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Abstract. In this paper, we analyze the role of incoherent pumping field on the control of optical bistability
(OB) via the spontaneously generated coherence (SGC) and relative phase between laser fields in a closed
three-level ladder-type atomic system. It is shown that in the presence of incoherent pumping field, the
influences of the SGC and the relative phase of the OB behavior become more effective. Simultaneously, the
threshold intensity and width of the OB reduce significantly when the incoherent pumping rate increases.

1 Introduction

As we have known optical bistability (OB) is an essen-
tial element in photonic devices such as optical transistors,
optical memories, optical logic gates and optical switches,
and so on [1]. Response speed and the sensitivity of the opti-
cal devices depend on the threshold intensity and width
of the OB. Therefore, one is always looking for solutions
to change the threshold intensity and the width of the
OB, so that the operating characteristics of optical devices
can be controlled. In recent years, the discovery of elec-
tromagnetically induced transparency (EIT) [2] has pro-
vided a simple solution to control the optical properties
of the atomic medium including absorption and dispersion
[3,4], Kerr nonlinearity [5–8], group velocity [9,10]. As a
consequence, both the threshold intensity and width of the
OB can be easily controlled and reduced significantly [11].
Initially, theoretical and experimental studies on the OB
focused on three-level atomic systems including three-level
Λ-, V- and ladder-type configurations [12–16]. It is found
that the threshold intensity and width of the OB system
are controlled by the intensity and frequency of laser fields.
Recently, optical bistability in four- and five-level atomic
systems has also been studied [17–19]. The studies have
shown that the OB effect can occur at multiple frequency
regions of the probe light.

In addition to the EIT effect, there is another kind
of quantum interference arising from the spontaneous
emission processes in atomic/molecular systems with
nonorthogonality of electric dipole moments induced by
coherent fields. Such interference creates an additional
atomic coherence, usually called spontaneously gener-
ated coherence (SGC) [20] which modifies both transient
and steady-state response of the medium. The influences
of SGC on the optical properties of three-level atomic

a e-mail: doailv@vinhuni.edu.vn

systems have been basically investigated for absorption
and dispersion [21,22], group velocity [23,24], Kerr non-
linearity [25] and pulse propagation [26]. The effect of the
SGC on OB behavior has also been analyzed in three-level
Λ-type [27] and V-type [28] and ladder-type [29] systems.
It is shown that the SGC can be used as a “knob” to
manipulate the OB features.

Although the SGC can change atomic optical proper-
ties, the SGC effect is usually quite small due to the poor
population in the upper excited state. In order to enhance
this quantum interference effect, therefore, one introduces
an incoherent pumping field to increase the population in
the upper excited state and hence to increase the power of
spontaneous emission processes in atomic/molecular sys-
tems. Indeed, in the presence of the pumping field, the
influence of the SGC on absorption and dispersion [30,31],
group velocity [32] and Kerr nonlinear effect [33] becomes
more effective as incoherent pumping rate increases. More-
over, under the SGC with incoherent pumping, the optical
responses of the atomic medium are very sensitive to the
relative phase between the laser fields [30,31].

Up to now, the influences of SGC and incoherent pump-
ing on optical bistability have been investigated in a
closed three-level Λ-type [34], open three-level Λ-type [35],
V-type [36] and open ladder-type [37] systems. However,
the influences of the SGC and relative phase on the OB
in a closed three-level ladder-type system in the presence
of the incoherent pumping field have not been studied.

In order to bridge this gap, in this paper, we study
the influence of incoherent pumping field on the control
of optical bistability via the SGC and relative phase in
a closed three-level ladder system. We find that in the
presence of incoherent pumping field, the influences of the
SGC and relative phase on the OB behavior become more
sensitive. Moreover, the threshold intensity and width of
the OB reduce effectively when the rate of incoherent
pumping increases.
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Fig. 1. (a) Schematic diagram of the closed three-level ladder-
type atomic system. (b) The light polarizations are chosen so
that only one field drives one transition.

2 Theoretical model

A closed three-level ladder-type atomic system interacting
with two coherent fields is depicted in Figure 1a. In this
scheme, a weak probe field with frequency ωp and ampli-
tude Ep is used to drive the transition |1〉 ↔ |2〉, while
the transition |2〉 ↔ |3〉 is driven by a strong coupling
field with frequency ωc and amplitude Ec. We denote Γ21

and Γ32 being the decay rate of the states |2〉 and |3〉,
respectively. An incoherent pump with a pumping rate
2R is applied to the transition |1〉 → |3〉. The Rabi fre-
quencies of the probe and coupling fields are respectively
defined as Ωp = 2d21Ep/} and Ωc = 2d32Ec/}, where dij

is the electric dipole matrix element. To ensure that one
field acts only one transition, we have chosen ~Ec⊥~d21 and
~Ep⊥~d32 as shown in Figure 1b.

Using the rotating-wave and the electric dipole approx-
imations, we can write the density matrix equations of
motion for this system as:

ρ̇11 = −2Rρ11 + Γ21ρ22 +
i

2
Ωpρ21 −

i

2
Ωpρ12, (1)

ρ̇22 = −Γ21ρ22 + Γ32ρ33 +
i

2
Ωpρ12 −

i

2
Ωpρ21

+
i

2
Ωcρ32 −

i

2
Ωcρ23, (2)

ρ̇33 = 2Rρ11 − Γ32ρ33 −
i

2
Ωcρ32 +

i

2
Ωcρ23, (3)

ρ̇21 = (i∆p + γ12 +R)ρ21 −
i

2
Ωp(ρ22 − ρ11)

+
i

2
Ωcρ31 + 2p

√
Γ12Γ23ηρ32, (4)

ρ̇32 = (i∆c − γ32) ρ32 −
i

2
Ωc(ρ33 − ρ22)− i

2
Ωpρ31, (5)

ρ̇31 = (i∆p + i∆c − γ31 −R) ρ31 −
i

2
Ωpρ32 +

i

2
Ωcρ21.

(6)

Together with ρij = ρ∗ij (i 6= j) and the conservation condi-
tionρ11+ρ22+ρ33 = 1. In the above equations,γij describes
the coherence decay rate ρij and generally given by:

γij =
1
2

 ∑
Ek<Ei

Γik +
∑

El<Ej

Γlj

 . (7)

Fig. 2. Unidirectional ring cavity containing a three-level sam-
ple of length L: EI

p and ET
p are respectively the incident and

transmitted probe fields while Ec and 2R are the coupling field
and incoherent pumping that are not circulating inside the
cavity.

The detuning of the probe and coupling fields from their
relevant atomic transitions are respectively defined by:

∆p = ωp − ω21,∆c = ωc − ω32. (8)

The term 2p
√
γ12γ23ηρ23 describes the quantum interfer-

ence effect resulting from the cross-coupling between the
spontaneous emission paths |1〉 ↔ |2〉 and |2〉 ↔ |3〉 that
represents the SGC effect, p = ~d21 · ~d32/

∣∣∣~d21

∣∣∣ ∣∣∣~d32

∣∣∣ = cos θ

with θ is the angles between the two dipole moments. It
is obvious that when η = 1 the effect of SGC presents and
the strength of the SGC will vary with θ; otherwise η = 0,
the effect of the SGC is absent. Due to the SGC effect, the
optical properties of the atomic system depend not only
on the intensity and frequency but also on the phase of
the probe and coupling fields, thus we have to treat Rabi
frequencies as complex parameters. Let ϕp and ϕc are the
phase of the probe and coupling fields, respectively, then
we have Ωp = Ω1e

iϕp and Ωc = Ω2e
iϕc , where Ω1 and

Ω2 are real parameters. Let ρ̃ii = ρii, ρ̃21 = ρ21e
−iϕp ,

ρ̃32 = ρ32e
−iϕc , ρ̃31 = ρ31e

−i(ϕp+ϕc), and from equations
(1) to (6) we obtain:

˙̃ρ11 = − 2Rρ̃11 + Γ21ρ̃22 +
i

2
Ω1 (ρ̃21 − ρ̃12) , (9)

˙̃ρ22 = − Γ21ρ̃22 + Γ32ρ̃33 +
i

2
Ω1 (ρ̃12 − ρ̃21)

+
i

2
Ω2 (ρ̃32 − ρ̃23) , (10)

˙̃ρ33 = 2Rρ̃11 − Γ32ρ̃33 −
i

2
Ω2 (ρ̃32 − ρ̃23) , (11)

˙̃ρ21 = (i∆p − γ21 −R)ρ̃21 −
i

2
Ω1(ρ̃22 − ρ̃11) +

i

2
Ω2ρ̃31

+ 2p
√

Γ12Γ23ηe
iϕρ̃32, (12)

˙̃ρ32 = (i∆c − γ32 −R) ρ̃32 −
i

2
Ω2(ρ̃33 − ρ̃22)− i

2
Ω1ρ̃31,

(13)

˙̃ρ31 = (i∆p + i∆c − γ31 −R) ρ̃31 −
i

2
Ω1ρ̃32 +

i

2
Ω2ρ̃21,

(14)
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Fig. 3. (a) Plots of the input-output fields for different values of the strength of SGC when R = 0, ϕ = 0, Ω2 = 50γ, ∆c = 0,
∆p = 20γ and C = 2000γ. (b) Variation of absorption (imaginary part of ρ21) versus the probe frequency detuning with other
parameters is similar to that in Figure 3a.

where ϕ = ϕp−ϕc is the relative phase between the probe
and the coupling fields.

Next, we put the atomic medium of length L composed
of N three-level ladder systems in a unidirectional ring
cavity (see Fig. 2). For simplicity, we assume that mir-
rors M3 and M4 have 100% reflectivity, whereas mirrors
M1 and M2 are the same, each has a reflectivity R and
transitivity T , with R+ T = 1. In this ring cavity part of
the probe field Ep is circulated in the cavity but nor the
coupling field Ec.

The total electromagnetic field is

E = Epe
−iωpt + Ece

−iωct + c.c. (15)

Under the slowly varying envelop approximation, dynamic
response of the medium for the probe field is governed by
the wave propagation equation [19]:

∂Ep

∂t
+ c

∂Ep

∂z
= i

ωp

2ε0
P (ωp), (16)

where c and ε0 are the speed of light and permittivity
of free space, respectively; P (ωp) is the slowly oscillating
term of the induced polarization in transition |2〉 ↔ |1〉 is
given by:

P (ωp) = Nd21ρ̃21, (17)

where d21 is the electric dipole moment, ρ21 is the corre-
sponding density matrix element.

By substituting equation (17) into equation (16), we
obtain the field amplitude under the steady-state:

∂Ep

∂z
= i

Nωpd21

2cε0
ρ̃21. (18)

For a single circulation of the probe field in the cavity,
we denote probe field at the beginning and the end of the
sample as Ep(0) and Ep(L), respectively (see Fig. 2). For
a perfectly tuned cavity, the boundary conditions in the

steady-state for the incident and transmitted probe fields
are [19]:

Ep(L) = ET
p /
√
T , (19)

Ep(0) =
√
TEI

p +REp(L). (20)

The second term in the right-hand side of equation (20)
describes the feedback from the mirror, which is an essen-
tial requirement for the generation of optical bistability.
By normalizing the incident and transmitted probe field
as

Y =
d21E

I
p

}
√
T
, X =

d21E
T
p

}
√
T
, (21)

we can get input-output intensity relationship for the
probe field as

Y = X − iCρ̃21, (22)

where

C =
NωpLd

2
21

2cε0}T
, (23)

is the cooperation parameter of the atomic medium placed
in the ring cavity.

3 Results and discussion

In order to find the steady-state solution of the output
field intensity, we set the time derivatives ˙̃ρij = 0 and solve
numerically the corresponding density matrix equations
together with the field equation (22). As an illustration,
we apply to the case of 87Rb atoms. In this case, the states
|1〉, |2〉 and |3〉 are chosen as 5S1/2(F = 1), 5P1/2(F ′ = 2)
and 5D3/2(F ′′ = 2), respectively. The decay rates are [38]:
Γ21 = 6 MHz = 6γ, Γ32 = 0.64γ.

Firstly, we study the influence of the strength of SGC on
the OB behavior in the absence of incoherent pumping by
plotting the input-output fields versus parameter p when
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Fig. 4. (a) Plots of the input-output fields for different values of the strength of SGC when R = 1, ϕ = 0, Ω2 = 50γ, ∆c = 0,
∆p = 20γ and C = 2000γ. (b) Variation of absorption versus the probe frequency detuning with other parameters is similar to
that in Figure 4a.

Fig. 5. (a) Plots of the input-output fields for different values of the incoherent pumping rate R when p = 1, ϕ = 0, Ω2 = 50γ,
∆c = 0, ∆p = 20γ and C = 2000γ. (b) Variation of absorption versus the probe frequency detuning with other parameters is
similar to that in Figure 5a.

the pumping rate R = 0 and the relative phase ϕ = 0,
as shown in Figure 3a. Other parameters are employed in
Figure 3a as Ω2 = 50γ, ∆c = 20γ, ∆p = 0 and C = 2000γ.
It is seen clearly that for the given parameters, the OB
behavior does not occur when p = 0 (without SGS), how-
ever, when p = 0.5 (with SGC) the OB has started to
appear. Moreover, both the width and threshold intensity
of OB increase with the growth of the parameter p. To
explain this phenomenon, we plot the absorption coeffi-
cient versus parameter p as in Figure 3b. This figure shows
that at ∆p = 20γ, the absorption coefficient is grown as
the SGC increases, which leads to increasing the width
and threshold intensity of the OB.

Now, we consider the impact of the incoherent pump-
ing field on the SGC dependence of the OB by choosing
the pumping rate R = 1 and investigating the influ-
ence of SGC on the OB behavior similar to Figure 3.

The OB curves with respect to the strength of SGC for
R = 1 are displayed in Figure 4a, while the plots of
the corresponding absorption coefficient are described in
Figure 4b. By comparing Figures 3a and 4a, we easily
see that the presence of the incoherent pumping with
R = 1 reduces significantly the width and threshold inten-
sity of the OB. In addition, the OB behavior can be con-
trolled with respect to the rate of incoherent pumping R
as shown in Figure 5a. Here, we kept the strength of SGC
at p = 1 and other parameters are similar to those in
Figure 3. Figure 5a shows the width and threshold inten-
sity of the OB decrease significantly when the rate of inco-
herent pumping increases. This may be different from the
case of the open ladder-type system in which the bistable
threshold can increase dramatically when the rate of
incoherent pumping field is enhanced [37]. The phe-
nomenon in Figure 5a can be explained based on the

https://www.epjd.epj.org
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Fig. 6. (a) Plots of the input-output fields for different values of the incoherent pumping rate R when p = 1, ϕ = π/4, Ω2 = 50γ,
∆c = 0, ∆p = 20γ and C = 2000γ. (b) Variation of absorption versus the probe frequency detuning with other parameters is
similar to that in Figure 6a.

Fig. 7. (a) Plots of the input-output fields for different values of the relative phase ϕ when p = 1, R = 1, Ω2 = 50γ, ∆c = 0,
∆p = 20γ and C = 2000γ. (b) Variation of absorption versus the probe frequency detuning with other parameters is similar to
that in Figure 7a.

absorption spectrum that presented as in Figure 5b. It
is clear that at ∆p = 20γ, the absorption reduces when
the pumping rate increases, which can make the cavity
field easier to reach saturation and therefore the thresh-
old intensity decreases.

Next, we discuss the role of incoherent pumping in
the relative phase dependence of the OB behavior. In
Figure 6a, we plot the input-output fields for different val-
ues of the incoherent pumping rate R when p = 1 and the
relative phase ϕ = π/4, while other parameters are chosen
as in Figure 3. The investigation of Figure 6 demonstrates
that the phase dependence of OB is very sensitive to the
pumping rate. It shows clearly the width and threshold
intensity of the OB decrease significantly when the rate of
incoherent pumping R is enhanced. Physically, increasing
the rate of incoherent pump field can reduce the probe
absorption of the medium (see Fig. 6b at ∆p = 20γ) and

hence decrease the width and threshold intensity of the
OB. However, the comparison between Figures 5 and 6
shows that in the presence of the relative phase with
ϕ = π/4 the OB thresholds become significantly larger
than the case for ϕ = 0. On the other hand, under SGC
condition, the OB behavior is also controlled according to
the relative phase as shown in Figure 7a. The absorption
spectrum for this case is presented in Figure 7b.

In Figure 8a, we plot the input-output fields for dif-
ferent values of the probe detuning ∆p in the presence
of incoherent pumping with R = 1 and the SGC with
p = 1, while other parameters are chosen as in Figure 3.
One can see that although at ∆p = 0 the absorption is
zero (due to the EIT effect), but the nonlinear coefficient
is also zero so the OB does not appear (see the dotted
line in Fig. 8a). When the probe detuning ∆p goes from
∆p = 0 to ∆p = 20γ the probe absorption increases (see

https://www.epjd.epj.org
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Fig. 8. (a) Plots of the input-output fields for different values of the frequency detuning ∆p of the probe field when Ω2 = 50γ,
∆c = 0, p = 1, R = 1, ϕ = 0 and C = 2000γ. (b) Variation of absorption versus the probe frequency detuning with other
parameters is similar to that in Figure 8a.

Fig. 9. Plots of the input-output fields for different values of the intensity Ω2 (a) and frequency detuning ∆c (b) of the coupling
field when ∆p = 20γ, p = 1, R = 1, ϕ = 0, C = 2000γ, and ∆c = 0 for Figure 9a while Ω2 = 50γ for Figure 9b.

Fig. 8b) and thus the width and threshold intensity of the
OB increases.

Finally, we consider the influences of intensity and fre-
quency of the coupling laser field on the OB behaviors as
shown in Figures 9a and 9b, respectively. Here, the val-
ues of the strength of the SGC, the relative phase, and the
pumping rate are chosen as p = 1, ϕ = 0 and R = 1. From
these figures, one sees that the OB thresholds and width
can be changed by adjusting the intensity or frequency
detuning of the coupling field.

4 Conclusion

We have analyzed in detail the role of incoherent pumping
field on the control of optical bistability with the sponta-
neously generated coherence and relative phase between

applied fields in a closed three-level ladder-type atomic
system. We found that the presence of the incoherent
pumping field makes the influence of the SGC on OB
behavior becomes more effective. The width and thresh-
old intensity of the OB reduces significantly when the rate
of incoherent pumping increases. This may be different
from the case of the open ladder-type system in which
the threshold intensity can increase dramatically when
the rate of incoherent pumping field is enhanced. In addi-
tion, the phase dependence of OB is also very sensitive to
the pumping rate. Therefore, the threshold intensity and
width of OB can be effectively controlled with respect to
the relative phase.
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