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Abstract
By solving the densitymatrix equations in the steady state, we have derived analytical expressions for
the absorption, dispersion, and group index of a five-level cascade-type atomic system as functions of
laser intensity and frequency, spontaneously generated coherence (SGC), and relative phase of applied
fields. The influences of SGC and relative phase on absorption, dispersion, and group index of this
systemunder electromagnetically induced transparency (EIT) are studied. It is shown that the three
EITwindows of systembecome deeper and narrower as the strength of SGC increases. These lead to an
increase in the slope and the amplitude of the dispersion curves at three EITwindows. As a result, the
amplitude of the group index at these three EITwindows also becomes larger when the strength of
SGC increases. In particular, the group index can easily be switched between negative and positive
values i.e., the light propagation can easily be converted between superluminal to subluminalmodes
by adjusting the strength of SGC, relative phase or the coupling laser intensity.

1. Introduction

The coherent interaction between an atomwith laser fields can producemany quantum interference
phenomena in an atomic systemwhich can significantly change the optical properties of the atomicmedium.
Among them, electromagnetically induced transparency (EIT) [1]has attracted considerable attention due to its
interesting applications in quantumand nonlinear optics as well as inmodern photonic devices [2]. In addition
to suppressed absorption, the dispersion of themedium is also considerablymodified in the transparency
frequency region, and hence the group index is easily controlled by the parameters of the applied laserfields [3].
Over the past few decades, the EIT and its applications have beenwidely studied in three-level atomic systems,
including lambda-type, V-type, and cascade-type schemes [2]. Recently, studies of EIT have been interested in
multi-level atomic systems due to they can generatemultiple transparency frequencies [4, 5], which can be
applied tomodern photonic devices operating atmultiple frequencies ormultiple channels [2].

In addition to the EIT effect, there is another kind of quantum interference between spontaneous emission
channels in the atomic systemwhich can generate an additional atomic coherence, commonly known as
spontaneously generated coherence (SGC) [6], and demonstrated experimentally [7]. The SGC can alsomodify
remarkably the optical properties of the atomicmedium. The control of absorption and dispersion according to
SGC in the three-level atomic systems including lambda-type [8], cascade-type [9] andVee-type [10]
configurations are investigated. It showed that the SGCdoes not devastate EIT effect, however, the absorption
peak on both sides of EITwindowbecomes larger and the linewidth of absorption profile becomes narrower
than the case of the SGC absents. At the same time, the slope of the normal dispersion curve is also steeper in the
presence of SGC. This can lead to slower light velocity or subluminal light propagation [11, 12], the transition
fromoptical bistability (OB) to opticalmultistability (OM) [13], giant Kerr nonlinearity without absorption
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[14], enhanced population inversion [15], increasing entanglement in a double quantumdot structure [16], and
controlling optical switching and optical soliton [17, 18].

Recent research interest in EIT has been focused onmulti-level atomic systems since they can generate
multi-EITwindows simultaneously [2]. As demonstrated byMcGloin [19], aN-level atomic system excited by
N-1 laser fields can obtainN-2 EITwindows. Besides creating themulti-EITwindows, the effect of SGC in
multi-level atomic systems have also been realized in several configurations such as four-level N-type system
[20, 21], four-level Y-type system [22, 23], double-Λ type four-level system [24] andfive-level K-type atomic
system [25]. Besides the above numerical studies, there are also some theoreticalmodels of EIT and SGCwhich
are presented in the analytical form [12, 26–29]. Such analyticalmodels showmore explicitly the dependence of
the atomic optical properties on the laser parameters, therefore the analytical investigations also become easier
than those of numerical simulations.

Another simpleway to achievemulti-frequency transparency is to use only one pump laserfield to couple
simultaneously several closely spacing hyperfine levels in atomic system. This waywasfirst experimental
demonstrated for 85Rbfive-level cascade atomic systembyWang et al [30], and obtained three EITwindows on
the absorption profile of 85Rb atom.Analyticalmodels of this systemhave also presented [31, 32] and have
shown good agreement with the experimental results [33]. Such analyticalmodels have been applied very
successfully for the study of Kerr nonlinearity [34], optical bistability [35], group velocity [36, 37], and optical
nano-fibers for guiding entangled beams [38]. However, present works of thisfive-level cascade EIT system still
lack the presence of polarization and phase of laserfields.

In this work, we further develop the analyticalmodel to control the optical properties of the five-level
cascade atomic systemby the polarization and phase of applied laser fields. By solving the densitymatrix
equations in the steady state, we derive analytical expressions for the absorption, dispersion and group index of
thefive-level cascade-type atomic system as functions of laser intensity and frequency, spontaneously generated
coherence and relative phase. The influences of the SGC and relative phase on absorption, dispersion and group
index under electromagnetically induced transparency are considered. Our analyticalmodelmay be used for
experimental verification of the SGC effect in the five-level cascade atomic system andmay be developed to study
the dependence of polarization and phase of laserfields on nonlinear optical effects such asKerr effect, optical
bistability, pulse propagation and optical switching, etc.

2. Theoreticalmodel

Thefive-level cascade-type system interacting two probe and coupling laserfields is illustrated infigure 1. The
probe laser Epwith frequencyωp applies the transition |1〉↔ |2〉, while the coupling laser Ecwith frequencyωc

couples simultaneously three transitions |2〉↔ |3〉, |2〉↔ |4〉 and |2〉↔ |5〉. The spontaneous decay rate from the
state |2〉 to the ground state |1〉 is denoted byΓ1, whileΓ2,Γ3 andΓ4 are the spontaneous decay rate from the
states |3〉, |4〉 and |5〉 to the state |2〉, respectively. The frequency detunings of the probe and coupling lasers from
the relevant atomic transitions are respectively defined by:

w w w wD = - D = -, 1p p 21 c c 32 ( )

TheRabi frequencies of probe and coupling fields are:

W = ⋅ W = ⋅d E d Eand , 2p p c c21 32 ( )/ / 
   

with dij is the electric dipolemoment between the states |i〉 and |j〉.
In the case of the two dipolemoments are nonorthogonal, the angle θ between the two dipolemoments d21



and d32


is determined by:

q= =p
d d

d d
cos

.
, 321 32

21 32∣ ∣∣ ∣
( )

 
 

is called as the quantum interference parameter resulting from the cross-coupling between spontaneous
emission paths |2〉→ |1〉 and |3〉→ |2〉. Thus, the parameter p represents the strength of the quantum
interference by spontaneous emission processes.When the two dipolemoments are orthogonal to each other,
i.e., p= 0, the SGCdisappears.When the twodipolemoments are parallel to each, p= 1, the SGC ismaximal. So,
the interference parameter p can be adjusted by controlling the alignments of two dipolemoments.

The dynamical evolution of the system including spontaneous emission is governed by the Liouville
equation:

r r r= - + L
i

H, , 4[ ] ( )



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whereH is the totalHamiltonianwhich can bewritten as:

å w= ñá -
W

ñá +w f

=

- +H i i e c c
2

2 1 .
i

i
p i t

1

5
p p∣ ∣ (∣ ∣ )( )



-
W

ñá + ñá + ñá +w f w f w f- + - + - +a e a e a e c c
2

3 2 4 2 5 2 . , 5c i t i t i t
32 42 52

c c c c c c(∣ ∣ ∣ ∣ ∣ ∣ ) ( )( ) ( ) ( )

withfp andfc are the phase of the probe and coupling fields, respectively; =a d d ,32 32 32/ =a d d ,42 42 32/ and
=a d d52 52 32/ characterize the coupling strengths between the state |2〉with three closely-spacing states |3〉, |4〉

and |5〉, respectively.
In the presence of the SGC, the relaxation operator rL of this five-level system is determined by [39]:

r r r r r r rL = -G + - - G + -+ - + - - + + - + - - +S S S S S S S S S S S S2 21 1 1 1 1 1 1 2 2 2 2 2 2 2( ) ( )

r r r r r r-G + - - G + -+ - + - - + + - + - - +S S S S S S S S S S S S2 23 3 3 3 3 3 3 4 4 4 4 4 4 4( ) ( )

r r r r r r-G + - - G + -+ - + - - + + - + - - +S S S S S S S S S S S S2 212 1 2 1 2 2 1 21 2 1 2 1 1 2( ) ( )

r r r r r r-G + - - G + -+ - + - - + + - + - - +S S S S S S S S S S S S2 213 1 3 1 3 3 1 31 3 1 3 1 1 3( ) ( )

r r r r r r-G + - - G + -+ - + - - + + - + - - +S S S S S S S S S S S S2 2 614 1 4 1 4 4 1 41 4 1 4 1 1 4( ) ( ) ( )

Here, symmetric and antisymmetric superpositions of the dipolemoments as r= ñá =-S 1 2 ,1 12∣ ∣
r= ñá =+S 2 1 ,1 21∣ ∣ r= ñá =-S 2 3 ,2 23∣ ∣ r= ñá =+S 3 2 ,2 32∣ ∣ r= ñá =-S 2 4 ,3 24∣ ∣ r= ñá =+S 4 2 ,3 42∣ ∣
r= ñá =-S 2 5 ,4 25∣ ∣ r= ñá =+S 5 2 ,4 52∣ ∣ with ρij is a 5× 5matrix inwhich thematrix element is in the ith row

and the jth column is equal to 1, and the rest is zero; cross-damping rates between the superpositions are defined
as G = G Gp . ,21 1 2 G = G Gp . ,31 1 3 G = G Gp .41 1 4 and G = G*.ji ij After performingmatrix calculations, wefind
the relaxation operator rL as follows:

r

r r r r r
r r r r r r r r

r r
r r
r r

r r r
r r r

r r r
r r r
r r r

L =

G - G + G + G + G
- G + G + G + G - G + G + G + G

- G - G + G
- G - G + G
- G - G + G

- G - G - G
- G + G - G + G - G + G

- G - G + G - G + G
- G + G - G - G + G
- G + G - G + G - G

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

7

2 2 2 2

2 2 2 2 2 2 2

2

2

2

,

22 1 12 1 24 31 23 21 25 41

21 1 42 13 32 12 52 14 22 1 33 2 44 3 55 4

31 2 32 1 2

41 3 42 1 3

51 4 52 1 4

13 2 14 3 15 4

23 1 2 24 1 3 25 1 4

33 2 34 2 3 35 2 4

43 3 2 44 3 45 3 4

53 4 2 54 4 3 55 4

( )( )
( )
( )

( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( )

Using the dipole and rotatingwave approximations [39], the density-matrixmotion equations can be derived
from equations (4)–(7) as:

r r r r= W - - G
i

a
2

2 , 8c55 52 52 25 55 4( ) ( )

Figure 1.The five-level cascade-type atomic system interacts with probe and coupling laserfields.
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r r r r= W - - G
i

a
2

2 , 9c44 42 42 24 44 3( ) ( )

r r r r= W - - G
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a
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a
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a
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a
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a
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a
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

where δ1 and δ2 are the frequency gaps between the levels |4〉 - |3〉 and |5〉 - |3〉, respectively. The terms
rGGFpe2 ,i

1 2 32 rGGFpe2 i
1 3 42 and rGGFpe2 i

1 4 52 in equation (22) represent spontaneously generated coherence
(SGC), with f fF = -p c is relative phase between probe and coupling fields.

Now,we analytically solve the densitymatrix equations under the steady-state condition by setting the time
derivatives to zero. From equations (8)–(10) and (12), wefind the terms ρ55, ρ44, ρ33 and ρ22, as follows:

r
r r

=
W -

G

i
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2
2

, 23
c
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52 52 25

4
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( )

r
r r

=
W -
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, 24
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42 42 24
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=
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2
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, 25
c

33

32 32 23

2
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r
r r

=
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G

i

2
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, 26
p

22

21 12

1

( )
( )

From equations (16), (18) and (21), we derive the terms ρ52, ρ42 and ρ32 as:

r
r g r

=
W -

W

i
a

i
2

2

, 27
c

p

52
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( )
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r
r g r

=
W -

W

i
a

i
2

2

, 28
c

p
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42 21 41 41

( )

r
r g r

=
W -

W
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a

i
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2

, 29
c

p

32

32 21 31 31
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Performing some simple transformations, we obtain:

r r r r g r g rW - =
W
W
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a

a i
a
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c32 32 23

32
32 21 12 31 31 13 13( ) ( ) ( ) ( )

r r r r g r g rW - =
W
W

W - - +⎡
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2 2
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c52 52 25
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From equations (23)–(26) and combiningwith equations (30)–(32), we have:
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Substituting equations (33)–(35) into equations (20), (17) and (15), we obtain:

g g g r r r

g r g r

GG + GG W - GW = -
W

GW - G W -

+ GW + GG W
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i a
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a i a
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32
2

2
2

21 12

1
2

32
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Here,
g = D - Gi ,p21 1 g = D + D - Gi ,c p31 2( ) g d= D + D + - Gi ,c p41 1 3( ) g d= D + D - - Gi ,c p51 2 4( )
g = D - G + Gi ,c32 1 2( ) g d= D + - G + Gi c42 1 1 3( ) ( ) and g d= D - - G + Gi .c52 2 1 4( ) ( ) From

equations (36)–(38), we get:

r
r r

=
+i A A

A
, 3931

1 12 2 21( )
( )

r
r r

=
+i B B

B
, 4041

1 12 2 21( )
( )

r
r r

=
+i C C

C
, 4151

1 12 2 21( )
( )

where:

= -* *A A A A A a, 42321 321 13 13 ( )

= - +* *A A A A A A A b, 421 30 13 32 13 30 321 ( )

= - -* *A A A A A A A c, 422 321 32 30 13 30 321 ( )
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g= GG WA a g8 . 42c32 1 2 32 32 ( )

= -* *B B B B B a, 43421 421 14 14 ( )

= - -* *B B B B B B B b, 431 40 14 42 14 40 421 ( )
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2

51
2

52
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2

2
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2

15 ( )
g= GG WC a g8 . 44c52 1 2 52 52 ( )

with (*) denotes the complex conjugation.
Substituting equations (39)–(41) into equations (27)–(29), we have:
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Substituting equations (27)–(29) and equations (45)–(47) into equation (22), and using the initial conditions
r » 1,11

0( ) r r r r» » » » 0,22
0

33
0

44
0

55
0( ) ( ) ( ) ( ) wefind the solution of the densitymatrix ρ21 for the probe response of

themedium,
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The susceptibility of themedium for the probe laserfield that is related to ρ21 can bewritten as:

c
e

r=
W

Nd2
51

p

21
2

0
21 ( )



The absorption and dispersion coefficients are given by:

a
w c

=
c

Im
52

p ( )
( )
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c
= +n 1

Re
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53

( ) ( )

whereN is the density of atoms and ε0 is the permittivity in a vacuum.
The group index ngwhich is related to the linear dispersion by the following expression:

w
w

= +
¶
¶

n n
n

54g p
p

( )

3. Results and discussion

For the following theoretical investigations, we apply the analyticalmodel to cold 85Rb atom (usingMOT, for
example) [30]with the states |1〉, |2〉, |3〉, |4〉 and |5〉 as 5S1/2(F= 3), 5P3/2(F′= 3), 5D5/2(F″= 3), 5D5/2(F″= 4)
and 5D5/2(F″= 2), respectively. For these states δ1= 9MHz, δ2= 7.6MHz,Γ1= 3MHz,Γ2=Γ3=Γ4= 0.5
MHz, d21= 1.52× 10−29 C.m, d32= 1.61× 10−29 C.m, a32:a42:a52= 1:1.46:0.6 and the atomic densityN= 108

atoms/cm3. The experimental realization of the SGC effect under EIT of this 85Rb atomic system can be found
in [40].

In order to investigate the influence of SGCon absorption and dispersion, wefix the parameters of the
coupling and probe lasers atΩc= 10MHz,Δc= 0 (i.e., the coupling laser is resonantwith the transition
|2〉↔|3〉) andΩp= 2MHz, and plot the absorption and dispersion coefficients versus the probe detuning for
different values of SGC: p= 0 (solid line), p= 0.7 (dashed line) and p= 1 (dash-dotted line) as shown infigure 2.
The solid line infigure 2(a) represents the EIT spectrumwith three transparencywindows at the positionsΔp

= 0,Δp=−9MHz andΔp= 7.6MHz [31]. The solid line infigure 2(b) shows the dispersion spectrumwith
three normal dispersion curves corresponding to three EITwindows. As the parameter p increases, the
absorption profile becomes narrower and the absorption peaks on both sides of each EITwindow also become
higher. These lead to the slope of the dispersion curves is steeper when the parameter p increases, as we can see in
figure 2(b). At the same time, the amplitude of dispersion curves is significantly increased as p increases from0
to 1.

Thus, absorption and dispersion are controlled according to SGC, so the group velocity of light can also be
manipulated versus SGC as shown infigures 3 and 4. Infigure 3, we have plotted the group index versus the
probe detuning for the different values of SGC, p= 0 (solid line), p= 0.7 (dashed line), and p= 1 (dash-dotted
line). Used parameters in figure 3 are similar to those infigure 2. Fromfigure 3we can see that the large and
positive group index (subluminal light) appears at the frequency detuningsΔp=−9MHz,Δp= 0 andΔp= 7.6
MHz corresponding to three EITwindows. Alternating these frequency detunings are thosewith large and
negative group index (superluminal light). The amplitude of the group index also becomes larger when the
parameter p increases to 1. In particular, the negative value of the group index is rapidly increased in frequency
regions having enhanced dispersion. Thismeans that the group velocity is greatly reduced or accelerated
dramatically in the presence of SGC. To see thismore clearly, infigure 4(a)we consider the variation of the group

Figure 2.Plots of the absorption (a) and the dispersion (b) versus the probe detuning at the different values of SGC, p= 0 (solid line),
p= 0.7 (dashed line) and p= 1 (dash-dotted line). Other parameters are used asΩc= 10MHz,Δc= 0 andΩp= 2MHz.
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index concerning the parameter p at different probe detuningsΔp=−13MHz (dotted line) andΔp= 9MHz
(dashed line) corresponding to the group index negative peaks, while atΔp=−4MHz (dash-dotted line) and
Δp= 12.5MHz (solid line) corresponding to the group index positive peaks infigure 3.Here, other parameters
are similar to those infigure 2. It shows that the amplitude of the group index increases (both positive and
negative values) as the interference parameter p increases from0 to 1. Especially, at frequency detuningsΔp

=−4MHz (dash-dotted line) andΔp= 12.5MHz (solid line), the amplitude of the group index is remarkably
enhanced.

In addition, figure 4(b) shows that the interference parameter p can be used as a ‘knob’ to change the sign of
group index between positive to negative values. Here, we have plotted the group indexwith respect to the
parameter p at different probe detuningsΔp=−14.5MHz (dash-dotted line),Δp=−1MHz (dashed line) and
Δp= 11MHz (solid line)which corresponds to the negative values of group index infigure 3. It is found that the
sign of the group index can be varied fromnegative to positive, or vice versa when adjusting the parameter p

Figure 3.Plots of the group index versus the probe detuning at the different values of p= 0 (solid line), p= 0.7 (dashed line), and p= 1
(dash-dotted line).

Figure 4.Plots of the group index versus the parameter p at the different values of the probe detuning: variations of amplitude (a) and
sign (b) of group indexwhen the parameter p increases from0 to 1.
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from0 to 1. That is, the light propagation can change from superluminal to subluminal and vice versa by the
parameter p.

Infigure 5we consider variations of group index respective to the coupling Rabi frequency at three EIT
windowsΔp= 0 (a),Δp=−9MHz (b) andΔp= 7.6MHz (c)with different values of SGC: p= 0 (solid line),
p= 0.7 (dashed line) and p= 1 (dash-dotted line). It shows that at a given probe frequency, the amplitude and
sign of the group index are also variedwith coupling Rabi frequency, i.e., the group index changes frompositive
to negative and vice versawhen increasing coupling Rabi frequency from0 to 10MHz. Specifically, in the
resonant frequency regionΔp= 0 (figure 5(a)) the atomicmedium exhibits anomalous dispersionwhenΩc= 0
and hence the group index is negative; gradually increasing the coupling Rabi frequency, the EITwindow is
formed and the transparency depth increases, so that themedium is changed from anomalous dispersion to
normal dispersion and the group index also changes fromnegative to positive values; then, the group index
decreases as the coupling Rabi frequency further increases because the slope of the dispersion curve decreases as
the EITwindow becomeswider. At the far-resonant frequency regionsΔp=−9MHz (figure 5(b)) andΔp= 7.6
MHz (figure 5(c)) themedium is normal dispersionwhenΩc= 0 and thus the group index is positive; in the
presence of a coupling laser field of small intensity, the EIT has not yet been formed, but themedium is
converted to anomalous dispersion and thus the group index is negative; gradually increasing the coupling Rabi
frequency, the EITwindow is formed and the transparency depth increases, so themedium is also changed from
anomalous dispersion to normal dispersion, and the group index also changes fromnegative to positive.
Furthermore, we alsofind that the group index amplitude in the resonant frequency region ismuch larger than

Figure 5.Plots of the group index versus the coupling Rabi frequency at three EITwindowsΔp= 0 (a),Δp=−9MHz (b) and
Δp= 7.6MHz (c), and in the presence of SGCwith p= 0 (solid line), p= 0.7 (dashed line) and p= 1 (dash-dotted line). Other
parameters are used asΔc= 0 andΩp= 2MHz.
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that in the far-resonant frequency regions because the slope of the dispersion curve in the resonant region is
better than that in the far resonant regions. In addition, in the presence of SGCwith p= 1, the amplitude of
group index is enhanced by several orders ofmagnitude compared to the case without SGC (p= 0). This
investigation allows us to choose the optimal parameter of coupling Rabi frequency to achieve the desired group
indexwith positive or negative value.

Finally, we investigate the variations of absorption, dispersion, and group indexwith respect to the relative
phase as depicted infigure 6 in the presence or absence of SGC (p= 1 or p= 0). From thefigurewe can see that in
the absence of SGC (p= 0) the response of the atomicmediumdoes not depend on the relative phase of the laser
fields, so the absorption and dispersion coefficients, and group index do not changewith relative phase. In
contrast, the presence of SGC leads to a phase-sensitive dependence of the optical properties, as we can see in
figure 6(a) that at a certain frequency detuning of the probe beam (e.g., in this caseΔp= 3MHz), by adjusting
the relative phase, the probe beam absorption can be varied from transparentmode tomaximumabsorption
mode and hence the dispersion is also changed fromanomalous dispersion (corresponding tomaximum
absorption) to normal dispersion (corresponding to transparency). As a consequence, the group refractive index
also changes in amplitude and signwith relative phase (see figure 6(b)). That is, we can also use the relative phase
as a ‘knob’ to tune the propagation regime of the probe light from superluminal to subluminal and vice versa.

4. Conclusion

The influence of spontaneously generated coherence and relative phase on absorption, dispersion, and group
index in afive-level cascade-type atomic system is studied under EIT condition. It showed that the SGC affected
all three EITwindows of the system. Specifically, the absorption peaks on both sides of each EITwindow are
enhanced, while thewidth of the absorption profile is narrowedwhen the parameter p increases from0 to 1. And
hence, the slope and the amplitude of the dispersion curves are also significantly increased. As a result, the group
index at three EITwindows becomes larger when the SGC strength increases. For this system, inmany different
frequency ranges the group index can easily be switched between negative and positive values by adjusting the
strength of SGC, the relative phase and the coupling laser intensity, i.e., the light propagation can easily be
converted between superluminal to subluminalmodes. Our analyticalmodel of this five-level system can be
useful for experimental observation or related studies such as Kerr nonlinearity, optical bistability, pulse
propagation and optical switchingwith transparentmulti-frequency.
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