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Abstract
We propose an analytical model to study the effect of giant Kerr nonlinearity on group velocity
of probe light in a six-level inverted-Y atomic system under electromagnetically induced
transparency (EIT). In this scheme, a nonlinearity of the medium is enhanced greatly around in
three spectral regions corresponding to transparent windows. As a consequence, such a giant
Kerr nonlinearity of the medium changes significantly group index for probe light which can
obstruct light slowdown. Moreover, this model shows also that the probe propagation can switch
between subluminal and superluminal modes in three EIT windows by adjusting the parameters
of the signal and coupling fields. Such analytical model is not only convenient for considering
the influence of laser parameters on group velocity but is also easy used to fit the experimental
results.
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1. Introduction

One of the exciting effects is generated by quantum coherence
and interference in multi-level atomic systems as electro-
magnetically induced transparency (EIT) [1]. In addition to
eliminated resonant absorption, the EIT effect can create giant
Kerr-nonlinearity [2–6] and subluminal and superluminal
light propagations [7–11]. Such a giant cross-Kerr non-
linearity associated with controllable group velocity have
many applications in quantum phase gates [12–15], fast-phase
switching [16], storage and retrieval of the light pulse [17],
plasmonic wave propagation [18, 19], atomic and frequency
combs [20, 21], quantum entanglement [22] and so on.

In general, the group velocity of light pulses is dependent
on the dispersion properties of a medium, and is given by the
standard expression, =v c ng g/ and w w= +n n nd d ,g ( )/
where n is the refractive index of medium, c is the speed of
light in vacuum and ω is the angular frequency of light field.
Exactly, the effective refractive index of the medium for a
light beam is therefore determined by n=n0+n2I, where n0
is the linear refractive index and n2 is the nonlinear coefficient

of the medium, I is the light intensity. In the fact, early studies
on light group velocity in traditional medium often over-
looked the nonlinear component (n2), however, for the EIT
medium with giant nonlinearity we need to consider the effect
of nonlinear dispersion on the group velocity of light. Indeed,
Xiao et al [23] considered the effect of self-Kerr nonlinearity
on the group index and shown that due to the greatly
enhanced nonlinear dispersion near resonance and an opposite
sign (anomalous dispersion) from the linear dispersion
therefore it obstructs the slowing down of light. Meanwhile,
Dey and Agarwal [24] studied the effect of cross-Kerr non-
linearity on the slow light propagation through a four-level
N-type system under an EIT condition. Their numerical
results clearly show the group index of the probe field
changes significantly due to the presence of Kerr nonlinearity.

Early research works on the effect of Kerr nonlinearity on
group velocity have been investigated in three- or four- level
atomic systems with single transparent window [23, 24],
therefore, the group velocity is only manipulated in a narrow
spectrum region corresponding to the EIT window. However,
recent studies have focused on multi-level atomic systems to
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create multiple EIT windows [25–29], and therefore the group
velocity [30–32] as well as giant Kerr-nonlinearity [33–37] is
also controlled at multiple frequency regions. Very recently,
we have investigated the effect of self-Kerr nonlinearity on
light group velocity in a five-level cascade system [38]. It is
shown that the effect of self-Kerr nonlinearity can reduce the
group index or enhance the group velocity of the probe light.

Along with this interest, in this paper, we propose an
analytical method to study the effect of cross-Kerr

nonlinearity on group velocity of probe light in a six-level
inverted-Y atomic medium. This configuration has several
interesting features: firstly, it is possible to generate three EIT
windows therefore the giant Kerr nonlinearity and the group
index can be controlled at multiple frequencies; secondly, the
configuration uses closely-spaced hyperfine levels excited by
just one coupling laser field instead of using three coupling
laser fields (for creating three-EIT windows), so that it can be
advantageous for experimental observation and investigating
related applications. By deriving the expression of group
index associated with cross-Kerr nonlinear coefficient for
probe light, we consider the dependence of group index for
the probe light on the coupling and signal lights and then
show possible ways to switch the propagation of probe light
between the subluminal and superluminal modes in different
frequency regions. Such analytical model is not only con-
venient for investigating the influence of laser parameters on
group velocity but is also easy used to fit the experimental
results.

2. Theoretical model

The six-level inverted-Y atomic system interacting with three
laser beams is shown in figure 1(a), which can be experi-
mentally realized in Rb atoms (b). A weak probe laser beam,
Ωp drives the transition ñ1∣ ↔ ñ2 ,∣ whereas an intense cou-
pling laser beam, Ωc couples simultaneously transitions
between the state ñ2∣ and three closely-spacing states ñ3 ,∣ ñ4∣
and ñ5 .∣ The frequency separations between the levels ñ3∣ – ñ4∣
and ñ5∣ – ñ3∣ are δ1 and δ2, respectively. A signal laser beam, Ωs

is applied to the transition ñ2∣ ↔ ñ6 ,∣ here state ñ6∣ (and state
ñ1∣ ) are hyperfine levels of ground state. The frequency

detuning of the probe, coupling and signal lasers respectively
defined as:

w w w w w wD = - D = - D = -, and 1c c p p s s32 21 62 ( )

with ωp, ωc and ωs are the frequency of probe, coupling and
signal beams, respectively.

The equation of the motion for the density operator
describing an atomic system can be expressed as:

r
r r
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¶

= - + L
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H
i

, , 2[ ] ( )

where, H and rL represent the total Hamiltonian and the
relaxation term, respectively. The total Hamiltonian of the
system in the interaction picture can be written as [38]:

From equations (2) and (3) we derive the following equations
of motion for the density matrix elements:
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Figure 1. (a) Schematic diagram of the six-level inverted-Y system,
(b) energy level diagram of 85Rb atom.

d
d

=

W
W D - D W W W W

W D + D
W D + D +
W D + D -
W


H

a a a

a

a

a

2

0 0 0 0 0

2

0 2 0 0 0

0 0 2 0 0

0 0 0 2 0

0 0 0 0 0

, 3

p

p p s c c c s

c p c

c p c

c p c

s

32 42 52

32

42 1

52 2

( )
( )

( )
( )

( )

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

2

Phys. Scr. 95 (2020) 035104 L V Doai



r r r r= G + W -
i

2
, 9p11 21 22 12 21( ) ( )

r g r r r

r r r r

= D - + W -

- W - W - W - Wa a a

i
i

2
i

2

i

2

i

2

i

2
,

10

p p

c c c s

21 21 21 22 11

32 31 42 41 52 51 61

[ ] ( )

( )



r g r r r= D + D - + W - W ai
i

2

i

2
,

11

c p p c31 31 31 32 32 21[ ( ) ]

( )



r d g r

r r

= D + D + -

+ W - W a

i

i

2

i

2
, 12

c p

p c

41 1 41 41

42 42 21

[ ( ) ]

( )



r d g r

r r

= D + D - -

+ W - W a

i

i

2

i

2
, 13

c p

p c

51 2 51 51

52 52 21

[ ( ) ]

( )



r g r r r= D - D - + W - Wi
i

2

i

2
, 14s p p s61 61 61 62 21[ ( ) ] ( )

r g r r r

r r r r

= D - + W + W

+ W + W - + W

a

a a

i
i

2

i

2
i

2

i

2

i

2
,

15

c p c

c c s

32 32 32 31 42 34

52 35 32 33 22 36

[ ]

( )
( )



r d g r r r

r r r r

= D + - + W + W

+ W + W - + W

a

a a

i
i

2

i

2
i

2

i

2

i

2
,

16

c p c

c c s

42 1 42 42 41 32 43

52 45 42 44 22 46

[ ( ) ]

( )
( )



r d g r r r

r r r r

= D - - + W + W

+ W + W - + W

a

a a

i
i

2

i

2
i

2

i

2

i

2
,

17

c p c

c c s

52 2 52 52 51 32 53

42 54 52 55 22 56

[ ( ) ]

( )
( )



r g r r r r

r r r

= D - - W - + W

+
W

+
W

+
W

a a a

i
i

2

i

2
i

2

i

2

i

2
, 18

s s P

c c c

62 26 62 22 66 61

32 63 42 64 52 65

[ ] ( )

( )



r d g r r r= - - + W - Wa ai
i

2

i

2
, 19c c43 1 43 43 32 42 42 23[ ] ( )

r d g r r r= - - + W - Wa ai
i

2

i

2
, 20c c53 2 53 53 32 52 52 23[ ] ( )

r g r r r= D - D - + W - Wai
i

2

i

2
,

21

s c c s63 36 63 32 62 23[ ( ) ]

( )



r d d g r

r r

= - + -

+ W - Wa a

i

i

2

i

2
, 22c c

54 1 2 54 54

42 52 52 24

[ ( ) ]

( )



r d g r

r r

= D - D + -

+ W - Wa

i

i

2

i

2
, 23

c s

c s

64 1 46 64

42 62 24

[ ( ) ]

( )



r d g r

r r

= - D - D - -

+ W - Wa

i

i

2

i

2
, 24

c s

c s

65 1 56 65

52 62 25

[ ( ) ]

( )



The above equations are to be supplemented by r r=ki ik
*

and r r r r r r+ + + + + = 1.11 22 33 44 55 66
where, Ωp=d21Ep/ ,ћ Ωc=d32Ec/ћ and Ωs=d26Es/ ;ћ

dkl is element of dipole moment of the ñk∣ – ñl∣ transition;
a32=d32/d32, a42=d42/d32 and a52=d52/d32 are the
relative transition strengths; Γkl is the decay rate of population
from level ñk∣ to level ñl ,∣ and γkl is the decay rate of the
atomic coherence ρkl.

In a weak field limit of the probe light intensity, the
solution for the matrix element ρ21 to the first order in the
probe field Ωp and to all order in coupling field Ωc and signal
field Ωs is found as:
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The susceptibility of the atomic medium for the probe field is
given by
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where, N is density of particles, ε0 is the permittivity in
vacuum and Ep is electric field of probe light.

In the other hand, the total susceptibility in equation (30)
can be written in an alternative form as [39]:

c c c= + E3 , 31s
1 2 3 ( )( ) ( )

with Es is electric field of signal light.
In order to extract the linear and nonlinearity terms, we

make Taylor expansion in Ωs of the susceptibility (30) to give
the linear and nonlinearity terms:
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From the linear and third order susceptibility, we found the
linear index n0 and cross-Kerr nonlinearity n2 for the probe
light as [39]:
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In the presence of cross-Kerr nonlinearity, the effective index
of the atomic medium for the probe light is determined by
[39]:

= +n n n I . 36s0 2 ( )

with Is is the signal laser intensity.
The group index of the atomic medium for the probe

light can therefore be calculated as:
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here, n0 and n2 are calculated from the expressions (34) and
(35), respectively. We note here that the group index ng in
equation (37) is proportional to the signal intensity Is, while
ng in [40] is proportional to the probe intensity Ip.

The group velocity vg of the probe field is determined by:

=v
c

n
. 38g

g
( )

3. Results and discussion

In this section, we apply the calculation results to cold 85Rb
atoms in which Doppler broadening can be ignored. The level

Figure 2. (a) Change of linear absorption (solid line) and linear dispersion (dashed line) versus probe frequency detuning Δp. (b) Change of
Kerr coefficient n2 versus frequency detuning of probe light when Ωc=10 MHz (solid line) and Ωc=0 (dashed line) with Δc=Δs=0.

Figure 3. (a) Change of the group index versus probe frequency detuning Δp in the case of cross-Kerr nonlinearity absents (dashed line) and
presents (solid line) when Is=6 mW cm−2, Ωc=4 MHz and Δc=Δs=0. (b) Changes of the cross-Kerr nonlinearity n2 (solid line) and
linear index of refraction n0 (dashed line) versus the probe frequency detuning Δp when Ωc=10 MHz and Δc=Δs=0.
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diagram of 85Rb atom indicated as in figure 1(b) with the states,
ñ1 ,∣ ñ6 ,∣ ñ2 ,∣ ñ3 ,∣ ñ4∣ and ñ5∣ are chosen as 5S1/2(F=2),

5S1/2(F=3), 5P3/2(F′ =3), 5D5/2(F″ =3), 5D5/2(F″ =4),
and 5D5/2(F″ =3), respectively. The atomic parameters
are [25, 41]: N=1012 atoms cm−3, Γ32=Γ42=Γ52=
0.97MHz, Γ21=Γ62=6MHz, δ1=9MHz, δ2=7.6MHz,
d21= 1.6×10−29 Cm, ωp =3.77×108MHz and a32: a42:
a52=1:1.4:0.6.

First of all, we investigate the variation of linear
absorption and dispersion versus probe frequency detuning in
the presence of coupling field with Ωc =10MHz and Δc =0
as shown in figure 2(a). From the solid curve in figure 2(a),
we can see that there are three EIT windows appear at the
positions Δp =0, Δp=−9MHz and Δp=7.6 MHz. Cor-
respondingly, normal dispersion curves are also present in the
three EIT windows as indicated by the dashed line in
figure 2(a), therefore the group velocity can be controlled at
these frequency regions. In figure 2(b) we consider the var-
iation of Kerr nonlinearity n2 with the respect to probe fre-
quency detuning in two cases of the presence (solid line)
and absence (dashed line) of EIT effect. From figure shows
that cross-Kerr nonlinearity is significantly enhanced around
three transparent spectral regions at the positions Δp=0,
Δp=−9MHz and Δp=7.6 MHz. Namely, in each trans-
parent window there is a pair of positive-negative peaks of n2.

In order to see the effect of cross-Kerr nonlinearity on
group velocity, we plot the group index versus the probe
frequency detuning in the absence (dashed line) and presence
(solid line) of cross-Kerr nonlinearity as displayed in
figure 3(a). Here, the coupling frequency is resonant with the
transition ñ2∣ ↔ ñ3 ,∣ i.e. Δc =0, and Ωc =3MHz while the
intensity of signal laser is chosen as Is=6 mW cm−2

(Ωs=0.78MHz). It shows that there are three frequency
regions centered at Δp=−9MHz, Δp=0, and
Δp=7.6 MHz have normal dispersion therefore the group
index is large and positive in each region. This means that the
probe light can be slowed down simultaneously at three
transparent frequency regions. However, the effect of cross-
Kerr nonlinearity reduces the effective index and hence
enhances the group velocity of the probe light (see the solid
line in figure 3(a)) which is similar to the effect of self-Kerr
nonlinearity (see [40]). In order to explain this phenomenon,
we also plot the cross-Kerr nonlinearity n2 (solid line) and
linear index of refraction n0 (dashed line) versus the probe
frequency detuning Δp as in figure 3(b). It is clear that the
linear dispersion ( w¶ ¶n p0/ ) is opposite sign with the non-
linear dispersion ( w¶ ¶n p2/ ) which leads to a decrease in the
effective refractive index of the medium for the probe light.

In figure 4 we consider the influence of intensity of
coupling and signal fields on the group index by plotting the
group index versus the Rabi frequency of coupling field Ωc at
different values of the signal laser intensity for three EIT
windows centered at Δp=0 (a), Δp=7.6 MHz (b) and
Δp=−9MHz (c). It is shows that, when the signal laser
intensity is small (Is =6 mW cm−2), the effect of cross-Kerr
nonlinearity on the group index for the probe laser at EIT
windows Δp=7.6MHz and Δp=−9MHz is also small,

Figure 4. Changes of the group index versus Ωc at different values of
the signal laser intensity Ip =0 (dashed line), Is =6 mW cm−2

(solid line), Is =40 mW cm−2 (dotted line) for three EIT windows
centered at Δp=0 (a), Δp=7.6 MHz (b) and Δp=−9 MHz (c).
Other parameters are Δc=Δs=0.
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but for EIT window at Δp=0 there is a significant deviation
between the two curves (see the solid and dashed lines).
When the signal laser intensity is increased to 40 mW cm−2

(Ωs=3MHz), the effect of cross-Kerr nonlinearity on group
index becomes apparent at the three EIT windows, particu-
larly at the EIT window Δp=0, the sign of the group index
switched from positive to negative and vice versa. In all cases,
the influence of cross-Kerr nonlinearity can be negligible as

the coupling laser intensity is much stronger than the signal
laser intensity.

Thus, the influence of cross-Kerr nonlinearity leads to
variation of both magnitude and sign of the group index under
changing the signal field intensity, therefore one may manip-
ulate the probe light propagation between sub- and supper-
luminal modes by tuning the intensity of signal field, as in
figure 5. For the selected parameters as shown in figure 5, the
value of the group index can change from positive to negative
when the signal laser intensity is greater than 30mW cm−2.

Finally, we consider the variations of group index versus
the coupling frequency detuning in the absence (dashed line)
and presence (solid line) of cross-Kerr nonlinearity as illu-
strated in figure 6. Here, the parameters are chosen as
Ωc =3MHz, Is=6 mW cm−2 and Δp =Δs =0. From
figure we see that by changing the frequency of the coupling
field, the group index also varies between negative and
positive values. Moreover, there is a significant deviation
between the two curves in the cases of the absence and pre-
sence of cross-Kerr nonlinearity, namely, the value of group
index is considerably reduced when cross-Kerr nonlinearity is
present.

4. Conclusion

We have studied the effect of giant Kerr nonlinearity on group
velocity for probe light in a six-level inverted-Y atomic
medium. Under EIT condition, the cross-Kerr nonlinearity is
basically modified and enhanced greatly around in three
spectral regions corresponding to transparent windows. Such
a giant Kerr nonlinearity changes significantly group index of
the medium for the probe light that leads to enhancement of
group velocity. However, in the presence of cross-Kerr non-
linearity we can use the signal and/or coupling fields as
knobs to control the group velocity of probe light between
subluminal and superluminal in three transparent frequency
regions. The analytical result not only gives sufficient
knowledge on the effect of cross-Kerr nonlinearity on the
group velocity, but is also convenient to make direct com-
parisons with experiments and supports future studies.
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