ31

2γ + γ21

)

+ i�p

4Z

�2
p

2γ + γ21

(
1

Z
+ 1

Z∗

)
, (8)

where Z∗ is the complex conjugation of Z .
The total susceptibility χ for the probe light is represented by

χ = −2
Nd21

ε0 E p
ρ21 = Nd21

ε0 E p

[
i�p

2Z

(
1 − 4γ31

2γ + γ21

)

− i�p

4Z

�2
p

2γ + γ21

(
1

Z
+ 1

Z∗

)]
. (9)

On the other hand, the total susceptibility can be written in an 
alternative form as

χ = χ(1) + 3E2
pχ

(3). (10)

By comparing Eqs. (9) and (10), the first-order susceptibility 
χ(1) and the third-order susceptibility χ(3) can be derived as

χ(1) = iNd2
21

ε0h̄

1

2Z

(
1 − 4γ31

2γ + γ21

)
, (11)

χ(3) = − iNd4
21

6ε0h̄3

1

2γ + γ21

1

Z

(
1

Z
+ 1

Z∗

)
. (12)

For hot atoms, the Doppler effect is needed to be included. 
In this configuration, the coupling and probe beams co-propagate 
through the atomic medium. Therefore, an atom with velocity ν
moving towards probe beam will see an up-shift frequency of the 
probe and coupling lasers as ωp + (v/c)ωp and ωc + (v/c)ωc , 
respectively. In such cases, the frequency detuning of the laser 
beams is adjusted accordingly as �′

p = �p + (v/c)ωp and �′
c =
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Fig. 2. Absorption (a) and dispersion (b) versus probe field detuning when �c = 150γ , �c = 0, T = 300 K, and B = 0 (solid line), B = 50γc (dashed line) and B = −50γc

(dash-dotted line).
�c + (v/c)ωc . The numbers of atoms having velocity v which lie 
along the laser beams obey a Maxwellian distribution:

dN(v) = N0

u
√

π
e−v2/u2

dv, (13)

where, u = √
2kB T /m, is the root mean square atomic velocity and 

N0 is the total atomic density of the atomic medium. Therefore, 
the susceptibility expressions must be modified to

χ(1)(v)dv = iN0d2
21

u
√

πε0h̄

(
1 − 4γ31

2γ + γ21

)
e−v2/u2

2Z(v)
dv, (14)

χ(3)(v)dv = − iN0d4
21

6u
√

πε0h̄3

(
1

2γ + γ21

)
e−v2/u2

Z(v)

×
[

1

Z(v)
+ 1

Z∗(v)

]
dv, (15)

where

Z(v) = γ − i
(
�p − �B + v

c
ωp

)

+ �2
c /4

γ31 − i(�p − �c − 2�B) − i v
c (ωp − ωc)

. (16)

By integrating Eqs. (14) and (15) over the velocity v from −∞
to +∞, we obtain:

χ(1) = iN0d2
21

√
π

2ε0h̄
(
ωpu/c

) (
1 − 4γ31

2γ + γ21

)
ez2 [1 − er f (z)], (17)

χ(3) = − iN0d4
21

6
√

πε0h̄3 (
ωpu/c

)2

(
1

2γ + γ21

)

×
{

2
√

π
(
−1 + √

π zez2 [1 − er f (z)]
)

+
π

(
ez2 [1 − er f (z)] + ez∗ 2 [1 − er f (z∗)]

)
z + z∗

⎫⎬
⎭ , (18)

where

z = c

ωpu

(
γ − i(�p − �B) + �2

c /4

γ31 − i(�p − �c − 2�B)

)

= c

ωpu
Z , (19)
z∗ is the complex conjugation of z, and erf is the error function.
From the first- and third-order susceptibilities, we determine 

the linear dispersion n0 and the self-Kerr nonlinear n2 coefficients 
under Doppler effect as [3]:

n0 =
√

1 + Re(χ(1)), (20)

n2 = 3 Re(χ(3))

4ε0n2
0c

. (21)

3. Results and discussion

In this section, we apply the analytical results to 87Rb atomic 
vapor. The states |1〉, |2〉 and |3〉 can be chosen as 5S1/2(F =
1, mF = +1), 5P1/2(F = 2, mF = 0), and 5S1/2(F = 2, mF = −1), 
respectively. The atomic parameters are [33,34]: N = 4.5 × 1017

atoms/m3, γ21 = γ23 = 2π×5.3 MHz, d21 = 1.6 × 10−29 C.m. The 
Landé factor gF = −1/2, and the Bohr magneton μB = 9.27401 ×
10−24 JT−1. For simplicity, all quantities related to frequency are 
given in units γ which should be in the order of MHz for rubid-
ium sodium atoms. In this approach, when the Zeeman shift �B
is scaled by γ , then the magnetic field strength B should be in 
units of the combined constant γc = γ h̄/(μB gF ) which also has 
the units of the Tesla. For example, when taking the Zeeman shift 
�B = 50γ , then the magnetic field strength B = �Bh̄/(μBmF gF ) =
50γc = 37.68 × 10−3 T = 376.8 G.

First of all, we demonstrate that it is possible to use the ex-
ternal magnetic field to switch electromagnetically induced trans-
parency (EIT) into electromagnetically induced absorption (EIA) at 
the resonant frequency region, as depicted in Fig. 2 (a). As shown 
in the figure, the position of the transparency window has been 
shifted to the short or long wavelength domain by adjusting the 
magnitude and the sign of the magnetic field. Specifically, for the 
case that no magnetic field is applied (i.e., B = 0 which corre-
sponds to �B = 0), the position of the transparency window is 
localized at line center of the absorption profile. However, when 
the external magnetic field is switched on, the transparency win-
dow has moved to the left by an amount of �p = 100γ for the 
case of B = −50γc (which corresponds to �B = −50γ ) and moved 
to the right by the same amount �p = 100γ for the case of 
B = −50γc (which corresponds to �B = 50γ ). These lead to the 
appearance of an absorption peak at the line center, that is, it has 
been switched from transparent to absorbed regimes. This phe-
nomenon can be used for optical switching in photonic devices 
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Fig. 3. Variations of the Kerr nonlinear coefficient versus probe field detuning when �c = 0 (a) and versus coupling field detuning when �p = 0 (b). Other parameters are 
�c = 150γ , T = 300 K, and B = 0 (solid line), B = 25γc (dashed line) and B = −25γc (dash-dotted line).
[33]. Along with the transition between EIT and EIA, the dispersion 
is also switched from normal to abnormal regimes in the resonant 
domain via turn-on/off of the external magnetic field, as shown in 
Fig. 2(b). Therefore, we can use the external magnetic field as a 
“knob” to switch the light propagation modes from superluminal 
to subluminal and vice versa.

Next, we demonstrate that it is possible to use the external 
magnetic field to switch a negative peak of the Kerr nonlinear co-
efficient into a positive peak and vice versa, as shown in Fig. 3. 
In Fig. 3(a), we fix the coupling field detuning at �c = 0 and 
plot the Kerr nonlinear coefficient versus probe field detuning �p
for different values of the external magnetic field B = 0 (solid 
line), B = 25γc (dashed line) and B = −25γc (dash-dotted line). 
It shows that the negative peak of the Kerr nonlinear coefficient 
at �p = 25γ in the case of B = 0 has switched to the positive 
peak when B = 25γc. Similarly, the positive peak of the Kerr non-
linear coefficient at �p = −25γ in the case of B = 0 has switched 
to the negative peak when B = −25γc. Moreover, similar to lin-
ear dispersion, here, nonlinear dispersion is also transformed from 
normal to anomalous when turn-on/off of the external magnetic 
field. In Fig. 3(b), we fix the probe field frequency at �p = 0 and 
plot the Kerr nonlinear coefficient versus coupling field detuning 
�c for different values of the external magnetic field B = 0 (solid 
line), B = 25γc (dashed line) and B = −25γc (dash-dotted line). It 
is clearly shown that the positive peak of the Kerr nonlinear coeffi-
cient at �c = 25γ and the negative peak at �c = −25γ in the case 
of B = 0 have switched to the negative peak when B = 25γc and 
the positive peak when B = −25γc, respectively. Moreover, this fig-
ure also shows that the Kerr nonlinear coefficient is controlled not 
only by the external magnetic field, but also by the coupling field 
detuning.

In particular, the zero value of the Kerr nonlinear coefficient at 
two-photon resonance of probe and coupling lights (�p = �c = 0) 
in the case of B = 0 (see the solid line of Fig. 3a) can be trans-
formed to the positive peak when B = 12γc and the negative peak 
when B = −12γc, as depicted in Fig. 4. This means that we can use 
the external magnetic field to move a peak of enhanced Kerr non-
linearity into resonant domain with reduced absorption. Thus, by 
increasing or decreasing the external magnetic field strength, the 
Kerr nonlinear coefficient can be changed not only in magnitude 
but also in its sign.

In Fig. 5 we examine the variation of the Kerr nonlinear co-
efficient with respect to the coupling field intensity when fixed 
other parameters at �p = 25γ , �c = 0, and T = 300 K (which cor-
Fig. 4. Change of the magnitude and the sign of the Kerr nonlinear coefficient versus 
the external magnetic field when �p = 0, �c = 0, �c = 150γ and T = 300 K.

Fig. 5. Variation of the Kerr nonlinear coefficient versus the coupling field intensity 
when �p = 25γ , �c = 0 and T = 300 K.
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Fig. 6. (a) Variation of the Kerr nonlinear coefficient versus probe field detuning when B = 0, �c = 0, �c = 150γ , and T = 100 K (solid line), T = 200 K (dashed line) and 
T = 300 K (dash-dotted line). (b) Variation of the Kerr nonlinear coefficient versus absolute temperature when �p = 25γ , �c = 0, �c = 150γ , and B = 0 (dashed line) and 
B = 25γc (solid line).

Fig. 7. Variations of absorption (a) and Kerr nonlinear coefficients (b) versus probe field detuning in the case of Doppler free when �c = 3γ , �c = 0, and B = 0 (solid line), 
B = 1γc (dashed line) and B = −1γc (dash-dotted line).
responds to the maximum point in the solid line of Fig. 3a), for 
the cases when B = 0 (solid line) and B = 25γc (dashed line). It 
sees that the amplitude and slope of Kerr nonlinear curve can be 
changed by tuning of the coupling field intensity. In particular, by 
choosing the magnetic field strength B = 25γc, the variation of the 
Kerr nonlinear coefficient versus the coupling field intensity is op-
posite to that when B = 0.

Finally, we investigate the influence of Doppler broadening on 
the magnitude of the Kerr nonlinear coefficient as presented in 
Fig. 6. In Fig. 6(a), we plot the Kerr nonlinear coefficient with 
respect to the probe field detuning for different values of the tem-
perature in the case of B = 0. It is clear that an increase in temper-
ature leads to the decrease in amplitude of the Kerr nonlinearity 
and the extension in the nonlinear dispersion profile. In Fig. 6(b) 
we plot the Kerr nonlinear coefficient versus the absolute temper-
ature at the fixed parameters are �p = 25γ , �c = 0, �c = 150γ , 
and B = 0 (dashed line) and B = 25γc (solid line) which corre-
sponding to the maximum point of nonlinear coefficient in Fig. 6a. 
From Fig. 6(b) we find that, for the given values of parameters �c, 
�p, and �c we can choose an optimized temperature to obtain the 
largest value of the Kerr nonlinear coefficient. In addition, we can 
choose the magnetic field strength B = 25γc so that the variation 
of the Kerr nonlinear coefficient versus the coupling field intensity 
is opposite to that when B = 0. On the other hand, from the above 
considerations, it can be seen that under Doppler broadening (at 
room temperature, for example) the Zeeman shift of the levels |1〉
and |3〉 needs to be large enough to overcome the overlap between 
levels |1〉 and |3〉, so a strong magnetic field is required. However, 
in the case of Doppler free (for cold atoms), such results can be 
obtained with a much smaller magnetic field, as shown in Fig. 7.

4. Conclusion

We have derived the analytical expression for the self-Kerr non-
linear coefficient in a degenerate two-level atomic medium under 
Doppler broadening. The magnitude and the sign of the self-Kerr 
nonlinear coefficient are simply controlled by the external mag-
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netic field as well as the frequency and intensity of coupling field. 
By choosing the appropriate external magnetic field we can switch 
a negative peak of the Kerr nonlinear coefficient into a positive 
peak and vice versa, and transform a zero value of the Kerr non-
linear coefficient into a maximum value at resonant frequency. In 
addition, under Doppler broadening the external magnetic field 
(and hence Zeeman shift) must be large enough to overcome the 
overlap between ground-state sublevels. Such a controllable Kerr 
nonlinear coefficient can be used to control the working charac-
teristics of photonic devices. Moreover, the analytical model is not 
only convenient for considering the influence of controllable pa-
rameters on the Kerr nonlinear coefficient, but it is also easily used 
to fit the experimental observations under different temperatures.
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